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PREFACE. 


Tue remarkable progress made in recent years in the Theory of 
General Functions has revolutionised the method of treatment 
of many of the higher branches of Pure Mathematics; and the 
brilliant work of Riemann, Weierstrass, and their followers has 
opened out new paths for research. The discovery by Stokes 
and Seidel of the fundamental principles underlying the con- 
vergence of an infinite series has been far-reaching, and the 
question of uniformity or non-uniformity of approach to a 
limit which arises in dealing with such series and of continuity 
in the limiting values of functions dependent upon more than 
one variable when those variables are made to approach definitely 
assigned values, are matters which necessitate close attention. 
Professor Chrystal, in his Algebra, vol. ii., discusses such ques- 
tions at considerable length in a most useful chapter on “ The 
Convergence of Infinite Series and Products.” 

A general discussion of Abel’s Theorem regarding ‘the general 
integration of Algebraic Functions and of its development by 
Liouville and others is given by Bertrand (Calc. Intég., ii., ch. v.), 
and an account of the general problem of integration of a function 
of a single variable, its possibilities and its barriers, is to be found 
in No. 2 of the Cambridge Mathematical Tracts (2nd ed.) by Mr. 
G. H. Hardy. A clear and careful exposition of the modern 
theory of Integration from Riemann’s point of view, and of 
the question of Convergence of Infinite Integrals, is given in. 
Professor Carslaw’s work on the Theory of Fourier’s Series. 

It was my original intention to incorporate into this book some 
account of the more recent developments of the subject, and a 
long chapter was written for Volume I. with that view. But the 
further I progressed the stronger was my conviction, gained from 
many years of expérience of work with post-graduate students, 
that there is in these days far too great a tendency on the part 
of teachers to push on their pupils so fast to the Higher Branches 
of Analysis or to Physical Mathematics that many have neither 
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time nor opportunity for the cultivation of real personal pro- 
ficiency, or for the acquirement of that individual manipulative 
skill which is essential to any real confidence of the student in his 
own power to conduct unaided investigation, and without the 
possession of which any temporary interest he may have gained 
as a student must speedily die a natural death. I therefore felt 
that I should best serve the interests of the majority of readers 
by endeavouring to help them to cultivate and consolidate their 
knowledge, and to acquire an adequate mastery over the common 
processes of the Calculus rather than by pointing out the direc- 
tion of the more modern trends of thought and by indicating 
further vistas for research. To do this, it has been necessary to 
exhibit a large number of worked-out illustrative examples, in 
addition to furnishing an adequate selection for personal practice. 
A great part of what I had prepared with regard to modern work 
was regretfully withdrawn, and other projected and partially 
completed portions either abandoned or drastically abridged, as 
they dealt with matters which would rather be of interest to 
specialists than helpful to the average reader. 

The functions considered are for the most part combinations of 
the Elementary Functions of Ordinary Analysis, continuous and 
in general bounded, and for such the definition of integration as 
used by Cauchy and generally adopted in text-books will suffice, 
and form an adequate instrument for the treatment of the 
particular classes discussed. The more elaborate definition by 
Riemann, which furnishes a more powerful and delicate, but at 
the same time somewhat complex instrument for the discussion 
of generalised functions, introduces certain difficulties of con- 
ception likely to be an unnecessary source of trouble to the 
ordinary student in his earlier studies. It is therefore postponed 
until it is to be expected that he has arrived at a thorough 
mastery of the common processes to be used in the various appli- 
cations of the Calculus, and has gained a riper experience for its 
consideration. And it does not appear that any danger is to be 
apprehended in such delay, seeing that Riemann’s definition is 
specially devised to meet generalities which will only have to be 
dealt with in a later stage of specialisation. 


JOSEPH EDWARDS. 


QUEEN’s CoLLEGE, Lonpon, 
July, 1922. 
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CHAPTER XXIII. 


CHANGE OF THE VARIABLES IN A MULTIPLE 
INTEGRAL. 


826. A NUMBER of cases have occurred in previous chapters 
in which the evaluation of an area or a volume has been much 
facilitated by a proper choice of coordinates, and changes 
have been made from one specific system of coordinates to 
another specific system, such, for example, as from Cartesians 
to polars, or to elliptic coordinates. 

In particular, we have established the results, that in 
transforming from an z, y system, which may be regarded as 
Cartesian, to a u, v system, we have 


{|v demu (\v sé : fu dos 


and when we change from a three-dimensional Cartesian @, y, 2 
system to another system in terms of new variables w, v, w, we 


have ‘ 
[fvaeay a—|{[v oe") dirlade. 


0(u, v, wv) 


the symbol V’ representing merely the value of V as expressed 
in terms of the new coordinate system. 

These changes have been found very especially useful in 
the case where the bounding curves or surfaces of the regions 
under consideration are themselves members of the three families, 


u=const., v=const., w=const. 


This was the case inthe typical example of Art. 793, viz. the evalua- 
tion of the area of a Carnot’s cycle, bounded by isothermals xy=a, 
xy =z, and the adiabatics ry’= By, zy’ = Ba; and it will be recalled that 


2 CHAPTER XXIII. 
the region thus bounded was divided into elementary areas bounded by 
curves of the same types, viz. 
ay =U, ryt=0, 
ry =u+ ou, ry =v+0v. 
Exactly the same course was followed in the three-dimension 
typical examples of Articles 797, 798. 


827. Further Examples. 
1. The quadrilateral bounded by the four parabolas 
y=arz, wi=bz, at=ery, a= fry, 


revolves round the axis of 7; find the volume generated. 
[CoLLEGES a, 1890.] 


If éx dy be an elementary rectangle of this area, we have 


Fig. 295. 


Now, instead of taking elements of rectangular shape such as 82 dy, let 
us divide up the area by the families of parabolas 


PoP eT yh eet eee (1) 


Then w=a and u=b, v=e and v= J are the bounding parabolas of 


the region, and the elementary area enclosed by u, u+du, v, v+dv is 
+J8u dv. 
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From equations (1) v=, y=», 


a v2, Quy |= —8u?v?. 
u,v 
? Quv, w 
r fe ft 
Hence V=6r | uy dudv 
ave 


= 57 (at (65-79) 


2, Evaluate the triple integral / | | aun taken through a volume 


bounded by six confocal quadrics, the semiaxes of the quadrics being 
a, by, = Qa, bg, Ca; \ a3, bs, ea 
and ay’, by’, ¢,) and ay’, by, ¢y,) and ag, bs, cg. 
(Maru. Triv., 1889. ] 
Taking a definite confocal a, b,c, let the three confocals through any 
point x, y, z of the region be 


a x 


oem 
em rise hes 
Xr 2 2\{ 2 
and we have poe”, etc. (Art. 812); 
h 20% 1 207 1 pes 
eo att ZOA Ata cop pta?  ” 
_ O(a, y, 2) aye| 1 1 1 
od boa ERTS 8 |A+a??) pta” v+a? 
1 1 ] 
EO” +b? v0 
i} i 1 
A+c? pte? v+e 
Hence 


[[[22e [[[2rtelte aoe tp) dA dpdy 
=15 [log (A+. a?)] {flog (4 +b*)] [log (v+c*)] 


— [log (u+¢*)] Llog(v+2*)}}, 
and at one set of the boundaries 


A+at=a2, A+U?=b2, A+ =c,’, 

ptat=a2, ptb=b2, p+e=er’, 

vtat=as, vt+b=b%, vt+ce=cs; 

and for the other set, 
A+@=ay2, A+b?=b?, ete. 

Hence the limits for X are from a,*—a* to a? —a’, 
for p from b2—b? to by? - 0’, 

for v from c2—c? to cy?-¢*. 
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Therefore 
=| log as, log i log 
log a log ie log 2 
log a log Bh log 


828. Remarks on the Transformation. 

The usefulness of a change of variables is not, however, 
confined to the case in which the bounding curves or surfaces 
of the region considered are partioular cases of the families of 
curves or surfaces by which it has been deemed desirable to divide 
up the region into elements and for which case the limits are 
constants. 

The process of transformation is threefold : 

(a) The transformation of the subject of integration into 
terms of the new variables. 

(6) The determination of the new element of integration, 

which resolves itself into the calculation of J. 

(c) The determination of the new limits. 

Of these, (a) and (b) are merely algebraic processes, and give 
no trouble. 

The determination of the new limits (c) however, often 
presents considerable difficulty to the student. And we can- 
not lay down explicit rules to be followed to suit all cases. 
Generally speaking, it is best to proceed, from geometrical 
considerations, first forming a clear idea of the region which the 
original element of area or volume was made to traverse. This 
will be clearly indicated by the limits of the integrals occurring 
in the expression to be transformed. Then the new limits 
for the transformed integral must be so chosen that the new 
element of area or volume, as the case may be, traverses the same 
region, once and once only, as was traversed by the original 
element in its march as defined by the limits of the original 
integral. 

The student will require considerable practice in the assign- 
ment of the new limits, and therefore a number of illustrative 
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examples are appended from which he may gather an idea of 
the course to be adopted. 

And before proceeding to discuss them in detail the student 
is advised to note that at times, even a change of order in the 
integration, without any change in the variables, may be useful, 
and that in some cases an integration in different orders may 
lead to important conclusions. Some of the earlier examples 
are therefore confined to mere change of order with no change 
in the coordinates, and the necessary change in the limits 
will be the subject of main attention. 
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b ad 
Ex. 1. Consider [ dx | dy f(a, y), all the limits being known constants. 


Here the space bounded by y=c, y=d, w=a, x=b is the region 
through which all products such as /(«, 7) da dy are to be added, viz. the 


Fig. 296. 


rectangle ABCD in Fig. 296. In the integration as it stands we integrate 
first with regard to y, keeping x constant, thus adding up all elements 
in such a strip as RSS’? in the figure. Then all such strips are to be 


b 
added in the operation j ( yee: 
If we wish to change the order of the operation and express it as 
[ay [acta 


we have to assign the new limits. 
Clearly in this case the sum of such elements as we have considered, 
added up along such a strip as PQQ P’ parallel to the z-axis, will be 


[te y) dn, 
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and the sum of all these strips, from y=c to y=d, will be 
d b 
i dy / dau f(x,y). 
b d d b 
Thus sh dr [dy fla, y)= if dy [ dz f(x, ¥) 


It appears therefore that in the case of constant limits no change is 
entailed by a change in the order of integration. 


Ex. 2. Consider [fre y) da dy. 
0 ~0 


Here the limits for y are from y=0 to y=z, and for x from «=0 to 
R=. 
These indicate that the boundaries of the region for which the elements 
J (2, y) 8x By are to be added are 
the x-axis, the line y=2, the line «=a. 
And if instead of taking strips parallel to the y-axis, we add up the 
elements in strips parallel to the z-axis, of which PQQ’P’ is a type 


RR’ 
Fig. 297. 


(Fig. 297), this summation is to be taken from x= y to x=a, and 
Ric y) dx will be the sum for the strip PQQ’ P’. 
y 

These strips are then to be added from y=0 to y=a, giving 


[ : f "f(,9) dy dx 


as the transformed result. 


acosa NG —q 
Ex. 3. Consider | | I(x, y) dx dy. 
0 atana 


The region of integration is bounded by the straight line y=. tan a, 
the circle y=,/a?—2?, and the y-axis. 

The present summation is that of strips parallel to the y-axis. If we 
change the order of the integration we must add up all elements in a strip 
parallel to the x-axis before adding the strips. 
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These strips change their character at the point where y=asina; from 
y=0 to y=asina, the length of a strip is bounded by the y-axis and 
the straight line y=x tana; from y=asina to y=a the strip is termi- 
nated by the circle. 

Hence the integration consists of two separate parts, viz. 


asina ey cota a Vatayt 
| I, I(% y) dy dex + : | Fe, y) dy de. 


0 asinaJo 


Fig. 298. 


It is often useful to test general results and verify our conclusions by 
application to some simple case. Take, for instance, f(v,y)=1. Then 
the primary integral represents the area of the sector of a circle of 


radius a and angle 7-* Hence the result should be $a? a 


The integration of the transformed result is 


asina a 
| y cota dy+| Ja —y dy 
0 asina 


_fy¥ reat Ber A asi ote 
=[¥eota |" +5[yva ZY tarsin 


a“ 5 eal ai 5 fat =$(5- ) 
= 7 sina cosa+}a*.5 ga*sin acosa—>a=9\9-4), 


a 


asina 


as it should be. 
Ex. 4, To change the order of integration in the integral 
a par 
| mea? er 
0 JNaz—2? 
Here the region of integration is bounded by 


(1) The parabola y?=az. 
(2) The semicircle 2?+y*?=a2, which we may note is the circle of 
curvature at the vertex of the parabola, and lies entirely within 


the parabola. 
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(3) The straight line =a; and this is a tangent to the circle. 
Instead of adding up the quantities (x, y) dx dy along strips such as 
DE (Fig. 299) parallel to the y-axis, and then adding the strips, we have 


Fig. 299. 


to add up elements in a strip parallel to the z-axis, and then add up these 
new strips. It will be noted that so long as y is less than 5 such strips 
are broken into two parts as FG and HK, but for values of y>$ they 


are continuous as at UV. Let W be the point of contact of the tangent 
BC to the semicircle, which is parallel to the z-axis. The new integration 
must cover the three portions 
(1) AFBWGA; (2) WCKNHW; (3) BUPCWB. 
Referring to the figure in which the lines FX and UV parallel to the 
x-axis meet the y-axis at L and M respectively, 
In region (1), 
the limits for w are from LF to LG, and for y from 0 to NC. 
In region (2), 
the limits for « are from LH to LK, and for y from 0 to NC, 
In region (8), 
the limits for x are from JU to MV, and for y from NC to NP. 
Hence the transformed result will be 


% t 


sive i" 
fi [ . f(x,y) dyde+| IL ya Haydyaos | |g (, y) dy dx. 
= oat pe 


——y? 
pd 


Ex. 5. Change the order of integration in 
Z pa(1tcos 6)  a(1+cos @) 
| | T(r, 0)ra6 ar+[ | Ha Oya de, 
0 Jacos 6 = 0 


As the integral stands, integration is effected through a region bounded 
by the upper half cardioide r=a(1+cos 0), the upper half circle r=a cos 6 
and the intercepted portion of the initial line. 
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When the order of integration is changed we are to add elements along 
strips which are bounded by circular arcs as shown in Fig. 300, and then 
add all the strips. Let BC be the arc, with centre 0, which touches the 
circle at B. Let MQ, M’Q’ be contiguous arcs with centres at O inter- 
cepted between the circle and the cardioide, and VP, W’P’ contiguous 


PP’ 


Fig. 300. 


ares with centres at O intercepted between the initial line and the 
cardioide. Then the new limits of integration are : 


for 6, from @=AOM to 6=A 62, for values of r from O to OB, 


and for 0, from §=0 to §=AOP, for values of r from OB to OA. 
The first of these accounts for the region OM BCQO. 
The second accounts for the region A PCBA. 
And the transformed integral stands as 
re 


a oi 2a oe 8 
ay T(r, 9) r dr a0+{ if T(r, 0)r dr dé. 
cos~* y 


a 
fe 
a 


Ex. 6. Change the order of operation in the integration system 


pe Qa 20a 
a 2ax—2z? 5 [5a—38a 
[fore nacre [TP He sdaedy 
00 5 (2a—2) °F (2a-2) 
a ~V 20% —2* 
+f, | S(@, y) dx dy. 
= 54 24-2) 
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Here summation is effected by strips parallel to the y-axis within a 
region bounded by 
(1) the parabola 2ay=x(2a—~2), 
(2) the semicircle y?=2ax—-.2?, 
(3) the hyperbola Sry =2ax + 8ay. 
The coordinates of the intersections of the curves are shown in Fig. 301. 


Let C, D be the intersections of the circle and the hyperbola, and B 
the vertex of the parabola. Let ZP@ be the tangent to the parabola at 
B, and let MD be drawn through D parallel to the x-axis, cutting the 
y-axis at Z and M respectively. 

Then in division by strips parallel to the #-axis we have four regions 
to consider, viz. : (i) OPB, (ii) BQA, (iii) PRDQ, and (iv) RCEDR. 

We then ebinin for the transformed result, 


a—V a? —Quy z at+Nait—y? 
i i F(a, Dayaer| | F(x, y) dy dx 
0 


—Va=y? a+Na?—2ay 
say 
as a+Nar—yi "hy — 2a 
+f" f fla, ay aes (T | Fle, 9) dy de, 
a Ja-Nat—y? ee Naty 


the several items of invegraia referring to the respective regions 
enumerated. 


Om 
Ex, 7. Evaluate the integral is i — dx dy. [Sr. Jouw’s Coxt., 1889.] 


As the integral stands, summation is conducted over the infinite region 
bounded by the line y=w, the y-axis, and an infinite boundary, say 
Yy=4, ae a is infinitely large, and along which the subject of integra- 


tion = is ultimately zero, the strips being taken parallel to the y-axis. 


Change the order of integration, taking strips parallel to the x-axis. 
The new limits are: for , from «=0 to r=y 


and for y, from y=0 to y=a. 
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And the integral becomes Lt, [ [° is dy da 
4a JO oY * 


r& e-y y 
= Det ri [=| dy 


= Linas l e¥ dy 


= Esk. - av} 
0 


tga (l — 67") 1, 


Hence the value of the integral is unity. 


88/2) 


Fig. 302. 


Ex. 8. Change the order of integration of the triple integral 
LEO re na dedy ae 
0/0 0 
in all possible permutations of dx, dy, dz. 

The integration referred to is evidently through the volume bounded 
by the three coordinate planes and the plane #+y+z=a. 

The integration as it stands supposes this region divided into volume- 
elements 8x Sy 8z by means of slices or laminae parallel to the plane «=O, 
subdivided into tubes or prisms parallel to the z-axis, and these further 
subdivided into elementary cuboids by planes parallel to the plane z=0. 
The other modes of division and summation are obvious. 

And the transformations are 


[ 0 F (2, Y; 2) dx dz dy, 


a [a—y (9-9-2 lided 
LCL fe nara ade, 


12 CHAPTER XXIII. 


a (a—y (a—“—y 
, ) 0 I (4, Y Z) dy dx dz, 
is ee "F, y, 2) dz da dy, 
J0 JO Jo 


a (a—2z (a—y—% 
[ [ i F(a, y; 2) dz dy da. 


Ex. 9, Express the integral 


a qe JV ai—z— —y? 
EE iF F(a, y, 2) da dy dz 


as an integral of the i m 


|| [te y, 2) dy dzdx. 


In the first integral the region over which the summation is conducted 
is bounded by 


(1) the sphere w?+7?+2 =a? 
(2) the plane y=0, 
(3) the plane «=0, 
(4) the plane z=y, 


AA 
Fig. 303. 


and the first integration was that of elementary cuboids in the tubes on 
dx by for base and parallel to the z-axis. The second with regard to y 
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added the tubes in a slice parallel to the plane x=0, and the third, 
integrated with regard to x, added up the slices. 

We are now to construct tubes on $y dz for base, and the limits for the 
first integration will be for x from 0 to Va?— 32-22. 


Fig. 304. 


Then we are to sum these tubes which are bounded on two sides by 
planes parallel to the plane of y=0, and the limits for z are from z=y to 
z=Na?— y?. 

Finally the slices thus formed are to be added from y=0 to y= Fe 


The transformed integral is therefore 


al her, eae oO jay boas 
o 0 


830. Examples of Change of the Variables. 

We shall use the notation V for any function of the original 
variables and V’ for the same function expressed in terms of 
the new variables. 

In the case of change from Cartesians to Polars for two- 
dimension problems, the element of area 6x dy is replaced by 
- 60 6r, and for three-dimension problems 6x dy éz is replaced 
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by 7’? sin 6 60 6¢ 6r. In converting from three-dimension Car- 
tesians to cylindrical coordinates dx dy dz is replaced by the 
new element of volume r 60 6r éz. 

It is convenient to remember these, as the labour of calcu- 
lating the new element from the general result, viz. 


Jéudvdw or OW 2), ou dv ow 
O(u, v, w) 


is in these cases thereby avoided. 


831. Illustrative Examples. 


e f(e—z 1 c 
Ex. 1. Show that Val Vacdy=|° | Viudo du, [CoutucEs, 1881. ] 
if y+uv=u, y=uv. 


(Jacobi’s Transformation, Crelle’s Journal, vol. xi. p. 307.*) 


Here 2=uU(l—v), y=w, 
J=|1-»v -wu |l=u. 
| OR? 
Hence J §u bv=u bu bv. 


Also V upon transformation becomes V’. 
The transformed result therefore becomes 


f Ae Viududu or | [vududr, 


according as we are to integrate with regard to w or with regard to » first. 


Ee 
Fig. 305. 


In our example the former is the case. We now have to determine the 
proper limits of integration. 
In the original form the integration was for y from 0 to c—# and for 
x from 0 toc, 
*Gregory’s Examples, p, 41. 
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The region through which the integration is to be conducted is then 
that bounded by the axes and the straight line «+y=c. 
The transformation formulae 


U+y=u, y=; 


indicate that the new division of the area is to be by means of lines 
drawn parallel to «+y=c and by radial lines through the origin, the 
lines wu, u+du, v, v-+dv bounding the element whose area has already 
been formed, viz. w du dv. 

Let these lines be LM, L'M’, OP, OQ respectively. Then as we are to 
integrate first with regard to uw, keeping v constant, we are to add up all 
the elements in the triangle O/Q, and afterwards add up the elementary 
triangles. In passing from 0 to P uw increases from w=0 to u=c. 


Hence the first integration is | V'u du. 
/0 


v 
l=2 
(i.e. ©), and v changes from 0 to 1. Hence the transformed result is 


1 ‘c 
[ i V'u dv du. 
Jo JO 


If we had elected to integrate in the opposite order the result would 


have been on 
[ [ V'ududv. 
0 /O 


Ex. 2. ‘Change the variables in / dexdy to u, v, where 2?+7?=u, 


In the second integration changes from tan 0 (ze. 0) to tan 90° 


2*—y2=v; and apply the result to show that the area included between 
the circles 2?+7?=a*, 22+y°=b, one branch of the hyperbola 2?—y?=c? 
and the axis of ¥ is 


© pats Pint OO gin 4 log BENE 
3 (b? — a*)+ qs a ata log es ery 
where c<a<b. (R.P.) 
Here J'=| 27, 2 |= —8zy, 
27, —W 
ae 1 1 
and therefore cht ot i WETS a 
and the transformed integral is — i / / se where it remains to assign 
Al J y2—y 


the proper limits. 

The region over which summation is to be conducted is the portion 
ABECDFA of Fig. 306. 

If OFE be the asymptote of the rectangular hyperbola, the area of the 
portion FECD is plainly $(7b?—7a?). We have then to turn our atten- 
tion to the portion ABZF. And for this the line FE is a case of 
rectangular hyperbola, viz. v=0. Hence for this region the limits are 
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constant, viz. w=a? and w=6b?, v=0 to v=c?, and with this assignment of 
limits we may omit the — sign and take 


1” (? dudv 
Area ABEF=7 nly | 

] ge A wat vse? 

=i, sin“ 3 

Life oa 

& —1 

Zon 30 tt 

a esis Var aie ce 

i usin = Lotcd be Ghee 

2 oa 

= [u sin? 2 +c cosh7} #1 

4 U C* Jas 

Ed et =i Oey © eS i6 B+ bi oA 

Tg ee ee pA ott dale 
ee 
Cc 

E 
D 
B 

oO x 


Fig. 306. 


Hence adding the portion FZCD already found, we have 
Area of ABECDF'A 
a. te 2, b?+J/b4—c4 


& 
= Dea Awe ene We 
Z (b a+e ah B 7 sin 5+ Ta SR ps ae 


Ex. 3. Show by ieanctorine to polar coordinates that 


atana rpatanp __ dady _ 
en 
SF sin a tan—!(tan B cos a)+sin B tan—(tan a cos B)}. 
[Cotiecss, 1887.] 


Putting =rcos@, y=rsin 6 and remembering that the element of 


area da 6y is replaced in polars by 766 6r, we have | i aan a and it 
remains to assign the limits for r and 0. 
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The region of integration is the rectangle bounded by «=0, w=a tana, 
y=0, y=atan B. If y be the angle which the diagonal through the origin 


makes with the z-axis, tan y == B 
an a 


ar F atana A x 
Fig. 307. 


The whole integration consists of two parts, viz. 
ae es rdédr +f atan B cosec@ 7 dO dy 
e! (PP +a? Jy Jo (PF +a7)” 
the first referring to the portion of the rectangle between the diagonal 
and the z-axis, and the second to the part between the diagonal and the 
y-axis, 
This is clearly 


1 [ 1 a tan a sec 6 oe ] hse ong 
ae -=—S d@+- es 
Ab 1 + a7 any r+ a?o ee 


ery cos?@ ) 1 fF sin?@ 
=3a | (a ~ eos26 + tana d6+ 2a? |y (1 ~ sin2@ Taare) ad 
25 r tan?a d6 4 1 is tan? 6 dé 
2a? |, seca cos’) + tan?asin?@ © 2a* J, sec?B sin?6 + tan? cos’ 


oat sec?9 d0 1 [7 cosec?@ dO 
yee 


2a? 


Qa2J, cosecta+tan?@ 2a? J, cosec?B+cot?d 
Ee ae - Af ae 3 x 
=5,2| sina tan (sin a tan 0) A +7,| sin B tan-(sin B cot 6) i 
a 


ial sin a tan—!(cos a tan 8) + = sin B tan—'(cos f tan a). 

Ex. 4. Two lemniscates whose equations are 7?=a,?cos26 and 
72=b,2sin 26 respectively, are drawn through a point P, and two others 
whose respective equations are r?=a,’ cos 26 and 72=b,2 sin 26 are drawn 
through Q. P and Q are both in the first quadrant. The remaining 
intersections of the four curves in the first quadrant are 2 and S. The 
coordinates of these points are respectively (71, 1); (2) 92); (73) 43)s (745 94): 
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It is required to show that the curvilinear quadrilateral thus enclosed 


has an area i 2 i re sp 4? re )} 
2 \\sin 46, sin 46, sin 46, sin 46, J 


Considering the two types r= ub cos 26, 72=v4 sin 26, we obtain 


M(<4+5)=1 and tan 29—J'%, 


uv 
: Ww u 
1.€. A= 6=4 tan ian 
ut’ yt 
Hence O00, 0) 1) | te 1 1 1 


(u,v) 16r3 uty? aie? 


sin Affe |r BEB vif 


The limits of integration are a,‘ to a, for wu, and b,! tc b,! for v taking 
a positive sign before the integral. 


(u+vy  ‘16r (u+v)t 


] 


‘aad fe du dv 


Hence A —F 
6Ja4 Jos (ut+v)? 


agt 9 bot 

I be ] du 

ae (ut+v)3 bd 

ee tae 2 

lot ((d¢+-ayh ora 
Ot+wh-Gt+uyh |” 

(st tags)? —(by¢ + ayt)* — (byt + anh) + Oat +ay*)4] 


ae 
=1¢ 


= 
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Now the curves a, 6, intersect at r,, 6,, and 


4 4 4 
r r 4) 
a,<+b4=—+ 4-3 : 


cos?20, sin?26, sin?40," 
Similarly, 
4r,! 47,4 4ro! 
CoC eed. of ome le ia 4 ‘ 2 
ut sin?4@,? 7 +b sin sin? 40, pr eoe. ats sin? 46," 
Hence A 


2 heals |: 
=slacsactac aia sin4@, sin 46, 


Ex. 5. Transform the integral | of tS ap dé by the substitution 


x=singeos 6, y=sin dsin 6, 


and show that its value is 7. [Oxrorp IT. P., 1880.] 
»_O(%, y) _|coscos @, —sind sin 6 
Tie nis ~ Q(¢, 6) |cosf@sing, sin dcosé 
=singcos 
sin d ¥ 1 sin , 
and [[v= ace ao=| [= $ cos Ve a ty oe 


= 1 

= ——————e d al: r, 
Lys il ; 2 -y¥ Wi v 
The or iginal limits y | 


Now w?+ 7?=sin?¢ and z = tan @. 


a 


oO sing x 
Fig. 309. 


We may then regard the integration as extending through the positive 
quadrant of the circle «*+y?=1. The limits for v will then be from «=0 
to x=NV1—y*, and for y from y=0 to y=1. 
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Keeping y constant 


Ex. 6. Show that if z=u(1+v) and y=v(1+w), 


2 sz 1 ips 
P [e-pt2@ty) tir tdedy= [0 [dody, 
o 0 o J 
and prove the identity by finding the value of each integral. 
[Oxrorp IT. P., 1889.] 


Here J=|1+v, uw |=1+u+v 
v, l+u 
and = (#—y)?+2(a@+y)+1=(u—v)*+2(ut+v)+4w41=(uto+l1)*. 


Hence [[te-n+ 2(e+y)+ 1p Sdedy= | fdvdu. 


Fig. 310. 


Next consider the limits. The region through which the summation in 
the first integral is to be effected is that bounded by the z-axis, the line 
y=, and the ordinate «=2; de. the triangle OVA in the accompanying 


figure (Fig. 310). 
The loci w=const., »=const. are respectively the lines 
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We are to integrate first with regard to u, keeping v constant, 
i.e. along a strip formed by the lines v, v+dv. These lines, represented 
by C,A,P,Q, and C,AgP2Q. respectively in the figure, form a strip of 
gradually widening breadth in passing from P to Q, for, as the intercept 
OC, on the z-axis increases (negatively), the line rotates counterclock- 
wise. It begins its rotation, as far as our triangle is concerned, with 
coincidence with ON, for which v=0, and ends its rotation when v=1, 

ae z 
when the line is ¢_F=1, and passes.through R(2, 2), taking the position 
O'R. Now along the whole length of OR, i.e. y=, we have u=v, and 


along the whole length of NR, i.e. e=2, we have 2=w(1+), te. es 


l+v 
Hence, in integrating along the strip P\Q:Q2:P2, keeping v=constant 
u changes from u=v at P, to w= at Q:. 


Hence the limits for w are v and ea and for v, 0 and 1. 


a 


l+v 


+ 
dv du. 


Hence i [@-n+ Q(x+y)+1} 2dxdy= % 
Yo “0 “0 


The student may show without difficulty that each side of the identity 
takes the value 2 log 2 — 4. 

If, however, the integration had been conducted in the reverse order, 
integrating first for strips along which w is constant, it is to be noted 
that the character of such strips changes when the line D,B,A, passes 
through E(1, 0), the strips being terminated by OF (v=0) and OR (v=u) 


for the portion OZR and by EN (v=0)and VR (v=2- 1) for the second 
part. 


ru r2 2-1 
We then have if du| du+ | du dv. 
0 0 api 0 


Ex. 7. Obtain the value of 


the integral being taken for all values of 2, y, 4 such that 
at a? 2 
a at be of 2 <i 
We shall divide up the ellipsoidal volume into a set of thin homoeoidal 
shells, that is shells bounded by ellipsoidal surfaces, concentric, similar 
and similarly situated with the bounding surface. Let a typical mem- 


ber of this family of surfaces be 


p lying between 0 and 1. 
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Then the volume of the shell bounded by p and p+ép is 
5{4 7 (ap) (bp)(cp)} = 4rabep* dp, 
and the value of Diep ae at points between the boundaries of the 
CP SS Ci 


shell differs from p? by an infinitesimal only. 


1 = p 
Hence I= Vie - 4rrabcp* dp. 
Write p=cos ¢. 
a = 
T 7 [ 1~cos¢ | segalgton Sal 
hen : Vise 4rabe.cos*d sin pd 


=4rabe [a —cos p) cos*pdgh 
Lean a2, 
= 4rabe G 37 5) 
= pabe(3u— ay 
3 
Ex. 8. If cu+yv=a? and «v—yu=0, prove that 
V'atdu dv 
[ee 


And if the limits in the former integral are y=0 to y=Va?—2* and 


«x=0 to x=a, investigate the limits in the latter. [Srt. Joun’s, 1885.] 
au ay 
Here Ga FE Bis hla ee 
at Pu, —Quv | _ Oe. 
ee a (w+?! | Gun, wt—o® | (w+ 0??? 


Tr 4 
whence [[Vevay= -{ [aec 


where V’ is what V becomes after substitution for x and y in terms of 
wu and v. 


Vata 
Next, as to the limits. In i eV de dy the integration is over the 
0 Jo 


region bounded by the positive quadrant of the circle 2?+y?=a2, 
x 
Eliminating v and w alternately, we have 


2 2 
+= 2=0, x+y—-“y=0, 


and the curves w=const., v=const., are orthogonal circles touching 
the axes at the origin. Let us integrate first with regard to v, then with 
regard to vu. Whilst integrating with regard to v, the element J du 6v is 
bounded always by the two complete semicircles u and «+ Su, so long as 
this ring lies entirely within the circle 2*+y?=a?, and the limits for v are 
from the case where the v-curve is a circle of infinite radius coinciding 
with the x-axis, to the case where it is a point circle at the origin. The 
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2 
radius is =" Hence the limits for v are from v=0 tov=o. And the 


2 
: eon 4 Rei: : 
u-circle has a radius oa and changes from a circle of radius g toa circle 


of radius zero, ze. w changes from w=a to w=. 
; 7 a wal : 
When the w-circle has a radius in excess of 3 the limits for v will be 


from the value of » for which the w-circle cuts the a-circle, viz. at P, in 
Fig. 311, to the value of v for which the v-circle becomes a point-circle 
at the origin, 7.e. when v=o. 
Now at P we have 
2 2 
<y=a+y=a? and ~ x=a, 


te. at that point z=u and y=», whence v?=a?— uw”. 


A x 


Fig. 311. 


‘Hence the limits for v are from Va?—u? to o, and uw now varies 
between the value which makes the w-circle a straight line coincident 
with the y-axis, i.e. u=0, and the value of « which gives a semicircle on 
the radius OA, i.e. w=a. Thus the integration referred to divides into 
two portions, the first referring to the portion of the quadrant included 
in a semicircle on OA for diameter, and the other to the remainder of 
the quadrant. 

Thus 


ira 2(°V'dudv, ,[*/(? V’ du dv 
[Lr raed et aga Nae WO) 


: anu ay 
It may be observed that the transfurmation formulae oar ge Lia 


indicate an inversion from the Cartesian coordinates «, y of a point within 
the circle, with a for the constant of inversion, to a point whose coordi- 
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nates are u, v, which lies without the circle. Hence as (, y) is to traverse 
the interior of the quadrant of the circle, (w, v) is to traverse the portion 
of the first quadrant of space which lies outside the quadrant of the circle, 
and therefore, the circle having equation u?+v?=q? in the new coordinates, 
the limits must be 

v=Na?—uv to v=0 from u=0 to u=a, 
and v=0 to v=o from u=a tou=o, 
which agrees with the result stated. 


Ex. 9. Obtain the value of the integral 


[= [fears 2Bay + Cy?) dx dy, 
extended to all values of 2, y which satisfy the condition 
Axv?+2Bay+ Cy*=1, 
A and C being supposed positive, and AC— B? > 0. 
The conditions given indicate integration within the area bounded by 
the ellipse Ax? +2Bay + Cy?= 
Divide this area up by a family of similar and similarly situated con- 
centric ellipses, of which a type is 
Aa? +2Bay+ Cy = 
t varying from 0 to 1. 
The equation to find the semi-axes of this ellipse is 
1 A+C1 ,AC-B 
ee | ee» 
ope eet 
VAC- Bi 
Hence the area of the annulus bounded by the ellipses ¢ and ¢+6¢ is 
ie ot 
JAC- BY 
and $/(Ax?+2Bary+ Cy’) only differs from ¢$’(¢) by an infinitesimal at 
any point of this ring. 


Hence in the limit Nes t o'(t).7 


—o, [Smirx, Conic Sections, 
, Art. 171. 


and its area is 


— 
7 PU= $0) 
TN AC 


Ex. 10. Prove that ii fa du dv over a portion of the surface w=0 is 
i fae O(u, v, w) ds 
aCe I /Eaw\2 0 /aaoet 
(ae) +(3) +) 
u, v, w being functions of 2, y, z. 
Let 2, y, z be a point on the surface w=0 at which an element of the 


normal is én. Then ina, where h?=w,2+w,?+w? (Art. 789). 
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Also &S.8n is an element of volume, and may be replaced in volume- 
integration by 


O(2, 
sees Su Svdw (Art. 794), 
te. SS. = may be replaced by =a bv dw 
O(w, % 2) 
_ f fou, x, w) dd 
oi [Janam [[eeyy 


Ex. 11. Prove that J= | | / if dx dy dz dw for all values of the variables 


for which x?+7?+2?+? is not less than a? and not greater than 6? is 
a 
=F (ba). 


In this case we cannot appeal immediately to a figure to help in the 
determination of the limits. 

We may at first ignore the condition that 2?+y?+2+w? is not less 
than a’, and let the variables have full range of any values up to such as 
will make 22+y?+22+w?=b% We shall then subtract the result for such 
as make the variables in the extreme case such that 2?+y?+27+w* pa’. 

In the first integration, keeping x, y, z fixed, w ranges through all 
values from —-V—2?—7?—2 to +N0?- 2-7-2, and 


[[[facayacdo=| | [(ulte dy ae 
=2f | [SP= yA der dy de 
In this integral, keeping x and y constant, z ranges from 
z= —-NB— a # to 2= +N at 9, 


Perinat gaat 98 A, par sek par Ue OO ee Oe 
and LPP apa se in ae rrr 


zx and y being constant during the integration. And inserting the limits, 
| [ [Y= PHP ae dy dem | [5 (28-day. 


We have now reduced | [ [faedy ae deo to 2.5 [ [@r—at—y)dedy 


and now we are to integrate with regard to y, keeping x constant, and the 
limits for y are from —Vb?—.? to +N b= 2%, 


Also [o-a- dy =(8-2%y—", 


and =2[3 (0-22) 
when the limits are taken. 
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We have now arrived at Ng ae the limits for x being from 
—bto +b. Putxv=bsin@. The integral then becomes 
ae) he 8 pelt go mo 
aan b3 cos*@ bcos Od@ or 3 Zam te gh 
Now, in exactly the same way we may see, as is indeed obvious at once, 
that the amount included in excess by giving the variables free play up 
to the case 22+y?+22+4+w?=b? instead of excluding those values which 


make 1? + 7?+22+ w*<a? is = ae 
Hence the summation of the cases from 
e+y+2+wut= a to e+y? +2274 w? = b2 
is = “(8 —a'), 
It is clear also that after the first integration with regard to w had been 
completed we might for the remainder have illustrated the triple integral 


ee I= de dy de 


by integration through a spherical volume, the summation being that of 
Vb?— 2-7? —2 throughout the sphere 2?+9?+2=b2 
Then writing 27+y?+2*=r?, we have 


1=2["[" [Vir resin 840 ag ar 
0 JO JU 


i = E 
=81 [NF Pdr = 80 B| sin? x cos? x dy, (r=bsin x) 
0 


TG)TG) _ 704 


= 87 bt —44—2e “ory ~ 7 88 before. 


832. Case of an Implicit Relation between Two Sets of Variables. 

In our previous work and in the typical examples discussed, 
we have regarded the transformation formulae to be such 
that each of the one set of variables is expressed, or easily 
expressible, as an explicit function of the variables of the new 
group. If this be not so, we can still form the Jacobian by 
the rules of Arts, 543 and 544, Diff. Calculus. 

For in the case when 


f(a, Y, u, v)=0, Sa (2, y, u, v)=0 
are the connecting equations, we have 
Of» Se) - o(@, O(a, y) _ fede): 
O(a, y) d(u,v) O(u, v)’ 
and when f(a, y, 2, u, v, w)=0, 
ip (2, Y, 2, U, v, w)=0, 
Sa (2, y, 2, U, v, w) =0, 
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are the connecting formulae, 

(fv Sf» fs) 2(@ y, 2) =(—1)3 fr So» fs) . 

Q(z, y, 2) O(u, v, w) O(u, v, w) ’ 
and generally, if there be n connecting equations, 


Ai=0, fo=0, fz=0, ...f,=0 


between 2n variables, 


iy Mes Ue ANd T,, Bos. Ma; 
O( fis Sor -++Fn)  O(t,, Zep -+- Zn) _¢_y)n O(Sv» for ++ fn) 
O(2y, Ly, --- Lp) A(t, Uy, «+ Un) O(t,, Ug, «-» Uy) 
Hence for a double integration 


of Sa) 


||vax ay={{v" SESE x Pe, 


O(a, y) 
o(firSor Ss) 


{J Jaxay ere |v ey Ba dts 
O(a, y, 2) 


and for a triple integration 


and so on. 


DIGRESSION ON JACOBIANS. JACOBI'S AND BERTRAND’S 
DEFINITIONS. 

833. Jacobi’s Definition. 

If f,, fo fy» --- fn be any function of the n variables 


XZ, La, Lz, ++- Ln, 
the determinant 


Slane ie oh ey. 

Ngee © tan! 8 Gre 
Of, Of Mf of 
Oar’ Cate’ 


CO, iW, 


fn fn fn Oe 

Oa,” Ong Oa,’ Oy 
is called the Jacobian of f,, f., fs) -»- fn With regard to 2, Xp, ... Zn. 
Jacobi in one of his memvirs pointed out the strong analogy 
which the properties of this function bears to those of a 
differential coefficient of a function of a single variable. This 
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reseinblance of results, rather than of demonstrations, has 
already been mentioned (Diff. Caleulus, Articles 542 onwards). 
It was by starting from the form of this determinant that 
Jacobi’s investigation proceeded. 


834. Bertrand’s System of Increments. 
A different standpoint was suggested by M. J. Bertrand in 
a memoir to the Académie des Sciences (1851), which has 
many advantages, and Jacobi’s results may be deduced from 
M. Bertrand’s new definitions almost as corollaries. 
Let f,, fey --- fn be n functions of the m independent variables 
Cito e pe 
Let us give to these independent variables the following n 
systems of increments, viz. 
G,,, “Gey, Oe, aan ae 
Me oA Be eos ral 


etc., 
dG, Ge, Che, «nc Oe 
and let the corresponding increments in the several functions be 


aif, dy fo, ds fs, ca aif, 
dfn auf dafy def |, e 


etc., 


dats (ta) Ontmueate 
we. d,f, is the increment of f, when X, X, etc., increase to 
2, +d,2,, L+d,x,, ete. 

These several increments d,a,, d,z,, d,z,, etc. though in- 
crements of the same variable, are arbitrary and independent, 
and there is reserved to us the power of making them equal 
later, or of assuming any such relations between them as we 
may subsequently choose. 

It is clear that we have the n? relations of which 


ok of Off 
d, f,= ; ani BBO res a2, elaleloiisielelalaletaye (C) 


is a type, it being unnecessary in the partial differential 
coefficients occurring to specify which of the particular in- 
crements we choose when we proceed to the limit in their 
formation. 
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835. Bertrand’s Definition of a Jacobian. 
M. Bertrand’s definition of a Jacobian is that it is the ratio 
of the determinant formed by the increments of Group B to 


the determinant formed of the increments in Group A. 
Now 


Pat dwleds. de 


HERERO meee tween ee eee ween erase eeeeeeeeeeeeee | | SHO Hees eeaeeeeeaeeeeseee 


Se a SAP 7m 
by the rule of multiplication of determinants and by virtue 
of the equations of Group C. 

Hence Bertrand’s definition agrees with that of Jacobi. 
We have, however, gained command over the increments of the 
independent varvables. 

If we adopt the notation Df and Dz for the determinants 

Oi “Gifeds | /and | dz,,) d¢,).--4, 
Ofer sivart ys a 


Seen ee ee eeeeeeweweeeeeee | = «| Ween enenseereeroenrvaseee 


respectively, we have J = 

836. Corollaries. 

1. It follows at once that if F,, Fz, ... F, be functions of 
fr far Sn» 00d fy, fa, --- fn be functions of a, %, ... %,, then, 
since DF_DF Df 

Da Df Dz’ 
we have 
Jacobian of Fy, Fo, ... <A Of Fy, ds, a 
fee regard to 4, %», ae with regard to fy, fo, -- 
een ote Sia 


with regard to 2, 2g, ... 


: 
= 5 
. 
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: 4 Di om 
2. Also, since Dic ae we have 


Jacobian of f,, fe, -.- fete Of ZT, Ls, wpe 
with regard to @, 2, ... with regard to f,, fo, «-- : 

8. Again, if F,=0, F,=0,... F,=0..., F,=0 be » indepen- 

dent equations connecting n variables ,, Ug, .-. Un, and n 


other variables x, 22, ... Z,, then, since 


Fe day + dy tn +E day 
+5 sy oo d,u Ug. +8 ditt, = 
we have 
oF, F, oF, r 
Fe ey ob od ty = — (Se dst tS ditty) 
which may be Ghecviated into 


dy gl = Uy wk os caxaee~assednactenns eee 
the suffix x being attached to indicate those ee differential 
coefficients in which 1, Ua, ... are regarded as constant whilst 
Ly, La,... Vary and vice versd. 
Now D,F and D,F are the respective determinants 
dy, oF, d,, elapse . dy, 2/,,| and d,, OP re d,, wages aw 
thy La pe tae d, Fy d.,F;, Sens = 


aap hie, oe dF, Ferd ‘ Rh oe Le ’ 


and by virtue of equations (a) the constituents of the one only 
differ from the corresponding constituents of the other by 
a negative sign, whence 


Di F=(—-1) DE 


D,F 
: Du a Du 
that is io) DoF 
Du 
Hence in the case of implicit connections amongst the 2n 
variables 1, Ug, ... Un; %, Ly, --. Zn, by virtue of n equations 


F,=0, F,=0, ... F,=0, connecting them, 
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he Jacobian of u,, Us, ... Uy 
with regard to 2, 2g, ... a 
anes of F,, F,,... with regard to 2, 2%, ..., 
treating t,, U:, ... as constants } 
Jacobian of F, F2,....with regard to uy, Ue, ...,) 
| treating 2, Z, ... as constants 


=(-1)" 


The substance of this and the immediately preceding articles 
on M. Bertrand’s treatment of Jacobians was communicated to 
the author many years ago by his former tutor, the late 
Dr. E. J. Routh. The reader may consult Bertrand’s Calcul 
Différentiel, pages 62-70, and Calcul Intégral, pages 465-469. 


837. Advantage of Bertrand’s Definition. 

It will be seen that M. Bertrand’s definition leads to simpler 
proofs of the fundamental properties of Jacobians than those 
given in Arts. 540, 544 of the author’s Differential Calculus, 
and retains a command of the several increments which we 
shall find useful for subsequent work in the transformation of 
a multiple integral. 


838. Bertrand’s Method of Calculating the Jacobian Determinant. 

Let there be 2n variables, in two groups, viz. 2, %, ... Lp 
and 1, Ug, --. U,, connected by n independent implicit relations 
F,=0, F,=0, F;=0,... F,=0. Then n of the 2n variables 
are independent. If increments be given to each, these 2n 
increments are connected by n homogeneous linear equations, 
and if n—1 of the increments be chosen to be zero, the ratios 
of the remaining n+1 are determinate by the n connecting 


equations. 
Consider the n incremental systems, 
djuy, dyUy, AyUs, ---, Aun) (4%, 9, 0 ea Q 
0, detlg, Agttg, ..-, Aqtn| | Tet, dp%,, 9, «... O 
0, HO) dy, cs, dye, t pp dsty, Cy%s, dytqy :..' 0 > F: 


0, 0, 0, ee dUn d,, d,,Z2, d,Xs; ase d,Lp 


that is systems in which 
increments du, d,Ug, ..-, dU, give rise to an increment 
d,z, in 2, but make no change in @., %5, ..., Tp, 


32 CHAPTER XXIII. 


and increments dgttg, dg, ..., dgUn, dx, give rise to a change 
d,2_ in 2, but make no change in wy, X, Lq, ---, Lp, 
and so on, 

Let J be the Jacobian of 2, %, ..., %, With regard to 
Uy, Ug, +++, Ue Then forming J according to Bertrand’s defini- 
tion, each of the determinants of the increments, the one 
formed from the z-increments, the other from the u-increments, 
reduces to its diagonal term, and 


Jax Lp tate Abs +++ Inn __ 08, Ol, Oly Wy 


dy Uy Agtlg.dgtty...dnUy, Oy Oly Og Oy’ 


where at is the limit of the infinitesimal change in 2, to 
iy? 


that in u, when w,, Ug, --- Ur, Lt, Lrtz +» Ln are regarded 
as constants, 


839. It is necessary for the use of this rule to consider the 
several connecting equations reduced to such form that 


(1) %, is-a function of v1, %, %3,-..,%,;  % only varying; 
(2) x, is a function of u,, Ue, V3,..-, Lp} Ue Only varying ; 
(3) xv, is a function of uy, Ug, U3, %4,-.-,Ln; Uz Only varying ; 


(n) a, is a function of uy, U2, U3, ..., Un; Uy Only varying. 
The calculation of J will then be reduced to the multipli- 


cation of the several partial differential coefficients derived 
therefrom. 


840. Illustrative Examples. 
Ex. 1. If «=rcos 6, y=rsin9@, write 


x=N7?—y?, containing one of the new variables; 


y=rsin 6, containing two and no x. 
x 


fe 
Then J=———-. cos =r. 
Vrt—y? 
Ex. 2. If c=rsin@cos¢, y=rsin Osin d, z=7 cos @, write 
a=N7?—y4—Z, containing one of the new variables ; 


z=P cos n containing two and no 2; 
y=rsin @sin g, containing three and no xor z. 


Then Jae. ee sh <.(- rsin 9)(rsin 6 cos p) = —r*sin 0 


.\) 


THE GENERAL MULTIPLE INTEGRAL. 33 


Ex. 3. If e+y+z=u, yt+z=uv, z=urw, we have 
x=u—y—z, containing one new variable, 
y=w-—z, containing two and no 2, 
z=uvw, containing three and no 2 or ¥; 
Ox Oy Oz 
and Sa-* a= * a- = 1.4. uu 
ae oe Se ee 


Ex. 4. If x,=rsin@cosd, wx3=rsin Osin ¢, 


%=rcos@cosy, we=rcos @ sin yp, 

we have Ly =N 0" — xv" —2*—2,*, containing 7, 2x3, Xs, 243 
vy=NV7r* cos? 9 — 23, containing 7, @, X43 
v3=7r sin Osin ¢d, containing 7, 0, 4; 
v=? cos 6 sin yf, containing 7, 86, Vy; 

and 

yao Oary Outg Org _ 7 , —M8inOcosd . : 
aes b> ee ms -rsin@ cosd.7 cos 6 cos 
= —?7*sin 6 cos 6. 
Ex 5. If =P cos 0,, 


®_,=r sin 6,cos 62, 

w3=rsin 6, sin 6, cos 3, 

24=r sin 0, sin 62 sin @3 cos 04, 

@,=r sin 6, sin 62sin 03 sin 0, cos 65, 

=r sin 6, sin Oz sin 6; sin 6, sin 65, 
we have r= Pap —ap ae —2e ae, 

#,=r cos 6, 

@_=rsin 9, cos Og, 

23=rsin 6,sin §, cos O35, 

=r sin 6, sin @2 sin 0, cos 64, 

=? sin 6; sin 9, sin 03 sin 6, cos 65; 
and Jar (—rsin 8,)(—rsin 6, sin 0.) (—7sin 6, sin 6, sin 63) 


x (—rsin 6,sin 6, sin 0, sin 64)(—7sin 6, sin 6, sin 0 sin 0 sin Os) 
=(—1)§75 sin‘ 6, sin? @, sin? O3 sin 0,4, 
a result which can obviously be generalised. 


841. Change of the Variables in any Multiple Integral. General 


Theorem. 
Let the integral in question be 


1=\{J...[vae, desde 


there being n integration signs, and V any function of the 
variables 2,, Z,-..Z,, Let the new system of variables be 
U,, Up, «+. Uy, there being nm independent connecting relations 


F,=0, F,=0, ... F,z=0, 
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between the two groups of variables, either set forming a 
group in which there is no interdependence. That is, the group 
%1, Lo, ... ZT, forms a set of n independent variables, as also does 
the group W, Up,... U, When a further relation is assigned, 
say p(X, %, ... Z,)=0, to be satisfied at the boundaries of the 
region of integration, an interdependence of the z-group is 
created, and one of the x-group of variables is dependent upon 
the others. Integration is then to be conducted for the domain 
or region bounded by the specific limitation ¢=0. There will 
then be a corresponding relation amongst the u-group of 
coordinates, and a specific limitation will be implied for the 
new definition of the domain of integration when J has been 
referred to its new coordinates. 


842. In the transformation of J three separate considerations 
are to be attended to. As has already been pointed out in the 
case of double and triple integration, we have to consider 

(1) the determination of the new form of V, which is merely 

an algebraic matter of substitution or elimination ; 

(2) the assignment of the new limits which is also an 

algebraic matter, materially assisted in the case of 
double and triple integration by geometrical con- 
siderations ; 

(3) the determination of the new element of integration 

which is to replace dx, dx, da, ... dtp. 


As regards the assignment of new limits it is not possible 
to give a general rule, but it must be such as will cause the 
march of the new element as described in the new system of variables 
to traverse the same domain once and once only as was traversed 
im the march of the original element, which domain was defined 
by the limits of integration in the original system of variables. 

Let us imagine that the connecting equations have been 
thrown into the forms 


y= (Uy Pay Dy are De) ates (1s Weseege tines tee eliminated; 
y= f's(Uyy Usp Wap 0AL,) Be (2) era aa, Ravel, 
y= fy (Uy, Up) Us, Wy, «.. Z,)...(B), etc. ; 

etc., 


Un=f (Uys Ug, Uys «08 Uy) cares. (n) etc. 
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We have seen in earlier articles and examples, that in a 
given multiple integral the order of integration may be 
changed, provided a suitable change be made in the limits, 

Then, first, suppose we attempt to replace integration with 
regard to x, by integration with regard to Uy. 

Change the order of integration in 


r=\{J...[vax, da, .. dz,,; 


so that dz, stands last with the suitable change in the limits. 
We then have to perform the operation 


1=|[J...fvae, der, ... day |, 


and in this operation z,, Tz, -..%, are to be regarded as 


: : C) 
constants, and equation (1) gives dz,= oh du,. 
1 


. Ox. 
And since Jv de,=|U re du,, we have as 2, and u, are the 
u 
1 


only varying quantities 


C) 
1={[|].-[r.dz, day wa az, | du,, 


where V, is what V becomes when f,(u,, 2, %) ... %,) has 
been substituted for z,, that is, V, is the value of V expressed 
in térms of u,, 7, Z, -.. Ly 

We have now arrived at 


1=|{J...[? 34 ae tty ane Uttar. 


Let us repeat the process. 
By change of order of integration with a suitable change in 
the limits, transfer dz, so that it stands last. 


1={[f--]7, 28 ae, dha, ... dit, du, det 


ie {UJ 5 V, oh dx, dix, tee dz, du, | dx,, 


and in this operation 2,, 1, ... Un, U, are to be regarded as 


be 7 of. ’ 
constants, and equation (2) gives da,= au; duty. 
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Whence again applying the theorem [orda=[o du, 
2 


and a,, u, being the only Wet quantities, we have 


r={/ le [7,2 Sh dy dy. dy du, | Te diy 


where V, is what V, ee when f(t, Ug, %) +. Zp) is sub- 
stituted for x, that is V, is the value of V expressed in terms 


Of Uy, Uy, V3, ... Z_,3 and we have now arrived at 
‘2 Ne JV, Sh Gs i di dy de, dy 
1 0 


Continuing this process of ae the order of integration 
so that da, is transferred to the end, and then exchanging the 
variable x, for u,, ete., we finally arrive at 

1=||[...|7.2%. Sle. Be Oe dust .. du 
"Othy (Oly Oy Oe 71 eee, 
where V,, is the value of V when all letters of the x-group in 
V have been replaced by letters of the u-group, that is 
V,i= V’, say. 
Now it has been seen that 
of, Behe oe 
OU, Oty Oly” Oty’ 


the Jacobian of x,, a, ... , with regard to w,, Uys ... U,_; and 


yay | 2%, 2%, | 2h, A om] 
u,’ Duy’ Duy a,’ Oa,’ " Oa, 
OF, OF, oF, |/ | ar, oF, oF, 
Ou eu, ROU, OL, a bCr, a ners 
OF, OF, < OF, | | oF, Wf, Fy 
Oty” OU,’ On Oa,’ Ot, Ox, 
2(F,, Fy Fy ... F,) 
O(teys Yay Usy w+ bn) 
or (= 10 ee 
) Blah, Fa al) 
Oi, Loy agen ee) 


where in forming the numerator all letters of the “-group are 
considered constant, and in the denominator all letters of the 
u-group are considered constant. 
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Hence, we’ have finally, 


I|J--[vee daty dit, ... dx, 
O(F\y Fy «- Fs) 


* x FU Mbeya te 
Ads Ta, «+s Ba) 


843. Ex. If ru+yv =a? 
sie ie be the connecting equations, 


xrv—yu=0, 
| wy 
bps —Y, x a a +y" in ai 


uy 0) wee (e+ o% 


v%, —U 


Compare the process of Ex. 8, Art. 831. 


844, The Vanishing of J. 

It may be noted that the vanishing of J would imply that 
when z,, 2, ... Z, are regarded as functions of w,, U,, Us, ... 5 
there would be some identical relation amongst the members 
of the x-group of variables; and if J were infinite, we should 
have J’=0, and there would be some identical relation amongst 
the values of u,, u,, ... U, as expressed in terms of a, 2, ... Gp, 
(Art. 547, Differential Calculus). We have, however, assumed 
all our several connecting equations F,=0, F,=0, ... F,=0, to 
be independent relations, so that no such identical relation 
can occur amongst either set of variables. 


845, Remarks. 

It may be useful to call attention to the fact that in the 
geometrical treatment of Arts. 792 and 794 for double and 
triple integrals respectively, the new element of integration 
was formed and the variables were changed to the new group 
all together. In the general proof of Art. 842, the original 
variables were exchanged for the new variables one at a time. 
When a geometrical method of determining the new limits 
is not available, this consideration will often be useful for 
their proper assignment, and may be used when other means 
are wanting. But the process followed out in detail is 
generally tedious, as every change in order of an integration 
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as well as every exchange of a new variable for an old one 
necessitates in general a readjustment of the limits of each 
integration. 


846. Examples in which Multiple Integrals of Order higher than 
the Third occur in Physics. 


Multiple integrals occur frequently in researches of physical 
nature, of higher degree of multiplicity than the third. For 
instance, in the problem of the illumination of one surface by 
another, the two surfaces being such that every point of the 
one can be seen from each point of the other, the quantity to 
be evaluated is the quadruple integral * 


(esest aves 


where dS, dS’ are the elements of the two surfaces; , p the 
angles which the outward normals make with r, the distance 
between dS and dS’, and the integration is to be conducted 
over each surface. In such case, the limits form two separate 
groups, the one referring to surface S, the other to surface S’, 
and if any transformation of variables be required, a new 
assignment of limits being required, they will be available 
from geometrical conditions for each group. 

Another illustration from Physics is in the mutual potential 
of two attracting systems, which for a continuous distribution 
of matter in regions P, Q has for its expression the sextuple 


integral 
Woo || eet trate 


where p, is the volume density at a point p of the region P; 
pa the volume density at a point q of the region Q; 
drp, drg elements of volume at p and q, and pq the 
distance from p to q. 

In this case also the system of limits will be two separate 
systems, the one ensuring summation through the region P 
and the other through the region Y. And if any change of 
variable be required to facilitate integration, necessitating a 
new assignment of limits, they will be available as in the 
former case from the geometrical conditions for each group. 


*See Herman, Geometrical Optics, Art. 157. 
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847, Case of Implicit Relations. 


If in Art. 839 Equations (1), (2), ... (n) had not been supposed 
to express 


w, explicitly as a function of uw, ag, 25, ... Lp, 
#, explicitly as a function of wu, ug, 23, ... Zp, 


ete., 
but had been given as implicit. relations, viz. 

fi(My, ©, %,...%,)  =0...(1), in which ug, us, ... Up are 
eliminated, 

fa(Uy, Ug, X2, y, -.. T,) =O ...(2), in which 2, Ug, ... Up, are 
eliminated, 

(Uz, Ue; Ug, Lg, ... Z,)=0...(3), ete., 

ete., 
$n (Uy, Ug, Ug, ++» Un, Ly) =0...(n) etc., 


we have in the subsequent work, from equation (1) 
sidering 23, £3, ... Z, as constants, 
Op, 
Ou, 
dz,=— — du, ; ’ 


opr 


On, 


» con- 


and from equation (2), considering w,, 23, Z,, ... Z, a8 constants, 


Ope 


eet 
as bs dus, 
Os 
and so on. 
And we finally obtain in the same way as before, 
Op1 Ope Cs hn 


[[--[V desdrs nn 


a _ , OU, OU, OU ie inn 
(— uf |” Se Seta Uy 


Dis Vora @ Ory 


848. For example, taking 
g,=r—2-y?-2 =0 (containing z, y, «, 7), 
=r? sin? §—«?—y*=0 (containing y, x, 7, 9), 


¢3=7 sin 8 cos iit =0 (containing 2, 7, 9, d). 
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Then we have 


Od Ob, Obs 


in) Vae dy dz—— | | f V Soy oa, ab as 


(ep ey © ake 


st , 2r. 2r* sin 9 cos O(—r sin 9 sin ) * 
aw Pima es eye oak 


ia -[f{fv r* sin? @ cos Osin & dr d0dd 


rsin @sin d.r cos 


= -fff V’r*? sin 0 dr dé dd, 
as we should expect ; see Ex. 2, Art. 840, and elsewhere. 


849. Example of Assignment of Limits. 


Ex. Asan example of the assignment of limits in a multiple integral, 
let us take two squares of sides 2a in parallel planes at distance c apart, 
the squares being placed so that they form the ends of a rectangular 
parallelepiped of square section, and let us find the mean value of the 
squares of the distances of points on the one square from points on the other. 
By a mean or average value we shall suppose to be meant that each 
square is divided up into equal small elements, and the sum of the 
squares of the distances apart is to be divided by their number, i.e. if 
there be x such elements, and Tpq be the distance between two of them at 
a or, which is the same thing, ay oe 
if 8Sp and dS be the elements at P and @; and in the limit, when x 
becomes infinitely large, we have 


P and at @ respectively, 


if ih i} [riqaSra8q 
ss . (See Chapter XXXVI, Art. 1657.) 


[fs 


Let O, O’ be the centres of the squares, and take O for origin and axes 
of # and y parallel to the sides of the squares. 

Divide up each square by families of lines parallel to the axes, and let 
(x, y, 0), (x, y’, c) be the respective coordinates of P and Q. Then the 
Mean Value required is 


yd) [leer to-yiee) dex’ dy’ da dy 


| . f [ax dy’ dix dy 


Now keeping the position of @ fixed, we may add up all the elements 
rng Sx dy in a strip between x and #+ dx, by varying y from —a to +a, 
keeping 2’, y', x constant. Then, still keeping 2’, y/ constants, we may 
add up all the strips in the square ABCD which lies in the x-y plane, by 
integrating with regard to x from =-—ato x=+a. We have then 
completed the summation of all such quantities as rpg de’ dy’ for ali 
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positions of P in the square ABCD. In the same way we may add up the 
results of these integrations for various points of the square A’B’C'D’, 
by integrating with regard to y/ from —a to +a, keeping w’ constant to 
add up the elements in a strip between x’ and w’+8x’. And finally in- 
tegrating with regard to x’ from —a to +a will add up the results for all 
the strips in the square A’B’C’L’ and will complete the integration. 


AN 


Fig. 312. 


And the same with the denuminator. The result for the denominator 
is obviously the product of the two areas, ze, 4a? x 4a? or 16a‘. 
The numerator is 


[[[ [errgpratty? 200! 299’ +02) da dy di dy, 


and it will save some trouble to observe : 
(1) That for every term xx’ dx’ dy’ dx dy, there is another term 
a(— x’) bx’ dy’ bx Sy. 
Hence such a term contributes nothing to the value of the 
integral, and the same with the yy’ term. 
(2) That obviously 
rx? dS dS’ = dy"? dS d8’ = Xx” d& d8’ = Xy” d& ds’. 
Hence it will be sufficient to attend to the value of one of them, 
and quadruple the result. 


Now 
Pile aide! dy’ de dy= | [ 2ax®de’ dy’ de 


“ £ ; A (20)() da’ dy’ =(2a). 2. 


Hence the value of the numerator is 
48 a) + c?. 1604, 


4a? + 3c? 
and Mee: 
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It follows that the mean of the squares of the distances from any point 
a 
of a square to any other point of the same square is ——, by putting e=0. 
[Also see Art. 1657 and Art. 1658, Ex. 2.] 


850. A Consideration useful for the Simplification of some 
Transformation Formulae. 


Let a multiple integral Heal V du, du,...du, be trans- 
formed in two ways: 
(1) to a set of variables z,, z,,...2%,3 
(2) to a set of variables €,, €,,... Ey. 


And suppose these two sets are linearly connected with each 
other, the transformation formulae 
for the linear connections being fi | & | &s 
given by the transformation scheme 
in the margin. And let the two 


results be 
LAU, | i, V ty 


[[--[Viti des dey... dey >) ok 
and [--[Patede dé, ... dé. 
Then, the Jacobian is a covariant of u,, Uy, ... U,; we have 
Jad py, ly, Py 
My, Moy 0 (Diff. Calc., Art. 546), 


Ce ir rer 


m being the transformation modulus. And that the above 
expressions are equal may be seen by transforming directly, for 


iN peahe J, dex, det, .. dit, 
=f [See tte ~ ae 
={f..-[Ver pede: dog hee 
=|f--[Vetad€, deed a 


and the results are identical, as might have been expected. 
It follows that if a transformation be proposed to a set 
of variables €,, ,, &,..., a transformation to another set 


2, i pan Pees 
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%,, %, %,... may be substituted for the former, where a 
suitable choice of linear connection between the former and 


the latter sets may sometimes be made to simplify the 
working. 


851. For example, if the transformation formulae proposed be 
u,=(AE+ By) sin (CE+ Dn), 
U,=(AE+ By) cos (CE+ Dn), 
we shall have the same result as if we transform with the easier formulae 
U, =x sin y, 
Uy=2 COSY, } 
for which the Jacobian is obviously —2, and multiply the result by the 
modulus A D-— BC. 


Thus [[¥ au, du,= - | [Virdedy 


=~(AD~- BC) i / V,(AE+ Bn) dé dn, 


thus avoiding the more troublesome evaluation of the Jacobian with 
regard to &, ». 


852. Speaking of the result 
[J]V aed ae=[[[v eS au dvd, 
Lacroix* remarks: “Ce resultat a été donnée pour la premiére 
fois par Lagrange en 1773. Mais Legendre, en 1788, en a 
fait des applications que Lagrange n’avoit point indiquées.” 
This application referred in part to the analytical proof of a 
theorem with regard to the attraction of a spheroid. 

The corresponding result for a double integral had been 
employed by Euler in 1769. 

Many references with regard to the history of the subject 
are given by Todhunter, Integral Calculus, Art.251. There is 
a valuable table of references in Lacroix’s Cale. Diff. et Int., 
vol. ii., prefixed to the volume, which may be useful to 
students interested in the subject and desiring to consult early 
writers. 


* Lacroix, Calcul. Diff. et Int., vol. ii., p. 206. 
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PROBLEMS. 


1. If the rectangular coordinates of a point are 
z=a+ecosa, y=Bh+e sina, 
show that the area included between the curves a,, B,, 4, By is 
4 (a, — a,) (22, — e7F! - 28, + 67), 
Ba a3), ; (Maru. Tri., 1873.] 
2. Integrate ||2°dxdy over the space enclosed by the four 
parabolas y=4tar, y2=4b2, a? =4ey, 2? =4dy. 
(Trinity CoLz., 1882.] 
3. The four curves y=aa’, y= bx", y=ca’, y=dzx* intersect in four 
points, excluding the origin, and thus form a curvilinear quadri- 
lateral ; prove that its area is 


1 
Tee »(5~ ~z): (Oxrorp II. P., 1901.] 
4, An area is bounded by those portions of the four rectangular 
hyperbolae zy=a?, ay=a’?, 2? -—y?=c?, 2? - y2=¢2, which lie in the 
first quadrant. Every element of the area is multiplied by the 
square of its distance from the centre. Prove that the sum of all 


h products i hs , 
Bena ae $(a?~a')(2~o'2), J, M. Sou, Oxr., 1904] 
5. If the surface density o of the area in the first quadrant 
bounded by amy" =a,"", Py = bP H, 


Pym att, Pym bg, 
be given by cay=k, show that the mass is 


pense) log © 
q 


ya | z 


6. Change the variables from 2 str y to w and v in the double 
integral a 


igey ss 


where sy=w?, a+ y2=v%, [Sr. Jony’s, 1882.] 


7. Show that in [° Ke f(@, y)dxdy all terms in f(z, y) may be 
a 


omitted which contain an Bad power of « or y. 


x 
Find {, \ x+y) cos(mz + ny) dx dy. : 
0 Hn v) pt ») 4 (Trinity Cotz., 1881.] 
© pV 20x a2dx dy 
8. Transform | | ————— 
olo CHP +aty 


a/E=y/n=/x? +4? + a2/a, 


and show that its value is 7/4 V/2, [Oxrorp II. P., 1903.] 


by the substitution 
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9. Change the order of integration in 
a a 


2°" a 
\, J. V dx dy. 
CH 
a 


1 
10. If ay=£, w-y=n transform [/ F Vdady so that in the 


(Sv. Jonn’s, 1889.] 


result we integrate first with regard to € and then with regard to ». 
[R. P.] 
11. Change the order of integration in the expression 


evi hae 
| | , Vdxdy; 
- 2 
+23 
also, change the variables to € and » where 2?+y?=y, éx=cy, without 
assigning the new limits. (It may be assumed that k is greater 
than h.) (Sr. Joun’s, 1888.] 
12. Prove that 
i ogai8 
ie da di =3(65 = 1) ab, 
ue ag 
the integral being taken for all positive values of # and y such that 
a of 
Sy es [CoLLEGEs, 1886. ] 


13 Express {j F(x, y) dz dy in terms of r and 6, where x=r cos 6, 
y=r sin 0. 


Change the order of integration in 


ff N% f(a, y) de dy. 


0 JNaz—a ([CoLLEGEs a, 1883.] 


14, Change the pe bs ees in 
pcaaNa "f(x, y) dy da. 


15. Change the order of integration in 


4 §acosé 
| | f(r, 8) a0 dr. 


Pes 
0 J a sect; 


(Sr. Joun’s, 1892.] 


16. Change the variables from 2, y to wu, ¥, where a+ y=, 
ay =v, and find the limits in the new integral when integration is 


extended over the positive quadrant of the circle a?+y?=a?. 
(Sr. Joun’s, 1881.] 
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17. Change the order of integration in the integral 


b 
{J V du dy, 
c Naa 


where c is less than a. [CoLLEcEs a, 1888.] 


18. Change the order of integration in 


a Nat—a 


| | Uda dy, 
0J4Na?—z? 


U being a function of z and y. 
Express the same integral in polar coordinates. [Cotzxczs a, 1886.] 


19. Show that 


24 ep 2ax 
| Vceag {ff = 7 an df 
0 N2an—a* n-a 


ey? 
27 ae 


and change the order of ce in the latter integral. 
[CoLLecEs 8, 1889.] 


when é= y= 


20. If the density of a plate be 2 ra show that the mass of the 


part enclosed by the curves 2?-y2=a, 22?-y?=, ay=y, ry=8 is 


(P(e du dv 
2JaJyw+4e 
Show whether this gives the mass of one of the areas between the 
two curves, or of both. [CoLLEGEs a, 1883.] 
21. Change the variables from (2, y) to (v, v) in the double 
integral || $(z, y)dudy, where 22+7?=u, xy =v, and the integration 
extends over the area bounded by the straight lines 
y=a, a2+y=1, y=0, 
obtaining the new limits on the supposition that the order of inte- 
gration is first wu and then v., [CoLLEcEs a, 1870.] 


Verify your result by evaluation of the integral for the case 
when (2, y)=1. 


22. Change the variables from x and y to ¢ and 7 in the expression 
[7 ae dy, having given $(z, y, é,)=0 and (a, y, én) =0. 
Show, by era to polar coordinates, that 
—= tana 
WE 5 = 
3° SF 2 dx dy = tan-1 880. 2 = 208 2, 
(2? 


492+ cyt 2 
[TRrniTy, 1882. ] 
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23. If 7, r’ be the distances of a point in the plane of reference 
from two fixed points at a distance 2¢ apart on the axis of a, then 
between corresponding limits of integration 


\| 2cy dx dy = Na dr dy", [Oxrorp II., 1886.] 
24. Prove that | 


t 2% l x 
| acl dy F(a, n={ a dy F(l—y, 1-2), 
0 0 0 0 
and hence deduce that 
* Soiree Sry Ree ee 1.3.5...(4¢6-1) 7 
dé\ dé @sin 6’)**~1 C=O ee ee 
{ {' (sin @ sin 6’) sin (0 — 6’) Pata ‘ 
(SYLVESTER. ] 
25. Prove that 


ia z= x 
[iar [aro oe -2)= [d=(@)-70)} $e»). 
(Sr. Joun’s, 1885.] 
26. Transform the integral |v da dy by the substitution 


z=ccos €coshyn, y=csin €sinh ». 
{CoLLxGEs y, 1890.] 
27. If u+v/—-1=¢(x+y/-1), prove that 


GILG) + 2 Joes [I CZ CL) Jean 


when V’ is the result of substituting for 2, y in terms of w, v in V. 
[CoLLEGES a, 1881.] 


28. If r=asinacosécoshy and y=asinasinésinhy, transform 
@ pcosa Va?- a? 
| | {(x-asin a)? +42}? de dy 
oJo 
into an integral in terms of é and », and evaluate the new integral. 
29. If “ : -- o- l and S= {fa dy/1+ p? +9, transform the 
variables in the integral to 6, ¢, where 
z=asin@cosd, y=bsin@sin f. 
[Ivory, Phil. Trans., 1809.] 
30. Prove that the assumptions 
z, =r cos 0, 


2 =7 sin 6, cos 55 


T,_—,=7 Sin 4, sin 8... 8iN 9, 9 COS On_4, 
Z,=1 sin 0, sin @,... sin Oy, sin A,_,, 
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will transform the integral (ff--7 da, dx, dx,...dxz, into 


+ ii ...V're-lgin"-2 6, sin” 6, ...sin 0,_. dr 40, ...d9,_. 


[CLARE, ETC., 1881; TopHunTER, Int. Calc., p.241.] 
31. Show that 
4 [([o + y* +2) dx dy dz=5ra?® 


for positive values of 2, y, z limited by 2?+7? taz and pa’ 
{Oxrorp II. P., 1889.] 
32. Prove that 


m 


mem (bye eE me I 
yea re nese ye EB a 


+P+2+a) 2 
[CoLLEGES y, 1882.] 
33. Two given rectangular hyperbolae have the same asymptotes ; 
two other given rectangular hyperbolae have also common asymp- 
totes, one of which coincides with an asymptote of the first pair, 
while the other is parallel to their other asymptote. Show that the 
area of the curvilinear quadrangle formed by the four hyperbolae 
is the same, whatever the distance between the pair of parallel 
asymptotes. (Marx. Tripos, 1895.] 
34. Transform the double integral 


lee yy! dy dx 


by the formulae x+y=u, y=uv, showing that the transformed 
result is 


{fem m-1(] —y)m—lyn-t du dv. 


[Jacost, Crelle’s Journal, tom. xi.] 


35. If UjT=Uglg, UsY¥=Ugll,, UgZ=UyUy, 
prove that \\Jv dx dy dz 
is transformed into 4 {\] V, du, dit dug. 
(Oxrorp II. F., 1885.] 


36. Show that \ 
ave Name dy (1 4 1 
J.) Gre Cae 
and both from geometrical considerations and by direct evaluation, 
show that this integral is equal to the integral 


a Noam dex 
\, a a (a2+y)® — (Oxrorp I. P., 1912.] 
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EULERIAN INTEGRALS, GAUSS’ II FUNCTION, ETC. 


853. The Original Forms of the Eulerian Integrals. 
The properties of the two important integrals 


Poi 
| tds : a 
L,= (*) =| eemmen = and J[,= H =| (log *) da 
(1—2") n 
were the subject of several remarkable memoirs by Kuler. 
His investigations were published in the Institutiones Calculi 
Integralis, 1768-1770, and are of great importance in the 
general theory of Definite Integrals. The notation above, viz. 


(") and [7]. is that used by Euler, and the above forms are 


those in which the integrals were studied both by Euler 
and Lagrange. In each of these the value of the integral 
was supposed to change by the variation of p and q; the 
n which occurs in the first integral was supposed to be a 
constant. 

Legendre, for the purpose of characterising these integrals 
and honouring their great discoverer, named them “ Intégrales 
Eulériennes.”* The second part of Legendre’s Ezercices de 
Calcul Intégral is devoted to a discussion of their properties. 


He adheres to the notation (7) for the first integral, but 
suggests the notation r(@) for the second, regarding I'(a) as 


a continuous function of a. 


* Exercices de Calcul Intégral, par A. M. Legendre, 1811, p. 211. 
49 
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854, The More Convenient Modern Forms. 
The above forms of the integrals are not the most convenient 
in practice. Taking the first integral, write 2*=y, and put 


p=, q=nm. 
Then 
yr dy 
1 gpl : ny 1f! 
(i) * =) ae 


Taking the second integral and writing logs =y, that is 


P 


x=e-, and putting =, 


| 
1 1\7 = . 
I=], (log -) ar=| evy"—dy. 


0 


855. Definition. 
We shall therefore define the Frrst AND Seconp EULERIAN 


INTEGRALS as 1 
Bil, m)=| z'-1(1—2)™-1dz 
0 


and T(n) =| (oe A aes fo 


0 
and refer to them respectively as the Bera and GAMMA 
Functions. This is now the commonly accepted notation and 
nomenclature. 


856. In Gregory’s Examples (p. 470), the digamma F(I, m) 
is used to denote what we have above defined as the Beta 
function. It will be observed that B(U, m) is n times the 


integral discussed by Euler, that is n(F). 


We shall assume in our subsequent work that all the quanti- 
ties I, m, n are positive but not necessarily integral, and 
further that they are real unless the contrary be expressly 
stated. 


857. The Beta Function is symmetric in J and m, that is, 
B(Z, m)=RB(m, J). 
If in the Beta function 


1 
BIL m)={ w!-1 (1 —a)m—1dr 


0 


THE BETA FUNCTION. 51 


we write 1—y for x, we obtain 
0 i 
BU, m=" (yay dy = | ym 2 —y)2dy 
1 
=| a™-1(1—2)'—1dx= B(m, l) ; 


whence it appears that B(/, m) is a symmetric function of 
land m, the | and m being interchangeable and 
B(l, m)=B(m, I). 
This property might be exhibited by writing B(/, m) as 
if 1 
Bil, m)=3| [at—1(1—ax)™—1-+4+ g™—-1(1 — a)!" Jax. 
0 
858. Case when / or m is a Positive Integer. 
When either of the two quantities /, m is a positive integer, 
the integration is expressible in finite terms. 
Suppose m is a positive integer, 


B(l, m) =. g-1(1—2)"—1dz, 


and by continued integration by parts 


a git 
_|* (1 id ila a (m—1)(1 —z)"-2 
gilt? 
ree 
glitm—i : 
aieEY mT em Im—2)...2.1]. 


____(m—1)! 
[4]... m1) 
Similarly, if / be a positive integer, 
ie (l—1)! 
Bil "= mee 1) ... (m+l—1)’ 
and if both be positive integers, 
__(I—1)!(m—1)! 
Bi ™)="Tem—D! - 
859. Various Forms of the Beta Function. 
The Beta function may be thrown into many other forms 
_ by achange of the variable, and therefore many other integrals 
are expressible in terms of the Beta function. 
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Thus: (1) Let yao 


1 
Then B(I, m) | fly)" ay 
0 


al; G) aoe ie 
=a, a—l(a—ax)™-1dz, 


Hence i, vl (a—a)™-Ida=al+™-1B (1, m). 
0 


ae 
lta 


1 
Then Bi, m)=| 1 Le yy ae 
0 


(2) Let y= 


0 l L m—1 7 
=| ata=() (—1) aap 
ee! gal 

o (1-++-a)™ 


and since I, m are ae ia this must also 


dz, 


=) an 
which would have appeared immediately if we had made the 
” instead of y=—— 
arn has l+a 
Note also that the symmetry in J, m may be exhibited as 
1 gi-ltgm-1 
Bi, m)= =5|, (iano 
whilst for all positive values of J and m we have 
yl een 
\. (1-2) 


substitution y= 


de=0, 
So that, for instance, 


x*(1 — x8) a5(1 +28) 
if (+2) dx=0; and (a dx =2B (6, 12). 


x 


(3) Putting eae dy=a(a+1) (a-Fa)’ 
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BO, m)=| y(—y)nAdy 


=|" (1+-a)- (ee) an (Fo2) ae) oe 


—_—qm U iB Set sll 
a™(1-+-a) |. (a-tayrm 


\ g—\(1—a)"-1 , ~— B(I, m) 
0 (ataytm “om Fa)" 
This is Abel’s transformation (Hwvres, Vol. I., p. 93). 


_a2—b 
(4) Put {= 


lL 
Then —_B(I, m) =| Ser ee jarty 
el @ /y—b\!-1 /a—a\"-1 da 
-| (=) (—) a 
1 a 
and | (a—b) 4 (a—2)™—"dz=(a—b)*™-" BL, m). 
b 


Here the limits have been changed to any arbitrary con- 
stants a and b. 
(5) Transform by the formula oi =a—b. 


dz. 


Hence 


Here the limits remain unaltered, for if y=1 we have x=, 
and if y=0, «=0. 


1 
BQm)=[ x —yytdy 
) 


—[erteael lato=e) 0am 


aa 1 g- = 3! ay 1 
= vl nas “aay 


1 ge of | —x)"- 1 
Hence ‘ isc aan =p BU mM) ; 
7 1 gi 1(1—a)™ 1 
also obviously | eraser yn BU mM) ; 


and if we write a—b=c, 


1y!-1 (l—a)"" ion 1 BC 
| (box) *™ dx (bf 0)'b™ (i, m). 
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(6) In the last transformation, put z=sin? 6. 


T 
z + al—2 2n—2 
ra sin”-? @ cos*™-? 6 : 
Then \ (a cos Ono ean pyr sin 8 cos 0d@= on 


T 
: I, ein” -* 0 cos*™=*9 ies 
i =~ 
9 (a cos* 6+ 5 sin? )'t™ 


BL, m), 


BC, nv), 


l,m, a and b being positive constants, 


(1) I= j sin? @ cos?@d@ is expressible in the same way in 


terms of a Beta function. 


¥ a 1 
Let sinO=Jz, ie. epee 
rT 2 I= ] 
1=| a*(1—a + aie 
ote 
Le ack gerd © 
=3{ ae ue —x) * * die 
0) 


Poin Pal 
<3 oe ee) 
This also follows from No. (6) by putting a=b=1. 


860. Properties of the Gamma Function. 


Consider next the Gamma function, viz. 
I(n) =| ee <da: 
0 
Integrating by parts 


2) 


RG f ate! +(2—1) | Cr de 
- 0 


0 
and whatever may be, provided it be finite and >1, 


—a"1¢e-% vanishes at both limits. 


Hence I'(n)=(n—1)T (n—1). 
Similarly, I'(n—1)=(n—2)T(n—2), 
and so on. 


in the case then, where 7 is a positive integer, 


T'(n) =(n—1)(n—2)(n—8)...8.2.1T (1), 
and raj=f ie do=| ~e#] = i, 


whence ['(n)=(7%—1)! in that case. 
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861. Working Properties. 
We then have the properties 


D(m-tol arta aby 0 Sat enkeccvccasenas ans I. 
Roth eal 53 co neu tetas of Li 
and when % is a positive integer, 
PURE ESSA inet cvcaracxpOdisvaliooenan Lie. 
The Gamma functions of the positive integers are then 
r(1)=1, 
T(Sj=1.1=1; 


[(3)=2T(2)=1.2 

T(4)=31(3)=1. 2.3, 

T(5)=4T(4)=1. 2.3.4, 

etc., 

from which a rough idea of the march of I'(«) as a continuous 
function may be inferred, viz. a minimum existing somewhere 
between z=1 and z=2, and then after «=2 a quantity 
increasing more and more rapidly. 


862. In any case the equation ['(n+1)=n I'(n) furnishes a 
means of reduction of the Gamma function of any number 
greater than unity to a Gamma function of a number less 
than unity. 


For instance 


aig tg -3- 5 (5): 

That is, the Gamma function of any number greater than 
unity can be connected with the Gamma function of a number 
which is not greater than unity ; so that it is already obvious 
that when we come to the calculation and tabulation of the 
numerical values of Gamma functions it will be unnecessary 
to tabulate I'(z) for any values of « except those which he 
between 0 and 1. 


863. A Caution. 
The student should guard against the idea that the equations 
r(@)=] eve-1dy and I'(#+1)=aI(a) 
0 
are co-equivalent. They are not so. The latter is a conse- 
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quence of the former, not the former of the latter. The latter 
is a functional or difference equation, viz. 
p(a@+1)=2g(@) OF UWygy,=LUz, 
‘and such equations may have many solutions. What is proved 
is that =| e~* url dv is a particular solution of Ug4;=LUx. 
0 (e) 
But so also are 4{ e~°v*1 dv when A is any constant, or 
0 
such an expression as 
A+B cos oze |" 
C+D sin’ 27x J, 
where A, 8, C, D are constants, for these multipliers are not 
altered when « is increased by unity. Nor does it follow 


e-* yt-1 dy 


0 
difference equation. 
The solution of w_4,;=2U,z is obviously 
Ax(*x—1)(a—2)...(r+1)ru, 
when A is either a constant or some arbitrary periodic function 
of « whose periodicity is unity, and which therefore does not 
alter when & is increased or decreased by any integer, and u, 


any assumed initial value of uw, We shall return to this 
matter later. 


that | e~’v*-1dv occurs as a factor in all solutions of the 


864, Transformation of the Gamma Function. 
As in the case of the Beta function, transformations of the 
variable will give rise to other integrals. 


(1) We have seen that o=log or y=e— produces 


20 i 1\"-1 
P(n)=[ arte de=|'(log+)” ay, 
(n) a e da (ioe) 7] 
the form studied \by Euler. 
(2) If we write kz for a, 


P(n)=[ eo thnart de; 
0 


whence i e-kt yn-1 Ja — 7 

0 Lv 
provided k be a real constant (see Arts. 1159 to 1162 
and 1327), 
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(3) If we put *=y where 7 is positive, 
bs fret aes. 
rim=2] un dy ; 


> | ew dy=nIT(n)=C (n+). 
0 


In this case, if we put n=}, 


0 0 
and this leads to an easy calculation of I’(4). 
For arayy=[ edex| ed, 
0 0 
and as z and y are independent variables and the limits 
constant, we may write this as 
| | e+" de dy. 
0-0 
Now, regarding 2, y as the Cartesian coordinates of a point 
we have to sum all such elements as e- (“+”) da dy through an 


infinite square in the positive quadrant, two of whose sides are 
the coordinate axes. 


Jy 


oO x 
Fig. 313. 


Transforming to polars, we have to sum 
e~™r 60 or 
through the same square. 
Let z=a, y=a, where a=, be the other two sides of the 
square. Then for the portion of the square which lies inside 


the circle x?+ y?=a? the limits for 0 are 0 and s , and for r 
0 and o. 
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Hence the portion within the circular quadrant contributes 


nD pt P Gi 2 # rie Ss a: 


At points of the square outside the circle the elements are 
never greater than e~“r 60 dr, and when a is made sufficiently 
great this becomes an infinitesimal of higher degree than the 
second, and hence in the double integration disappears. There- 
fore the portion of the area between the circle and the square, 
exterior to the circle, contributes nothing. 

Hence the value of I'($) is +./7, and as all the Gamma 
functions are from the definition essentially positive quantities, 

T'(3)=V7* é 
865. We may also regard the investigation of | e—“ du as 


0 
the problem of finding the volumet bounded by the plane of 
a-y and the surface formed by the revolution about the z-axis 
of the curve z=e-*, for this volume may be regarded as 


Fig. 314. 
ay 


being built up of cylindrical shells whose axes coincide with 
the z-axis. The volume of this solid is then | 27udw.z, where 


wu is the radius of a section parallel to the ny plane, 
=2r| we-“ du=r. 
0 


* Kuler, Tom. V., des anciens Mémoires de Pétersbourg, p. 44. 
t Airy, Errors of Observation, p. 12. 
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But dividing it by planes parallel to the coordinate planes 
of <=0 and y=0, the volume is also expressed by 


| lf et dy |de=| e* dn | e~"" dy 


= 2 
=4({ e-* de) ; 
‘Jo 
whence | eda. 
3 2 
This gives another geometrical interpretation to the work 
of the preceding article. 


866. When v is diminished without limit | e-ta"-1dx be- 


0 


comes infinite. For the formula ['(n+1)=nI'(n) holds for 
all positive values of n. Hence 


T(v+1 1 
Til (= eT Lis = f 
i.e. T(0)=0. 


This is also obvious from the integral itself. For the 
integrand — (for the case n=0) takes an o value at the 


lower limit, and the principal value of the integral becomes 
infinite (see Art. 348). 
867. Connection of the Two Functions. 
We shall next prove that the Beta function is expressible in 
terms of Gamma functions, the connection being 
_T@d.Tm) 
Bly 2 T(l+m) © 
. Consider the double integral 
=F (" e- (xy) x e-em Lav dy 
oJo 


[that is ey is written for x in the integrand of '(/), and this is 
multiplied by the factors of the integrand of T(m+1)], 2. 


r={" is e~HutVgl+m—lyl-ldy dx. 
0 Jo 


Integrating first with regard to #, we have 
. T(l+m) . 
Sa afte! 
—T(l+m)B(l,m), by Art. 859 (2). 
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But changing the order of integration, taking y first, 
I=|" {, e~eyltm-lyh- leer da dy 
0 J0 


={" e-tyl+m- fale) dx 
0 a 


=o e~ %ym—1 dz 

0 
=[(l)T(m). 

Hence B(i, m)= NOE 


868. Deductions. 
It further follows that 


_T(l-+m) T(n) 
Bc ice isk lg ISS od ct 
and therefore that 
Ll) P(m)P 
B(L, m) B(l-+m, =e 


which is a symmetric function of 1, m,n. Hence we have 
B(i, m) BU-+m, n)=B(m, n) B(m+n, l)=B(n, 1) B(n+1, m). 
Hence also 


_POPm) Tn) T(p) 
Bl, m) BUl-+m, n) B(L+m-+n, Zenner ees) etc. 
869. It now follows that the results of the transformations 
of the Beta function given in Art. 859 could be further expressed 
as Gamma functions. 


Thus 

Tel 1) toe eee Btw 1 T() Tm) 

\, (b+ ex)¥m ~~ (b+ cjibm ~ (b+c)'6"™ T(l+m) ° 

F sin™—'9.cos*-19 Yo 1 TPO iy 

j (a cos?9-+6 sin2O Frm 9 = Soom B UL, "= 2ab' T(l+m) ’ 

a qt1 

Pie 

by 

[, sin? 8 cose 0 do—3 ae een NG) 

nea) 


ete. 


The last of these integrals has already been used in earlier 
chapters, for convenience of calculation, with a temporary and 
limited definition of T. 
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870. We have also in Art. 859, Case 2, the integral 
2 m1 
Put /+m=1. Then, since ['(1)=1, we have 
© m—1 
T'(m)T(1 —m)={ laa 
where m is a positive proper fraction. 
We have then to consider this integral next. 


871. The Integral J = if a dx where 0<n<1l. 
The integration \ may be separated into two parts, viz. 
0 
1 c} 
NF 
0 1 


In the second part put na 


Then 
sone gn-l rs 0 elie ost ee 1 enn 
|, pa T(-3 2) dy= =| eer 
_ 
y 
lyn-1 “—n 
Hence iS eee dx, 


and by division 


1 2 __ 73 +(- 1}tak+(— pen wt 
Tis =l]—7+2?—73+.. SG pai 
Bee = 


f= [wate (l—a+a?—...+(—1)'a*) 
0 


+(-1pef ee 
feet 1 
Prana tere seat gelia a 
1 1 1 1 
eee a eo hoe Lege LG: k—n+1 


1 = 
+(-9eef poe oe 
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Now cosec z= 
1 1 I 1 1 1 1 
Zz SER 2a ea eee 2—37 
(Hobson, Trigonometry, p. 335.) 


+... to 0. 


Hence 
1 1 il il 1 ] 1 
ee 2 = See =! ——— +... t 
n Tin ie 2—n pe ariiey urs ae 
— T Ss! 
sin nz’ 


and since in the limit when k is made indefinitely large the 


1 
é ae ee 
last term of the series for J, viz. (—1) ears becomes zero, 
the portion of I within the brackets becomes ———. 
sin 27 


: eh Tk Y atted t 
Also as to the remainder, viz. | dikes Ts dz, we may 
0 


note that as x lies between 0 and 1 and is a positive proper 
fraction, 2*+1 is diminished indefinitely by an infinite increase 
ink. If then this integration be expressed as a summation 
according to the definition of Art. 11, each term of the sum- 
mation is diminished without limit, and may be regarded as 
an infinitesimal of the second or higher order when k is 
sufficiently increased. 


1 anr-lty-n 
rps k+l a 
Hence Lyon ere dx=0, 


and we are left with 
~ gn-l 7 
: l+e Ore ata where O0<n<l. 
872. An Important Result. 
It now follows that 


Pn) 1(1—n) = (0<n<1). 


As a particular case put n=}. 
1\)\2 7 
(rG)} ==" 
sin 2 
and T'(4)=./z, as has been seen before, Art. 864. 
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Again, put n=}. 


in r() 
Put n=} 
ot Sy eee ; ae 
r(g)r ) as te ss Urea 


Hence I'(3), (3), ete., are expressed in terms of Gamma 
functions of numbers which are <}; whence it will appear 
that if all Gamma functions were tabulated from I'(0) to ['(3), 
all others could be found by this theorem, together with the 
theorem ['(n+1)=nI'(m). 


The result ['(n)(1—n)= wm, was temporarily borrowed 


in an earlier chapter, Art. 592, in the calculation of a certain 
are of a Lemniscate. 
Since [(1+n)=n0'(n) and I'(n)PO—n)=——, 
sin 27 
this formula may be written 


T(1+n) P(l=n) = 


sin 27 


(O< <1). 


873. To show that 


n-l 


r()r(2)r(2)-.. pa") 02). 


nr 


We are now able to consider the continued product 


per(+)r(2)r(2)-.r(), 
where n for the present is any positive integer. 


By writing it down again in the reverse order, multiplying 
the results, and noting that 


n(n <n 
sin — 7 
n 
: oN T T T T ‘ 
we have P= : ; ~ on (n—1) a’ 
ain — sin——.sin— sm -——— 
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and since 
sin n@ ant : Qr\ 3r n—l7 
ine ——, = 2"-1 sin (642 7") sin (0+ =) sin (6+ = AN . sin (6+"— ) 
(Hobson, Trigonometry, p. 117), 
we have in the limit when 6=0, 


Pe eee - (n—1)7r 
= 2"? sin — sin — sin—— +s oq Mesa 
n n n 


nl ; eho 
Hence P?= 2-1, and P being positive, we have 


n-1 


rGtGrG) Pe 


874. Gauss’ I Function. 
Taking the original Eulerian form of the Gamma function, viz. 


1 =) n—1 
T'(n) a log = —) dz, 
a 


and remembering that Lt,_.. — =log* (Diff. Cale., Art. 21) 


we may write 


1 n—1 
n-1 — | 
(log 5)" = ee sG 
(a 
where ¢ is something which vanishes in the limit when ee 
becomes infinite. 


Let us take » as a positive integer. 


r 1\n-1 1 
Then r@)=| po-1(1—a) de+| e dx. 
0 0 
In the first integral put c=y, 


ha) 1 
Then I\(n)= ar Dies tk —y)-tdy+| e dx, 
0 0 


and as pu is a positive integer, 


f y(1—y)etdy=—___ (eI (Art. 858). 
: n(n-+1)...(m+u—1) 

(u—1)! 
Hence T(n)=u "a eect |, oa 
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Hence, making y» increase without limit, the integral ulti- 
mately vanishes, and 


= n ( == 2)i 
D(Q)= Ly aop Sanne Cay 


or, which is the same thing, 


T'(n)= Zé... nu"? Be : 
Ss lag a a (= WO 


and writing n+1 for n, 


T(n+1)=Lt, 0m” aie aott 


(n+1)... (m+ py 


This limit is known as Gauss’ II function, and is written 


me: n 1.2.3... 
II (n)= Lt, <0 (n+1)... (n+ yp)’ 


or, which is the same thing, 


n 


Here u is integral, and n is essentially positive but not 
necessarily integral. 


Tee 


875. The limiting form at which we have arrived at the 
end ofthe last article plays an extremely important part in 
the development of the general theory of Gamma functions. 
It will be very desirable for the student to pay considerable 
attention to it, and we propose therefore, in due course, to con- 
sider at some length the general behaviour of the function 

152.3 =. 
@F1)@+2)(@+3).. @+ 
for different values of z, and the only restriction we shall 
place upon it at present will be that yu is to be a positive 
integer, not necessarily large. 

Two theorems, however, are required in dealing with such 
expressions as will arise, viz. 

(1) Wallis’ Theorem, which states that when n is a very 


4 6 002) ; 
large positive integer, 7 = oe Saat) and J/nm become in- 


a u® for different values of » and 


finite in a ratio of equality, 2.e. 
Lt 2.4.6...2n 1 _4 


a=0 7 3.5...(2n—1) Jnr 
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(2) Stirling’s Theorem, which states that when m is a very 
large positive integer 


1.2.3...n and /2n7.n".e- 


become infinite in a ratio of equality, that is 


nie® Tis 

Ute omy 2 
The first of these appears in most treatises on Trigonometry, 
for instance, Hobson’s Trigonometry, p. 331, Ex. 1, but scarcely 
appears to receive the prominence in the text-books that it 
deserves. The second, Stirling’s Theorem, is less available for 
the student; hence these theorems are reproduced here for 

present use. 


876. Digression on Wallis’ and Stirling’s Theorems. 


‘ aS Cae 
WaALLIs. Expressing sin @ as 6(1—5) = «oe tO). 60%, 


Lore 


and putting 0=5; we have 


2-1-1) (-2)0-4)- 
1.8 8.5 5.7 (2n—1)(2n+1) 
QUT TA Gaeta Sr eee ea 


12,32. 58... (2n—1)? 
ee ae einer cai 


where ¢ becomes indefinitely small when n becomes indefinitely 
large. 


Hence, when » is large, we have 


2.4.6... Qn aa te. . 
(eo ae (2n+1) ultimately ; 


and since ” is very great, we have 


2.4... 2n 1 
Lt in al 
1, San =I) gay oo 


2.4... 20 Bes 
eae 123.0 (n=) be replaced by /n7, these expressions 


being ultimately equal. This is Wallis’ Theorem. 
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877. STIRLING. Stirling’s Theorem states that for very large 
values of n, 1.2.3... and /2nz e-"n" are ultimately equal. 


Write o(n) for 1.2.38... 
Then (2m)=1.2.3....... 2n 
and 2"g(n)=2.4.6...2n 


Hence Wallis’ Theorem, which may be written as 
22.42.62... (Qn)? 
1.3.3.4 (2n—1) san =n, 


gives oe Jn. 
Tet ae be tailed -F(n). 
Then = 22"[n®J/2nar F(n) 2 =a/n7(2n)2"\/4n7r F(2n), 
1.€. F(2n) =[F(n) ??. 
To solve this functional equation, write 2n for n. 
Then F(2°n)=[F(2n) 2=[F(n)}”. 
Similarly F(25n)=[F(n)”, etc., 
and F(2?n)=[F(n) |”, 
p being a positive integer. 
Now, putting 2°n =z, 


f 2\? 
F(a)= (FP) 
Let p increase indefinitely and n decrease indefinitely in 
such way as to keep the product = finite. Also let 
Tt, =o[ F (n nF 
be called k. 
Then F(x)=k?, which indicates the form of F to be expon- 
ential, We have to determine a 
Taking 1.2.3...n=¢o(n)=n"J/2n7k", 
change ” to n+1. 
1.2.3...n.(n+1)=(n-+1)™V 20-4 1 hott, 
(n+1y? Vat] , 


n” n 


ye Poe ath), 


=@é 


Hence, by division, n+1= 
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in the limit when n is indefinitely large. Hence k=e-, and 
therefore 1.2.3... and /2n7 n"e-" become infinite with n, 
in a ratio of equality, or, what is the same thing, 


This is Stirling’s Theorem. The result will be considered 
further in a subsequent article (Art. 884). 

This particular form of proof was given by Dr. E. J. Routh 
in lectures at Cambridge (see also Dr. Glaisher on Stirling’s 
Theorem in the Messenger of Mathematics). 


878. Illustrations of the Use of Stirling’s Theorem. 
Stirling's Theorem is useful in such cases as involve factorials 
of large numbers. 


1, Thus the middle coefficient of the expansion of (14+.)*" where 7 is 


! 
a positive integer, viz. eee , is ultimately when x is very large, 
_N4nr (2n)Pre-™ 2? 
Qn 0?" e-2" ga 5 
This is the limiting form. It is of course infinite itself, but for large 
values of 7 a close approximation will be thus obtained. Thus, for in- 
stance, even pas a case when x is not exceedingly large, in calculating 


NO es or np and = from the logarithm tables the latter only exceeds 


the former by about 0°7 per cent. ; and in calculating 1C,,= aaa and 
g100 


Nias. the latter only exceeds the former by about 0:25 per cent.; and the 


error is diminishing as the magnitude of the numbers dealt with increases. 

Ultimately, for exceedingly large values of n, the middle coefficients of 
the successive expansions (1+.)*, (1+.)*"+2, etc., form what is nearly a 
G.Pp. with common ratio, 


Yipee NEL g2n+2 — 
te. 4:1 
Vat) Jar ‘ ; 


as is also directly obvious. 


2. The n™ number of Bernoulli, viz. B,,,_, (see Diff. Calc., p. 502), being 


given by 
2(2n)! 1 1 
(27) (a a 92n ag 32n +... ) 


_ gN2n. Ir (2n)2" e-2n 
2n—1 (2r)pn 


= 42th 2p n+9 


Bonn > 


we have, when 7 is large, 


B 
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"ox" rt ; 3 A 
Similarly if at be the coefficient of 2" in the expansion of sec 7+tan fa 


it is known that 


QN+2n | 
By =a (1+ (- gh 4 (49844 (- H+, 


which embraces the cases of Bernoullian numbers and Eulerian numbers 
together, viz. 
Ky, = the n* Eulerian number, 


gon gen = 1 
a 
(see Diff. Cale., Art. 573, etc.), 


Koya= 


and we have when n is very large, 
gnt2 n\n+t 
K,= a =onti(* *) n 
= rariv nr n%e ake 


In this expansion, viz. 


a 
secx+tangv= 1+ ks ny ae Kyaqte- 
the ratio of the (n+1)" term to the n" is 
Bo 8 
Kh? 
and when is large this becomes 
anti(mye n 
T z 
+ Py it, tos | =f ‘ n 
nti (” ) eontl 
T 
2 1 1 } 2@ 
=Li ar . (-2y 2(n 1) n 
(25 
eg G22 
Ek . ei nn pe - 
Kn _2m i i ith great 
It appears that, since Lt K —, the coefficients increase with gre 
tnt 


T 
rapidity ultimately, and the series will be divergent for values of a { 3 


3. In the series which gives rise to the Bernoullian numbers, viz. 
an 


g - eae 
5 coth 5 = aoe Ga 8, 8 - BB Ges vt (= 1)" Bana aay ito 
the ratio of the (n+1)" term to the n“ is 


_ Bona a 
~ Bong (20—- 1)(2n)’ 


70 CHAPTER XXIV. 


and when n is large, 


4a +h en hy nt+h 


a 


=-Tt Ag —2nth e—2n+2 (iq _ 1)**-3 q (2n—1)2n 
iM Lee TED : $i ergs 
= Lbs a7 aa 


A lee 8 cig ato 
Lt aga te 
re 
~~ dap?" 


The series is therefore divergent for values of x? + (277)*, and as 


Tp Pimta= 14 2" = phe n* 
2n—3 dor 
the Bernoullian numbers ultimately increase with great rapidity. 


a) ultimately, 


It will be noted that coth 5 becomes infinite if z have the unreal value 


2ur. When « is complex it is therefore necessary to limit expansion to 
the case for which the modulus of the complex is < 27.* 


879. A method of Calculation of the Numbers of Bernoulli and the 
Numbers of Euler is explained in the Differential Calculus, Art. 573. 
Both sets have heen calculated for many coefficients of their respective 
series (see Proceedings of the British Association 1877), and probably far 
enough for all practical purposes for which they will ever be required. 
Several are quoted on pages 106 and 501 of the Differential Calculus. A 
few extra results are put upon record here for reference, for the con- 


venience of the reader. Also, as we are about to deal with such sums as 


ptytst ... to «© =8,, which for even values of p are to be found from 


__2(2n)! ! Vs 


2n—-1—_ (Qryn yen 2n) 


B, 


we tabulate a few of these results also. 

B=}, B,=355, B;= ty B= 30 Bs #3 By 2P 30» By; =$, 

By = 387, By =435 258 $7, By = 1227301 ; 
H,=1, E,=5, Hy=61, Ey=1385, Ey)=50521 ; 
ee 7 a8 . 78 < qri0 

a= @» Si=g5» So=gaqr Se 459? S10 gg5BB: 
The values of S$, up to S35 reduced to decimals will be found tabulated 
later for purposes of evaluation of integrals to be discussed (Art. 957). 


Sy= 


880. For other methods of Calculation of Bernoulli’s Numbers etc., 
see Boole, Finite Differences, Chapter VI. 


881. We note that B, > B, > B;< B,< B,< ete., and the coefficient Bs 
is the smallest of Bernoulli’s Numbers, after which ‘they rapidly increase. 


*See Bertrand, Calc. Dif, Art. 412, 
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882. The Value of II(3). 
Consider next the case of Gauss’ IT function for n=}. 


m1 (5) =z newt yd 


Eis 2242.6... (2u)? 
We hc Math. Haun Sa aa 1) 


=: 1a ke Ue 


Gut 1)l 
<5 2 2am. et ee 3 
~ Mune Tag +2) m (Qu 1pette eat 
4 
ul ik Me 
Bn a ier par me RT ae 
1+ 3)” (1455) 24futs 
(1+5,) (+g,) ats 
=} 1 
=e/r.-. aes 
whence I (5) = : 


It will be remembered that for positive values of n, 
U(n) =T(n+1); 
Cn 2 SN Es Sie fia 
therefore r(5) = m1(5) wea and ri) = r (5) ; 
. TQ)=NV7, 
which agrees with Art, 864. 


883. The Graph of y= x"e~*. 
We shall next study the nature of the family of curves 
y= anre-* 

for various values of n. 

The subject of integration in the Gamma Function [(n+1) 
viz. 2"e-”, has a maximum value when 

nar le*—g%e*=0, ie. whenz=n (n> 0), 

and the maximum ordinate of the curve y=2"e~* for positive 
values of x is ne~. 

The graphs of the members of this family for n=0, n=0°5 
n=1, n=2 are shown in the accompanying figure for the first 
quadrant, which is all we require. 
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The case n=0, viz. y=e-, is a logarithmic curve, and cuts 
the y-axis at a point y=1. It has no maximum ordinate 


Fig. 315, 


1 
The case n=0°5 has a maximum ordinate at x=}, viz. ae’ 


and then runs to the positive end of the x-axis asymptotically. 


: ee 
The case »=1 has a maximum at z=1, viz. = 


The case n=2 has a maximum at r=2, viz. _ 
All the curves have the z-axis as an asymptote, and all go 


through the point (4, *) , where they eross. 


For values of n between 0 and 1, the curves touch the y-axis 
at the origin. 

The case n =1 touches the line y=@ at the origin. 

The cases for n > 1 touch the z-axis at the origin. 

The several maxima, viz. n"e-”, diminish for various values 
of nm from n=0 to n=1, and then increase again, all the crests 
the curves lying upon y =2*e-*, 1. 


the least of the maximum ordinates being at w=1, and 
belonging to the curve y=aze~™. ; 
The area bounded by any of these curves y=a"e-*, the 
g-axis and the ordinate at r= 00, is 
| eran da, ie. T(n+)), 
0 
and increases without limit as n increases. 
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884, Extension of Stirling’s Theorem. 


We have shown (Stirling’s Theorem) that when vn is a large 
positive vnteger, 
1.2.3....n=/2nrnre-”, 
the meaning of the equality sign being that these quantities 
become infinite in a ratio of equality. 
We proceed to show that even when n is not integral, but 


still positive, T'(n+1)=\2n7 ne, 
when 7 is indefinitely increased. 


We have T(n+1) =| wme-" da. 
0 
Let us transform this integral by putting 
are-t=nne-ne 2 gleWvaltdtiedis wtieisls secSinckin (1) 


which is legitimate, as n"e-" has been shown to be the 
maximum value of z"e-*. 
Now, ast ranges from —o through zero to +0, 
xrangesfrom 0 throughn to-+o. 


T(n+l1)_ {* ea ay 


Thus ae SN & = 
and we have to find s . Let c=n(1+4+7). 
Then (n + nr)"e-"e—t =nre-n"e 2 a 


2 


s (Ltapemae i and log(1+7)-1=—5. «..(2) 


Clearly + vanishes with ¢, and as ¢can be expressed in 
terms of + by expanding the logarithm, we can by the 
ordinary process of reversion of series expand 7 in terms of t. 


t , 5 | eB 
Let =A, £L 291+ agyte: 
Then, differentiating equation (2), 
: dr 
== silky seth the awe ateanaaciss 3 
ro =t(l+7); (3) 


whence, by substituting the séries for 7 and equating 
coefficients, we can readily obtain the values of A,, A,, A,, ete. 
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Now cam oe ata nl oe 


nner ays dt 


anf oe TA, SAL eA ea ee ..|at 


S <3. 0.20 — - 
and le gent? Se CP—?) x, 


by writing «¢t for # in the result of Art. 223, Ex. 4, 
2p+ *) 
re 


Tne 
co 

and | tPtle—t? dt = 0), 
—n 


as is obvious, for the negative elements of the summation 
cancel out the positive ones. 


Hence 
m+) (4 LG), ALG), ALO), ote 
nne-* Tuan 2 paste tdongnt ; 
ee) YW 
a d bey 22 ec =e 
=V2ne| At3 +7 eae = (=) arte _ 


and it remains to obtain the numerical values of the coefficients. 
Substituting the series for t in the differential equation (3), 


(Arpt ag tase tayo...) x AWA eda 


=t(1+ Ait dest 4pgit...)3 


whence “4 Ay=1, 
iis aere 
a eee 
and generally 
a aay om +34 eit Seer cesirt 


EXPANSION OF-P(1+2). 75 


. n(n—1 at} =a 
ae 04,4 OR) ert een Apda 


+..bA A= nd, 
he (w+1)A; A, prin Ate a 
+...=A,1, 
the series proceeding as far as the greatest binomial coefficient 
in (1+2)"+4, and the last term of the series being halved if n 
be odd. 
Thus A,=1, 
34,4,=24,, 
4A,A,+3A,2=34,, 
5A,4,+104,4,=44, 
64,4,+154,4,+10A2=54,, 
7A,A,+214,A,+354,4,=6Ay, 
8A,A,+28A,A,+56A,A;+354 42=7A,, 
etc., 


giving A,=1, 4A,=3, A,=} 
A,=x3s, 4,=—s0 A,=} j 
Hence, finally, 


T(n+1)=VJ2n7 ne [1+i55 aa eae a) 


When 1 is indefinitely large, we therefore have 
T(n+1)=V2n7 ne™, 
which removes the limitation that should be a positive 
integer, as supposed in Art. 877. Moreover, it will be noted that 


an expansion of ce is effected in powers of = viz. 
nm ne” 
Peet) oto hte 189 Te Aa, 
Tea OPTS n 288 n2 51840 3 Sas 2P p! nP 


the law of formation of A2,;1 being as above stated. 


885. Ex. 1. In calculating 10! in this way, 
log V2. 10. 10? e—?° = 63561451 (Chambers’ seven-figure logarithms) ; 
». Nr. 10. 10? e-! = 3598695 (the last figure doubtful). 
Carrying the series to four terms, viz. 
1+y}9+ satu — srdvsfooo = 100836537, 
we get 10 !=3598695 x 1:00836537 = 3628799: etc. 
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The true value is 3628800, so there is only an error in the last figure 
in the approximation. 


Ex. 2. Calculate 100! Here 
log (100 !) =log {/ 2a . 100 . 100! e-199(1 + + hag +-aaahgag —---)} 
= 157'9700036, 
indicating a number of 158 figures, beginning with 933262, viz. 
933262 x 10157. 
[The logarithms from 1 to 100 add up to 157:9700038, which is in 
agreement with this result, except for the seventh figure of logarithms. ] 


886. Properties of Gauss’ J] Function. 

We may now proceed to discuss the nature and properties 
of Gauss’ II function. 

Let us start again with a consideration of the expression 

V2 Sh. he 2 

(@+1)@+2)(e@3)...(@+u)”’ 
where u is a positive integer, not necessarily large, at present, 
and « is a fixed number, either real or unreal, positive or 
negative, integral or fractional, but finite. Call the expression 
II (a, «), and abbreviate it further into II(x) when in the limit 
uw is ©, so that II (x) stands for II (a, @ ). 

Consider the graphs of 


II (a, “)= 


ee IE PWOsmo0 TE 
I EI) @+2)...(0 a)” 
for different values of yu. 
There are « asymptotes parallel to the y-axis. 


x 


y is positive from z=o to g=—l, 
negative from z=—1 to c=—2, 
positive from z=—2 to c=—8, 


and so on. 
And if » be >1, the z-axis is an asymptote at its negative 
extremity only ; 
also when c=0, y=1; 


when c=1, y=——; 


ty 1.24? ; 
Ou Du 2)’ 


ete. ; 


when «=2, 
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and these ordinates approximate to 1, 1, 2!, 3!,... as m in- 
creases, whilst at the same time the number of asymptotes 
increases, 

The cases of u=1, 2,3 and 4 are shown in the accompanying 
figures, which are intended to exhibit graphically the general 
characteristics of the functions, but are not drawn to scale. 


The case u=1 gives y= eat a rectangular hyperbola, with 


y=0, «=—1 for asymptotes. 
By 


Fig. 316, 


1.2 


The case w=2 gives Y=GHE) @t2) 2%. 


Fig. 317. 
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1.2.3 


The case u=3 gives y= 


: z 3 
(71) (e+ 2) (@+3)” 
y 


Fig. 318. 
: : 1.2.3.4 
Th =4 = ; 
€ Case u gives y (c+1)(x+2) (@-3)(@+4)* ; 
2 
=a -3 -2 me ie) : 2 = :" 


Fig, 319. 
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The lengths of the ordinates for various values of w and 
are shown in the table: 


=) e=4 “2=3 s=2 e= 1 w=} “2=0 
w=1 0167 0-200 | 0:250 | 0:383 | 0:500 0-667 1 
p=2 1-524 1:067 | 0-800 | 0-667 | 0°667 0°754 1 
p=3 4°339 2-314 | 1:350 | 0-900 | 0°750 0-792 1 
p=4 8°127 3657 | 1-829 | 1-067 | 0-800 0°813 1 
b=o 120 24 6 2 1 0886 1 
1 | 5 | 

ee=5 f= =I %=—5 |e=—2 raat Ahad ey z=-4 e=—4 
p=l 2 Es -2 -—1 | -0°667 | —0°500| -— 0-400 | - 0-333 
p=2 | 1886 | o | —2:828| o | +0:471| 0125 | 0-047 | 0-021 
w=3 | 1847 | wo | -3:079| o | +1:026| oo | -0-068| -0012 
p=4 | 1829 | wo | -3-200| © | +1:333/ © | -0-200| 
=O 1‘772 coe) —3°545| 2°363 oo —0°945 o 


887. General Remarks. 


From these considerations it will appear that in these curves, 
viz. p=2, w=3, u=4, etc., 


(1) At a= all the ordinates are =1, and any two of the 
curves cross each other. 


(2) At z=}, 1, 2, 3, 4,... the ordinates of the several curves 
form an increasing series, so that the curves as p increases 
are such that of any two the one with the greater « has the 
greater ordinate. 


(3) As a increases through zero the curves are all initially 
approaching the a-axis. The limiting case of the hyperbola 


paths: continues to do so, the others all ultimately have 


z+1 
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ordinates >1, and therefore have minimum ordinates in the 
first quadrant. Moreover it may be shown that 
w=2 has a minimum ordinate between 1 and 2, 
ae e : Z 09 and 1, 
peat ” " rr 07 and 0°8, 
ete. 

As pw increases, the minimum ordinate begins to approach 
the y-axis, but does not do so without limit. For in the 
case u=0o it lies somewhere between 0 and 1. 

(4) On the negative side of the y-axis at c= —} the succes- 
sive ordinates of the curves u=1, u=2, n=3, ete., form a 
diminishing set. 

(5) “#=1 has one asymptote parallel to the y-axis, 

“=2 has two asymptotes parallel to the y-axis, 

4“=3 has three asymptotes parallel to the y-axis, 

ete. 

“=1 is asymptotic to the z-axis at both ends. 

M=2, u=3, u=4, etc, are only asymptotic to the z-axis 
at its negative end, and alternately from above and 
below the z-axis. 

(6) Observe the behaviour between the several asymptotes. 

Between = —1 and x= —2 the several ordinates at x-=—% 
are all negative but numerically increasing, 7.e. the more 
asymptotes there are the further do these branches recede from 
the z-axis. Similarly between the asymptotes z=—2 and 
x= —3, or any consecutive pair. 

Note also that for each given value of u the branch between 
two consecutive asymptotes has a numerically greater ordinate 
midway between those asymptotes than is the case for a branch 
between two consecutive asymptotes more remote from the 
y-axis. ; 

(7) The limiting case 

Neeser? yee 

GED@+2)..@ao “29 
becomes, when a is positive, the curve y=I'(x+ 1), as has been 
shown. 

The shape of this limiting form will be more carefully 
considered later in Art. 922. 


Y=Lty= 2 
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But there is this difference between the functions 


ee ie 13 
E =e a way x3 
tn (a+ 1)(a+2)...(a+p)" and | e*v* dv, 


0 
that though they coincide in value for all positive values of 2, 


the former becomes infinite at the values z=—1, x=—2, 
x= —3, ete., but has finite values for other negative values of 


x, whilst the definite integral is permanently infinite for all 
negative values of x+1. 


888. That the factor form has finite values, when 2 becomes infinitely 
large, for negative values of « between the asymptotes may be made 
clear by taking acase. Take x= — 3. 


Ey done Bk 
aE 73 ‘i “ 
i Ale he 
o.4-6,. ae 
ee ee ee 3) 2 
=e 22, 42.62... (Qu)? (24-1) 
1.2.3.4...(24 -3)(24—2)(24-1)(24) 8 
(J 2p pte*)? (2u—1) 
NV4pr(2u)e-** 3 


3 
EF 


Then Lt,= 


—It 


= — 12" 


: athe es 
Similarly at 2= =e the corresponding limit is av” 


7 : ee 93 
at r= — 5 the corresponding limit is — a vr, 
and so on. 


These mid-ordinates, half way between the successive asymptotes, thus 
form a regular descending series 


ae 
—a_" 7 aN Saige - sersenl, i = 5. a NF, etc. 


889, It is worth noticing that II(a, «) may be written as 


Mebeieacs is 
II (z, Daas 1)(a-+ Dak 3) » (a+ ak 


GQ) G4) eal y 


w+ 
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(44) Cr OH) (ey 
CNG) G4) 


where P indicates that the product of all such fractions as 


r=] 
follow it is to be taken from r=1 to r= rt 
And in the limit, when p=0 , 


1 x 
ne tary 
ey toe 


’ 


or, what is the same thing, when « is real and positive, 


pael 


T(i+2)= P 
re x 
(Lite! 
890. Reduction of IT (a+1). 
Again, 
es one oe 
Mat: 2) =r) aS fat 4) teem) (Eee) 
1 
=p ptt TI (a, y). 
Hence 
1 
Il(z+1, B)=(2+1)IT (a, a) X 1 
‘ 1 ae aa 
bh 


which is the law of connexion of the successive values of 
II(x, «) for unit differences in 2. 
In the case when yp is indefinitely increased, the factor 


(eet 


becomes unity, and we are left with Il(v+1)=(a@+1)0 (a) 
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and changing z to e—1, II(z)=2II(a—1). This is true for all 
finite values of 2, positive or negative. 

In the case of values of 2 >0 we have II(x)=F(a+1), and 
therefore [(v+1)=a1T(2), the formula already established for 
the Gamma function. 


891. The Case when a is a Positive Integer. 
When @ is a positive integer we may multiply the numerator 
and denominator of 


hi ail ee Oy 
II(a, Pte iet a) GG ESAs 


& by a! 


x 


obtaining in that case IT (2, =a * nu 
Ya ay 1) 


and then removing xu!, 
1.24058 
Il (x, »)=-— Tae - 
Oat DG Aa te)” 


iN pire se 


so that when u is indefinitely increased, z remaining finite, 
II(z) becomes z!, which is in accordance with the result 
T'(x+1)=z! of Art. 860. 


892. Comparison of the Gamma Function with Gauss’ Function. 

It will now be clear, from Art. 887, that the two functions 
II(x) and ['(xz+1) are identical for all real values of x greater 
than —1; but that II(a) isa more general function, embracing 
real or unreal values of 2 quite unrestricted as to sign. That 
II(«) becomes infinite for all negative integral values of «, but 
has finite values for negative fractional values of «, whilst T(x) 
defined as j. e-*v* dy is infinite for all negative values of 2. 
Graphically this means that the curves y=II(a—1) and 
y=I(2) absolutely coincide for all positive values of x, but do 
not do so for negative values of w If we had restricted the 
definition of Gauss’ function, viz. 

>: iBone 
Biya T(E, p)=Ulumn GE T)e+2) ... GH) 

to real values of x greater than —1, the identity of II (x) with 
Euler’s Gamma function I'(z+1) would have been complete. 
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893. We have, from the definition, 
1.2.3...(u—l1)pu 
(=2)(2—2)(8—2)... (x—1—a)(u—@) 


eS (isa) one 
ond We) weer a) net 
Hence multiplying them together, and assuming that z is 
not an integer, 


II(—az, m)II(2—1, “) 


= 


Il(—%, = 


el 12, 22.32... (u—1) i 
 @ (12—a?)(22—2?)(3?— 22)... {(u—1)°—2"} p—a 
= 1 ie 


f. a J 7 
o(1—F) (iz =) aC ees — 
and when u increases without limit, Lt —— =1, x being finite, 
and we have G 


Tas i 2 


a = ~ sin 7x" 
2(1—%) (1-5)... to 00 

It will be noticed that in proving this result no assumption 
has been made with regard to x except that it is not to be an 
integer, either positive or negative. For such values one or 
other of the II functions would be infinite, as also of course 


would ——— 
sin xr 
Taking positive values of x less than unity, and remembering 


that in that case II(z)=I'(z+1), we have 


Tite 4%) [= ae am’ 
as previously found. 


894. If we were to base the discussion of the properties of 
I(x) on this method of procedure, we could therefore infer the 


value of the definite integral \¢ ne of Art. 870 to be = 


where 0<2z<1L, instead of investigating the me hg pete and 


then deducing the result [(1—2) T(x) =— 


sin xT 
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895. An Unreal Value of a. 
We note also that if « be unreal and =vy, 
—— Tv . 
IT ( ‘y) Tey—l)=— ry’ 
but that IT’, as defined in the Eulerian manner, loses its meaning. 
See, however, Art. 900 for an extension of the definition of I. 


896. Both functions, viz. II(w) and ['(#+1), have been, 
shown to satisfy the equation of differences 
Wey (@+1)Uz. 
Let us see from this point of view what can be ascertained 
as to the nature of the function w,. | 
It has already been stated that this equation necessitates 
one form of the result to be 
W,=Ax(x—1)(a—2)...(7+1)ru,, 
where A is a constant or some arbitrary periodic function of x 
of unit periodicity, and w, is some initial value of wz, to be 
chosen at pleasure. 
Following Laplace’s mode of procedure in such cases, assume 
as a trial solution, 
: ‘== | (F(t) dt,* 
where the form of F(t) and the limits of integration are 
reserved for future choice. 
Then, since w,,,;=(@+1) wz, 


[enre fae) | tF(t) dt 
|r (o-+1) dt 


~[F(t)t=4] —lenF© dt, 


the integration being by parts, and the square brackets de- 
noting as usual that the term integrated is to be taken between 


the limits ultimately chosen. , 
Hence the choice must be such as to satisfy the equation 


fen [F(t) + F(t] =[F (it), 


* See Boole, Finite Differences, p. 257. 
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Let us then take F(t) so that F’(t)+F(t)=0, and the limits 
such that [F’(t)t*+1]=0. } 
Our choice is now complete, and there is no further latitude. 


The first equation gives cme i.e. F(t)=Ce-', where C 
is an arbitrary constant as regards t. 
This determines the form of the function F in our trial 
solution. ’ 
The limits must then be such as will satisfy the equation 
[Cees O 
Supposing «+1 to be positive, this will be effected by taking 
x41 
t=0 and t=o, for in each case ti =0. 


Hence a solution of the equation for positive values of z+ 1 is 
Mi o| e—'t® dt 
J 


=CT (x+1). 
So w,=CT(2+1) is a solution, provided +1 be positive 
where Cis any arbitrary constant as regards t. 
To put the possible dependence upon 2 in evidence call 


C) Uz. 


Then U,=Vz1 (x+1), 
Water l (C+ 2)=Vp44(@ +1) (e+), 
but Urs =(@+1) U2; 
*. Uns1=Vg; 


whence it is clear that v, is either an absolute constant or 
some arbitrary periodic function of « whose periodicity is 
ape — = where A, B, C, D are 
absolute constants, such functions returning to their original 
values when z is increased by unity. 

Thus «,=/(x)(#+1) satisfies the difference equation con- 
sidered when f(x) is such a periodic function as described. 

It appears, therefore, that the equation Wes =(e+1)u, 
is not co-equivalent with U,z=T(x+1), ie Euler’s Gamma 
function, or with u,—TII (2), i.e. Gauss’ II function, but that 


unity, such as cos"27a or 
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these are particular forms of the solution, as has been pre- 
viously pointed out. 


897. Euler’s Constant. 
The limiting value when n is made infinitely great of 


Lele t 1 
pratgt-.-+,—logn 


is finite, positive and less than unity. This limit plays an 
important part in our subsequent work. It is called Euler’s 
constant and denoted by y. Its value has been computed to 
over 100 places of decimals (Proc. Royal Society, vol. xix. 
and vol. xx., p. 29). 

The first twenty figures are* 


y =0°577 215 664 901 532 860 60.... 


We shall presently show how it is to be computed. For the 
present it is sufficient to show that it is a positive proper 
fraction, and this admits of elementary proof. 


For 


r 1 1 
; eek S343} 


9838 gt Br 


- 
r 


+..., @ convergent series if 
(geal 


Mid) MiB) 


= positive, since r= 1, for every bracket is positive ; 


i (F+log d)+(G tog 2) +..+(F-+log 74) is positive ; 
_Eppt gt ti tlog§: 2.3." is positive; 
. pt gtgte +2 log(n+1) is positive ; 
and as log (n+1) > log n, 
Pab+ht+ aah +5 —logn is positive. 


*See Todhunter, Integral Calculus, p. 256; Serret, Calc. Intégral, p. 183 ; 
Legendre, Hxercices, p. 295; De Morgan, D. and I, Calculus, p. 578. 
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Secondly, 

tl r—l1 1 if 

tog = > +1og (1—=) 

=—-4—55—- etc., a convergent series if r > 1; 
1 {rs when n=, 


are all convergent 
series, 

=a negative quantity. 
Therefore 


Dt als Cah 1 | > ee ee = : 

ee ee ee EN avon tae ee tit 7, 

gtatgt-.t 7 tlogs 3°40 pw 88 negative quantity 
dr ee 


; 1 : : p 
1.6. at Sars vee +7 —logn 18 a negative quantity, 


and .°. Lp 5 tat be —log n is less than 1, 


and it has been shown to be positive. 
Hence, making n increase indefinitely, y is a positive proper 
fraction. 


898. Closer Limits for y: 
Let t= > r1—log(n+1), m= > r41—logn (n> 1). 
i i 


Then v, — wu, =log (a +1)=positive, if n be finite, and ultimately vanish- 
ing whenn=o, ze. Ug = Vo =Y- 
n—-1 


n 
therefore, as ” increases, u,, increases and v, decreases towards the common 


limit y ; and Un<Y<Un, Whilst n remains finite. 
Taking Bottomley’s tables of Reciprocals and Napierian Logarithms, we 

readily find 

Uy = "3069, = "4014, ... y= "5311, yy = "5532, M39 = "5610, ete. 

%=1-0000, v,= 8069, ... v%9="6264, vy) ="6020, 4) = "5938, ete. 
We thus have an approaching set of inferior and superior limits for y, and 
note that it must lie between 0°56 and 0-60, It will be seen later that 
y=0°5772... (Art. 917). 


1 n oie 1 . 
Now t,= Un = a log ai positive ; v,—V,1= as log = negative; 


899. Except for negative integral values of 2, II(z) is Finite 
whatever z may be, Real or Complex. 


Tf u,, Uy, Ug, ... Un... be any series of real positive quantities, 
=o 


each of which is less than unity, the infinite products I (1+4,), 


r= =1 


we 
IT (1 —u,) are convergent or divergent according as the infinite 
r= 
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series Lu, is convergent or divergent (see Smith’s Algebra, 
p. 423,* and Hobson’s T'rigonometry, p. 319), and if the quantities 
Uy) Uy, +.» Uy... be complex quantities, the modulus of each being 


Tr=2 
less than unity, the product II (1+-u,) converges if the series 
r=] 


2 modu, converges. (See Hobson’s T'rigonometry, p. 320.) 
It can be shown that though the infinite product 


P(1+2), ie (142) (1+) (1+5) (a+3) ... to infinity, 


which occurs frequently in the present chapter, is obviously 
divergent, yet if we multiply the several factors by 


z z 
e', e% e 3, etc, respectively,t 
we arrive at a product 


Af(+2)e4] 


which is absolutely convergent for all values of z positive or 
negative, real or complex. 
Bo 


For log (1+2) =? er a 


is a series absolutely convergent if mod z<n for some finite 
value of n; whence 


ge a Ste es 
SS 
142 
2 g\ 2 - Z(t...) 
1.€. (1+2)e =e 


2 1 
et a sl @a), say, 


where e, is a series absolutely convergent which for finite 
values of z ultimately vanishes when n is infinitely large ; 


Peg)eta[i-gore] 


* Also see Arndt, Grunert, xxi. 78. 
+Weierstrass, Abhandlungen Acad. of Berlin, 1876. See also Hobson, T'rigo- 


nometry, p. 327. 
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Suppose # the greatest of the moduli of 1+e, for all values 
of z within a range for which the greatest modulus of z 
; es Ez 

does not exceed a given finite quantity, then 2 mod i 
is an absolutely convergent series, and therefore also 


92 
2 os (l+e,) is an absolutely convergent series, and since 
1 
P (1+4,) is absolutely convergent when ¥ mod u, is convergent, 
1 


Pade 


is an absolutely convergent product, as is also 


P0-2¢ 


Now Gauss’ IT function being defined as 
Go, z 
P= (2-41) (2-4+2)(2+3) ... (2+ pn)” 


Zz 


Il (z)=Zt 


can be written =ZTt 


where y is Euler's constant, which shows that for all values 
of z, real or complex, positive or negative, excepting negative 
integral values, 
‘ (Ame a 

Mes finite function of 2’ 
and is therefore finite. 


900. Extension of Meaning of T(z). 


So far it has been convenient to adhere to the Legendrian 
definition of the symbol I'(a), viz. 


r(e)=| e-*yet dv, 
0 
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and to regard @ in this Eulerian integral as representing a real 
variable. It has been shown to be identical with Gauss’ 
II function, II («—1), for all real positive values of a. Having 
drawn attention to the difference of behaviour of the function 
defined as an integral and the factor-function of Gauss for 
negative values of «, it is scarcely worth while observing the 
distinction further, and we propose to extend the use of the 
symbol ['(z) to negative and unreal values of 2, which means 
that, when z is negative or unreal, I’ is defined by 
Coterted Ae : 
Ria, l}s I(?)=Lh-2 Gy lied): Gu)?” 
and that when ¢z is positive it is defined either in this way 


or as | e~*v? dv, and therefore we shall in general regard II (z) 
0 
as identical with I'(z+1) or zI(z) for all values of z. 


901. Thus a meaning will be given to such an expression 
as T'(a+./—1b), viz. 


pore 


b b b 
(a+0)(1 — )Q+2$°)...4*) 
e-v (ate) 
~a finite function of (a+.0) 


7¥ Mad 


(Art. 899). 


902, Ex. 1. The modulus of P'($+ a) is NT(3 +a) P($-ta) 


=NT($+1a) 01 —$4+1a)}= i A anes (Art. 895) 


sin($+ a) 3 
. a Ga 
~ Yeosh az’ 
Ex. 2. If 1, a, a?,... a% be the n" roots of 1 (n odd), we have 


(14+)(1+ax)(1+a72)... (1+a"%42)=1+.2", 
and lt+a+ta?+...ta%1=0. 


r=n—-1 
Hence II (x) II (ax) I (a%x)... II(a"* x)= P TI(a"x), say, 


r=n-1 tar 


— Ltyp=0 fe 


ee 
cul Zar ee) .(1+%) 

+ )0+9 p 
= n>); 
r an =) at Z 
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. (a +5) (1 +3) (1 +3) penbO) Uh (2) atest CF, 
1 L : 


"P {II (a"zx)} "P T(1+a"z) a" P T(arz) 
0 0 0 


oe an a” i = 1 
eat (4+5)0+5)(1 ta) T@)T (ax) P(e)... (a2) 
where 1, a, a?, ... are the n™ roots of unity. 
903. Gauss’ Theorem. 
This theorem is a generalization of that of Art. 872, and 
includes it. It states that for any value of z 


POMOC eae) ine - 
ne II( H(z wn.) m(2 n Jae 
or, what is the same thing, as will be seen, 
nz iL ae ae 
ealig Tai) ress) r(e+ n Lean 


Let the left-hand member of the first equality be called 
¢(z). Then, first, we shall show that ¢(z) is independent of z. 
By definition, 


ee) be ee 
(2 s Lt, - (142-5) (24+2—2)...(u+2—2) 


Ne Fd Dons pw 
(n+nz—r) (2n+nz—7)...(un+nz—r)’ 


n—-1 


- n™T1(2) (2-7) eg ee eye ne a 


where D is the product of the factors 


= Tos 


n+nz, 2n-+ nz, 8 BN+NZ,  ———saveee pn-+nz, 
n+nz—1, 2n+nz—1, 8nt+tnz—1, ...... un+tnz—1, 
n+nz—2, 2n-+nz—2, 8n+nz—2, ...... pn+nz—2, 


WC DET Fe MTF: TRE Ess tne ae 
1.€. 
[(nz+1)(nz+2)...(nz+n)][(nz+n+1)...(nz+2n)]...[...(nz+yn)] 
=(nz+1)(nz+2)...(nz+ un). 
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Hence 
1 n—1 NZ NM YNZ ona. !)\n 
n”™]TI(z)TI(2—- )... ey vs Mk pu!) ; 
") (= 4 n(2 =z) aah ihe 2) a is lun) 


Again, writing nu for » in Gauss’ expression for II (nz), 


< (nu)" (nu !) 
II (nz)= Lt (nz+1)(nz+2) ... (nz+np)’ 
nn nw yp (wl) 
(mu)” (ru!) 
(mu!) 


Hence o(z)=Lt 


ot Fe n™ uw 


from which the z has disappeared. 

Hence, ¢(z) is independent of z. It remains to find its 
value. To do this we may either obtain the limit of the right- 
hand side directly, or avoid this by comparison with a known 
case, for a particular value of z, which will be a legitimate 
process, inasmuch as its value, not containing z at all, is an 
absolute numerical constant containing n. 

Adopting the direct method and employing Stirling’s result, 
aed n “3 (J/2u7 pte)” 
o(z)=Lt,-on™ pw * Jona (nuyre- 


n-1 m-l 1 n-1 
ny _® (mr)? pipe _(2rr) ? 
pin? (np) *e—™ n 


Hence, finally, 


nm T1(2)T1(2—+) ( —2)..0(e—") | a 
Mita ey a 


— 


904, If we adopt the plan of comparison with a known 
case, take the case of a real value of z, viz. z=0. 
Then, remembering that (a)=F' (1+), 


o@)—v(er@r(a—2)r(1—z)-.ra-3 >) r(1); 


or, reversing the order, 


-r()r(2)r@)-r=)= , by Art. 873. 
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Writing II(z)=P(z+1), etc., we have 


m™P(e+1)P(2+"—)r(z +5))..P(+5) (Qn) = 
hh Ee ooh phen ciad Cas eae ean ea ae 


ae. reversing the order of the factors in the numerator, with 
the exception of [(¢+1), and writing ['(z+1)=2I'(z) and 
T(nz+1)=nzI'(nz), 


nveal@)T (2+ -\P (2+2)... r(e+"—) ten)? 


nz\'(nz) nt 
mere (+5 )P(e+5)-P(e+2) =a 
e. a n?, 


which may be written as 
1 D) ies 
rear +8) r(o42)..r(c4%=!) rans 
905. Cases of Gauss’ Theorem. 


Putting ea. we have the result of Art. 873, viz. 


r()r@)r()..n(&)=enie 


Particular cases are 


n=2, Pe) (0+ +5) =P (2a). (2n)828-, 


te Pe) (e+5)=52- ™ T(2n), 
ae. putting P a for 2, 

p+l\ \(p+2\_a 

r( 2 )r( 2 )=E T(t): 


: 1 
pak ee P@)T(2+5)P(a+5 )=AZ P(8e), ete. 
906. The case n=2 may be deduced directly from 
_ quit 
res rey) 


or in 


[. sin? 9 cos’ 0d@= 
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For putting g=p, we have 
f i 2 
; r(2 | 
| sin? 6 cos? Pada wa 
0 21(p+1) 
“‘eiy\* 
ae oth 


20(p+1) ° 


a [. sin? 20 d0= 2” 
0 
and writing 20=4, 


by 7 
\, sin? 20 a=" sin? dp =|. sin? p dp 


ie, wr (PEt) p (22?) tT (@+)). 


907. An interesting proof of this result is due to M. Serret, 
(Cale. Intég., p. 174). 


1 
Since B(p, o=| a?-1(1—x)9dx we have 
0 


B(p, p= | (e—29tde=[ [4—G—a2y Pde. 


And since the integrand assumes equal values, whether 
we put e=}+h or $—h, its values are symmetric about z=}. 


Hence : 
: A: Jz 
Bop. p)=2| [4—-G—a)* Pde. Writing i , 


B(p,P)=2| gama —2r3(—p)e 


1 1 
yal (1— z)P-} dz= 92p-1 BG, Pp); 


92-1 


e Very). 1 FE)r(p) 2p-1 =/7T(2 
12. Np) 2 Ppt) or 2” (p) TP (p+4)=V 71 (2p) 
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or writing 29=9-+1, 
ar (4°) r(25*) Je r(q+1). 
908. Another form of the general theorem is (writing © for z) 
n(n (22). (EY arene 
te T(E) (Ae er (= *)=r@r(i+ =) (2m) 7 nim, 


e+1 
909. To prove | log I(x) du=wx log a—a-+4 log 27. 


7 


Taking Gauss’ Theorem for a real variable aq, 


1 2 = n=l 
PP (e+ )r (+2) af P(2+"—") —1(ne) (20) 2 i, 
we have, upon taking logarithms, 

n—-1 : 
“log { D(ne)(2n) F nine} 

1 1 n—1 
=;,logP (2) Hog (2+4)+...-Hogr (2+°=)} 
= ie P(2+2) from r=0 to r=n—1 

n 8 me : 

1 
=| logI'(w+y)dy, when n is indefinitely increased, 

0 


z+1 
=| log I'(v)dv, if v be put for x+y. 
Thus, by Art. 884, 


ZH+1 3 1 J 2nar (na)rte-n2 nt Fae. 
IE log T(v) dv Lty=n-log | a (27) ? n ] 


=} log 27 +2 log r—z=log ate—*(Qar)?, 


910. This expresses the area bounded by the a-axis, the 
curve y=logI'(x), and two ordinates at unit distance. 
Changing z to +1, and adding to the former, 


+2 2 
| log I'(x)da=log {a*(a+1 ete erat 
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and so on, and more generally, 


tn 
| log T(x) da 


nx - =" i} 
> 


=log|2*(e-+1)# (a+ 2)*2,..(at+n—1)ttr-le- 2 (Qn)? 


where % is a positive integer. 
911. Expressions for the Differential Coefficients of the Function 
V(x), log [(a-+-1), and Expansion of log I'(a+1). 
3 _@ eer) 
Let us write ¥(x) for rm log T(z), te. TG)" 
Then taking the logarithmic differential of Gauss’ Theorem, 


T(nz)=n™ P(e) P («+=) .- (2+ )leom "eal, 


ny (nz) =n log ny (@)-+y(2++)+...+ (+2) 2 
and differentiating again, 
ny (na)=¥ (2) +. +2) +. tw ( at 2). 
Hence 


ny(n2)=D) + yr (2+2), from r=0 to r=n—1, 


y=1 


1.€, Lt, =.nvy'(nz) =| ve +y) dy= lv aes »| 


'y=0 
=v («+1) —y(e)= “log re+1)—4 log I'(z) 
d T(@+l1)_d 1 


BET Te Te 

i.e. Lty-.(na)y'(nz)=1; or writing v for na, yy'(v) => in the 

limit when v is infinite, and therefore y(v) ultimately 
vanishes. 

ee | 

That is = 


i log I'(a) vanishes when z is indefinitely increased. 


T(a+n+1) 
Now P@)=F@F1) (+2)... en)’ 


Hence, taking the logarithmic differential, 


1 eet 1 perdu i 
eer eee ear lh Oe ), 
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and differentiating again, 


V'(2)= ateaptepyt +eEap gty'(ct+n+)), 


and it has just been proved that y‘(x+n+1) ultimately 
vanishes when 7 has been indefinitely increased. 


d? ; i 1 1 
. ga log [\(2)= =e) ar terry (gs ee 020. 200(1) 


The series (1) is obviously convergent for all values of > 0 
becoming infinite at ~=0. 
Integrating this equation between limits 1 and 2, we have 


ve—vin=[—2)4 salts 
$02) 0.’ 


which is a convergent series; for the test expression, viz. 


by n(x+2n) 
2 (hee ee = 
Lino ae ) ie (n+1)(a+7) 2, 
and is greater than unity. (See Smith’s Algebra, Art. 342.) 
Again, we have seen that 
7 
n 3 


myp(na) =n log n-+y-(0) + (0+) +... +yr( 
1 r 
W(n)=logn+ >) =v (142), from r=0 to r=n—1. 


and putting x=1, 


Hence when vn increases indefinitely, 


Ltn =0[W(n)—log n] =|va +2) dx 


=[log P(+2)] =log rayne 1220 
That is, Lise Cr —log n) == OMe ass ceeanc eee (8) 


Putting z=. in equation (2), 


Vm )—W(l)= ith ++. 
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u.e. by equation (3), 
eS ReCEE ligt ] 
vr ( ) n=o [tyt--+2—logn) 
=Euler’s Constant y, 
; d 
4.0. y-(1), or {7 log re+)} = SS Yig ven vevena(h) 
Hence, by equation (2), 


jplogT (z)=y (x)= — y+(G-2)+(G-s) t= to 


ogee bmw be Lol 1 «1 
vita Tt . ae, org Laat Pee bee (5) 
which may also be written as 
d 1 ih 
“log TP 1)=Ltyea[] a eed ia ae re 
~S ¢ DT (a+ 1) og n are ail: 


Again, differentiating equation (1) n—2 times, we have 


a” L 1 
= oC =({—_ n ———s 
sx log P(z)=(—1)"(n—1)! EE Heit ecapt te ce |, 
. (6) 
te. x'-U(1), or laa Beles =(—1)"(n—1)!8,, 
where . Sy=atoatgates 
which is convergent if n>1; or, what is the same thing, 
d” 
{slogP(e+1)} _ =(—1)"(—D)!5,, seme (7) 
‘Also {log re+n} Soe T(h=0- 
2=0 


we thus have 


{log r+) = ea Tor rety} = Rasy 


and {Sealog ea =(—1)"(n—1)!8,, where n is + 2. 
=0 


Maclaurin’s Theorem then gives 
ge ae A n 
log P(e+1)=— yet 8,5 Spe +8, g—- HIS ts 
a result otherwise established in a subsequent article, and which 
will be thrown into a more convergent form, by the addition 
of other known series, for working purposes. This series is 
convergent if x be numerically <1. 
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912, Collecting for convenience other useful results of the 
above article, we have 
2 
(a) Ties tee I'(z)=0 and Lt,. “gsoeTeh= oo, and in 


1 1 


a 
any case io el ge ay eqaptet 


and is positive. 


IY(n) __ se Lees 
(0) P(n) =logn when n is infinitely large. 


(ec) {log T(e-+1)} Oe 2: and .", {geloa Pay} =x. 


d 1 | 
(d) Flog Me+1)=—y+(7— sp) + G=a55)+~ to 00. 
(e) Since i +z log ['(x) is continuously positive for all positive 
Re y-P y 


values of a, ay OS I\(z) is an increasing function as 


increases from 0 to «, starting from the value —oo 
at x=0; or, putting this geometrically, the tangent 
to the graph of y=log I(x) is continuously rotating 
in a counter-clockwise direction as x passes from zero 
to infinity; and the curve is always convex to the 
foot of the ordinate. 


913. The student may note the following particular values 
of # log [(az), we. W(x), viz. taking +?—9°8696044011, 


eee PSE si Te es 
VO)=nataateat = Gtatpt..)=4.2 = 19348029, 
eich @ 
2 
VO=statget == = 176449341, 
ee eae dp add * a : 
¥(V9)=4 (Hat...) =4(TAS, =5-4 = 9348022, 
: eee 2 
VYQ)=atptpt..=g-1 = 6449341, 
OEY a ee ee Y( Fal ae ee . 
ves)=4(S+at...)a4(Z- 4-2) a = -4903578, 
, i ae eee aw 1 1 
V@)=st pt git --=G—je~ eg — 12 = "3949341, 


etc. 


y'(o) =0, 
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which indicate how as log D(x) | is decreasing as x increases, 
but always remaining positive. 

914. Since log T(#+1)= —ye+S,5—Ss-5 
may write ['(#+1)as 


T'(e+1)=e"%e*%e 
=(1—yot BY + (A $8 ,5 ...)(1Syeeen 


- x 
=1—ya+(y2+8,) 5, — (y+ 3y8_+28)) 3+ 


which expands I'\(x+1) as far as cubes of z, and which might 
be useful for very small values of «, but the presence of 
powers of y renders calculation troublesome, and less incon- 
venient methods of calculation will be given later. 


915. It is noticeable, too, that 
= 
ee Met) — _+4+8,5 es 5418.7 poe 
L 

and that the several differential coefficients of this expression 

are therefore free from Euler’s Constant y, viz. 

d* log T'(x+1) 

dz” x 


Sn n (n+1)! Snss (n+2)! 5 
=(— pyr { Sut nl are 7 oT aca at a1 +} 


ue Snir +] Snso n+INt+2 Sasa oy Ey Nak 
“9 Sel tad {zen 2 1 sake To onto" } 


And, similarly, if m be any positive integer, 


d" d % am a) Sr m+r 
j 5x" log T(z+1)= € 5) |-y +14. >, ( —1) =o + 
5 S, r—n 
—(m+ Daw. > (—1)/ ; (m+7) nat", 


where (m+1), denotes (m-+1)(m)(m—1)... to 7 factors, if 
n <m-+l, and is free from y if n>m+1; also that 


(a™ log re+)| = —(m-+1)! y. 


EE 
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916. Expansion of log I\(1+-a) deduced from the II Function. 
The series 


2 3 4 
log P(l-+2)=—ya+8, 5 ~8,5 +8, 


may be arrived at at once by taking the logarithm of the 
Gauss formula in the form 


Dd -2)=Lt,20 


: 
: )-05) 
V1Z, 


log P(L-+2)—alog w—log(14+7)—log(1+3)—log(1+2)—...; 
and expanding the logarithms, supposing —l1<az<1, 
2 3 
log P(1+-2)=Lt E (log n—8,)+ 8, 5-8, 5+. |, 


> 


Hee Seem | 
where S = Et etet 


and Lt(S,—log »)=Euler’s Constant y, and the series S, (r > 1) 
are all convergent. 


Hence, 
2 3 4 n 
log D(1+2)= —yt+8,5—S,5 +8, 7 — noe +(—1)"8,—+ aye 
(ale ot (1) 
Now, the even terms may be removed by the addition of 
Wiese 
* 2 sin om 


sin tr oe x = ee 
For ie =(1-§)0-$)0-3 sectatel anf. ; 
and taking logarithms and expanding, 


2 4 
04 loge aS ee (2) 


5 sin v3 2 9 ae 4 4 SOO 16, “[9{0) 0) 0 0 ele elais ele slels 
Adding to equation (1) 


my 


R 
log P'(1 4-2) =) \Gp eg ne ee Rae) 


sin &7r 

The coefficients §,, S,, ... all begin witha unit. This may 
be removed and the series reduced to a much more convergent 
form by the addition of the series for tanh™z to each side, 


V1Z. 
lta eS x 
tanhz=4} lg a e+ a) eas sean 
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And we then obtain 


log T(1+2)=4 log a tanh- 2+ (l—y)x 
x af 
—(8s—1)3—(S;—-))e— we Rnict4) 


The values of y, S,, S,,... Sg, are all calculated, and the 
tabulated results are given in Art. 957. Euler calculated 
S, to S,,. Legendre* gave the values S, to S,, to sixteen 
decimal places. The list in Art. 957 is taken from Legendre’s 
list as given by De Morgan, Diff. Cale., p.554. ‘The series (4) 
converges rapidly and is used for the calculation of the values 
of log I(x). Legendre gives a table of values of ZI'(z), we. 
10+log T(z), from ZIT(1:000) to LT(2:000) to seven decimal 
places, in his Ezercices du Calcul Intégral, pages 301 to 306. 
A table is also given by Bertrand, Cale. Int., p. 285. 

917. Calculation of Euler’s Constant y. 

These series may be used for the calculation of Euler's 
Constant y by taking a value of x, for which I'(x) is otherwise 
known, viz. <=, for which ['(x%)=/7. 

Equation (1) gives 


‘y= —* log P(et1)+6,2—-8,5-+8,5 — mers 
and putting x=}, 
y= log 2 +38,-5— 35am t fSugs— eh. BEB (5) 
Equation (3) gives, by changing the sign of g, 
+ yet S, 48,54 205 


LT 
log ['(1—z)=3 log cae 
and putting «= in this, 


PE ee PP ee 
y=log 2—58; RBs 57S 5e o0e y tec ccccescce (6) 


which is more rapidly convergent than the former. 
Formula (4) gives 


de iV we 1 1—y §,—11 §S,—11 
log-5-=5 og gg log3+—y gS 
lee Jae So 1k See 1 1 VP S,—11 
1.€. y=log. 5-3 Smee? a ia goa 5K) 


* Traité des fonctions elliptiyues, Legendre. 
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This is the best of the three series to employ to find y. 

And with the aid of the tables of values of S, the calcula- 
tion to seven places, which is all that is likely to be wanted 
for ordinary purposes, may be readily performed. 

The value of y is 

y='57721 56649-01532 8606... , 
and 1—y='42278 43350 98467 1394.... 
The value of log,10 is of course required. It is 
log, 10= 230258 50929 94045 68401 79914... , 
and the modulus log,,e='43429 44819 .... 


918, The numerical calculation of values of log ['(1+2), and 
therefore of I'(a) itself, will now present no difficulty. With 


the values of 8,1 Piast 


stands* as 
log, T(1 +2)=3 lon 


, etc., inserted, the working formula 


UT 1 
sing7r 2 


log, ++ 4-49978480 


— 0673523025 

— 007385525 

— 001192727 

— 000223129 

—6GC ss a 
and is rapidly convergent for the small values of z less than 
r=}, 2! being 1024. Hence the last term 000223129 in 
the case x=} becomes ‘0000004, whilst for =1, which is the 
largest value of x for which it will be necessary to use the 
series (see Art. 921), the error in omitting all the remaining 
terms of the series will not affect the seventh decimal place. 
Hence we have here all that is necessary for the construction 
of seven-figure tables for log T'(a). 


919. It is worth noting that the addition of log (1+-2) 
and log (1—z) respectively to 1(1+2) and ['(1—2), viz. 


2 4 
log T(1+2)=—yet8, 5-8, 2 45,7. 
2 4 
and log T(1—2z)= yt+S, ath, oa >t eB 


* Bertrand, Cale, Intégral, p. 250. 
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give log I'(1+2a)=—log (1+2)+(1—y)a 
Y a oe CY i 
+ (8-1) —(S,-1) + (S,-1) F—.. 
and log '(l—z)= —log (1— ek (l— ie, 
HS) HD HED tes 
whence 


log ies 


ec 
Ae ge pa oe a eae y)x—(S,— Nz 


cy 
—(8s-1) 5 - 
But log (1+2)T(1—2)=$ log es ae. adding, 


log [(1+2)= } log — =——tanh-t2+(1— y) x 


C) sg 1 gent 
— 2a on+1— ome’ 


the same series as before, which may be written 


wx 1—z gent 
jest)t (1—y)2—S7(Sien rs 
Ie 1] 
sin72® 7cOS7 7 

Son 1 
1— y=Hlog2+)) er ; 


and putting «=3, since Bains T; 


log P(1+2)=# log ( 


and putting z=1, since Lt,-; 


These series are given both by eae and Bertrand for the 
calculation of ['(1+<) and y. 
The formulae 


log P(1+2)=51 0g _— yn — 3809-5 1 ga ., 


if TL 
log T{1—a}=310 8 sin 7z 
, LisSy 18-18. 
and y=log.2—3 53-5 54 — 7 56 at 


+ya+5 1 Saf Sat. 
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were given by Legendre (Ezercices, p.299). But the addition of 
the series for tanh-ta adds to the rapidity of the convergence. 
T 


920. Since I'(m) ie rset we have, on putting 
l+<2z 
9 for m, 
l+a Pay a 7 tak: : 
(SP) Tan wea 
Sin tae 
But D(z) 2-2 Jp Oe) (Art. 905). 
T 5+) 
Hence, writing 5 in place of z, 
LS) ater) oye 
Oe 
2° 2 
From equations (i) and (ii), eliminating ae) we have 
L 
= le 
appa) ies ee eee te 
21-2 e937 pp SS 
2 2 
921. By means of the four formulae 
= ae ee . tak == Tv . 
P(x) =(e—1) P(a—1), ...(1); D(z) 1 (l—2) Snag? onlays 


2 
w Ric 
D (2) =2-te/z Te) (3); T(@)= eed 7G) 
Liat 21-2 e937 pp 6 o 
2 2 
it may be shown that I'(z) can be calculated for all values of 
« when those between I'(4) and I'(1) have been calculated. 
(a) For 1<a<o, reduce by continued application of 
formula (1) to a case 0 y= 1, 
(6) For } <<@ <1, reduce by formula (2 
(c) Fori<a < 2, reduce by formula (4 


. 1 shes 
For if >, >a and tne 


» (4); 


— 


toacaseOQ<y<l. 
toacaset cy <<}. 


Coe COl es 


= 
and if Pee ee and to 
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(d) If} <2 <1, the case needs no reduction. 

(e) If 0 <a <}, use formula (3). This involves ['(4+2), 
and $+ lies between } and 3, and therefore falls under case 
(c), and an application of formula (4) reduces '(#+4) to cases 
in which the arguments lie as before, viz. } <<y <<}. 

In ['\(2x), which occurs in the numerator of formula (8), if 
0<x<j, we have 0<2e4<1}, and if 2x>1, no further 
reduction is necessary. 

But if 0<a2< 44, we have 

O<2a<—i and 0O<4e<h 

We then use formula (3) with 22 written for 2, 


. at eee 
= 1-42 
1.e. T (2x)=J/7 2 TG 422) 
Similarly if 0<2< 34, use 
) — Jose _T (82) 
T' (4a)=J/7 TG-+4a)’ 


and so on. 

Hence it follows that the use of series will be only 
necessary in the case of I(x), where x lies from } to 4, and 
that when this group is calculated by the series, all others 
follow by the above rules. 


922. Graph of y=['(x) =| e* 227" dz. 
0 


Regarded as defined by the integral, it is plain that so long 
as z is real and positive ['(z) is a positive function, and that it 
becomes onde if c=0, as may also be seen from the fact 


that P(@)=2P@+0), and therefore [(0) = PO) =. 
We have seen that 
og l(2)=atgoapterait 
qs!) Grip ae? 


and therefore is infinite when z=0, but for all values of x 
from 0 to co it remains positive and finite. Hence 


d kD 

qq os P); Le. Te)’ 

is an increasing function of z, and its value at #=0 is 
obviously —o, for 


jal i! 1 


e+ ls 
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.Also, when & is +0, 
dlog P(x) _ —ytitit... too =+o0, 


da 
I(z) 
[(a) 
increases from 0 to » and as I(x) remains positive throughout, 
I(x) changes from negative to positive once, and once only, 
as @ increases from 0 to 0. 

Therefore I'(”) has one, and only one, stationary value, and 
that is a minimum, and I'(z) decreases from o when z=0 to 
P(1)=1 when x=1, and since ['(2)=1 and I'(1)=1, the ordi- 
nates at «=1 and x=2 are equal, and the minimum lies 
somewhere between «=1 and x=2, and is numerically less 
than unity. From =2 to =o the value of I'(z) is con- 
tinually increasing. 

The curve then 


Hence increases from — x through zero to +0 as x 


(a) lies entirely on the upper side of the z-axis; 
(6) it is asymptotic to the y-axis; 

(c) it has a minimum between s=1 and z=2; 

(d) it recedes from the z-axis from z=2 toz=0. 


The equation to find the exact position of the minimum 


ordinate is g ao =0, or writing z=1+4, ST (1+t)=0. 


dlogM(1+t) I(1+42) 


Le dt Sica, 
Heree ee =K(ie)) S,—1)t 
© at ia pe pee gd a Sa, 
—(S,—De+... | 


and ¢ is to be found by trial from 
1 - 
[py = 07422784... +(8,—1)t—(8,- P+... 


and substituting for S, and S, their values in decimals to a few 
places, an approximate value for ¢ may be obtained, and by 
the usual approximation methods the result may be found as 
nearly as desired. Serret gives the result to seven places, viz. 


t=0°4616321... 
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i.e. the abscissa of the minimum ordinate is 
e=1+¢=1°4616321..., 
and the value of the corresponding ordinate is found to be 
y =0°8856032....* 


In the tables for LIT'(a), 2c. 10+log I(x), we find in the 
vicinity of the minimum 


% LV (x) & LY(x) 
145 99472677 1463 9:9472396 
1:46 9:9472397 1:47 9-9472539 
1461 9-9472393 148 9:9473079 


1462 9°9472392 


So we see from the tables that the minimum ordinate is in 
the vicinity of 1-462, and the value of the corresponding 
* Bertrand gives 0°8556032, page 283, and again page 284, line 3, and the 


result is given elsewhere. This is evidently an error. The result is given 
correctly in Serret, Calc. Intég., p. 186. 
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logarithm, 1:9472392, indicates an ordinate 0:885603 approxi- 
mately. The minimum ordinate is reached, therefore, a little 
earlier in the march of from 1 to 2 than the half-way 1°5, 
which might have been expected from the very rapid fall of 
value in I(x) between ['(0)=0o and I'(1)=1 and the much 
slower rise on passing #=2, I'(2)=1, T(3)=2, T(4)=$6, 
I'(5) = 24, ete. 

For large values of 2, 


I'(z+1) /2a7 at e-* 
z 


approximates to ied eS 


and the graph of y=I'(a) to the curve y= aa () . 


We have now seen to what shape the several curves in 
the graphs in Art. 886 are gradually tending, and com- 
parison should be made between the figures given there and 
the graph of the limiting form y=I(z) in Fig. 320 of this 
article. 


923. It will be noted that since I'(x) is decreasing from 
e=0 to x=1-4616321... and increasing from z=1-4616321... 
to x=0oo much more slowly, the differences are negative for 
the first part of the march of I'(z) and positive for the second. 
Similarly for the differences in the tables which give log T(z) 
or L T(x). The tabulation is only effected from r=1 to x=2, 
for by virtue of the reduction formula I'(z+1)=21(z) this 
is all that is necessary. In using the tables care should be 
observed with regard to the change of sign of the differences, 
and those who wish to make close calculations should observe 
the remarks made by Bertrand, Calc. Intég., p. 284, with 
regard to the behaviour of the differences both of the first 
and second orders. 


x 


924. The rule of interpolation commonly used is 


Uz =Uy +2 Au+~ 


t%—1) 
13 2a ae 


(Boole, Finite Differences, Art. 2) 


rather than the ordinary rule of proportional parts, which 
stops at the second term. 
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925. Expressions for 


d ce ‘hi 
dy 08 (2), Ta? 108 P(2), i log I(x), etc, 
as definite integrals. 
The expressions for - log T'(2), slog I(x), ete., viz 
ad 1 1 
qe loe F(a) = Lt, eae Gtaits pa acd ai): (1) 
a? 
ie log ['(2)= + ay sypten yet RULOP DS cicero. wsiceoeisd (2) 
d” " 1 1 
Fx log T'(x)=(—1) Gis ride a to. |, (8) 


can readily be converted into definite integrals by aid of the 
results Pn) 


i COP! BS culsewonsssuntanances (a) 


tL kz 
and \ gti MeO Tet. sche ceesiersnae (b) 
0 


z 


(a) has been proved in Art. 864. 
(b) can be established thus: 


aD —kz nD 1 
e-hde=| —° ] oe 
[, pei nde 


Integrating with jaa to : between limits 1 and k, 


2 4—2z__ p—kz 
log k= | | ic {| : omge 
0 z 


To convert 
d i Pallets | 1 Serre \ 
f Jog T (2)=Ltyae {log Sg) eho yea 1 ; 


the right side may be written, by aid of (a) and (b), 


=Ltyo.| | (ee —e-Ae+)—,,,—¢-Aetn-D) a | 
0 


wt ga] 
= dite ol | (Gp) a8 -[ -) 48] 


she lr et (A) 


for the ace integral disappears when 7» is made infinite. 
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. pe = ir Ik 

926. With regard to Jo =| < OF ie = 
desirable to make a closer investigation, for though for all 
values of 6 between ¢ and infinity where e is a given small finite 
quantity the factor e-"* destroys the integrand when n is made 
infinite, there may be some doubt as to the behaviour of the 
expression in the immediate proximity of the lower limit. 

We note that 

ds Gag 1 jrte—)), 2 

and is finite for all given positive values of z, however small 
8 may be, tending to the finite limit c—} when £6 is inde- 
finitely diminished. 

Let K be its greatest numerical value between 

B=0 and §6— 
Then the portion of the integral I between 0 and e does not 


exceed K ese dB, i.e. K ae and therefore vanishes in 


ey dB, it may be 


0 
the limit when 7 is indefinitely increased. 
era a! 
Hence \e ne (a- oa dB vanishes when 17 is Br 


infinite, for all positive finite values of «. 


927. To convert 


gn 
dan 08 T(x) =(— IPT (n)| 5+ +epF Hepat _ ad inf |, 


the right-hand side may be written by theorem (a), 
=(— | [eB Br-1+4 e—@+1)B Bn-1_t e—C@+2)8 Bn A. s dB : 


= Toe Bat wn] & Be gee ee 


—e-8 


and this includes the case 


FalogT(e)=| 8 


928. The same method of treatment will apply in many 
other cases. 
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Thus the sum 


Sp=ptoptapt (p>1) 


—T(p) J, BP-1(e-P-+e-?+e-%+ ...)d8 


or i Br-re-# 
~ P(p) 0 l-e? 
r: & 


a “poten te" 2 red “pet _ 
Tp eee ae Us aor 8. .-++00-04(D) 
2 0 0 5 


929. Again, 


= 


i aes Gea 
= pt apt ap tap t --  (p>1) 


rial, poe a re te 
e c= th oa i a so 1 


Similarly 
“PS OS OOS TG Pare | 
yo” get ge eT 
ea * Bet, 1 i, Pane 
=r), Pe B= aml, can ga (F) 
And whenever such series occur the conversion to a definite 
integral form follows at once. For instance, in the expansion 


(Diff. Cale., Art. 574) 
secz+tana=1+A 


1 1 4 Ast Ayah 


a Mae 
n+1 


B[e-P+e-%+e-%+e-%+...]dB, n odd, 


2 Awma(Zy |, 
See 
.=2(2) re oye ay (Siete ee (G) 


—1)"e- 71/(—1)\"e-28 
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Thus the n Bernoullian number 


on on oo pt 
Bon = an (92m — 1) 42m-1= (gan onl sinh B48: -4.(Hy 


and the n Eulerian number 


Bag= Ane (2) ane GB isc cntacreen (1) 


If we write ae as 


— 1 
Ban-s=Gajn[ + gat gat |=200)! Der 


uf Pel (eta eth Lie ae |.) dB: 
0 


we have 


2n-1 Qn, 2n—lp—7 
Boy1=4n{ — ies on | ees ae (J) 
0 


—2; 
"A 9 sinh wf 


a result due to Plana. (Mem. del’ Acad. de Turin, 1820.)* 


930. Another Method of obtaining Expressions for log I'(a), 
& log T(x), Ae =, log I"(a), 2: oS dan 8 I(x) as Definite Integrals is 


as follows: 
Differentiating the equation r@=| e~*a’—1 da, we have 
0 


al (x 7 
= =| e7°0" | love dak. ee (1) 
pie ica eae 
0 a 0 a 


and integrating this between limits 1 and a with regard to a 


‘ po e-? —e-% 
log a= | = Petr key eee Sek ae, (2) 


: al (a) a[eeat{ [HE a) de 
te ae F z 


io 2) ao 
e-4-2__ e—4(1+2) 
| | da de; 
0 


*See Boole, Fin. Dif, p. 110. 


EXPRESSION BY DEFINITE INTEGRALS. 115 


and changing the order of integration, 


= npn > tata: abide rae ie if 1 
, i ratte sc) Re Caatr er att 
dlog@(w)__1 dI(z) (71s, 1 
de V(x) da =| ite osgmingl stats (3) 


Integrating this with regard to w between limits c=1 and 
L=2, 


=] ipsa 
log P(z)=| 2 {(@—e~ . Se “\ de (4) 
Putting 2=2, 


OR LS SPIE 3 at) Be 
0=| ={e area da. 


Multiply this by e—1 and subtract from equation (4) ; 


AY US wd Eien St 
= a 2 
log ['(z) I. {(2 1)(1+2) 3 “oath (1-2) 
(5) 
Now put 1+z2=e’, 
log r()=| {(@—lje*— oe Sag ovat caete (6) 
0 
Differentiating this with regard to g, 
d eM a 
aa ——log T'(x)= ie ( a era kk eee eeececesenes (7) 
and a further differentiation with regard to a gives 
d? = pe 
oa =, log ['(x)= \, fe dp. OE EO oc oe (8) 
Differentiating (8) n—2 times with regard to x, we get 
ee r(ey—(—1"| BSF UB (M42) vseeereeeee (9) 
qn log rer Ap sp waake 


Results (6), (7), (8), (9) give log T'(#), and its differential 
coefficients expressed as definite integrals. 
From (9), expanding (1—e-*)~?, we have 


ba log ['(x)=(— rf BrtenPfe“UtDPLe- G++ ...) dB 
0 


oe 
1 1 1 
the formula of Art. 911 (6). 
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And so far as formulae (7), (8) and (9) are concerned, these 
definite integral forms are the same as those obtained in 
Arts. 925 to 927 from the result of Art. 911 (6). 


931. Approximate Summation. Maclaurin’s Formula. 
As we are dealing with many series of the form 


bee alla eal! 
ptatat-- (p= 1), 


and other forms in which in some cases an exact summation 
has not been effected, it is desirable to explain the method 
usually adopted for approximate evaluation of such summations. 

Defining the symbols #, A as in Differential Calculus, 
Art. 550, viz. such that 


Bug=Ury, and Avy=Ug.4—U,=Hu,—u, or (E—1)u,; 


and also remembering the symbolical form of Taylor’s theorem, 


CU ,p=Uzin, Where a 
we have the following identity of operators: 

L=e?=A+1, 
and it was pointed out in the Differential Calculus that these 
operative symbols obey the same elementary rules of algebra 
as quantities, viz. the three fundamental rules: 


(a) the associative law, 
(b) the commutative law, 
(c) the index law for positive integral exponents, 
with the exception that they are not commutative with regard 
to variables. Hence, bearing this exception in mind, there is 
an algebra of operators bearing formal analogy with the 
ordinary algebra of quantities, and such theorems as the 
binomial, multinomial or exponential expansions hold. 
Let us define another symbol, 5, to be such that 
LU p= Wa yt Ug_at Ugg t..- +Ug; 
where wu, is some’fixed term of the series, 
Then LU 43— LU = Up, 
1. > AU, =U, 


and therefore © represents the inverse of the operation A, 
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which may be written as cor A+; and since A{f(x)-+C}, where 
Cis a constant and f(x) is any function of a, is equal to 
[f(e+1)+0]—[f@)+ C]=f(e+1)—/(2), 

so that the constant disappears, so in reversing the process, if 
such reversal be possible, we must restore the constant, so that 
we shall regard Lu, as A-tu,+C where C is an arbitrary 
constant to be determined in each special case. 

In this respect the symbol of finite summation, or integration, 


> behaves exactly as the sign [ax of the integral calculus. 


Thus Bile Ot py MeOH es te 


Now it has been shown that 
ty _ t Bie Bay Boi d 
g—i~ 1 -atat at Tie tert mee (Diff: Calc., Art. 148) ; 
whence dividing out by ¢ and writing D in place of t, we have 
the following equivalence of operators, viz. 
11 _1,8, Bs ns 1 Bs ns_ 
Poe ee: al gay Le 
in which all the operations on the right side represent direct 
differentiations except the first, which represents an integration. 
Applying this to any function of 2, viz. uz, 
1 B, du, B, @u, , Bs; ux 
Batg=C+ |tede—5 we +5! 2 ae dx? +E dx? essa 
For this and many other formulae derived from the same 
principles, the student may consult Boole, Finite Differences, 
p. 89, ete. 


932. Apply this theorem to the case of the series 


jee ul 1 
(eater: 
i | 1 
Here tie, Lue=ltgtet +54 
Hence Z 
1 a | deel de 1, Bd 1 ee rk 
Lt ptgttiait e+ | a +5 ge(a) a 7ag)t 
ee 


1 
=C+log.tts—9 . a Sa oe . ate 
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The constant C must be determined in such examples, either 
by reference to some known case of the summation, or by 
absolute calculation of the result for a particular value of zg, 
and when once found, the formula can be used with the deter- 
mined constant for summation for other values of z. 

In the present case, putting z=a , 


C= hi (1t+5+ a Ms +2 —log z) = Euler's constant=y. 


If this be available (see Art. 897) the series can be used for 
the calculation of the harmonic series to any degree of approxi- 
mation required. If C be not available take the case x=10, 
and insert the values of Bernoulli’s coefficients, viz. 


B,=}, By=s5, B,=2:, By=s5, B,=ds, ete. (see Art. 879). 

Now 

I+3+$tttht+3474+34-$4 Po= 2928 968 254... 

Also log, 10 =2'302 585 09; 

.. 2928 968 25...—2°302 585 09... 
Deri ea te. ae 
‘626 383 16... =C+°049 167 496; 

*, C= 577 215 66... (Euler’s constant), 


which is correct to eight places of decimals. 


l 
See 


Hence to the same degree of approximation we may now 
proceed to sum the series to any other number of terms by the 
result 

il eae te Le tBe ty ee 
l+5+ Rare Ss a 57721566... log.¢-+5-—5 a+ 7p ete. oe 
It will be noted that to obtain eight decimal places of Euler's 


constant only three of the terms on the right-hand side affected 
the result. 


933. Take the case 
1 
37 


1 1 1 1 
intont tant boa (n> 1). 


Here Un. 
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1 1 ae LG sd walt . 
7) eran comes eco ce at 1 saa 3 1 B; d 1 
ata tet | ong on 2!dxeu™ 4! da\a"]™ 6! das \an]~ 
afk ere! 1 1 m 1 | n(m+1)(n+2) 1 
et aol 2am TQ yar t 7200s gts 


except in the case n=1, when log replaces — 


n= 1 ghrl 
ed 1 1 
Hence yatontgnt ton (n >1) 
eee tl 2 wy Se alee Ct 8) 7 
C n—-1 2? 2 yn 12 grt ¥e “790 ae ans etc., 


and this series can be calculated to any degree of approximation when C 
has been found. 

In the case when n is even, the exact sums for an infinite number of 
terms are known for the earlier values of n. The values for n=2, 4, 6, 8, 10 
are given in Art. 879. 

When this is the case the exact value of C is known, eg. if n=2, 


2 
o=5 (Euler), and 


Ree Dee eee Tee 
Bt gett G — eta 6 att 30 a8 4 


rE a4. o== (Euler), and for even values of n higher than 10, 


C ean 6s found from ee B (See Art. 879.) 

22m) 17 2-* aie 

934. For odd indices we proceed as in Art. 932, and the 
value of the constant is to be calculated, as it is not available 


otherwise. 


Thus, if n=3, 


Leg! 1 eg ee ee eee 


1 
ptgtgt--tis-C-gatas 4 atiga Te at 


Take the case x=10. It will be found to give C=1'202056903... to 
the first nine places of decimals, and to that approximation with this 
value of © the formula can be used for finding the sum of any other 


number of terms. 
The value of C is the sum to infinity, in all these examples, viz. 


r=0 


= aa except when n=1, a case which has been considered. 
935. Consider finally the case 
log 1 +log 2+log 3+... +log 2. 


Here u,=log x ; 
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‘ log (w!)=C+log r+ [ log vdix— 5 log «+ 


liao i Ele ie - 
0 ita 8? +5 ai ae 8 
1 


1 jE ae | 
ER iw Wee i 


= O+ log 2+ @ (log e—1)— 5 log e475 2 — 360 x8 * 1360 


1 le es, Lee sh 
=C—a+x log 2+ slog +75 ——ae5 a+ i590 x seams 


and when « is made very large 
ro 1 
log (W2a7m ate) =C +0 log a+ 5 log a —.x ; 
. C=logn2r ; 
Li j | 


1 1 
slog (15258 .t)= log —2+(w+3)loge+ ti F142 1 wats 


1 1 1 


; a= Le 3608 1260z5 
1.€. 1.2.3...2=N2raatee “e e ane 


1 i 139 | 


1.8. 1.2.3....2=N2rer wre [1 + 12x * 28822 ~ 5184023 oo 


as a close approximation. (Cf. Arts. 877, 884.) 
936. It will be seen that the formula 


B, duz 
DW idee 
will be of the greatest service when methods of exact summa- 
tion fail. The student should, however, test the formula for 
himself in cases with known results, such as 


Du,z=C+ fu da— : Up ete. 


2 2 
P4284... pas Set 
to gain familiarity with it. 
Enough has been said to show that the summations we 
require in the present chapter, such as 


iste ho 1 
S=ptptgt +s (>), 


can be readily calculated, when wanted, to any degree of 
approximation which may be required, without the labour of 
calculating out each term separately, except for a few terms to 
determine the value of the constant. We have, for finding C, 
chosen 10 terms for the obvious reason that the arithmetical 


calculations of the right-hand member of the equality are 
thereby much simplified. 


*See De Morgan, Differential Calculus, p. sll2: 
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937. A Theorem due to Cauchy. 
It is a well-known theorem in trigonometry that 


Ls 22 

cot om at Re 
where R, is a quantity which may be made as small as we 
please by taking m large enough (see Hobson, Trigonometry, 
Art. 293). This is so whether z is real or complex. Also, 
when m is indefinitely increased the series is absolutely con- 
vergent for all values of z, with the exception of such as are 
expressed by z= +77 for integral values of r. 


Writing > in place of z, we have 


1 Si 22 ; 
5) eoth 5 oa 2 da 2 ark mo 
where R’m, like Rp, can be made indefinitely small by increas- 
ing m without limit, and 
1 2 1fe+l 
, cote 2-3 Ge i) 
and can be written either as 


ate re ras Same 1.€ Ng 2 
ey We oat 2 ioe 2 
, ti ee 
Hence 2-4 |g 22 
a Tee ors ee 
re inet: 2 
Now, by division, 
2 i gt = gen gen 
aie a att ae a rasatio= ti an +( 1)" Gaara 


where «= and is a positive proper fraction for all real 


ae 
w+ 
values of z, and the series would be convergent, and could be 
continued to infinity, provided z<a if real, or mod. z<a if z 
be complex. 

Write in this identity a=27, 47, 67... 2m successively, 
and indicate by suffixes 1, 2, 3,..., the corresponding values of 
e, and let S,” denote 


oie bea | 1 
att ge bae 
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Then we arrive a m equations of the type 

ps el 
(2rr)?+22 (Qrr)?? a; = 
and, adding these equations together, 


a 1 Sim S,mz? (omer? 4 (— Rae 
2 EEE ef Oat HD Gaye + aap 


g2n—2 gen 
+...+-(—1)*- “Q Spay t (I gaye 


m 


€ 
where (pp y f 
i 


, 
p2nt2 


and if » be the greatest of the quantities ¢,, €,..., 


r m 1 ; : 
eSint2 <I Dane v.€. € <n, 
and therefore ¢’ is also, like €), €g, €3, ete., a positive proper 
fraction. 
We thus have, taking e? to have its principal value, 
( 1 oe 2S 2S 54) 28," 
GaN OLE Qnje? ~ (Qar)! (27)é 
Dent 


=i = 1) 9= ‘@ a gen 14 (— 1)* (Oar jingit CTR, 


and if we increase m without limit, the series Som, Suse 
being all seer A 


2 


get 


wie 25 waits 25 ar . to ~ NF and Lt Dip 
Hence 
i 1} 28, 28, 
(satay) -geke (Qn)? + ache 
28, 2WSonse 


HD et oe Dee 


where © is a positive proper fraction; or, what is the same 


thing, —— =the same expression. 

Pk ie it 2Son : 

And if we write ny! for Or) we have 

af 1 IP: 

ns | 
2\e?—] DG 

eB Bann pas 

oF =a qi? ge ee “(sal R ee ny! 1,2 
“p 1 1 3) Bo, 
-- =-5- = ae n+l »2n 
z\l—e* 2 2 + (—}) (Qn -+2)!7 9, 


where 0<(0<1 for all real values of z. 
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938. Now Cauchy has shown that Maclaurin’s Theorem 
for the expansion of a continuous function of a, viz. F(w), for 
the case of a real variable, still holds for a complex variable 
which is such that its modulus has a value lower than that 
for which F(a) ceases to be finite or continuous (see Art. 1299). 

The function grits: only becomes infinite for values 
of z which are given by z=2)i7, where X is a positive or 
negative integer other than zero. This function is therefore 
capable of expansion by Maclaurin’s Theorem in a convergent 
series within the circle of convergence of radius 27 for any real 
or complex value of z, whose modulus is <27r, and the form of 
that expansion has been given in ae Cale., Art. 148, as 
=(—+3— ) = = 3s 478 ... to infinity 

Zz ae oe 
or Soi 25 Bae Ba a Bs ey 
and the various coefficients were defined as Bernoulli's numbers. 

This series then is convergent when z is a real variable 
which lies between —27 and +27, exclusive. It is also true 
and convergent when z is a complex variable and z lies within 
a circle of convergence of radius 27. 

And when the infinite series is not convergent, 7.e. when 2 does 
not lie between the limits specified, the series may be stopped at 


any term (—1)""* at 22n-2 and the error is then numerically 
B 
less than the next term, (—1)"3 24.2%". 


(Qn+2)! 
This theorem is due to Cauchy. 


939. Lemma. As a preliminary to what follows re may 


remark that such an integral as ie © a, where 0<0<), lies 


intermediate between 0 sess | de and 6 Ales: > ae, where 0, and 6, 


are the greatest and least values of 6 between w=a and w=. 


Therefore Sae-0('S for some value of © between 0, 


and 6,, and therefore, if @, and @, are positive proper fractions, 
so also must © be a positive proper fraction. 
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940, Now we have established the equation 
i (@)= Flog P(e)= (e Be a8 (Art. 930, 8); 


or, what is the same thing, 


Vets FalogT(e+1)=| PF as—["e-52 ap, 


e-F 


the finite series established by 


Hence, substituting for ae 


Cauchy (Art. 937), 
: d? 
Yet =a Glog P(@+1)= if e-ot[1_6 48 Jaa Ps gop 


xcir-tegnsccn Byte 
(0<@<1), 


1 B 28) Z 1% ) oR. Tad 
3 z+3y xe ee te Gnj! gent 


Aa 6 1)" Bonsy T'\(2n+3) 
(2n-+2)! ants 


0, (0<O<1), 


1.€. 
Vv (e+1)= # log P(e+1)="— gate 


+(—1y2 Si 4 (1) nBantt 9, (0<O<1), 


Integrating this result, 


! * 1 By 
Wet sg log Det 44 log at oe 


B B 
== | \n— 1 aL ee Nn 2n+1 
( 1) aon 2n ( ) (2n+ 2) gente OL 


where 0<0,<1, by the ney of the last article, A being a 
constant to be determined. 
Let z become infinite. Then 


D@el) I"(z+1) 
A= Lt, Tass loge |= Tigee Teeny —log(2+1) | 


ey te log (1 ++)=0, by Art. 911 (3). 


CAUCHY’S THEOREMS. 125 


Hence 
W(e+l)= d de 08 P(2-+1)=log 2+ 5 — ae 
— (1 Fe (— 1 a Oy 
Again integrating, Se Sacral 
log T'(2+1)=A’+<2 (log x—1)+4 log e+ =s ey ee 
Bont Bon 1 


+(=1)" 


(2n—1)2n Ae Tn FI)(Qn-2) a Ow 


(0<@,<1), by the lemma, where J’ is a constant to be 
determined. 
Let x become an infinite integer, 
A’=It,... [log ['(a+1)—ax(log x—1)—$ log a] 
=It,_. [log (/2x7 2*e-*) —(x+ 4) log +a] 


=log J/27. 
Hence 
log P(r+1)=$log 27+ (+3) loga—a4+ 2 2 Fa 24... 
| B B 1 
_])n-1 2n—1 2n+1 
HW titan geet (Waar a inp a wen 
(0<0,<1). 


This result is also due to Cauchy. 


941. The series, if carried to infinity, is known as Stirling’s 
Series. It is divergent, however great a may be. For the 
general term 

Bont 1 1 1 2(2n)! 
(2n—1)2n el Qn—1)2n on (27r)2" 
and the ratio of this term to the pr Bore term is 
(2n—3)(2n— 2) J 
(27a)? xe, 


37 Sen , 


n2 
i.e. ultimately rey and however great x may be, will 


ultimately be > 1 when n is large enough. The formula can, 
nevertheless, be made useful for approximative purposes for 
calculating ['(e+1). For, as in the series of Art. 938, the 
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error in stopping at the term involving ~> a ; has been shown 


Bons 1 
(2n-+-1)(2n-+ 2) a?ntt 
than the succeeding term. And as the ratio of two con- 
(2n—3)(2n—2) So, 

ne Sons’ 


to be 9 


(0<0<1), «we. the error is less 


secutive terms, viz. 


is less than unity 


until (2n—3)(2n— of "2 exceeds 47222, the absolute values 
Son— 2 


of the several terms go on diminishing until this happens, and 
then increase again. Hence the closest approximation will 
be obtained by continuing the series until that term is reached 
which precedes the smallest term. 


942. We have as successive approximations 


log P(t+1) >} log 27+ (a+4) log z—a, 


log D(x+1) < } log 24+ (%+ 4) log a— ee, 
Bo) Boe 
log T(@+1) > } log 27+ (a+4) eras ar San a 
log P(a+1) < slog 2a + (z+ 4) log a—a 
Be ps epee 
tro 3.48156 ge oe 
P ] 
And since By=5, B= a B, 8 49) etc., 
T'(x+1) 
> J/Qrx x%e-®, 
1 
<J2raatetel2, 
1 1 
>VJ2raare-rel2= 0" ete, 
1.e. ‘ 
T(a@+1) 
> /2raxte-®, 
oe Voneate-*(145 is Sear 
— 139 OL 
Q a -#(1 fee = — 
> /2reare tis teqaae 30 (12x)8 Tia“) 


ete. 
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943. In order to facilitate caleulation from the series 
log T' (a+ N=; log 24+ (e+5 ; )log Lx—ax 


fd eI By 
arg eT ay oat. 6a °°” 


it is desirable to arrange so that « shall not be small. 
For this purpose Legendre puts e=4-+a; whence 
log ['(«+ 1)=log w+ log ['(@)=log x 
+log I'(a)+log a(a+1)(a+2)(a+3) 


and 
1 Bi lids Boa) 
Logie (a) =5 log 10277 +(e—5) logos pat 2a moe a8 
Bel 
ree ao login a(t 1)(a+2)(a+8), 


where yu is the modulus of the logarithm tables, viz. 
w=logye= "4342944819... 
Thus, if cea (1:25) be required, e=5°25, and 


logy T'(1-25)=5 logy) 2% +4°75 logy) 5°25— 525 +45 3 oe 


— logy [(1°25)(2°25)(3°25 )(4°25)], 
and by this artifice it is possible to avoid the caleulation of 
all but the earlier terms of the series. We could make 
a=5+ua, 6+a,..., equally well, and the choice is in the 
hands of the calculator. 

Legendre remarks as to his calculations of the seven- figure 
tables of log T(z) with regard to the above: “de cette manitre 
on n’a jamais eu besoin de calculer plus de deux ou trois termes 

mA’ mB. mC 
de la série 953.42 5.60 
approché jusqu’a Rept décimales, dans tout l’intervalle depuis 
a=1 jusqu’A a=2” (Ezxercices, p. 300). 

Legendre’s m, k, A’, B, (’ are what we have called uy, 2, 
B,, Bs, B; respectively. 


ete, pour avoir log P(w) 


944. The Case when x is a Commensurable Number. 
We have established the result 
e-8 


Zler@=((G-- > ,) dB. (Art. 930 (7),) 
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And we have seen that Euler’s constant y is the value of 
—# tog [(z) when w#=1 (Art. 911 (4)) 
: Seat one ) 
that is Dice =i (ea are, dp. 
Hence, adding 

d * e~B_¢- Be 
ag oS Pety=| rere UB: 

In the case when z is a commensurable number * this 
integral can be reduced to the integration of a rational 
integral algebraic expression, and the integration effected in 
finite terms in terms of the ordinary algebraic, logarithmic 
and inverse circular fnnctions. 


Let af , where p and q are positive integers, and let ¢-#=?4. 


d 1 gq ¢p 
Then dz oS P@)ty=al yet 
and the integrand is a rational integral algebraic function of t. 
If q=1, ie. if x be an integer, the value of £ tog I'(z) is 
given by 


— p21 


deere e fee, 
dn 08 wW+y=I. = 
=| (4tted.. $4 at 
0 


Pes lie E 1 
ti GaAs eae 
as might be expected from Art. 911 (2). 
945. Expansion of I'(a@-+1) derived from the Integral Definition 
(De Morgan). 
The expansion of log '(1+-2) in powers of x may be obtained 
directly from the definition of T'(1+2) as | e-"y* dy. 


For we have Lao 


=v", 


| 


Hence T(1+2) =Lt.o| fast ak dv. 


0 a* 


*See Serret, Cale. Intégral, p. 184, 
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Let e~ w= y, Then yt es and 
¥ 


1 ph 2. 
P+a)=Lt aly" ‘(l-y)*dy 


1 1 
=i ai B(-, e+ 1) (Let ==, a positive integer. ) 
= T(d)C(e+1) 
=Jt,..0%" —— 
baad T(b+a2+1)’ 
1.€. Ltpand™ PEEP ET =1; 


ae (a+b)(a+b—1)... (e+1)P(#+1) 

o b=a0 == | 
(b—1)(b—2) ...1.b## 
1.e. 

x ; 
log P(1-+2)=Le| xlog b—log (147) —log(1+3)—...ading | 
or, expanding the logarithms, assuming «<1, 
log P(+2)=Lt| —(F+5+5+ +4—logb) a 

Mae bay” 


de itat get) 


and when b is indefinitely increased 
a oe a 
log T(1+2)= —ytt Soa —S, 3 tS a 


for values of x, Uf nag il 

This investigation is due to De Morgan.* 

It was felt desirable to deduce this series directly from the 
integral, rather than to base it upon results deduced from the 
property T(a¢+)=2I'(a), i.e. the difference equation Wz41;=VUe, 
inasmuch as Legendre’s tables of the values of the Gamma 
function are derived from this series and others obtained from 
it. And in default of direct derivation of the series from 
the integral itself, some doubt might be felt as to whether 
Legendre’s tabulated results were the values of the integral 
itself or the values of the integral multiplied by some periodic 
function of x whose period is unity, which, as explained in 
Art. 863, would equally be a solution of the difference equation. 


* De Morgan, Diff. Calc., p. 584. 
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946. From De Morgan’s investigation given above, the 
formal identification of ['(z+1) with II(«) for all positive 
values of 2, may proceed as follows: 


T(t) = Ltyann®|(1+$)(1+§)... (142); 
. log II (2)=Ltyen| log u—log(1+*)—log (145) —.. 


—log (1+%)|, 


and if <1, =—yot att... 


*. Il(z)=P(a+1) if x<1 and positive. 
If a lies between 1 and 2, say z=1+€, then, since 


MENON aa nw -r0eH0<EN 
it follows that II(1+£€)=I'(2+8), 

1.6. II (x)=I'(1+2) when z lies between 1 and 2. 
Similarly if x lies between 2 and 3, ete. 


Hence, for all positive values of x, II(z) and ['(1+2) are 
identical. 


a 
947. The Integration of | e~*v" dv, (a not infinite, n>—1). 
0 


In considering the integration of e-*v"dv between limits 
0 and a, where a is not infinite, we must have recourse to either 
(1) an expression in series 
or (2) a continued fraction. 


a until qa 1 ‘a 
=— —vayn ay —| ev. —vayntl 
(1) Tale udu [¢ i as fe umtldy 


C20 ae 
as n+l talent, 

and by the continued use of this rule, 
e %qnt a? 3 


a a 
n+l [+ atat epee EE EES 
ad inf.], 


l= 
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a series which is always convergent for any finite value of a, 
but only slowly so if a be >1. A little consideration will 
show that the integral remainder is ultimately infinitely small. 
Or we may proceed thus: 


Let Ins etvrdv=| ero" | tnd 
a a 


=e—*a"+ nd q_1; 
whence 


J ,=e7*a" Eee a oa ES =| 


a’ 


+n(n—1)...(n—r)Jy_,-4- 

If n be a positive integer, the integration can be effected in 
finite terms. But if n be negative or fractional, the series on 
the right-hand side is divergent if continued to infinity what- 
ever a may be. The terms however ultimately take alternate 
signs, and when such is the case, and when there is convergence 
for a certain number of terms, and then ultimate divergence, 
we can apply the principle adopted in Arts. 938, 941, the 
convergent part making a continual approximation to the 
arithmetical value of the function under consideration, and 
the error being less than the first term omitted.* 

If then J,, be thus approximated to, 


i dv=( {, -|) e-*u* dv, 


and I,=T(n+1)—Jd,. 


948. (2) De Morgan has shown how such an integral as ‘ e- tv" dv can 
be converted into a continued fraction. ; 


When this is done e-’e"dv=T'(n+1) -{ e-*v" dv, as before. 
+0 v 
Let [ e-*v"dv=e-"v" V, where V is some function of v. 
Then differentiating with regard to 2, 
ae e-’y"=e-"v" V'+ne-u™! V=— e-?’y" V ‘ 
- vV'+nV-vV=-2, 

or vV'=(v—n) V—-». 

Consider the equation 

DV! =(V— 4) V ~ VEO V2, ceeeerereeeee er teenerennees (1) 


*De Morgan, Differential Calculus, p. 226 and p. 590. 
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Putting V= . we derive an equation 
1 +k, = 
OV =(U— Gy) Vg — 04 Og V a3) ccocnecrescn+ocesaeverae (2) 
where b-a,=h,, b,=k=b,-a,, ady= —(a,+1). 
Putting V,= v in equation (2), we derive an equation 
1+k,—? 
Vv Vix oS (v == ds) V, =o + bs V24, Cree rrrerccesssrersesoes (3) 
where bg—Ag=hy, bs=ky, as=—(a,+1), 
and so on. 
7 LL koe ho hou 
mee eetiee ae Li 
In our case 
a,=N, b,=0, k= -—n=),; 
a= —(1+n), b= —N, k,=1=) ; 
a=nN, b,=1, k,= —(n-1)=h, ; 
a,=—(n+1), b= —(n—-1), ky=2=bs ; 
a,=N, j=), k,=2-—n=b, ; 
eben; 
whence 
- rts aero 1 nv vt (n—1)v Qu (n—-2) ] 
io ag tae 1-2 te ee hey xetenll 


The expression converges rapidly for large values of v. 
The process above employed by De Morgan is similar to that employed 
by Boole, Differential Equations, p. 92, in the solution of Riccati’s equation 


dy yee a 
v7 ey + by =en", 
The equation we have just solved is a very similar equation, viz, 
di 
a tay —biy= —a@+ny. 
949. More generally, consider the differential equation 


dy 
2 i 
P+Qy+ Ry +8 =0, 


where P, Q, R, S are functions of wv alone. 


Let X,=Ax*, Xy=Br®, X,=Cx", etc. 
Take 71, 2, Ys, ... Successive new dependent variables, such that 
eX 5 ee ~ 2&& 
I~Tey,! ATH y,! TH ys” etc. 
Then when A, B, C,... a, B, Y, --. have been properly determined, we have 
fee BaP Ox 


~ 1+ 1+ TH...’ 
viz. a solution in the form of a continued fraction. [Lacrorx, t. IT., p, 288.] 
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To begin with, using accents for differentiations, 


ae! +71)-Xiy'y , 


(+%) : 
2 
‘ P+Q;5- +RGSt pts = tn: Fra =o 
te. (P+QX,+ RX?+8X',)+(2P+QX,+8X',)y,+ Py,?- 8X,y'1=0, 
or Py+Qurt Ry? +81y'1=0, 
where Py= P+QX,+ RX2+S8X’,, 
Q1=2P+QX, + 8X’), | 
Ree P. | 
8,= —SX,. 


At the second substitution, viz. nap the differential equation 
becomes 2 
Pt Qry2t Roy? +829'2=0, 
where P,, Q,, R,, S, are formed from P,, Q,, Ry, S, in the same way as 

the latter were formed from P, Q, R, S, and so on. 

Again assuming the expansion of y in powers of x to be of the form 
Azt+A,x-+14... and the expansion of y, to be Bx8+ B,xv8+1+..., and 
so on, we can by substitution in the several differential equations they 
satisfy obtain the values of A and a, B and 8, etc., by an examination of 
the lowest order terms occurring, and thus express y in the form of a 
continued fraction. 


950. Development of 1 (a+x)= oe Ta 8 I'(a+) ina Factorial 
Series. 
Since 

Ay(a+e)=W(at2+1)-¥(a+2)= [log P(a+a41)—log F (a+2)] 


d 1 
a pes ad rear 


we have 

ee: ie (Ser) 
Ay (a+a)= Sere atx+1 a+e (at+x)(a+e4+]1)’ 
<a (=1)(-2) 

ate  (at+x)(a+at+1)(at+a42)’ 


A'y(atn)=A 


and generally 
Any (at2)=4" 
Let 
Wi(ata)=A ty 4t Ae 5) ay he Aa +A 


1 (De (aa tht 
atx (a+a)(ate+l1)...(a+z+n-1)° 


a 
nait 


where x =a(x-1)... (e—n+1). 
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gl af?) 
Then Ay (a+a2)=A,+A, pit4sayt> 
of) a?) 
A*y (a+ 2)=Ast+ Ay + Ags, + teeny 
etc. 
Hence 


Ay=y¥(a+0), A,=Ay(a+0), A,=A*p(a+0), ... etc., 
where A"y-(a+0) means the value of A"\-(a +2) when z is put =0. 
Hence 
ad eS x 1a(%—1), 1 x(%-1)(x-2) 
¥(ata)= 7 log T(at+e)=¥(a)+>—3 a(a+1)' 3 a(a+1)(a+2) 
_1 x(x—-1)(e@-2)(% 2) 
4 a(a+1)(a+2)(a+3) °°"? 
a series which will terminate in the case when z is a positive integer 
and is in any case convergent for real and positive values of x and a. 


The value of (a), i.e. © Vog,T (a), can be found for any particular 


value of a by means of the series 

ad th: 1 3B, 8, 

a8 log, (a+ Y)=log.e ts) 33+ an ete. 
of Art. 940. 


951. In the case when a=1, we have 


v(l+2)—9()+ 5-5 Se, Lae e=2) 


2 21 3 3! 
1 &(a—-1)(x%— 2)(@—- SS 
4 4! ca 
and —¥(1)=y (Euler’s constant). 


Since Ax =na"-), this may be written symbolically as 
1 1 1 1 
v(1 +2)= -7+A(R-gtsG- ft c= — ytA log (a +k) x, 


: d E 
t.e, gale P(+2)=—y+A log (4) a. 


952. Other properties of the y function are: 
Since '(x+1)=2I (x), we have by logarithmic differentiation 


v@+1)-Y@)=2. wig sisi lsina jesse oe RRC RR ORES (a) 
Since I(x) (1 mis) nies we have similarly | 
¥ (2) — (1a) = — Cob aM, 0... cccscocccscocesesenes., (b) 


Since 2* T(x) T(44+2)=2V7 I'(2z), we have similarly 
¥(2)+Y(h +2) =2(22)— 210g 2 ceecccccecceceees ...(¢) 
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Since 2 T(x) r(+;*) <a. ie (3) , we have similarly 


ur 2 
Biase 


1l-@ x T ur 
va)-av (45) =49 (2) +1og 24-3 tan 2, PN od ox (d) 
1 2 et a ened 
Since D(x) T'{ x +7) ER THe) oes y (2+ yar ne+h(Qer) 2 I'(nz), 
we have similarly 
Y(z)+y (+4) ty (et) 4.44 (242) ny (ne) —nlogn. (e) 
953. The equation Ay(a+z) = is of considerable service in 
summation of series. 
1. A sum of the form 


d + + L +... to m terms, viz 
a+b a+2b' a+3b °°" Ce es 


can be written 


= @+9D 
i= I 1 a 
“pez —- 524 (5+") 


7 
“IL 4 (G00) P-HL4 (Genes) (G4) } 


2. A sum of the form 
1 1 1 1 


= — - ... to 2n terms 
8 a+b aah’ a+3b aeap 
is dizghh ok. 
es 1a—b 2b 7 od 
aaa 2 


=a L(t) ale et) I 


1 
Eg. (a) P4+hth+t+.. te 4G 
=1'3 ph -1S avatn=i[vatn] -iya+m-¥@) 
0 0 0 
(b) }-44+3-4+44 inf. 
o 1 o 
“terre t ei 
=}2EAy (}+1)- FAVE +9) 


vat] -tLyvarn] 
=1y@)-¥ 0) 
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But by (6) (@=f),  ¥(Q)-¥Q)="; 
‘, the series is=4, 
which is well known otherwise, being Gregory’s series for tan~*1. 


3. Sum the series 


Here pe 
=43Ay(b +r) -FEA9(1 +1) 
=3[va+n] -a[ vata] 


=3((1)-¥())- 
Now by (¢) (@=}), (1) + (4) =2(1) — 2 log 2 ; 
“ ¥0)-4)=2 log 2 ; 
“. S=log 2, which is well known otherwise. 
We may note that it follows that 


¥(4)= (1) —2log 2= —y—2log2 
= — 0°5772157 — 1:3862944 


= —1°9635101.... 
By (), WG) +9 (2) = 2G) — 2 log 2=2{(1) —2 log 2} ~ 2 log 2 
= —2y—6 log2 
and ¥(2)-¥(d)=7. 
Hence ¥(2)= 57 — Slog 2, 


Wi)= —F-y-Slog2 
and ¥(3)= —y—2 log 2. 


954. Gauss has established a remarkable result, giving for the function 
Y(x) the value of ¥(1—2) +(x) in a series of trigonometric terms in the 
case when wx is any commensurable proper fraction. This result taken with 

(1 -—«)-(x)=7 cot ar 
will enable us to calculate the Value of (x) in all such cases. 
The theorem is given by Bertrand in Art. 307 of his Calcul Intégral. 
For shortness we shall denote 


log x by la, ¥() by ¥,, cos76 by c¢, log 4sin® = by Z,. 


Then when Pellegr or uae ay AO Og 
q q q q 


Cg = Coq = Cag=-..=15 Copp =Cogig =... = Cy Attu t= Ze,=0. 


GAUSS’ METHOD OF CALCULATING y(x). 137 


Writing the fundamental équation 
“4 1 1 
Y(2) = Lita | log n= >= aos gn | as 
ea PS Cg is eer 1 
(x)= (11 tina teres Foes ‘acl aenel * <* er po 


and putting a=", where r >} qg, and both are positive integers, we have 


Boles pi) ect gotten) (ate 
eo (1-2) 413-4 ae) (Ua) te 
Taking r=1, 2, 3,...q in this equation, multiplying by cos 0, cos 20, 

cos 36, ... cosqg@ respectively, and adding, we get 


eo Sa-Hfs) (Bd -fyen) eG Sat) 
erPe=( Sell zor +(Zely voter +o Zeyl e aan ae 


Now the coefficients of log 1, log 2, log 3, etc., all vanish and since ce=cy4,, 
etc., the remaining terms form a continuous series to infinity, viz. 


| $4 S Caer gS Late j=-a3 2-8 a | 
q[ S2+ bot + Soe +. q2- 9 log 4sin a5 li 


: q 
- Leobe=5 Ly ’ 
1 
viz. an equation connecting Wj, Yo, Ws, --- Pet» Woy the last of which terms 


is v(2)=¥a)= —y, where y is Euler’s constant. That is 


CW t Coates Wat +--+ Cg Wo = {T+y. 


So far 6 has stood for any of the quantities = - pe OLED —. Say 


the first. Then similar results will hold for the rest, ze. if we take 20, 
30, ...(q-1)9 in place of 6. We thus get q—1 linear equations from 


2 1 2 q-1 é 
find (*), 6) s (—) viz. 
which we can find y J y oF y oes 
CWit Capat...+ CpYpt... + Ogg Vong bine CaPer=Ehty, 
CeWit Cat... t CpWpt-..+ Cxgap) Paap +++. + ergy ¥o-a=Elety; 


q 
Cg Wit Cofat... + CspPpt-.-+ Cxq—9)Vo-p t +++ + Csq—p Ye = 9 Lat 7s 


Paice od staat eau nia a Ud Bia Sled gie am Sa) a AH Sieraleim Al ie Ais. O/H w eTHim/a Mig. sle(e' sie eie:tins-SigPiniele m5/8 8 


bole 
NS 
Py 
t 
ny 
= 
=< 


C914 + vee FC(q-1)p Yot..t+ Cg—1q—)Wa—p + ++ + C(q1)\a—-1)¥ o-1 = 


and in addition we have 
CoWit CapWat +--+ CopWp + ++ + Cgigp) Pop Foe + Cqlg1) ¥a-1 = ~— (4-1) yy -— Glog g, 
which is merely a case of the identity (¢) of Art. 952, for the coefficients 


cos gO, cos 248, etc., each =1. 
To soive these equations we multiply them, and the identity, respec- 


tively by Cp, Cap) Caps +++ Cap 
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Now note that Crlu + C9n Cry, +03, C3, +++» +09, ¢,, for any integral values 
of A, w (the last term being unity, since g@=a multiple of 27) 


q 
=4 p2 CA+ur +o » Cpr i 


and that each of these sums is zero, except in the two cases A+ p=a 
multiple of g, and that in the cases we have to consider and peach range 
in value from 0 tog—1. Hence the only cases of this kind are when A=p, 
or A=q—p, and both would happen if A=p=q—y, ie. if g be even, and 

| 
A=p= 3° 


q ; g us 
If A=p, 43 ayy = $1 =! ; ifA=q-yp, atu =F 21=$, 


MQ AQ 


gy q 
and when q is even and A=p=%, $2 cag-uyr th Zine. 
“ x 1 


The latter case will occur when, g being even and therefore q—1 odd, 
there is a middle term in the system of unknowns, viz. ¥,=y._»=y(4), 
and the case need not be distinguished from the others. Thus, after multi- 
plication by ep, Cap, ... Ggp and addition, the coefficients of all the unknowns 
vanish except those of y, and Y-», and the coefficients of these terms are 
each - ; and if g—1 be odd and p=, all vanish except that of (4), which 
is the middle unknown of the series, and the coefficient of this term will 
be g. 

And on the right-hand side we have 


Z (Cp LZ, + CopLat+... FC(q_y)p Lg_y) + y(Cp+ Cop + ++ tlgp) — Gyo — Glog q. Cop 


=f (cp Ly +¢epLe+... + C(q_1)p Lg_1) — Gy —q log q. 


In the bracket, terms equidistant from the ends pair, but if g be even 
there will be an unpaired term left in the middle of the series. This term 
is 4 cos 470 log 4 sin? e which reduces, since q0=2r, to q(—1) log 2, 


Hence the right-hand side becomes 
q ia Ly + CypLg+...+ ei, 14-1) —@y-qlogg (q odd), 
2 2 


or gq (c Ly 5,0... +642, Iy-2)— ay —qlogq+q(—1) log2 (q even), 
2 2 
We thus have 


¥(1 250 v(2)=2 ee oe L,- y— log a} (¢ oda), 


(a=2)2 
or =2 x Crolir—y— log q+(—1)" log 2} (q even), 
and this, as pointed out above with 


H(t-2)-1(t)-ratf 
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will enable us by addition and subtraction to obtain both 


1 and = 
v( q v q 
for any integral values of p and q (p< q). 


It will be observed that these theorems give the tangents of the 


slopes of the curve y=log I‘(w) at equal distances on opposite sides of 
the ordinate at r=0°5. 


Ex. If p=, q=3, 
¥(8)-Y(})=7 cot = 


v3’ 
9 
YO) + ¥Q)=2[ —y—log3 +e0s 7F log 4 sin? | 
=2[-y—log3—4 log 3] 
=—-2y—3log3; 
- ON cae a 2} Py. 
¥ (8) He S208 24/3? 


Tv 
¥(3)= mY a tera 


955. List oF RESULTS. 


As the results obtained in the present chapter are very 
numerous and necessarily scattered over many pages in the 
gradual development of the theory of Eulerian integrals, it 
may be convenient to the reader to have the principal facts 
arrived at collected together for ready reference. A synopsis is 
therefore added in two groups, the second group referring 
more particularly to the y function, which entails some 
repetition. 


Group I. 
L 
1. Bil, m)= Bim, »=| x1 (1—a) "1 da. (Art. 857.) 
0 
; —1)!(m—1)! 
2. If 1, m be positive integers, Bil, ae ToD : 


If J only be a positive integer, 
G—1)) 
(m-+1)...(m+l—1) 


Bi, eee (Art. 858.) 


n gil 


= gm ee 3 9 
oe Bil, m)=|_ a=], (1+a)™ da. (Art. 859 (( ).) 


4, i (e—b)(a—2y"* dx=(a—b)'+™4B(l, m). 
? (Art. 859 (4).) 
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x pd q+1 
5. eer 2 )r ( ) 


- At: (Arts, 859, 869.) 
or (Pray. 1) 
i sin2-1 9 cog2™-19 2 
6. |, a cost OLB aintoyre 19= saab m). (Arts, 859, 869.) 
if r(n)=| ale" da, Lie aan x"—le—ke dy, 
0 


] x 
spe ea , (a) =Lt,-2 
ics 


Lod. 
(oF I) a-$2)..-(0-F a) 
(Arts. 854, 864, 874, 889.) 
8. P(n+1)=nT\(n)=II(n). 
II(n+1)=(n+1)II(n) (Arts. 860, 890.) 
Th) =/r=(—}). (Arts. 864, 882.) 
10. P(x) (1—a)=- coseec ar =] (—x) II (a—1). 
(1+-2) [1—2)=2x7 cosec xr (Arts. 872, 893.) 
T gi-} a 
n-1 
Dee n—1\ (24) = 
v2. r(-)r(2)r(2)...r = ert _ (Art. 873.) 
13. a P(2)P(«+2)0(e+=) 


( +21) —P(ne)(an) F nb, 
P(@)P@+4)=sn-0 (22), r(Pts reas T(p+1) 


(Arts. 903, 905.) 
ee eee 
14. Lt. ll (Art. 877). 
eee 
15. Tonmnmem 2d 


ee. (Art, 884.) 
16. y=0°57721566...=Ltyea(4-+5+-. +5—logn).. 


(Arts. 897, 917.) 
17 | log P'(a) de=log poee 


-(a+n—1)*t-1 (27)z | 
e 


gteed — 


(Art. 910.) — 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


i) 
Or 


26. 


28. 


d 
7 log P(2)=Ltya-| log n— 
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= Ddcs 


eee ae 1 
ag SP @)—Fat eit pay 
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od 1 a i + ie 1 ] 
a+-1 £+2 “" «+4+n—1 
J+. ad in 


h(n) a 
he (Fens pt lor n)= 
log .(1+a2)=—yz+S8, 


log '(1+2)=}$ log 


hoes ao at 
g Ss 3 tS. 7G - 


f 
(Art. 911 (5).) 


ad inf. 
(Art. 911 (1), 


(Art. 911 (3).) 


© sin or 


=(§,=1)5-G-)5-.. 


(Arts. 911, 916.) 


—tanhz+(1—y)z 


(Art. 919.) 


Min. ordinate of y=I'(a) is at z=1-4616.... (Art. 922). 


log r@)=|, alert 


d” 


agp 0g T(e)= (—1) 


, 


See! 
jet get Bet 


eB e~ 


" £ tog T(2)= . a eer 


also -(. {era a+ ey 


2. 


e-f— e-# dp 
oe B : 


os) 48: 


| or eee a 


~ 21 (p) 


oo peti 


i a 


=r 


(Art. 930 (6).) 
(Art. 925.) 


(Art. 980 (3).) 


ae se ; dB (n+2). (Art. 930 (9),) 


pre” 2 
Tle in 


9 sinh y ae 


Bona = 


Ey=(= 


a 


2 


7 


+ 


2n ge 


(22"—1)7?"J9 sinh Ba 


) | Si 9 cosh Aan dp. 


ae areal, cost fa 


soul 


dB. (Arts. 928, 929.) 


potee. e778 


‘sinh 78 ap 
(Art. 929.) 
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1 B, du, B,@u, , B, du, 
Bite C+ usde—3 tat 3! de hl as? Gl de 


(Art. 931.) 


d eB. B 
30. aq log I(2+1)=log x+ yn Fait det 


(- Bt S—(— I ptt, ae (0<O <1), 


on qn (2n+-2) 
(Art. 940.) 
ls Rot 
31. log (e+1)=$ log 24 +(«+4)log « mop Pee Ee 
Bona Laat 1 


RAIA Yor in Ge git (—1)" oa) an pd) ame O 


(0<O<1). (Art. 940.) 


go. beta yg Lae Ul eee 
 Viraare® 120" 2(122)? B0(12z)* 120(12a)8 


See also No. 15. (Art. 942.) 


Wreane 


956. II. Group or y ForMULAE. 
Since the y--function, viz. Y@=e log I(x), is a very 


interesting function, and very useful in itself, we gather 
together the principal results which refer to this function 
in particular. 


CG@) 


1, W@=h Gy a Pitan logn—1— 1 


rs aa saci} 
(Art. 911.) 
2. W(0)=—0, W(1)=—y, W(1-4616...)=0, Ye(o)=o0. 
(Arts. 911 (3), 922, 923.) 


Wa) —W()= (7-3) -#(5—-ztg)+ (Gat) +. 
(Art. 911.) 


ow 


i 
ee ceptor Tyre: 


“AG fee e-*B aN Wek | a 1 dB 
ve ae) a= [loathe 
(Arts, 925, 930 (3) and (7).) 


4. Wy"(a)= a (Art. 911.) 


Or 


19. 


20. 


vat (et})+y-(et2)4+..4¥ 
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yo=|. tie dB. (Art. 930 (8).) 
ie Be oe 
. W(«+1)=log bee at Gat Geo (Art. 940.) 
We+1)=2— eS ee (Art. 940.) 
ea (Art. 944.) 
. (“)+y= (= a be We? (x integral). (Art. 944.) 
. W(14+-a)—Y(1+b)= pe aa dt. (From 10.) 
Ay(ata)=. (Art. 950.) 
V@t)—V(@) ==. (Art. 952.) 
. W—2)—W (2)=7 cot a7. (Art. 952.) 
. W(4+2)—-Y(4—2)=7 tan or. (From 14.) 
_ W(x) + 4+ 2) =2y- (2a) —2 log 2. (Art, 952.) 
. W(x) w(FS )=W(§ ) flog 24+5 tan. (Art, 952.) 


n— = 
n 


=n (nz)—n log n. (Art. 952.) 


La(@—l), la(a—1)(z—2) | 
at ie va)+o— 2a(a+1)° 3 a(a+1)o+2) 


(Art. 950.) 
B40 
P™ log 4.sin® =| (q odd) 


q-1 
1 2Q7 
=2 jy! -f- cos 
Ly) *'e py (Art. 953.) 


etc. 


T log 4sin?~ | +1 pP2log 2 


q-2 
2 =E 
— pet eos 
al v( )—log a+ >) geen 
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957. Table of Values of S,= ote at as Sta rile . ad nf. 


up to p=35, which is the io in bt tenth decimal 
place is affected ; all remaining ones to this approximation may 
be regarded as =1,. (De Morgan, D.C, p. 554.) 


S, to sixteen places of decimals. 


aS 


0°57721 56649 01532 9...+log « (Euler’s Const. + «) 
1°64493 40668 48226 4 
120205 69031 59594 3 
1:08232 32337 11138 2 
1:03692 77551 43370 0 
1:01734 30619 84449 1 
1:00834 92773 81922 7 
1:00407 73561 97944 3 
1:00200 83928 26082 2 
10 | 1:00099 45751 27818 0 


OCOBIMDTIRWNH 


31 1:00000 00004 65662 9 
32 | 1:00000 00002 32831 2 
33 | 1°00000 00001 16415 5 
34 | 1:00000 00000 58207 7 
35 1:00000 00000 29103 8 


26 2 

Boe 

ES 

o un 

8.8 

=. 

SS gee 

o . . 

a=) ” 
11 | 1:00049 41886 04119 4 Ke FS 
12 | 1:00024 60865 53308 0 =e SS 
13 | 1:00012 27133 47578 5 22 2a 
14 | 1:00006 12481 35058 7 oe eee 
15 | 1:00003 05882 36307 0 mm OS : 
16 | 1:00001 52822 59408 6 ie 
17 | 1:00000 76371 97637 9 #3 8292 
18 | 1:00000 38172 93265 0 6 ie ee 
19 | 1:00000 19082 12716 6 fe 1 BAR 
20 | 1:00000 09539 62033 9 3 SESka 
21 | 1:00000 04769 32986 8 Sars ies 
22 | 1:00000 02384 50502 7 eae Ai 
23 | 1:00000 01192 19926 0 ae PORr8 
24 | 1:00000 00596 08189 1 g's og fh 
25 | 1:00000 00298 03503 5 eo aS 
26 | 1:00000 00149 01554 8 oA : 8 
27 | 1:00000 00074 50711 8 43 S 
28 | 1:00000 00037 25334 0 a 5 i 
29 | 100000 00018 62659 7 gs = 
30 | 1:00000 00009 31327 4 BS 2 

@o oq 

Z| ~~ 

"e 


16th, 17th, etc., . 


PROBLEMS, 
1. Show that (i) rwTO=F 5 (i) PQ)T)=et9t Pea). 
2. Show that 34{T\(2)}?=7?2* 1(2). 

3. Show that P'(-1) F(-2) 1'(-3)...7'(-9) =! 
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_ 4. Show that 2"P(n+3)=1.3.5... (2n-1)/z, where n is a posi- 
tive integer. [Oxrorp IT, P., 1888.] 
5. Show that ['($-2) P($+2)=(} - 2°) w sec ra, provided 
-l<2zr<1. 
6. Show by means of the Serguei zy=uU, y=uU+y, that 


a — xym—lym(] -y)* 
in (dl Ss ry )eraql = de dy = Bim, n). 
[Cotn. y, 1901.] 


1 
7. By means of the integral | aml (1 — 2%)"da, prove that 
0 


hei peek te: 1 (-1)" 
(m)ni (m+a)(n—1)!1!* (m+2a)(n—2)191 °F (m+na)n! 


a n 


~ m(m+a)(m + 2a) ... (m+na)’ 


(St. Joun’s, 1884.] 
nil (= =) 
Show that this integral may be expressed as ee : 
al ; ++ 1) 


8. Show that the product of the series 
In) = ae es 3.5 1 


aL | 
and 9 Ss 5} 5 a 
[CoLLEGES a, 1883.] 
9. Prove by the substitution 2 =€ that 
1. Bas a SF era q2nt dy, 


D426. 5 0 0 


es) 
| e~22ndz = s/x - 
0 


where n is a positive integer. 
[See also Art. 223 (5).] [CoLtuaes a, 1890.] 


10. Show that if K be any positive constant, 
- 1 K 
{" ig Geren = yt dz dy = | ( ts De ym—l dy , | ev yltm-1 du, 
0 0 


o Jo 
and by proceeding to a limit express B(/, m) in terms of Gamma 
[Oxr. II. P., 1902.] 


functions. 
11. Show that the sum of the series 
1 1 m(m+1) 1. m(m+1)(m+2) 1 


Parra al are es 9 n+3 3! n+4 


is T'(n+1)T(1-m)/T(n—m-+ 2), 


where n> —-1, andm<l. (Coun. y, 1899.] 
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x 


4 
12. From the value in Gamma functions of | sin? 6 cos? 6 dé, 
0 


show that i 9 
wr (P4}) p (PE?) — Varin 1) 


for all real values of p. [Trinity, 1886. ] 


13. Prove that j e-“ dz =e x 009811 nearly. [Trivrry, 1896.] 
5 


14. Prove that 


1 = 
ns rer ie 6) 
nN n a 
(147) (145) (045 


) [OxForp II. P., 1888.] 


naa! (1 5 =) 
and =T(n+1)= ————, 


[Oxrorn II. P., 1903.] 
15. Show that, when = is positive, 


=, ING), ca Qn! 1 
924-1 = SS SS Wott 
22a B(x, foe ayeres nao22"*n!nlatn 


(Matu. Trip., 1897.] 
16. Prove that, if 2 be positive, 


1 Ls 1.8.5 Val? 2@)ae 
o(*)’ see sey to s Wea . 
2 3 4 
[Matu. Trivos, 1897.] 
17, Show that, when 2 is a real positive quantity not greater 
than unity, ® 1 
eT (x) =f (a) + 


2, a(z+1)(a@+2)... (~7+n) 
where f(z) is a function of # not greater than unity. 


[Marn. Trrpos, 1897.] 
18. If n lie between zero and unity, prove that 


7 


= 
| (tan 2)"dx=1——"__ 
0 


(Cot. a, 1890.] 
19. Show that the perimeter of a loop of the curve 7 =a"cos 06 is 


1 
at (ea)I(e}) 
n 2n n 
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20. Show that if 2, y be a point on the ellipse a?/a? + y?/b?=1, 
and 2r be the conjugate diameter, and the integral be taken round 
the whole perimeter, then 


mahi 7 P(l+ 1) “ab [ContaceEs, 1892. ] 


21. Express in Gamma functions 


1 1 
| (1- a” )n dle. 
0 


(Trinity, 1896.] 


22. Express in Gamma functions the area of the curve yc? =az° 
(¢ > 0) for positive values of x (0 to «), also the volume generated 
by its revolution round the axis of a. [Sr. Joun’s, 1883. ] 

23. If 2sinnrT(n) h(n) =(27)"h(1- 2) {(-o" 14+} where 
t= J -—1 and ¢(n) is some function of n, prove that 


n S 
r (5) x34 (22) 
remains unaltered when | — 7 is written for ». [CotLEcEs a, 1881.] 


24. Prove that 


i es cal ee eee Mes eae ] ey7) 
Jie eet te ta tls Lt clo ft a 


[De Morean, Diff. Cal., p. 591.) 
25. Prove that 


Pee, eat ot ot ol Qo} Qe} Bo! Be} 1 
ie a ke [log 0+ 14 14+ 14 14.14.14 ete | 
[De Morean, p. 591.] 


26. Prove that 


d 1 a(z—1) 1 #(a-1)(%—2) 
oe fey eg 


[Dr Morea, p. 593. ] 


27. If d(x) = 4 log I'(1 +2) and 2 be a positive integer, show that 


b(e)= GO) F144 gt ty 


Prove further that 
(0) -| clog a da, 

0 
and has a finite value. [I. C. S., 1898.] 
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28. If (l+a)"=1+4,0+A,e?+..., where n is any positive 
quantity, prove that 
gn Tin +4) 
2 2 z 
1+A4,°+4,2+ eRe) 
(Maru. Tripos, 1895.] 
29. Prove that if 


F(@) =f (0) + af" (0) ee POPs +5 ™ £"(62), 
[teu- _T(a+1) meal f"(@) ay 
o a 


Re ee T(n+7) 


y being any positive quantity. 
[If + >1 both integrals generally = x .] 
[WoLsTENHOLME, Educ. Times. ] 
30. Prove by changing the order of integration or otherwise 


that * ie reo 
[eal GES- v@-s10). 


[Matu. Tripos, 1875.] 


31. Show that 


gn neu” (nm + 1)?2" 
dz — & m+1 (n+1)(2n4+1) (2n+1)(3n+41) 
jee i oben ad 
(2n)2a (2n + 1)?a 
(8m +1)(4n4+1) (4n41)(5n +1) 
1+ 1+ etc. 


[Lacrorx, Cale. Diff, vol. ii., p. 292.] 


Deduce expressions for log 1 +a and tan-12 as continued fractions. 


32. Prove that 


P(1+5) = (0 @) I (aw) P (aut), where =e 
1 
(St. Joun’s, 1891.] 
33. Evaluate the modulus of T(3+/—1a). [Surrn’s Purze, 1875.] 


34. Show that for very large integral values of n, I'(n+2) is 
very nearly the geometric mean between I'(n) and I'(n +1). 
[OxFroRD, 1892.] 
35. If b be a large whole number, show that, provided «> — 1, 
(2+1)(%+2)..,(7+6)= poh Teri very nearly. 


[Dz Moraan, Diff, Calc., p. 585.] 
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36. Writing (x) =e*.«!//2ra*+!, prove by the aid of Wallis’ 
theorem that (2a) =[¢(a)]? when a is large. 
Then show that for any value of a, 


(a) eae ~14+(@+4) log (143) 
0) tog cee = oa ias taga tae et 
(©) ween < ee, (a) loge < reap 
Mi $0) 7 z @ - EtG oy ee tose he 

where 6), 6; 9, -..are numbers between 0 and jy. 


C] 
(f) fgn-@ (<0<th) 


and finally deduce Stirling’s theorem, 
1.2.3... c=/2Qrea***(1 +), 


where e, denotes a positive quantity which vanishes when z= 0. 
[SeRReET, Calc. Intég., p. 207.] 


37. Show that, if 2 be a whole number, 
log T'(x+1)=} log 24 —-%+(x+}) logs 


mes 1 1 
ao 2, [ (2+m+5) log (1 ton)- 1} 


([GUDERMANN. ] 


38. Show that : 
ines 
1.2.3...a>J2rxate* and <J2reere Or ee 


when « is large. [Szrret, Calc. Intég., p. 213.] 
39. Writing 
V\nymntl ! se n 
(x) = Lt Til w Sani y(m) =o and u,=/n nee, 
(mn)! m * 
prove that 


Un 


a n=l 
=i," ue= =J/27, $(n)= nt (Qr)?. 
Hence deduce Gauss’ theorem, 

n—1 


nme (x) T (« + *) Ray (« + 9) = (Qn) ® ntT (n2), 


[SeRrRet, Calc. Intégral, p. 190.] 


150 CHAPTER XXIV. 


40. Prove that 


Mabe Ragen tpi: wa eee 
Seam} Fey |, roe Coe 


ath Be: Morean, Diff. C., p. 594.) 
41. Prove that 


“i dt 
ES P@)=loge+| fe e* — (1 +o}, 
Ue 0 


1 a g\ = 
é —_—___ = ¢* TJ 1+z)e*/ 
and that Te+1) pes Kt a ] 
where Cis a certain constant. [Maru. Trrros, Pt. II., 1915.] 


42. If the binomial expansion for a positive index be written 


(a+b ==(") arom, 


show that 2() Bin -7 +1, r+1)=1. 
Prove also that 

ae (1? (208 (3, (4? 

sani Shin ee Te BGd 


43. Show that (1000)! lies between 
402387 x 102587 and 4:02388 x 102587, 
and is a number with 2568 figures in the ordinary system of 
numeration, its logarithm being 2567-6046442.... 
[Cournot, Théorie des Fonctions, vol. ii., p. 472.] 
44. Show that if 


log (a+ 1) =log,/27 + (+4) loge -—a+ oie nae 
an Bal eeaty™? (ba da 
where f(a)= jay and 6 is a positive proper fraction. 


poets dournal de Mathématiques, Tom. iv., p. 317.] 
If Ayn¢a be the maximum numerical value of f?"+?(a) between the 
limits a=0, a=2, show that 
i <.- Nonto L 
(2n +2)! ~ (Qn+1)(2n 42) a2e4? 
and examine the nature of the approximation attained by the 
omission of all the terms which contain Bernoulli’s coefficients. 
[Liovvitie, J. de M.; also Cournot, Théorie des Fonctions, p. 474.] 
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45. Starting with 
e-B —e- | dp 
B 


er )=[f [tener tae 


=| (P+ Qe--#) a8, say, 
0 
and putting # for the two terms with negative indices in the 


development of Q in ascending powers of 6, namely Rt af let 


F(z) -|. (P+ Re-*8)dB and (2) -|. (Q— R)e-*PaB, 
Then show that i 
(1) 33) =} log $. (2) FQ)=4 log =. 
(3) F(z) -F(3)=4-2+(a-2)loga. (4) Ia) =e-*at- ty 2a e8), 
(5) That when z is large e®() differs but little from unity. 
(6) log '(x+1)=2 log 27 + (x + }) logz-—a 


Fe pet ia TS de 
+{ (0-9-5) B. B’ and 


(7) Deduce the equation, 


BeBe L 
log T' (a+ 1) =} log (2m) + (a+) logz-2+7-4 5-3 gaat 
es ee 1 me Be 1 
Fates in apn gana + ( etd (2Qn+ 1)(2042) gant 
0<O0<1. [BertTRanD, Calc. Intégral, p. 265.] 
46. Show that 
; Le (_,-le-rap 
( ) es - G =e-F B 2 


(2) log P'(a+ =| Fa - I ap. 


[TopnuntEr, Int. Calc., p. 392.] 


47. If 4, be the acute angle whose tangent is the n* power of 


the reciprocal of the 7 of the prime numbers 2, 3, 5,..., Show that 


B 2n)! }? 
cos 2.4, cos 24, cos 24,c0s 24,...to 0 =2 Be ue aye 1 , 


where B, is the n™ number of Bernoulli. [Marx. Trrpos, 1897.] 


1 dz 
48. If I= > 
ov1l—- 


r(Q) =rto'gt]3 = T(1)= rigtgtyt 
r(g)=ntats-tt, r(gy)=atats tt 


show that 
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Nhe 
49. If ee and J= (= se show that 
Vie) = zone 388,514 78, T'(425) 5 ice ~bg bb yt 
T(,3,) =77"9- #8589, 2,18, pile: T(#5) =7ta- Bots ts 7-4 yt, 
: 37 dir 
where S,=sin yp; inh Sane a Ss 3=SIl 75) Sy 4=SiIN 75: 
and write down the values of T'(4%), (qm), I'(%), IQs), in 
similar form. 
7 714 
50. Show that | a? |log (1 + e”) — 2] dx = 5 
0 


[Oxrorp I. P., 1914.] 


51. Prove that the volume in the positive octant bounded by the 
planes «= 0, y=0, z=h and the surface z/¢ =a™/a™ + y/l is equal to 


{Gy 
h m m 
Beet 

: 2(m-+ 2) r(; “) 
(Maru. Trip., Parr II., 1913.] 


a 2 : 
52. Prove that ¢ @@ {$(z)} -=-| e-¥b (xt 2yJSh) dy, 
Tv -o 


and apply the result to prove that if 1+ 4hk be positive, 
d ka? 
é Oe pg kate 3 ane 
(1 + 4hk)? 
[Maru. Trip., 1870 (WoLSTENHOLME).] 


53. When is a positive integer, we have evidently 
1.2.3.5 291.2 ind 8 om -$)3 

prove that this equation, when expressed by means of the function 
T, is true for any positive value of n. [Sir G. G. Stoxzs, 8. P., 1870.] 

54. Prove that the limiting value of 

(2n+ 1)” 

13,5. Cray 
when n is indefinitely increased, is log 2. ; [R. P.] 


2n+1-2log 


CHAPTER XXYV. 


LEJEUNE-DIRICHLET INTEGRALS, LIOUVILLE 
INTEGRALS, ETC. 


958. We have seen that the formula (2, and 2, both +*°) 


a = TD (ty) T'(22) 

x'i-1(1—a)2—] dg=— 

J, ( P(i,+%) 
leads at once, by putting y for az, to 


[ 1(a—2)2-! de= qiti-1 T(2,) P(%) 
0 


T(t,+%,) © 
Now, consider the double integral 
I = \j zh -? rs 1 dx, diy 


for all positive values of z, and 23, which are such that their 
sum cannot be greater than unity. 


re) N x, 
Fig. 321. 


Then the limits for 7, must be from 0 to 1—a,, 4, remaining 
constant in the integration with regard to 2, and the limits 


for x, will be from 0 to 1. 
153 
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The geometrical interpretation is that we are adding up all 
such products as 24~1!x,%-1 $x, dz, as lie within the triangle 
formed by the axes Oz,, Ox,, and the straight line z,+2,=1. 
We use this notation rather than the ordinary z-y notation 
for Cartesians, because we propose to generalise the theorem 
for any number of variables. The limits must then be such 
as to add up all elements in a strip NQ parallel to the a-axis, 
1.€. %_ increases from 0 to 1—z,, and in summing the strips, z, 
increases from z,=0 to x,=1. 

i <3 oie |l- 1 1... : 

Then r={ 2-1] 2) d,=7{ z,4-1(1—a,)* dz, 

0 te Io todo 
1 P@)TG+))_ T@)P@) 
ty DQyt+t%—+1)  P(y+%+1)' 
959. Take next the case of the triple integral 


P= [Jas “lye lo hide dr, Oe. 


for positive values of 2,, 29, £3, Such that 2,+%,+2, + 1. 


2 


Fig. 322, 


The geometrical interpretation is that we are to add up all 
elements such as a/~1a,%-"g,s-! ga, 6x, 623 which lie within 
the tetrahedron bounded by the coordinate planes 7,0x,, 2,02z, 
#,0zx, and the plane z,+2)+2,=1. 
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Then dividing by planes parallel to the coordinate planes 
in the same way as explained in previous chapters, we have 
first to integrate with regard to a3, keeping 2, and 2, con- 
stant, that is, for all values of 23 which lie between 2,=0 and 
%=1—fr—2p, which, interpreted geometrically, means the 
addition of all elements which lie in an elementary prism 
parallel to the 23-axis and whose ends lie respectively in the 
plane of a,=0 and the plane 2,+2,+a,=1. Then, keeping 
x, constant, we have to integrate for all values of x, from 
Za=0 to the value of 2, which makes 1—a,—z, vanish ; 
which means that we are to add up all the prisms which lie 
in a thin slice parallel to the plane of 2,=0. Finally, we are 
to integrate from z,=0 to 2,=1, which means that we are 
to add up all the slices within the tetrahedron. 


1 fl-x (1-z-x, ; ; 
Then [= 2-1 ag2-1z,'s-1 dx, dx, dis 


040 0 
1 fl-2 : : > —F ig 
=| | iad Niles (l—a,~2,)" dx, dix, 
0/0 U3 
1 _ , Blt, tg +1 aa 
=] 7-1. Ble tet) (yp yotieda, 
v 
0 3 


k 
[by applying the result | gal (k—2) 2-1 dz=kitt-1 Bit, t,)]. 
0 


Hence [=2O2 19). Bii,, igi +1) 
3 


PG) Ti) TG) +341) _ PG) (2) PGs) 

T(t tistl) P+ ett3+1) Ply tte+t3+1) 

960. Similarly, in the case of four or more variables; but 

geometrical interpretation fails. It is, however, clear that if 
we are to integrate 


1=|[[Jaitarat pat dx, di, dx di, 
for positive values of 2, %2, %3 %q, which are such that 
ty +a_+%y+% + 1, 


(1) when 2,, 22, 3 are kept constant, x, will range from 
a,=0 to such value of 2, as will make 


1 —%4—L_g—%g— Hy 


zero, 1.e. from 2,=0 to %=1—L,—Xq —L3. 
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(2) Having integrated with regard to a, we now keep 
©, %, constant, and in integration with regard to ag, 
vz; must vary from 2,=0 to such value as will 
make 1—z,—z,—2z, vanish, 7.e. 2; must not exceed 
1—a,—2,, 1¢. the limits are 0 and 1—2,—2». 

(3) Integration with regard to 7, and z, having now been 
completed, x, is to be kept constant whilst integra- 
tion with regard to z, is effected, and z, must range 
from 2,=( to such a value as will not make 1—x,—2, 
negative, 2.€. % must not exceed 1—z,. The limits 
are therefore 0 and 1—g,. 

(4) Finally, the limits for z, are 0 to 1. 


Hence 


L (l—a (1-21-22 (1-2j-29-2g ; E , 
_ Hy lagiel ately ul dx, dit, dt, dL, 
0 0 0 


Ll-mpl-a-m | : ._, (1—2%,—%,—24) 
=| | | wh Largia- Vp fo-1 ies) dx, dr, dx, 
o40 0 va 


oF ele 5 7B te, tae 
=| | Ly" at2-1(1—a, — a) +4 ee dx, 
0-0 4 


Bos aE) ay ee ee 
aot 22-1 (1—a,)2 tt Bia, Ws +%4+1) da, 


os a 


t+%4+1)B(i,, tg+%,+%,41) 
ey T(is) D(4) PG) yt%+1) TG) G+%4+ i+) 
D(ts+%+1) D(t.+%3+%4+1) D(a, t+ t3+%,+1) 


— Pq) P@)P Gs) (4) 
D+ t2+ 9+ %4+ 1)’ 


and the rule indicated obviously holds for any number of 
integrations, viz. 


{\J AS fain x")... 2! da, da.... dtp, 


for positive values of the variables such that their sum does not 


exceed unity = ae i, where c=1,+%.+... +4, 


DIRICHLET INTEGRALS. 157 


961. An Extension. 
Similarly, if the limiting equation had been 
Y+Xt...+2, pe (instead of +1), 
the limits would have been, 
for z, from 0 to e—a,—a—...—Z%q_13 
for %,; from 0 to c—2,—r_—...—%y_9; 
etc. ; 
but we may deduce the result from that already obtained by 
putting &,=c%,; Geng, etc, 


so that @,/+2%'+... $1. 
Thus we obtain 


I=er[...[(ayy “aes PIER... (Sn Ply, da s.. Oks, 


_ PP)... Pein) 
T(¢+1) 

962. DiricHuet’s THEOREM. 

We are now in a position to establish a remarkable theorem 
due to Gustav Peter Lejeune-Dirichlet,* who was successor to 
Gauss at Gottingen in 1855. 

The theorem is known as Dirichlet’s Theorem, and is of 
great use in analysis. 

The theorem is that when there are any number of variables 
I, L2,... L,, and integration is conducted for all positive values 
limited by the condition 


4p Le Pa Ln Dn l 
G +(2) 2 ee +(*) a 
then 

I= (J) --fa' = Ig, fe Ly tel, tn) dr, a, Aig 1 ALy 


(pf) (in) letr( 
Aygo in ri) Ga) e oa we Web Ss er 
Pe PPar te nf ey tees) Plieee 
Conte eleere. 
the several quantities 7,, 2), 73) +++ Uni Uy) Uys ++ Uni Pir Par +++ Pas 
being all positive, and II denoting the product of the factors 
indicated. 


* Liouville’s Journal, vol. iv., p. 168. 
+Cajori, Hist. of Math., p. 367; Kummer, Geddchnissrede auf G. P. Lejeune- 
Dirichlet, 


, Where g=2,+%2o+-.-+%: 
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The limiting equation (ay Rush +... $1 may be made 
1 


Pe 
linear by the change of variables = (= i)", f= (?) , ete, 


1 08; _ Pr 1 O62 __Pe ete., 
£, O©, 2," £5 Oly 2p 


which give 


and deh Deces Roe 
The transformed ee ale is then 


PiP2 soe Dn 
-tatne “fab Ee "£79 db be lage 
Pam Pa 


with the limiting equation £+64+..+& 31; ) 
_4y'0y'?..- Dy n Gy) Th r(=) s n= 


PyPo-+* Pn re a e+ .. -: #41) r(i+22) 
as stated. 


963. As before, if our limiting condition had been 


(Aes ( Nie we eles c (instead of +1), 


Uy as 


we should have, after transformation as above, 
fprist <4 ba S 
and making the further transformation 
Ei=chy, oh: .-.- ete, 
Gp ey heron el, 


and the result would be 


ata age *E)T(3) 08) 


2 


PiPar+ Pa D(o+l1) 
where fae Belek ch wags 
Pi Ps Pn 


refer} eas) 
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964. Ex. Find the centroid of an octant of the solid bounded by 
a\* y 2k 2\ 
(3) +(5) +) = 
the volume-density at any point being given by p=jue'y™2". 


__Lp fer dx dy dz If fomymerde whi 


Here ac Se 


alt bey If [ay man alu dy dz 


aa es eta 
The Numerator = iid Dia r( 2k : 2k . 2k : 


Qk. 2k. Wk = m+1 n+l 
Oar tah. on 


r()r Ayre) 
The Denominator = pl Re A 2k PN 2k PN 2k 


py ae ae , 
k (+ m+1 "i +1) 


aril! 


4. z 
2b Zk Qk 


£22 l+m+n+3 ) 
- r( r( ? ey 


Hence a= Sa) Sere ene ek 
erie ai pm tat +1) 


In the case of an octant of a uniform ellipsoid 2=m=n=0, h=1, 


z= d Day. ie ves 
“T@ Te) 2 
Similarly for y and z. 


965. A Particular Case. 

In the case when p,=p,=...=p,r=1 
and a, =a,=...=A,=4, 
the theorem reduces back to 

1=f... feta sor ae da OD, 


— qirtiot..tin D(a) (%) --- Pen) 
TP, +t,+...+4,+1)’ 


and the limiting equation is 
Ui e+ -:. thn F 4, 


viz. the fundamental case of Art. 961 assumed. 


966. Extension. 
If the lower limits had not been zero in each case, but such 
that 2,+-2,+...+z, is to be not less than 6 nor greater than a, 
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1.e.b< Ya,<a; then plainly we must subtract from the 
result obtained, the integral found by making 
L,+2,+... +2, *& 5, 
and the result will be 
[ait tintin bitiot... tin] DG) ) ae lG,) ' 
D(4,+t,+...+4,+1) 
967. If the difference between a and 6 be an infinitesimal 
difference 6b, then to the first order 
git tin pit tin (b+ §b)irt-t in firt...tin 
=(t,+i,+...+4,)b9+- -+in-1 4b, 


and the result will be 
Hitiot...tin-18h D(a) 1 (t,) 0 (a,) ... Ua in) 
D(t,+1,+ -. on ey 
For example, to verify this in a simple case, consider the volume of a 
triangular plate bounded by the coordinate planes, and the planes 
at+y+z2=b and #«+y+z=b+4+60. 
Here q=h=g=1, py=p.=p3=1, 
1 - 1 baie - 
2 2 
=a, 25-1 ypapna(2. & 
ze. the change in the er of the tetrahedron bounded by the co- 
ordinate planes, and the plane which makes intercepts b on the axes, 
when 6 increases to b+ 8d. 


968. Liouville’s Extension. 
If we require to find the value of 


[i= ie fas Algal, ail f(a, +m,+...12,) dx, dx, ... dx, 
subject to the conditions that x,, @,,...a, are all positive, but 
L,+t,+...+%, $a and +b, 

we may then take the case when 
y+ Sg ss + ey 
lies between v and v-+dv, for which 
C+ Vy 2. ba, 
differs from v by an infinitesimal e. 
Then for this limitation the integral takes the value 
PG)TG)... P,) 
Pa,+...+4,) 
CH mee Bry, 
D(a,+...+4,) 


yitit...tin-1 dv f(u+e) 


=yitiot... +in—-1 du f(w) 
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to the first order of infinitesimals. ce therefore, for the 
whole range of values from v=b to v=a, 


PONE) = PGs) ee as 
I= rors ; ty bit... +in—1 
Tt sb tai take f(v) do. 


969. Exactly in the same way, if we require 


1\)... jet vee Bind A{(2)"4 + (2)"} dla, ... dy 


for all positive values of the variables such that 


ey +. +(7 =) “Pd hy and + hy. 


a, \71 Vy \P2 Ly, \?" 

Let (3) 4G): +. +(2) 
lie between v and v-+- du, =v-+e, say, where e is an infinitesimal. 

Then for this limitation, : 

: dy bn 
7 20a vt-1 go flote) I . a) a (5). et 
v P1P2 +++ Pn P(k) 
where ih ob ty ee +38, 
iP Pe 

and évf(v+e) differs from f(v) dv = a second-order infini- 
tesimal at most, supposing f(v) and /’(v) finite and continuous 
for the range. Hence in the limit, when we integrate with 
regard to v from v=h, to v=h,, 


Ge) 
- A | yt-1 f(v) dv, 
Pi Pa Pn eater re ij 


Pi Pa P 
h fot SS 
where ry : Pn 


This extension of Dirichlet’s theorem is due to Liouville.* 
970. An Application. 


As an example of this theorem, consider 


If i dx, day... Axy 
Va? — 42 —2,2—...—Xn* 


for positive values of the variables with the condition 


2 
aPe+ae +... +2x,2=va? > a. 


* Liouville’s Journal, vol. iv., p. 231. 
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Here Pi=Pr=+--=Pn=2, 1y=1g=...=%,=1, 


n 
41 =A,=...=A,=a; h,=1, h.=0, k=5 


Then Pawel (3) {= ies 2G JI ee "(1 - 0) 'dy 


gn r(3) aN l—v ae “On” r ~iaed 


IN Yael at 
ell OQ a 
oye Se! ee ee n+1\ 
AC eee 
Thus, for example, in the case n=2, 
I dr,di, a x? TA 
Va— 2-27 ae =e 
Hence the area of the portion of a sphere 2? +424 2*=a? which lies in 
the first octant, and which is 


iE dady, te. lf Ig - is =a.5, 


and the area of the surface of the whole dicta 


Fake oe da, dx, dx, _ta? 
Again (n=3), pes ies ks 
(Gregory’s Examples, p. 474). 
6 
sf dx, dir, dit, di, en as 
kee: Nis 233 — 32 ~ 16 Ig) 12” 
ete. 


971. Boole’s Theorem. 


Consider J = \|--fe (2,2, +4,%)+...+,%,)dx,da,... dx, for 


all real values of 2,25, ... Xp negative or positive, such that 
y+ art... 0, 

Change the variables by the ortho- 

gonal transformation in the margin. ee Se 

Then J=1 and the relations of 


Uy, | Up | Ug 


2 l, 


the transformation system are Ly | M, | mM, | Mz | 
2?=1, ete., 
Xlm=0, ete., Bae i | 
n nr 
and Dye = Day? : 
1 


* Gregory’s Examples, p. 474. 
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and suppose the transformation to have been so chosen that 


4,2, +0,%,+...+4,0%,=ku, where = >> a,2. 
1 
Then T= ||... [P@u,)du, du, ... du, 


(n signs) 


Now for the first n—1 integrations, uv, remains constant, and 


[J--faug du, ... dup, 


(n-1 signs) 

where Wer + Us? ... fUy? + P—U,?, 
n-1 
aoe (uy)? (Ty 
aie ey k 
2 

the first factor 2"! occurring because at each of the n—1 
integrations the result is to be doubled to take into account 
the possible negative signs of the respective variables. Hence, 
dropping the suffix, we have 


n-1 


= 2 942 not 
“se F (ku) (c?—u?) ® du. 
2 
(See “Catalan’s Theorem,” Liouville’s Journal, vol. vi., p. 81, 
and Boole’s remarks upon it, Cambridge Math. Journal, vol. iii., 
p. 277.) 


972. Consider next the integration 


r-||.. [Peete teeta} da, dx, . .. Ans 
Je 02 — He? — «1 — Hy” 


(nm signs) 


where ©,2+-Dy?+ ... +0" > OC, 
for real values of 2,, %,.-- Lp: 

Changing the variables by the same orthogonal transforma- 
tion as before, 


” F(ku,) ad d 
1-\|.- pee peta Rat 


(n signs) 
Now for the first n—1 integrations, u, remains a constant, and 
= au 
| is J du, du, ... Up ont (?—u, ei a : 
(2—u2— U2 — Ug”. — 4,2) an r (3) 
(n-1 signs) 2 
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by Art. 970, the first factor 2"-! being introduced because the 
several variables are not now restricted as to sign as was 
the case in Art. 970, so that at each of the (n—1) integrations 
the result must be doubled. Also at the final integration the 
limits must be —e to +c for the same reason. Hence, drop- 
ping the suffix, 


n 

POR | di pends se 

l= r() | Feu) (cP? —u?)? “du. 
2 

973. Further Generalisation. 

We next consider the still more general integral 


a aw,” Gn 
1=|)...] "Get wb EE) F(A yb oe +A gt) ey oA 
for all real values of x,,%, ... ,, Such that 


v 2 we. 2 x. 2 
a OR eal SB Mec 
aft ae? ad 


First we expand F(v) in powers of 1—v, say > B,(1—v)? 
[or if it be possible to expand in positive integral powers of 
1—v, we may write 1—v=w; then F(v)=F(1—w), and by 
Maclaurin’s theorem, we may put 

FQ)=F()—wFO)+5 FU). +(—1P P+... 


Then we consider the integration of 


ye 2 
{[--J( a EB) F(A t on + Ann) dey .- det 


Ge Oe 
If I, be the result of this integration, the whole result will be 
Dai as s 
[ or IF)—LFO)+32F(1)—... + (12 FOI) + ay 
as the case may be |. 
To obtain J, first put 
Mj =A,£;, z= Mek, e=Asly, «.. n=AnEn- 
Then J=a,a, ... dy, and 


— =\{.fa-— so EP f(A gE bon + AntinEn) OE, «os Ly 


Oy saz 
*See Todhunter, D.C., Art, 281; Gregory, D. and I.C., p. 474, 
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Now make a further transforma- ] 


tion to variables w,, w,,... Un by of 2 fi tn aa i 
the orthogonal transformation for- =a i | ere 1 

mulaeinthe margin. The Jacobian a aa eR i 
of this system is unity, and é& | m, | Ms Mn 


EP+E 2+... uy2+u,2+... ; 
and further choose w, to be 


(Aya, €, + A attefet...)/k, 


‘ &n 
where k?=A,?a,?+...+A,24,2. ti 
Then 1)=4, -.. an{|---[a =U 2—.... —Un? Pf (keu,) du, ... dun. 
In the integration with regard to u,, ws, ... Un, the remain- 
ing variable w, remains constant, and 
[J--a—mut—uat— +++ —Un?)” dug dug... dun, 
(n-1 signs) 


; (l—w,?—z)? dz, 


if restricted to positive values of ws, ws, ete. ; and if the several 
variables may have full scope as to sign between the specified 
limits, each of these n—1 integrations must be doubled. 

The result of the »—1 integrations is in that case 


BLS. r fee ~) V(p+ a Bie 
er ce i et ae —u? 2 
Ege Ge tP) 


1 rg)" L-ue Bot 
ne | = 


0 


Therefore, as the limits of the final integration with regard 
to u, are from —1 to +1, 


n-1 
n-1 


[p= Aytlg +. a (1—u?) 2” F(kw) du, 
rete)’ 
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it being now on ie to retain the suffix of the wu. Hence 


1 fos 
Fetish Seas wo | cay pleas 
-1 
= 2 +P) 
where i= A 20,?-+ Ayta,? +... A p70” 


This result, of course, includes former cases discussed. 


974, Extension. 
If the limits had been defined so that 
Hy? [0,2 + 2q?/Ag? + ... + 2y7/An? $ a? (instead of + 1), 
we could deduce the new result from the former by writing 
d,a in place of a,, d,a in place of a, and so on, 
and therefore ka in place of k; 


and, finally, if the scope of the range of the variables is still 
further limited by 


Oy os aoe anid Beans, 


we must subtract all cases for which z,2/a,2+-...+2,2/a,2 is + B2, 


and we shall have n—=1 
T/a,a, ... Gym 2 


—SR, “(eta ib (1—uty = *” [a"f(kau)—B"f(kBu)] du. 


975. Deductions. 


Compare with the foregoing results the series of integrals 
fa alg ee, where 2,--¢,=1, 
[fovitny tay dx, dx», where 2,+2,+2,=1, 
» ete., 


{|J--faee vio tn UD, axe Oly a, where 2, -= shy fo =1, 


for positive values of the several variables. 
Take for instance the second. Here «,=1—a,—z,, and the 
integration 


jh \| ye pte 1 (l—a,—z,)*—1 dx, dx, 
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is to be conducted for all positive values of 2, x,, such that 
Ly+2, 2 ane 


_P@)P (4) Le hte ine 
Then se Tats) au +4-1(] —y)s-l dy 


_T@)T (ig) P(A, +4) Cs) T(t) P(t.) P(4) 
P(qj+%) P+ ~H+%e) P+ +45) * 


976. Similarly, in the general case, 


= Rite vie Geel latent 
1=|f...[a Di. Bag Lg? AEs Abe ves 10 Ly 
(n—1 signs) 


for positive values of 2,,%, ... 2, such that 2+ ...%,.+2%,=1, 


1=||...) a>. at-1—'(1—a,—...— 2,4)" day... dna, 


(n—1 signs) 
where 2,+2,+..-+%,1>1 


_ Tar) cath Giighatinnd—t fy \-1 
Sag eS: Sa Le a 


_TG)TG,) -- PG,4) Matet..+t,)EG,) 
PQ ++. +t) T(t, +2.+...+%,4+%,) 


eT Uh)! te) <0 (,) 
~ Dy tigt... tin) 
Thus, if re | el Lae \ dip, 2, Eig, for Seah 1) 
(n signs) : 
and B=||...[a'-+... t.—da, «de, for Sal, 
(n—1 signs) 


wehave (2,+%+-.-+7,)4=B= 


P(t) P (2). Pn) 
iy REE So 


977. In the same way, if we require the value of 
1=|f...[ mite 1 gt ae Pwd, O12, ... Wig eg" 


(n—1 signs) 
for positive values of the variables, such that 


(2)"+(3) +- ahs - zat) +(2)"=1, 
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1 
,\P1 ‘Ly 4 \Pr-1 | Ba 
we have y= ty 1—( 1) oh ( 8 1) , 
a es 


and t= J...) asta. 1 at a gin Pe 


(n—1 signs) 


5 {1 ae 
dy 


n 


1 
4% Pa-1| Pn 
( n =1) } GG, Ols sts a 


On 
Pi Dn= 
where (4) cig: ph gat (ae) 4 el, 
Uy, Ay, tT 
ty -1 r(s) Poe im (¢n—1) 1 
See Hy n- Pn (Pa) joa uy" “de, 
Pr. Roe Tr ‘tie oe) 0 
vial Pra 

=3 - ‘n=l , 

where wer oor +o 
Daag 


SEP COS x. Cn” fh ey. : () ies () 


OP" De De <n Py r (4 ae +32) 


1 Thy 


978. Ex. Find the value of Il v—-lyz—1yw—1 da dy for all points of the 


ellipsoidal surface x?/a? + y?/b? + 27/c2=1 which lie in the positive octant. 
Here 4,=A, =p, B=V+1, pr=p,=p3=2, a=, a=), as=c, 


1 A 5 2 — 
ane eu (3) (4 PMs 


@ 2.3.2 eres ae 
2 


T= 


Thus, for instance, 


2 abe 
[fe dx dy = aga 3 Tapriraton). $ abe. 


979. Relation of the Integral Forms discussed. 
We note then that the two integrals 


n 4 
i A 3 ’ BL \ Rr 
Aa || foitogrt gh tda, day. diry, for > a Se ib. 
10 


(die 
(m signs) 


. . ue Pr 
= —1y,in-1 | (pent Pi wi ok L,. 
B=\|...|2 Dig os Lge ye OO" Ae Yass eye LOF >(*) =] 
2 


(m-1 signs) 
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for positive values of the variables in each case, are so related 
that 


Ss by 4 On Pm py Ey ta'? vos On (7) wis cal 
T! Pr Pn PiPas Pn r(S+2 Saha +. +2) 


980. A LEMMA. 
In order to abbreviate the work of the articles which follow, 
let us note that the Binomial expansion 


1 ue —1 
(ana 1eney MOTD baci afer Vardi, 
may be written as SK, where Kwa! Ms ie St 


and that, writing 7,+7,=j,, 4,+%+%,=J3, etc, we have 
K Gy l(a) (a+r) Ter). Qa) ltr) 
Tit) TGar! Get) 
_T@) PC) | P(tg+r) _ Pa) PGs) x (i), 
I(js) T(a.)r! (ty + 42) 
Ko LQ@l@MGst7) Pst) | D(a) Ta) (g-+7) 
"TG +tetts+7) P(95)r! P(js+7) 


_T@)r@)r (23) Pistr)_T (41) D(a) P(g) Ks, 
Ps) D(%3)r! D(a, + t+ %) 


etc., 


and 
K, gery LG)E Get pl str) _ POsth a), L(y) otp)Ps+7) 
. Dytiet+ptitr) TUstr)p! D(jstptr) 
Pre) Grn | T (t+ p)_ DG) CU) +N F wy, 
D(jstr) P(%) p! P(t, ++ ts +7) 


ete. 


981. We propose now to consider integrals of the class 
agile altace ofS) A,t;) dx, dit, -..dity, 
2 a 
1,={{| Ane Oh ct Pe tgg Fh xecb tpt et ee 
for all positive values of the variables, such that 
hes A,@,+A,%+..- At, <his, 
all the letters involved representing positive quantities. 
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Putting 
a a 
A,w,=£,, A,%=£,, ete, and eee vas ete., 
ig = ees rv Reel fe vee Eg Uf (E+ vt Ende ay den 
AWA, a, nn (AF, £,--0, 254+ sei Og Egy? tes 


Consider a the case of a double integral, 
1 Eig e-1f(é +6) 
I — : : 1 2 LS 2 d d ; 
: apap ||P e ebb fides 
a particular case of which is discussed by Todhunter (Int. Calc., 
p. 263). Of the two quantities b,, b,, let b, be the one which 
is not less than the other. Then 
A+b, f+ b.E={A +b, (E,+£.)} (0, -b,)£, =u—v, say, 
where v=(b,—b,)£. Then as\+b,€,+40,€, is a positive quan- 
tity, we have v < u, and 


(A+), £,+6, ei +e) —(y— Dn (14%) — gy — GtafL ae 


ee 


> 


=y-at hb) > K,@+(b,— b,y(€2)" 
0 
a convergent binomial expansion. Hence the integral becomes 
1 4-1 é t2-1 + é eS é 
A,*d,n |" fe p> K,&*0)(6,—5,) (‘2 y dg, dé, 
a >) K,G+(b,—b,)" oe Eire &) dé.dé., 


A; 4 = ‘ane mutietr 
and w aa a function of ¢,+£,, we have, by Art. 968, 


tatty LG ) Te a) Tig tatitr—l f(t) 
A on qa Ke +#)(b,—b,) yeerces: een Purine t 


1 > P(a,)T(,) K,(9(b,—b,y ha tintistr—1 f(t) - 


= 


~ Aad, a D@ +4) 2 A+, {)attatr 
= 1 Pa), tt+e-7 < 8: 
APAPT Gye) J, bbe EO Orbe ae aby itt 


1 Peon ayit aol LU, {1 aa ‘dt 


~ AA TG, + 4) J, A+0 tre A+b,¢ 
2 VEG) ( Dei LW 
At Af Tris) yi, (A+},t)2 (A+ b,t)® 


PE G)EG)(% tte) dt 
P(t, +%) Jn (AyA+a,t)4(4,A + at) ® 


A GENERALISATION, bya 


982. Next take the case of the triple integral 
Lo qchcze {| Daas das 
A,+A,%A,'s (A+6, & +b, £, +, £5) Jatin tis 

Of these three quantities b,, b,, b,, let 6, be that which is 
not less than either of the other two. Then 
A+ £1 +b, £13 & = {A +01 (E, + £5) + be &} 

—(b,—},)£&, =u—2, say, 

where v=(b,—b,) €,, and is< wand positive. Let 2,+-7,+7,=J5. 
Then 


(A+b,£, +b, £5+b3£5)-2=u- Jee aa Sy “hD) E90 —1,y (8), 


a convergent binomial expansion. 


Stet Sea t) One 


urs 
where & is, aca er, A+}, (€,+€,)+0,£, and is not this time 


a function of the sum of the variables. Hence a further trans- 
formation is necessary. 
We may write 


U=A+b, (E, + £0) +b.F.= [+b E+E + £s)]—(—by) £5 
=U—Y, say, 


where V=(b,—b,) €, is < U, and U is a function of 
Eth t Ss. 
Alse, writing 7;+7,+7,+7=j3 where necessary to shorten 


ee ait, V —Js. Fel ig! Pp 
ua M15) =U? SE =) 


a convergent binomial expansion. 


Hence 


[ff er 8a at 


pe ne a 
u4—1,.%-1 ioe a fe ; . 
8 =1__S2.__23 —_— AZO >, le d&.d&5 
p=0 = eaautic rE 
={{J » Kb, — by y & G2 = oot — (SE) dy dy dey 
hy p= 


Sc LET G+ PLO y,_5y¢ LO at 
ee a =0 Tq +i+ptizgt+r) (ebay? 
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— pel) 1G) T(i3+7r) pl pe. A (d, ah b,)? 
hy Dt, +2425 +7) (A+), ty p 2 


: (+ 
Soe Be ar 


1 42) dt 
m (A+ dt) TTA But)? 


ake )dt 


PQ) @)TGs+r) ow { 
LG, +i+%+7) Jn, (A+, 


_T@) TD) Di,+7) 
TQ, + Ig + 13 + r) 


r= 


io l= > (0, = 63)" K GPG) UG) PG+r) i 


pt S(t) dt 
Re 0 A,t4, a4, tet 


PQ+e+t7) In CE a oe a 
mie 
m (A+, ene a 
_ 1 P@)T@)T) * babi we {i ewe é 
AytAs7A, ig DQ, +2473) aJhy (A+b,t)"* (A 4 bat)? A+b,t 

1 


Pe) TG) T() (™ cao d 
Coen 
AAAS DG, +%2+%) 


at  P@QDEG)Y@) 


A,"A,"A i Pq +%+ 7%) 


(in(b, — Bs)" 
remake 


7 (A+6,t)" 
1 


LE)TE)G) p2_ FO at 
EGS : : 
T(t, +%,+723) hy TI(AsA + ast) 
1 


983. Exactly the same process will hold for a multiple 
integral of higher order, so that in general we have 


I TGF) 5 DG et ei) dp 
"EG ta) 
h 


i (A,A+a,t)* 
984. Extension. 


The result may obviously be extended to the integral 


GET eee f(D) Arne ») di, day. - dy 
1,={[...f 


Obama to bane, 


bet 4 
where ka=34 24 ...4-2, 
eh ee n 


all the letters involved being positive quantities and the 
conditions of the limits being 


hy < Aya Agr? + ... tA pty <h 
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a 


a 
tl 2 
, Fes =b,, etc., 


For putting A,z,2=€,, A,7*=6,, etc. A 
2 


we have 


in 


ila, 4," APE OnE Labo En 


1 rare) PC) mT FO) dt 
reo Rie p(S+ 34.43) i H(A A-+at)* 


Thus in all such cases the multiple integral is reduced to a 
single integration. 


985. Differentiation with regard to a parameter contained in 
the integrand. 
In a multiple integral 
by phz bn 
u=| | | p(X, 5 Hay +2+By, C) Ga, dd, ... AL, 


which contains @ constant c, differentiation with regard to c¢ 
may be effected by the same rule as for a single integral, 
provided that the limits of the several integrals are all inde- 
pendent of c. That is 
bi pba bn 
==(.J #: (Bae, day... AL. 
The proof of this is the same as in the case of a single 


integral. 


a 


986. Liouville’s Integral. 
Consider the case 


[2] n ao 
1_y 2a Soy 
I= Wiss ee ne omy AX, daly... Win yy" 


a” 


where t=2,+-2,+...+2,.+-———? 
Bae aa 


an integral discussed by Liouville. 
Differentiating with respect to a, 


dl ot ioe Le i nt Dy 58 Cig, 
—=— na" eae = apo 
da : Fy Bs By, Nl Ly eee Una 


* Bertrand, Calc. Intéyral, p. 476. 


174 CHAPTER XXV. 


Now introduce another variable x, defined by 
LL ++ Ly—yLnz=a", 
2.e, change to a system 
a” 


Ce = T. Le =a, 00+ Ln—-1 = y_1- 
1 eee 2 2° 3 3) n-1 n-1 


OCG Wag ete en a) a” 
—4 =(—1 ER a 
ae uh LEME ARSED) 3) Mga ae whey 


n 


Then $20,724 3-4 hg ae sae eg replaced by 


one Pray 
an ; 
Rath te tte d Ug ae aes =T say, 
hn nen De, 
1 2 n—1 
ee ona a Oe Oh ee 
Anda a art, wener es —— "lig replaced by 
lig ee Bega 
1 
aoe 3 


n—1 
q” =—l -=—1 ——1d4,d2.... Ax 
J =| PROUD yay Gk yee a 
Lol... Ly 


ee oe et ter 
4.05 o (S31 tata a, ra ce rae 
and in the transformation of the multiple integral the sign 
is adjusted by a proper assignment of the limits. 
Hence, as x, is 0 when zg, is zero and vice versa, we have 


dl es = oy, ea 
a —nar- =| OF Penh a0 600i ones ee A ee 
ld 0 0 


=—nl (for if a is increased I is decreased). 
Hence c= —nda, log I=—na-+const., I=Oe-™. 


To find C, take the case a=0. 
Then I becomes 


7 


co 0 (oo) 1 24 n—-1_) 
| | rere | e—(%1+%2+...+4n-1) ee oan ae Lote da, dx, S00 Cons 
0-0 0 


and as the variables are independent and the limits constants, 
this may be written 


Ge) | Ee} 2 eo) aie 
i eg,” de, x LN, ey," de, ].. x Ii e-tn-1g,7 1 dail 
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that is ey r(-) r(>) = re 1) ey nyt nt 


n—-1 1 


Hence O=(27r) 2 n 2 


Hence the value of the integral is 
Leet ee 
I=(2r) ?  %e-", 


987. Liouville’s Method of proving Gauss’ Theorem. 
Consider the product 


P(@)P(2++)r(2+") as r(2+"—). 


This may be written 


ao 


ce ‘a peel peat 
oe day X of te” OS, cami LE y dz, 


of _ Aa 1 pateley 
=|. Jo) eon tenets, Se eect codes 


Now change the variables according to the scheme 


Ald 
,=————, %,=%, Tz= Ty ++. Ln== Ly. 
, eT 
nz"! ; ' 
Then’ J =——_., and the integral may be written 

ani. Lin 

opo 2 an aot 
[fhaffe Gretta 

0/0 0 L_Vy ++» Ly 


1 2 n-1 

gn GE pal oop = 1 xr+——-1 

x(—"_) fge PP Gs 8 chy a dz da, drs... AX, 
ae 


that is 


bal % Vy 2.4 n-1_4 
n| | af e-tgt-lg nn g.8 a, % adzdx,dx,...dan 
0-0 ae 


=e n-1 
=n{ (2m) 2 n-te-nzz"*-1 dz, by the preceding article, 
0 


Call A Vigo n-1 
=ni(2n) = | enn zne-l dz—nh-™(277) 2 T'(nz), 
0 
viz. 


_ nT (x) r(x++) Did P(x+%*)=ni (on) = ['(nza), 


which is Gauss’ result. 
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PROBLEMS. 


1. Find the mass of the triangular lamina bounded by the axes of 
coordinates and the line «+ 7=<a for a law of surface density pay’. 


2. Find the mass of the tetrahedron bounded by the coordinate 
planes and the plane a—1x+ -1y+c71!z=1, the volume density being 
p= paye, 

3. Find the centroid of the area in the first quadrant bounded by 
the lines 7+ y=h,, c+y=h,, for a law of surface density o =pxrPy!. 

4, Find the centroid of the volume in the first octant bounded by 
the coordinate planes and the two planes 

ateg+by+ez=8,, ate+by+e2z=6,, 
for the following laws of volume-density : 
(i) p=p(a'e+ by 42), (ii) p=paryt", (ili) p=p(t + +2), 

5. Apply Dirichlet’s theorem to find the mass of an octant of an 
ellipsoid in which the density at any point varies as the square of 
the product of the distances of the point from the principal sections 
of the ellipsoid. 

6. Find the moment of inertia about the z-axis of the portion of 
the sphere «? + y? + 2? =a’, which lies in the positive octant, supposing 
the law of volume density to be p=pzyz. Obtain the corresponding 
result for an octant of the ellipsoid x2/a? + y?/b? + 22/c? =1. 


7. Find the mass of the positive octant of a sphere of radius R, 
whose centre is the origin, for a law of volume density 


p=h(a, b, 6, 9; h) (a, Y, zy : 
8. Find the mass, centroid and moments of inertia about the axes, 


of the positive octant of the ellipsoid 2?/a? + y2/b? + 22/c?= 1, for a law 
of volume density p= p(a? + 92+ 22). 


9. Show that the volume of the solid, the equation of whose 
7 WG) 


10. A homogeneous solid is bounded - the surface 


(x]a) + (y/b)* + (fo) =1. 
Show that the centroid of the portion of it in the positive octant 
is the point Qla 21b 216 


F \ 7oN 
surface is a~‘at + b-4y4 + c-4z4 = 1, ~ 2 


(Oxr. IT, Pus., 1901.] 
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11. Find the position of the centroid of the portion of the solid 
bounded by (aja) + (y/b)2™ + (z/c)2" = 1, 


which lies in the positive octant, the volume density being paPy%2". 


12. Show that [fenye dx dy for positive values of « and y, 
such that 2? + y? > c?, is 
1 eelt2m T(!)P(m) 
T(l+m-+1) [I. C. S., 1893.] 
13, Obtain an expression for the value of 


fe y2"1 f (ax? + by?) de dy 
for all positive values of « and y, such that ax? + by? > c?. 


(I. C. S., 1893.] 
14. Prove that the value of the volume integral 


{J Aa + py + vz)?" da dy dz, 


taken through the volume of the ellipsoid 2?/a? + 97/?+2/?=1, 
A, », v being constants and n a positive integer, is 


drrabe (2a? + p20? + v2c?)"/(2n + 1)(2n + 3). 
[I. C. S., 1912.] 
15. Find the value for positive values of a, y, 2 of 


Jove sin (x + y¥ +2) dx dy dz 
with condition z+y+2 < 47. [I. C. S., 1899.] 


16. Prove that | | b(at+y)aryoda dy 
0 Jo 


_T(at+ 1) TB +)) 2 - 
T(at+B+2) | beaters, 


and extend the theorem to any number of variables. [Cou. +, 1887.] 


17. Prove that the area of the curve 


z : iY 1 
(aa + by)?" + (ba —ay)?"=1 18 [r Gl [mca + b?) r(;). 
[Cont. y, 1891.] 
18. Find the volume enclosed by the surface 
(a/a)2" + (y/b)2" + (2/c)?" = 1, 
where 7 is an integer. (Maru. Trie., Parr II., 1919. 
Show that the distance of the centroid of the portion for which x 
is positive from the plane s=0 is 


--fer()(2)/(@)) 
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a2 2 


my y? p-] 
19. Prove that I ( i, J (ax + By) dx dy 


p) 1 
a Via oe (1 - 2)p-4 f(kt) dt, 


where k= (a?a? + ?6? 2) the double integral being taken for all 
values of « and y, such that 
ala? + y?/b? <1. [y, 1899.] 


20. Show that, ayzu being equal to a+, 


ety +8t+u) yo? dx dy dz = ——— 
| | | # 4 mie 


n) 0 
(Sr. Jonn’s, 1882.] 
21. Show that 


\\J dx dy dz ee abe 
(o + aa? + By? +22)? © pV(p+a%a)(p + PB) (p+ cy) 
where a, y, z have all positive values such that 


w/a + y?/D? + 22/0? < 1, [CoLLEGEs y, 1891.] 
22. Prove that 
(1 Sp yye-Lam— lyn i: 
|) Gast ageecen Oe 
1 (&) T(m) T (nm) {e 7 n 1 
Tk+m+n+1) lp’ pte reali (p+a)"(p +B)’ 
the integral extending to all positive values of z and y such that 
ty <a [CoLLEcxs y, 1891.] 


23. Show that 
w,—1y 1, 1 Gyn 1 f(s + dg’ t+... + Zn) 
a (A + Gay + Ay%y'2-+ ... + Um tyir)” 
a= || el 1 1 1 } 
Ile ... tn D'(n) ~ (ay - ty) (Q, — y) .. « (4, — an) Jo AF ayt 
the summation roetane to a cyclical change of letters from a, tO ap, 
and the integration bane effected for all positive values ‘of the 
variables for which titmiat... > 1 


da, d&y ... day 


24. Prove that, , r being positive whole numbers, 


[, ff fe da, = diy, r® (n+r—1)! (2r)! 
\ 2m+27r+1 9q2r+ an + or xs ] ! rT! ! 
G + Be, =) $ 


[Marx. Trre., 1870, WOLSTENHOLME, ] 
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25. Prove that 


In dit { % dx, { ™ du, am f'(§) dé 
re | n—1 ea es ae eh 


an a.) * 9 (a - tt) (a - a) a é) * 
={r(5)} ve@)- 70}. 
(See Ex. 30, Ch. XXIV.) [Mara Trios, 1875.] 


26. Prove that 


02 00 a’ 
[fre Oa atat S Scorer) 
0 Jo © My 

(LIovvILLE. ] 


27. If n be a positive integer, show that for an integration 
conducted over a triangle of area A in the z-y plane 


{fe dxdy=AHy, 


where H,, is the arithmetic mean of the homogeneous products of 
the ordinates of the corners, and find the corresponding result for 
any plane polygon. [Rourn, Rigid Dyn., p. 425.] 


28. Show that if the integration be conducted for all positive 
values of 2, %», %, %, such that 2+, > 1 and #,+#, > 1, then 


{| fest lg,is—1g,is-1da, dr ,dx,da, 
=T(G,)TG,)T (i) PG)/TG + + WIG +4 + 1); 
99, If faa "+a+...+%n" and %%,..- n=, 


evaluate the integral 
a i dz, dx, da 
rai t3 at io eeeeialy 
| | fi a ee ss? 


Lhe oeasy a8 ie 5 
0J0 n ay Lo Un-1 


pete n n 34 a 
30. If tz) +2, +%5° + --. En® and 2p," -.. a,” =a, show that 


n—-1 


oe” Dn n! (27) 2 
\, \, = e-tdat, ditty... Una = rath gna 
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DEFINITE INTEGRALS (L). 


ne 


988. It has been stated that when |¢@) dx can be integrated, 

and the result of the indefinite integration is y(z), then the 
6 

quantity y(b)—y-(a) is denoted by | d(x) dx; and it has been 


shown that y¥(b)—vW(a) is the result of obtaining the limit 
when h is indefinitely small of 


hl p(a)+o(a+h)+¢(a+2h)+...+¢(a+(n—Lh}], 


where b=a+nh; and the process of obtaining the value of 


b 
| (x) dx has been termed a Definite Integration. 


We have performed this definite integration in many cases, 
first of all obtaining the indefinite integral by the rules of 
the early chapters and so finding (a), and then inserting the 
values of the limits to obtain the expression y/(b)— (a); and 
in doing this our chief attention has been centred upon the 
discovery of the function ¥(a), whose differential coefficient 
is (a); 7.e. upon the reversal of the general problem of 
differentiation. 

It will have been gathered from the last two chapters that 
the value of the definite integral between certain specific limits 
can be obtained in many instances by some artifice, even in 
cases where it is not possible to perform the indefinite integra- 
tion ; 2.¢. that it is possible sometimes to arrive at the value of 
vy (6)—wW(4) without finding the form of W(«) at all. Such a 
case was that of | e-“ dx discussed in Art. 864, where the 


0 
180 
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indefinite integration of e~”* could not be expressed in finite 
terms, but for which the definite integral from 0 to 0 was 
discovered to be ay It is to this class of definite integral in 
particular that we now turn our attention, and it is to this 
class—viz. where the integrand does not admit of indefinite 
integration in finite terms—that the term Definite Integral is 
by convention mainly confined. 

A very large number of such results have been found. A 
collection of such definite integrals was made by Bierens de 
Haan, and published under the title Tables dIntégrales 
Définies (Amsterdam). 


989. The artifices employed are numerous and of great 
variety and ingenuity. It is impossible to give an exhaustive 
list, but some of the more common devices are as follow: 

(a) The use of a reduction formula connecting the integral 
sought with one or more other integrals already 
found, or more capable of investigation, or with some 
multiple of itself. 


‘d 
(b) The integral | (x) dx may be regarded as 


(J+ [eee 


in which the notation will explain itself. That is, 
the summation from a to d may be broken up into 
sections, (a to b), (b to c), ete., and each part may be 
considered separately. 

(c) The expansion of the function to be integrated, or of 
some factor of it in a convergent series, or in partial 
fractions, with the integration of the several terms 
and a final summation of the results. 

(d) Change of the variable with the corresponding change 
in the limits. 

(e) Differentiation or integration of a known integral with 
regard to some constant which it may contain. 

(f) A factor of the function to be integrated may itself be 
the result of a known integration between certain 
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constant limits. Upon substituting this integral for 
the factor a double integral may be formed, and a 
change in the order of integration or a transformation 
to a system of new variables may succeed in obtaining 
the value of the integral under consideration. 

(g) Investigation of the integral from the original summa- 
tion definition of an integral. 

(h) The application of some general theorem such as those 
already considered in the Eulerian integrals or 
Dirichlet’s integrals, or the theorems of Frullani, 
Cauchy, Kummer, Poisson or Abel, which will be 
severally discussed in their proper places. 

(2) Several of these methods may be combined. 

(7) The application of Cauchy’s theorem in integrating round 
some closed contour. Contour integration will be 
reserved for a special chapter. 

(k) The substitution of a complex quantity for a constant 
involved in a known integral, and in its result, fol- 
lowed by equating real and unreal parts, frequently 
suggests new integrals; but the method requires 
great caution if it is to be regarded as rigidly estab- 
lishing the values of the resulting definite integrals 
without further investigation. But it frequently 
happens that such suggested results can be established 
by other means. 

These are the principal devices used. There are many others 
applicable to particular forms. A general statement such as 
the above is necessarily vague on account of its generality. 
The student should examine the mode of procedure in the 
numerous cases which we shall have to discuss, and note for 
himself the method adopted. 


990. Illustrations of Definite Integrals deduced by Change of 
the Variable. 


w 


uf Hy logsin@d@ [Euler, Acta Petrop., vol. i. paz. 
0 


0 bs 
Writing @= 3 ols -| log cos ag=| log cos 6 dé. 
sa 
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Adding, we have 

z 7 

=| (log sin 6+ log cos 0) ae=| (log sin 20 —log 2) d@ 
0 0 
3 T 

=| log sin 20 d0—s log2, and writing x for 20, 
; P 

z ‘ 1 = t 

\ log sin 26 d0= 2 [. log sin x dy=|_ log sin 0d0=T; 
, a=1—F log2, giving I=5 log _ 


7 + 

Hence | log sin 6 ao=| log cos @ do=s log oedhinet (1) 
0 0 

It also follows that 


rT 


7 3 
| (log sin @—log cos 0) d0=0, we. | log tan 6d0=0, ...(2) 
0 0 


7 = 
and | log sec 0 ao=| log cosec 0 do=5 LOg 2 snaseseesk9) 
0 0 
lf we write sin @=. we have another form of the same integral, viz. 
1 loge ag 4 
: eee tees Be aoe heise iets. TTeeR (4) 


or again, putting r=e~", 
% Tea ; —— dy=5 log2 or {gene = die = Fe 10g 2 Dies taeseeson (5) 
or again, integrating (1) by parts, 
[ dlog sin 6] — [acct 6db=% logs 
2 [cot 6 10= log? ae tae deco nrrenea aces (6) 


or integrating again, 


2 zk 2 
[ & cot @] +) 5 cosectdd= Flog 2 


ft + 
iy [ xa9%0- TOG D5 seserrerercnsereeeeeennees (7) 


or, which is the same thing, putting cot =z, 


I (cotx)? du=T log 2 ....-+++202eeeree ape oor (8) 
0 
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2.1= i Wisin ot a and b both positive (Poisson, Journal de P Ecole 
0 a+bcos?@’ 


Polytechnique, xvii., p. 624, case where a=b=1). 
Writing r—¢ for 6, 


faced (r= LE an re ag a t 


at+bcos*d a+b cos 
x 21 =" GL mite ‘|e tan-2 af? cos o] 
; i st cost 
T ma! 8. ’ mee a b 
Cry axe Ve, *s Ws v2. 
: ” @sin Od Se en et 
The case a=b=1 gives | Trcostg 29 =7 tan ae 


991. In illustration of the method of expansion we may, for the 
= 
same example in the case a>b, expand Qa = cos? 0) . Then 
1=| [ asin MALT es pee cuca ee 6 cost @ — ... | a6, 
aJo a a” 


a convergent expansion if 6 <a. 


But 


ee ; 6 cos*?+1 67" 1 
2 oie ey ont) = . 
[ @sin 6 cos?" 6 d@ Shee tanh cos*"+169@d@= seed 
_ op mrl 18.18 1 
ABS a gia a 


a5 tan“ NE ’ by Gregory’s Series. 


If, however, a<b the expansion used would be divergent, and the 
method would fail. 


992. Illustrations of a Combination of Methods. 


Let r=| xsin"adx. Write s=r—y. 


0 


=| (7—y)sin y dy=r | sin” y dy—I; 
0 0 


ie | sin” ¢ da= al sin”.2 da, 
2 0 0 
and the result can be written down. 
This integral is useful, in cases where F(x) is capable of 


7 
expansion in powers of sin z, for finding | & I (ae don, 
0 
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Wx. bos ; elo g(1+nsin.2)de (n<1) 


7 
rn. es 
=| x| m—Faine+Fsinte—.., dx 
0 2 3 


nr? n* nw lr nt 2 nd roi t_ = 42 


7 eS a Sa 4S Sasa ess 


a 1n 1.328 ne Qnt 2.4 n8 
=F (+; Ble 2 We a :)-m «| 3+ at33 6 


2 sneakga\ 2 
=5 sin— n — (5 =) . (See Diff. Calc., p. 90, Ex. 3, Part 3.) 


eshte! space — 
Jo 1+eosasinv 
=| a(1—cos asin #+cos?a sin? —...) dx 
Jo 
See fee gS" ee 5S qiot Wa) Se | 
[5 cos a+cos as 2 cos vero a7 32 cos ar Bre 
~ ae AO ae 
= | cos a+3 008 ats Boo at... | 
1.3 .o.0 ‘| 
<2 6 
+o [145 cos ate 4°08 tate 7. a at+.. 
=f 
= ag ee Ye = =(1- cota)? (See Diff. Calc., Ex. 3, p. 85.) 
~/1 —cos?a 
T 
ae ar? a 
= —7—— + ——_=7— (WOLSTENHOLME.) 
sina 2sina sina 
This integral might be treated thus : 
Write +—~ for z. 
=[ (r—av)dx dx ae 
o 1+cosasina’ 1+cosasin« P 
os see? dav 


T 
=—_— er LL 
2Jo lt+cosasine 2 ; 142cos a tans +tan?> 


xv vw 
tan ee als 
ug 
5 —~ | tanm? . i) Seetane reot-a | 
sin @ sin a » sinaLl2 


T a 
=—— tan“! (tan a)=7 —— 
sina sin a” 
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EXAMPLES, 


4 
1. Prove that | Ja? + 1 dz=185 41 log 3. 


4 [St. Joun’s, 1884.] 


: 1 
2. Prove that sec? d@=—7=+ log (./2 + 1). 
fe v2 2 
[Matu. Triros, 1889.] 
3. Prove that 


|, #@ da= |" [ #@) +50 (2) Jae 


[St. Joun’s, 1882 and 1887.] 


4. Show that, n being a positive integer, 
log x pa 1 1 
eh (1+2)" "Tha Baa Sa +apt 
l 1 eee log x 
Tn—2 (+a t 8 ye taped’ 


and that 
me OST en ig (let 1 
(2) \, “eae ~ aaa (Gt3t5t +3) 
loge 
(2) iL (l+2)4 raat [Sr. Jonn’s, 1882.] 


|, (egy (oes) de= 1. 
5. Prove that 


[St. Jonn’s, 1882.] 


|, (sin 6 — cos 6) log (sin 6 + cos 0) d6=0. 
[St. Jonn’s, 1884,] 


6. Prove that 
\, 6 log sin 6d0 = FI, 62 log (./2 sin 6) dé. 


(St. Joun’s, 1884.] 
7. Prove that 


(i ie dx 2m a+b 

(2? tax +a*) (a + ba +52) aw ab (a? + ab + 6%)" 
(i) {". > dx ar 

(a? + ax +a?) (az b2+B2) J3 ab(atb)’ 


[CotLEGEs y, 1891.] 
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3 
8, Show that | —_ dz== log 2. 

9 tana ‘ 2 log ([Oxrorp II. P., 1888.] 
9. Show that 


© stan—ly\8 
|, (=) de = 4n(3 log2 — 49°). 
[Marx. Trrpos, 1887.] 
10. Show that 
kaw sinh (pa)(— 1)* 
pater * 
[CLarg, Carus anp Krine’s, 1885.] 


Ltr . kr 
| sinh px sin we dx= — 
0 & 


11. Prove that 


T Sg xe 
(1) F sin2a di 1 l+m, 2-1], 


22 (eos xv — mw sin x)” ~ Im(1 +m?) L1l—m 


(2) cos? dx 1 l-—m —< rs 1| 
9 e2(sin z+ mM Cos x 2 Im(1+m?) L1+m : 


(St. Jonn’s, 1886.] 


wT g 1T- 
12, Prove that |" -Fogdem yy (oan. 1 P, 1886, 
13. Show that 


° : T 
| ¢ log (sin z + cos 2) da= — q les 2. [Corzzexs, 1886.] 


—-Z2 


ena A 
14, Show that | > = oO °s, 1890.] 


o &/sinh2z 2/2° [Sr. Jonn’s, 


15. Prove that 
fe xf {x(1—x)}dz= af’ flea —2)} dz. 


[CoLLEaEs, 1882.] 


wT 


= 
16. Prove that | sin"26 log tan 0d6=0, where is any positive 
integer Ea ss [ConzEcEs, 1882.] 


17. Prove that 
i a”1{(n — 2)a? + (m —1)(a + b)a + nad} 7 art —be>3 


b (a + a)? (a +b)? “~ 2(a+6) 
(Sr. Jonn’s, 1890.] 


18. Establish the result 


epdetracalltaele a2 sin 2a sin G cos n) 
/0 


seme PS Lae Tv 


dn=*. 


[Marn. Trirvos, 1882 ] 
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19. Prove that 


F ‘ 24 
| {(a-1)sine ~3 cos} bmn ome, 
o\\e x 4 of 
[CotLEazs B, 1890.] 


ku 


‘ log 2 
20. Prove that | log (1 + tan 6) iia ce 
0 


Sy (Trinity, 1885.] 


21. Ifa be any angle between a and —~, show that 


)? 
2 


ip log (1 + tan a tan a) dx=a log sec a. [e, 1884.] 


22. Prove that, in general, 


S are x ae ae 
[,? (ee A over pweh actin eno 


where te yt ae 
and F is any function. [e, 1881.] 


23. Prove that 


2 : 1+k 
| log (sin?6 + k?cos?6) d0 = r log —- (ke0). 
0 al 


(Oxr. I. P., 1918.] 
24. Prove that 


@ 2 20 
| tlar+ a) ie=2 f(a? + 2ab) de. 


eo ™ 
993. Integrals of form | de, (m+n), ete. 
0 


Consider the integral I =| — dx, r being a real constant. 
0 


If we write rz=y, 1={ | Se, which is 
ras 0 & 


independent of r. But it is obvious upon changing the sign 
of r in the original integra] that the sign of the result must be 
sin rx 


changed, for all elements of the integrand change sign. 


Further, when r=0 the value of J is zero. Here then is a 
curious discontinuity which must be examined. 

The integral is of great importance in the theory of definite 
integrals, and we propose to illustrate by means of it several 
methods of procedure as mentioned above. 
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994. MerHop I. By breaking up the Integration into Sections. 
2 as wT 29 Sir Aor 
We have r={ 2 de=| (| +| )+(f +] te 
0 0 wv Qr 8r 
(2n—1) 9 nr 7 
+(f +| Von (Pde, 
(Qn—2)r J (2n—1) 0 x 


a notation which will need no explanation. 

In these pairs of successive integrals put s=7—y, r+ Y; 
Br —y, 3rt+y; .. (2n—1)r—-y, (2n—1)r+y; ete. 

Then 


“Orang,  {* sin y _f = sing 
ieee dum —| onaeay YI, Gaannay 


an= SID & 4 sin y 
and ——“dz=—| ~=—~— dy. 
je a: Pes y 
Thus, putting n=1, 2, 3 ... successively, the integral becomes 


aie ] ] 1 1 ] 
ie ; Ge a 
I (sino a ari er Sry y 


=| sin y tan aay (Hobson, Trigonometry, p. 335.) 
0 


ae ye eee ns 
=| sin Ydy=3| 0 cos y) dy 3" 


995. If we put c=—y it is clear that 
os ei vom Se oc 
| sin “de——| mY dy—[ mY ay—| sind 7 
wae oe of -o Y —» & 
Hence 


passage 0 e\ sine ,  p{° RDG, 9 7 
ie mz de=({ +) ia da=2 ree ita . meee 


996. If r be positive we have, by putting rz=y, 


” sin re ” sin y 7 
aint da—| SP Fe 
\ & eo ¥ Jee: 


If r be negative we have, by putting 77=y, 


* sin rz =< sin 7 sin 7 
|, xv 0 y y = y 
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If r be zero the integrand is zero, and 
| “ sin rx 
ee ee 


dz=0. 


997. If the integrand be regarded as a function of r the 
discontinuity may be exhibited geometrically by tracing the 


graph of y={" ae @9, which will consist of 
0 


the straight line y=—5 from z=—o to z=0; 
the point z=0, y=0, when z=0; 
the straight line y=5 from z=0 to z=0; 


and is shown in Fig. 323. 


Fig. 323. 


998. The graph of the integrand, viz. —, is shown in Fig. 324, 


si 


a de is the difference of the areas between the 


v-axis and the successive portions of the curve which lie above the x-axis 


The integral / 
0 


Fig. 324. 


in the first quadrant and below it in the fourth quadrant. The successive 
maxima rapidly diminish. The positions of these maxima are given by 
the equation tan.v=w, and can be ‘determined graphically as the inter- 
sections of the graphs of y=tan x andy=z. They occur in each case a little 
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earlier than midway between two successive cuts of the curve y= Mg 


; v 
by the 2-axis, but rapidly approximate to the midway as 2 increases. 

999. MerHop II. A Further Illustration of breaking up the 
Integration into Sections. 


Since the y-axis is an axis of symmetry for the graph of 


sin © 
—; Wwe may take 


* sin & if tsi 
, sin @ 
—%~ 


0 x ps 

(pr Qa e3r dor 

\+J she An a (22* ae) 
ll ae Chats 


. 2I= ; ie —2r 
Ave 


In the integrals in the first row put 


a=y, wy, Irt+y, 3r+y, etc, 
and in the second row 


g=—r+y, —2r+y, —37+y, ete. 
Then 
Sy a | i! 1 1 
oT=(": [ iol 
: [sin y y ty tay aun 
a ke’ 4 bat ot 
—e+y —2r+y —drTy 


Se | 
at Vy ye yaa yee yee NY 


=|" sin y .cosec ¥ dy=|" ldy=r 
0 0 
(Hobson, Trigonometry, Art. 295) 


to. |dy 


giving I =" as before. 


This proof is similar to that of Method I, but makes use of 
the expression for cosec y in partial fractions instead of that 


u 


for tan 2° 


1000. Merson III. Illustrating Differentiation under an Integra- 
tion Sign. fa 

(1). Consider the integral I= ! ex 
‘any finite positive quantity, which we shall ultimately diminish without 
limit. 


sin 1.7 : ane 
xx “ID™" dx, where 7 is positive and 
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Then sc long as & lies between 0 and +, 


sf? _,, sin (r+6r)a—sin ra dx 
oie ee 
or Jo or a 


= [oo cos(r+O6r)adz, (0<6<1), 


k 
Bais oop (Art 9), 


and proceeding to the limit when ér is indefinitely small, 


al_ sek 


Ke ; 

sin rx r 
>-=5,— , whence J= , e—* —_— dy = tan-1— 
dr ke +7? 0 £ 


kr 
no constant being needed since each side vanishes with 7. 

If in this result we diminish / indefinitely towards zero, the integral 
tends to the limit = dx, and tan 7 tends to the limit z or -5 
according as 7 is positive or negative. But if r=O the integral is 
obviously zero. 


in re ; 
Hence ae de =F = Oor —5 according asr>, = or <0. 


(2) As a further illustration of this method, let 


peti r (a cos? a ", (a. cos? 9+ B sin? 9)’ 


a and £ being of the same sign, so that the subject of integration has no 
infinity between the limits. 


Let Aee+ +39" Then AJ, = -- nIja1. 


Hence 
mueall (=i ead ge 
i ai Af,= n(a— po i= ete. = mal A ie 
2 sec? 6 dQ B 
Also J,= tanm( et 6) 4 
2 -ph ee atta 6 -Fal ve ae le as 
Hence 
Ti, eee ey ead 
7=( Yo a JeBlat gy 
Similarly 
epee gees 
Te Jap atap tgs) and 50 on. 
And since 


QV Be ae He.8. 


ee ae COC ee 
92(P +9) ‘(p ')(q!) Va a? BV 


= il 1 
"9 YTB eB 
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the general result is 
.T (- 1" ue oy l 
Law= ( ) 


2 n! \Oa +B Jap 
mA I" Sag Cots (2p) (2g)! _ 1 
a a te pig! TB a? BY 
te. J L$)! (29)! _1 


niger JaB> (pk wr Where p+a=% 
Also, since 
Ln _ is cos* 68 Oln i sin? 9 d0 
Oa 0 (a cos?@+ Bsin24)y" op —n}, (a cos? 9+ B sin? 6)"*’ 
all ay of the forms 


if ii cos? 6 dO [' sin? 0 d@ 
0 (a cos? a - sin? @)" (acos*O+Bsin?0y” Jo (acos?O+B sin®6)”’ 
can be computed, being a positive integer and a, B of the same sign. 


1001. Since 
bsin bx —acos bx 


| e-™ cos bx dv =e" aa +const. 
‘ b wa sir 
and | e-*sin ba dx= —e~™* boos bet asin te + const., 
we have [ e—cos br dx= ace Bese CL), 


a being supposed positive. 


: b 
£ e—* sin br dar= aR aoe (2), 
Integrating the first of these equations with regard to } from 0 to 8, 
[e poke eof e=tan?, sky ee) 


and integrating the second from ¢ to b (both positive) and 


__,cosba-—cosew , 1) a+ e 
[e Seer te B da=s log ape Pe eRe CS) 


When a diminishes indefinitely the limiting form of (3) is 


sin bx T — 
f = dx=5 or Joa csseneensersnsceneennesan(B) 
according as b is positive or negative. 
If in equation (4) we make a diminish sie 
cos bx — cos cv 
If we differentiate (1) and (2) n—1 times with regard to a, 


—) ah ! 
iB x"—¢—* cos ba dx=(— ye anne =f - cos nO sin” @, 


ichonsceh) 


where tan 9=- 


Cee Nd n—1 #3 
and fe nla sin ba dv =(—1)" da aaa =O cin nd sin 6. 


E.I.C, II. N 
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Here n is a positive integer and a is positive. 
The case when n is not a positive integer is considered later. 


1002. Mrruop IV. Deduction of a Definite Integral from the 


Summation Definition. 
We may employ either of the well-known trigonometrical series 


5 bain 0+5sin 20+4sin 30+...ad inf. (r>0>-—7), 
Tv 


qasin O-+4sin 30+ 5sin 50+...adinf. (tr>0>-7), 


to obtain the value of f de, 


“ sine sink sin2h  sin3h 
(1) [ £ d= Ltyaoh( h a Qh 3 3h is -) 


= Myao( Sine sind) 
ete 
2 


— Dino 


5 
sink sin3h_ sindh \ 
h + 3h + emt) 


(2) [ Se de cadfe-g ih 


@ 
a. o( Soe 5 sinh, sin Bh es 


=2 


iu 

by 

[For the first series see Diff. Calc., p. 108, Ex. 21 (2). 

For the second add to the first B—sin 6—Ssin 26+3 sin 30-..., 
or otherwise. (Hobson, Trigonometry, p. 288.) 

See Bertrand, Caleul. Diff. et Int., vol. i., pages 304, 383.] 

1003. Mreruop V. Again illustrating Derivation from the Defini- 
tion of an Integral as a Summation. 


Consider the series 


—q0 .- — 290: —390_: 
gu! aie sin20 e se ea ane 
1 2 3 ; 
00 3 — 290 —3q0 
Let cu? sve Oe cos 26 e “cos 30 
2 3 
These series are convergent so long as q is positive. 
© po 798,108 
C+ Oe Seen —log (1 — ee!) 


=U). 
—— logV1 —2e~ 8 cos 6 +672 4. tan—t oo fi 
l-—e cos 6 


sin 0 
2 s= tan-1 or = 
e”” — cos 6 
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In the limit when @ is made indefinitely small, 


ete t Ee ee tant oe ea 
” 9=0 o¢% 4 sin 8 gate 5 
ow 
—qe — gh —2gh —3qh .: 
e ? sina anh e @"sinQh e*2" sin 8h 
[enn a at | 
—gh.: h —2gh.- Qh —8qh .: h 
=Lty0| £ sin +! sin bs sin 3h | 
= 1 2 3 HA: 
e sin a vr 
enh =—_— —1 
‘3 = iL 5) tan~‘q. 


Now let g diminish indefinitely to zero, the limit towards which the 
result tends without limit is 


[ S22 ae=t. 


e- sin 1 


1004. The integral I= [== 


for the case g>r thus ; fe Se sin rv, we have 
2 4 
I= : "ee (r- ate ~...) de 


de=tan > may be established 


3! 5! 
! 
But [ wetde= Fai 
: te Ang? ler? Bear 
. f= 5 Sine 1_ 


This series, however, is divergent if ¢g<7. See Art. 1000 (alps 


1005. Merxop VI. Illustration of Use of Change of Order of 


Integration. 
Consider the double integral 


tal fe ¥sin rx dx dy. 


Integrating first with respect to y, 


zy Sin rx Y=" sin re 
=i [-« di= [ dx. 
y=0 0 xv 


Changing the order of tae integrate first with regard to «, 


oe. . a x=0 


nl Pas a 
aaa dy= [ tan t\=5 aes 


according as r is positive or negative ; 


: [RP ae-5 p aha 
“Jo 2 2 2” 


according as 7 is positive or negative, 
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1006. Mrrnop VII. The integral may also be established by the 
method of contour integration. (See Art. 1302.) 

1007. The expression for cotz in partial fractions (Hobson, 
Trigonometry, p. 834) is 


1 1 1 1 1 1 


1 
cob a= ati ie 28a! 280 


=o+ 22>) 5 


If #(z) be any periodic function of z with periodicity 7, ie. 
such that $(z)=¢(z+r7) for all positive or negative integral 


values of r, we have 
rien. 
bed (2) dz 


{_ ¢(2) : 
ays pea ES pe ede ea a < 


—3r 


Shae 


—— 


In these integrals, put 
z=y, mw+y, 27-+y...in the first row, 


and —7+y, —27-+y...in the second row. 
eee Z| ee =) o(y) 
ia rm +y dy 0 rrp y 
—(r—1)r oe T 
(ee v9 dex [ Y=") qy_[" 9D 4 
—rr 0 Y—-TT UO) fae BLE 

Hence 

ee) 1 1 1 

je z Gate [onl 5+ (nye 7 plans oa ete |ey 

=| cot y dy, 


1.€. i. We —( (x)cotzdz, where ¢(2)=¢(x+r7). 
0 


x 


Thus, if $(x)=tan z, | oS 4 d= | tan «cot x da=m. 
a , 


t : 
Also “=* is not affected by a change of sign of z, and its 


graph is symmetrical about the y-axis. 


Hence | SOF dom EU ls 
0 @& —o & 
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and writing rz for a, 
fo) 
| tan rx 


0 x 


d ee at 0 + ve ve . 
c= 5 75 or QO as ris +, —° or zero. 
1008. We now proceed to consider some consequences of the 
result i sin rz 
0 HH 


da—=~ 5° 
By the ordinary method of summation, we have 


?C, sin 2pr+?C, Dt ten .e +?C,_, Sin 2a= 2? cos’ax sin pz ; 


cos’x sin px : ce 
{" do Fy. BPO 0, + on +O sl=5(1—gp) 


1009. In the same way 
?Cy sin 2px —?C, sin (Qp—2)v+...+(—1)?1?C,_, sin 2x 
=(- 1)? 2? sin’x sinpx, (p even) 
a 
or =(- lr 2? sin?z cospx, (p odd). 


alte [ sin?" = Qnx dx _( a) : 5 (a-1)"-1) =(-1""# 


an+1 pa | a 
and [= Sooners bee oes 7 ((1-1)4141]=(-1) nat 


cae ’ 


1010. Again, 
pe ae! woe) [sin (2n+1)a—2"1 C, sin (Q2n—1)e+... 
lo 


x gan 


+(—1)r2""C, sina] 
as ; Le anti CY, int Ci +(- yi anti Cn] 


vie 
coeff. of 2" in (1+-2)"*? x (1+2) = gaara ik Or 


Twi. sees 
BSF 4 7 


1011. Let a and b be any two positive quantities (a > b). 


"sin(a--b)t , 7 [cr en 
Then [ee =F and ‘une. dx 5) 


Hence, adding and subtracting, 
[= ax COS ba 3 2 tars (= ax sin ba a0, 
0 


o= = 
x 2 x 
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We may then state that 
\, ee dF or 0, according as p > q or <q 
both being considered positive. 
If p=q, 
[= PLCOS YH 7 _ 1 ie 2px ee | 
2 Jo ve 


0 x 


1012. Graphical Illustrations. 
Consider the graph of y=[, ee dé. 


1 (° sin(@v+1)0+sin(x—-1)6 
af 5 0 a 


We may write this as y= 


l/r 7 T 
If #>1, 4 =3(5+4) =2. 
1/r T 
1b? r=. y=3(5+9) =F 
l/r 
If x<1l and >~-1, y=3(5-3) =I) 
ee =5( -5) Cpe 
? fae a) eg 
1 Tv Tv 
el y=3(-§ 5-75 


Fig. 325. 


1013. Graph of y= sin, Gonsia 


_1 /*sin(1 +) 6+sin(1— 2) 6 
al ; d0. 
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Here, if «>, y=3(3-3) ae 
l/r T 
C=] =-|— = 
’ y 3(3+°) 43 
lfr v 
—1 v ] Se ( =—* 
PEAT Gi * sae 2 
1 Tv T 
c= —] == = = 
; y 5(0+5) 4? 

1 T 
, —] =-~—|{ ——+— |J=0: 
ae ie, art if =) = 


and the graph is as shown in Fig. 326. 


Fig. 326. 


being again discontinuous at e=1 and x= —1. 


1014. Consider the integral 
he mon 
| cosz—1 de, 


0 Zz 


and put z=az and z=6e therein alternately. 


h h 
(= ax—1 de—|" cos br—1 7 


Then ; 
0 x 0 x 
h (ee h : 
: «cos ax— cos bx bcos bx a] 
1.€ | eee on a | dz=| —dxz=log-. 
0 x pos ae a 
a 
h h ey h 
6cos bx sinba 1). 1 {sin be 
da=| . =— a 
7 Bb I; x be Cael Db Ie x? ‘ 
a 


a a h 
; , nag 1 (sin ba 
and when h is increased indefinitely, becomes filet da, 


a 
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and this must lie in numerical magnitude intermediate between 
the results obtained by replacing sinba by —1 and by +1 
h 


‘ If AaB ~b.. 
respectively, 2.e. between + , i — =| OF 2b a Ro? ue + 0. 
Therefore the second integral, for the infinite interval between 


h 


h : 
- and 5 vanishes, and we have 


| cos ax—cos bx de=log ®. 


0 wv 


This is a special case of a theorem due to Frullani to be 
proved later (Art. 1183). 


1015. It follows that 


oe — fe eee 
2 1 b 
Fi se de — 3 log 
F “sinprsingt, 1, p+q aie 
1.€. [ - dz= 5 loge 5 (p >q and both positive). 


We have now considered 
e sin px sin q% 1 loo 2 +4 
0 oi Sp -q 


x 


and [ ee de=e or 0, as p> or <q (Art. 1011). 


Also [ ; EE ae is infinite (Art. 348), 
: _(°snr6,, = T 
1016. Taking =) aa = Of ae 


as 1 is positive or negative, or 0 if r=0, integrate with regard 
to r from r=0 to r=r, 


ee) a (1) 


Bes Yr wr 
eee: 2 a 


as r is positive or negative, or 0 if r=0; ze: putting 2r for r, 


* sin?+8 Tr Tr 
y=| —gr C= OF Fy tes teeee eens (2) 


as ris positive or negative, or 0 if r be zero. 
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1017. To illustrate this geometrically, consider the graph of 


oh. a 


Fig. 327. 


which consists of the parts of the lines y= +. which lie in the first and 
second quadrants. 


1018. Integrate equation (1) with respect to r between limits 0 and r. 


= P 
r@—sinré us : de ; 
Then [ do="7 ror a% as r is positive or negative. 
0 


ea 


Thus the graph of y= i = ae =e d@ consists of the parts of the 
two parabolas y=2? and y= —-%, as x is positive or negative, which lie 


in the first and third quadrants. 


Fig. 328. 


Similarly we might proceed to further integrations. 


* sin? (6 sin *) 
2a a 
1019. Graph of Loe 8 cone eek 


Since a change of sign of x evidently does not affect the value of the 
integral, the y-axis is an axis of symmetry. 
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Also 
Y= asin= — if sin= be positive and y= —asin= — if sin | * be negative. 


Hence the graph is that shown in Fig, 329. 


Fig. 329. 


sinr@ 


1020. If we integrate i d= with regard to 7 between limits 


qg and p (both positive and p> oe we nee 


6- 6 
pee oe d0=5 (p g), 
: [Pie 16 = 
1.2. is e dé q(P-Os 


or putting p+q=2a, p—q=2b, 


“~sina@sinb@ ,, 7 


where 6 is the smaller of the two quantities a and 6. 


oe ae 
1021. Trace the graph of y= | = 


In the first place a change of sign of x does not affect y. Hence the 
y-axis is an axis of symmetry. 
Also we have 


y=3/ 4 sin 8 fein (e+ 1) 6—sin(#—1) 6} dé 


dO. 


=[ sin oie sin ee ie 
If >, feo aye a) =0. 

ihe ee y=5-5-1-5-5 =) 

If 2>e>1, yz: ul 5 ole 1)=4 (2-2) 
ioe IL. y=5- 5-1-0 =. 

If 1>2>0, y=: 5 145° B(l-2)=3 2-2). 
iva — 0} y=5°5 oe =5- 
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The graph therefore consists of : 


(a) the portion of the w-axis from x=2 to =o, 
(6) the portion of the line 9=5- from «=0 to 7=2, 
(c) the portion of y=5+ > from v= —2 to r=0, 


(d) the portion of the a-axis from x=—o to x= —2. 


Fig. 330. 


And the discontinuous nature is shown in the illustration (Fig. 330). 


sin? @ sin 7O 


3 d@. (Math. Tripos, 1895.) 


We note in the first place that a change of sign of w gives a change of 
sign of y. That is, the origin is a centre of symmetry. 


1022. Trace the graph of y= + 


Le) a Siig. a ag 


Fig. 331. 

dy sin? 6 cos x0 Sees from 2=0 to 7=2, 

aise 2 - s 0 from #=2) to a—coi; 
: A+m(4x-x*)/8 from x=0 to w=2, * 

i’ {5 from #=2 0 =o, 


where A and B are constants. 
Moreover, the difference of adjacent ordinates at v—¢, x+e, being to 
in?4 cos 76 
the first order af sin Goose 
fore there is no abrupt change of ordinate at any point on the graph. 


d6, ultimately vanishes with ¢, and there- 
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Again, y=0 if «=0; 5 ASO; 
and at +=2, A+m(4.2-2)/8=B; «. B=. 

Therefore the graph in the first quadrant consists of a portion of the 
parabola y=7(4%—-.2*)/8 from x=0 to «=2, the vertex being at (2, 1/2), 
and a line, 2y=7, parallel to the x-axis from a=2 to r=. 

And remembering that there is symmetry with regard to the origin, 
the graph is as shown in Fig. 331. 

It appears that the points P, P’, where two of the discontinuities occur, 
are the vertices of the two parabolic arcs, and that at the third discon- 
tinuity which occurs at the origin the parabolas have the same tangent. 

The discontinuities occur in the second differential coefficient. 


wo 44M 
1023. Cases of | ae 
0 
> sina > 
Let tin n= | = dx, where m is not less than n, and m, n 
0 


are either both odd or both even positive integers >2. We 
have proved in Art. 265 a reduction formula connecting 
Winns Uh ng OU Ue noe Vie 


(n—1)(N—2) Upp, nF Um, n—2—M (M— 1) U2, n-2= 9- 


Now we have 1= th, = 5 (Art. 1016), 


Lie 
2? 


it Tar 
and dx =7([3-1]5=33 


° sink we 1 f° 3sin z-sin 34 
ts = dz == 
x 
and from the reduction formula, 


a 
aoe \ 2. 1Us 3+9u3 1-3. 2u,,=0; 


> T v 3 f 3ar 
* 2Uy,3=6.5—-9.4=7 3 se Us, s="B- 


oi nd oO os & . . 
Also t= | SIL 7, a sin 5a ~5sin 3¢+10sinz 5 
0 Dy} 0 x 
7 37 
=H (1- S10) ae 
Then the reduction formula, 
m=5 ; 
he gives 2.1u;,,+25u;,—5.4u;,=0, 
and m=5 / 
ae \ gives 4.3u;,,+25u,,—5. 4; 5=0 ; 
5 
henge Us3= a A = Tv, etc. 
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1024. In order to generalise these results it will be plain 
that it is necessary to express sin’”+'g in the form 
Asing+Bsin 8¢+Csin 5e+..., 
and then we shall have 


0 gt ott 
seal. Sn dam? (A+ B+C+...) 

(see Art. 1010). 

And similarly if we can obtain 

sin” x cos x in the form A, sin 27+ B, sin 4a+ C, sin 62+... , 
we shall have 

tn =|_ sin”"x do=| 2] +2r{ sin ly COS % 
ee 0 x 


o « 


da 


“ sin?—'g cos x 
0 Hi 


=2r(4,+B,+0,+...) 5» 


and the sums d+ B+C+..., and 4,+ B,+C,+... are easy to 
find. (Art. 1026.) 


1025. It has been shown in Art. 1010 that 
«1 S-8lGr=1) 
Yeti 9 94.6..8 ” 
and this with the reduction formula will enable us to obtain 
the values of all integrals of form ton41,o)41 (m £ Pp). 


. 1:53.58 «br 
Thus, if r=3, = -4 6° 9 B®? 
and 2.1, 5+49u, ,—42u;, ,=0, 
4. 3u,, 5+ 49u, ;—42u; 5=0, 
6. By, y+ 49 uy, 5— 4204s, s=0, | 
eke 7 771 58877 
giving th s= Gy) th, s=7eg> “%.7=93040? and so on. 
Collecting the results, we have 
Tv 
Uni1=95 
T oT 
Uy1= 4) Us, 3 Be 
3T 57r 1157 
Us,1 16’ Us, a= 35) Us, s="3eq? 
53 V1 Tir _ 58877 
Uh, 1= 39> Ur, s= 6G? Uh, == FEB? Ur,1= 93040’ 
ete. 
1.3.5...(2r-1) 7 [sine da. 
Wee —— ag ge the same result as , sin 6 dé. 
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1026. Again by differentiating the formula 
s=r-1 
2°"(—1)'sin*2=2 >) (—1) ”C, cos (2r —28)a+(—1)”C,, 
8=0 


we obtain 


a aba 


Or sin -lpcon ee a ; ay (—1)* (2r—2s) *C, sin (2r—28)a, 


and the sum of the coefficients required (Art. 1024) is 


(DB (20, —(2r—2)"0,+ 2r—4)"O,— ... + (—1)12°0, 4} 
as rz (°C, -1 2°, 2 FBC, _g— «+ (— 1) 4 °Co} 
== 7X coef. of 2-1 in (1+2)” x (1+2)~* 


1 (2r—2)! 
ores 

(sme 7 1.315... Sia 
Hence tora oO 4.6... (r= 2) 2 


7, x coef. of 7h in (1-2 = 


1 
~Opr-1_ > 1, 


if r+ 2, 


and =3 if r=1, and =7it r=2. 


1027. Thus 
ia oy a 1.3 7_3r 4A PUREE w_ 57. aa 
a> Maing) Csi On 16° mee ae ne ” 


the first of these having been found before. 
And now the reduction formula can be used, 


(n—1)(2=2) Un, nt MU, n—2—m(M—1)Um—2,n-2=0 (mtn), 


=4 
*, } 3. Quy «+16, 2—4. 3ty, 2=0; 
=6 
a) 3. 2g 4+ 36U, 2-- 6. 5, o=0 ; 


=0 
oy \ 5. Ate 6+ 36g, 4-6. 5, = 5 
a x 


etc., 


ivin i, = Mee al etc 
g 25 BS GN Ce) 6,6 40 ? ON) 


and collecting the results, 
7 
Ux, as 9 .) 


T Tv 
W42=F) Usa=ay 
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Sig cia llr 
Uea= TE) eS ae Ue, 0e=—Fo» 
5 
the a= ae ete. 3 


32” 
and generally, 
1.2 h2.(or—8 a 
tena o-7 eS et ; (r+ 2), and therefore= [ sin”—?4d6. 


1028. A result due to Wolstenholme follows at once, viz. 
| ai F(sin?x)dx= i F(sin?z) dz, 


provided F(z) be any function of z which can be expanded in 
a convergent series of positive integral powers of z. For let 


F(z)=A,+4,2+A,22+.... 
Then 


| = ad F(sin®x)dz= af eed, sin?z+ A, sin‘z+...)dx 
=2(A guy, +Aygot+Agtlgot---) 


=2| (A,+A, sin’x+ A, sintx+ ...) dx 
0 


=a F(sin2z) de—[" F(sin?a) de. 
0 0 


1029. It is also plain that if F(sin 6, cos @) can be expressed 
inthe form 4 sinp§+Bsing0+Csinr0+..., 
where p,q, 7... are all positive; then 


[Aen 8 208) to (44 B+ 0+...) 3 
é 
0 


or if F(sin 0, cos 0) can be expressed as 
A cos p0+ B cos q8+C cosr0+..., 
where p, g, 7 are all positive, and if A+ B+ C+...=0, then 
bi F(sin = cos 0) o= f —— gO+... do 
0 


is A (cos p0—1)+ B(cos g@—1)+... de 


=—5 (Ap+By+Cr+-...), 


and evidently other propositions of similar kind may be 
enunciated, 
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F il D Qr—1) ww 
1030, Ex. 1. Since Horan pe ) ‘9? 


l+nsin ax dx ; 
[og ee [—nsinav x (wat, a> 0) 


=2|" G sin ar+™ sindar+% sin'az +. )e 


n-wnWil wn 1. 
=2| gt ga? se. 


‘a 
; CL a 
is i tanh—1(n sin az) —== sinn ; 
0 oe wi 


and if n=}, i tanh—! (3 sin az) o—o 


: _1.3.5...(2r-3) 
Ex. 2. Since Wer. 2= 9 4-6... (Qr—2) ° 2 (r> 2), 


l+nsin2aa dz 
[08 Si —nsin2ax x (n<1, a>) 


n3 dx 
=) RG sintax +7 = sintax +7 > a inMac +.. 2 


mvs ic . 
a (oF TER ‘); 


s [tank 10 sin? aa) <5 Ba hi erase J/1T—n}- 


r} in 
Ex. 3. l= ie su” tanh- (cos gsinta da. 


By Wolstenholme’s principle given above, this integral 


=2 [tant (cos 3 sin’) dx 


rT 
vy 
Gh oo 1 Gh 1 Gh 
=2{ [ cos $sinta +5 cos? 5 sin®a += cost Ssintat... [de 


aD 91 Toe 97831, | 

=25| cos$ 5+5¢ +3008 5 @g0t5°" gi0864a¢ 4S 
(Lat {a eae ee see: 

Now oF gi opd.6 od. 6es.10 

UTA 1, 141.352, 1:3.5.7.9 # 

ae +5.4.63'2.4.6.8.105 


and writing z=cos 26, this integral 


I fee a 1 \4sin 6 cos 0 
< ile (ara ~ cos 3) cos 20 a0 


a a! 6 
= 3] cos pranon cs goot ($+F). 


Hence putting 40=a, [=m log cot =" 


Sc ate . [=r sin-1n (Diff. Calc., p. 85) ; 
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1031. If p and q be positive integers and p+q, the integral 


I -| = ay —~ de may be investigated by a method which does 
0 


not Salait the successive calewlation of previous results of the 
same form leading up to this integral, as was done in 
Art. 1023. 


Since | gi-le-wqz— P(q) : 
0 xd 


@ sinPa 1 
we have =— 
0 


2 2I-le-“ginPa dz dx. 
xt (q—1)! | \ 


Now, p being taken greater than unity, and @ positive 


| e-% sinPa dz PP) e-*sin?-27 dx (Art. 104) 
if] 


0 P+a 
p! 


af ile 
~ (a?+p?) {a?+ (p—2)?} ..(a2-+ 22) = if pp be even 
= p! ; 
or ~ (a®?+ p?) {a?+ (p—2)?} . (a2 12) if p be odd. 
Hence 
Pein's ~ . . pi { 2Idz f 
Joa Gil, aemraneeray sn werpaite boven 
p! oo 29-1 dz : 
and = Set ca Dil, (41%) (2-+3%)(2+5%) ... @ +p) if p be odd. 
The integrand can then be put into partial fractions of the 
form : 2 2 
= A q 2 A wd 
p even, A+ (2h? ea (2h)? or 22+ (bP 
(q even) (q odd); 
ras pti B 
: By 2-1 
pod Sarerip ° 242FRk—1) 
(q-odd) (q even) ; 


and their coefficients have been found in Arts. 162 to 165. 
In the two cases p even,) p ae the integrals are of the 
q ais q odd, 


inverse tangent species, viz. 


A ntZ] 1; 
[ apa Lit tl v2’ 


but in the remaining cases the integrals are logarithmic. 
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1032. Particular cases are simple. 


” sin? a vy Zdz Bal a ae 
os * =i CONGR 1)(2+3%) rs +a % 
x3 [70 ae aan =3°(3- a-F 
3/3 tan 3 — tan Zz Bie ba is 1] 378° 
ee =, zdz ; ef (4 ae YS: ) ae 
(28+ 12)(2+37) Jo \8 2274+1% 8 22+3? 
mee! ze 4 27° 


ze og 


eg BO, 
Lag OE =" log 3. 
=4" 5h a eae ee 


1033. The general result is not difficult to obtain; the integrations 


have already been performed in Arts. 162, etc. 
© sin? p! Adz 


p even, ); 
Ome cd dx (q—l)!Jo (242%) (2442)... (2+ p) it meee \ andp<q 


and by writing g —2 for 2q in result (A) of Art. 162, 
ee p for 2n 


sin? eur + ‘ re © 22) es 
[ ae= an © | eCypt'—70,(p— 2+... 4(-1)8 0p_,3* 1} (A) 


And if be odd 
and q be odd} and pt g 


L sin?x a ! £ a dz : 
a (q-1)!Jo +1) (2 +3")... +p)’ 
and writing g—1 for 2q¢ 
and p for 2n— 
qI—P j 
jie Det 
a u- Noel eee (Pp — 2) POA pa Sa a Crea | (B) 
If p be even 
and g be odd SSE 


[tear ! ‘ 22 dz ’ 

0 at (q—1)!Jo (2 +2)(2+4?)... (A +p?)’ 

and writing g—3 for 2¢ 
and p for 2n 


ptg-1 


1 -1) 2 5 
(-1)! SS | eoype log (2 +p”) —?C,(p — 2)?" log {2? + (p—2)}} +... 


‘ At Pe fe. 2 log +2". 
B_ 


2} in result (C) of Art. 164, the integral 


}i in result (B) of Art. 163, the indefinite integral is 


Now in the expansion of (e*—e-*)?=(2r+...)?=2?4? +... there are no 
terms of lower degree than «?. Hence, if g be + , the coefficient of 
x is zero ; «Ze. the coefficient of #7 in 


P. BR 
POpe?* — 0, el? 4 Cee _ 4. (1)? PC, 4-(-1)? *C., 
Sie 2 


PB 
+(-1)? meC. e+... 4+ PO,e-P* 
gti 
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is zero ; and p being even and q odd, 
Oop "Ci(p— S++ POKp— 41 (1) "2G, ar 


vanishes identically. Hence, multiplying this expression y log z*, and 
subtracting it from the portion of the indefinite integral in square 
brackets, we have 


?Qy pt log (a + e)- ?O(p — 2) log {1 Aes *\ 
+i-3" "0, 3 (142) 


which vanishes when z is infinitely large. 
Hence 


p+etl 
aS | 2 1 
(R —— dxr= er a] *O,p* log p—?C,(p — 2)? log (p — 2) 


Be 
+?C,(p— 4)" log (p—4)—...+(-1)? 26, 2 Nog? |. w.n(C) 


Finally, if p be odd 
and q be at i hiss 
oF sin?a 7. [ a2 dz ; 
0 ce ny (P+) A+3°)(P +5?) ... (PF +p)’ 


and writing g—1 for 2q¢+1 
and p for 2n—1 
integral is 


: ig=i71 cae [-c, pt log (2? + p*) —?C,(p — 2)" log (2? + (p—2)} +... 


in result (D) of Art. 165, the indefinite 


(q- 
p-1 
+(-1) ? *Cp-l? log +1]; 
2 


and in this case (p odd, g even) we have, in the same way as before, 
p-1 
PC, pt-) —9C,(p—2)*-1+?C,(p — 4)? —...+(—1) ® POp-1271=0, 
2 


an identity. Multiplying by logz* and subtracting from the portion of 
the indefinite integral in square brackets, we get 


3 2 —9)2 
PO, pp log(1 +4)-" ‘(p — 2)? log {1 Pai: ha... 


pal 1 
+(-1) 2 *Cp-s1"Hlog(1+2) 


which vanishes when zis infinitely large. 


Hence we get 
q—P+1 


m0 aS <s 
I : er ga Pop osp 700 2) log (p—2)+... 


$(=1) ? 2Cyl? log ‘|i ee (D) 
the last term vanishing. 2 
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Hence, summing up, the four results may be written as 


ig platy - uy 2] ptt—p(p-2)4 22D (p_ ayer_...] 


at 


to® or 22° 


5 terms, if p—q be even, or as 


Set ae Lom log p — p(p — 2)" log (p — 2) 
Hie) —) (p- 4)" log (p— 4)-..:| 


tof or pe terms, if p—q be odd ; p being ¢q. 


This generalisation is due to the late Prof. Wolstenholme. 
It will be noticed that more is effected by the treatment of 


jee ae — dn i in this article than in Art. 1023, as the limitation p, g, both 


even or both odd, is now avoided. 


1034. Thus, for instance, 


sin’ = aie as ee ne Su 
[ hr (8-6. 49415. 25]=— 5" (-48)= eR 


“ sind 1 . 
3 3 
i; a dz= 51 git? log 5-5. 3#log 3}. 


EXAMPLES. 
1. Show that 


0 in eet 3 een A 30? /si ‘ 
|! sin “ae=| (2 2) ia=3| (= *) oe 3| eek i 
9 & oN Cll NU THE VA Weep 


{Maru. Trrros, 1884.] 


. 2Qn+1 et 
2. Prove that a) | aa 1) 7, 


4...2n 92 
9 sine tes. _1.3...(20- 3)(2n+1) x 
(2) i, a8 - 2.4...2n “4a 


[TRrnity, 1889.] 


3. Prove that ip IL -[" One a af) 
Hn 0 2. (Maru. Triros, 1887.] 


1 
4. Find the value of | (sin x+sin *) ee 
0 u/s 2 [CotLzaEs f, 1888.] 


5. Trace the locus y={- cade dé. 
0 
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6. Describe the discontinuous surface z-| so a a6. 
0 


[TRiniry, 1888. ] 
7. Show that 


E {$0 — 221 +42 — ete. } de =4r¢(—}), 


tt tt 
sin ax 
da 


and apply this theorem to find | 
0 [GLAISHER. ] 


8. Discuss the locus 


gk aie (2x - SES sin 2? ae Senge #2 
0 2 20 


where n is a positive integer. 


9. If 0<a<z, prove that 
(i) i l+sinasinede 
e S]—-sinasint 2? 


= : : 
oe 1+sin?asin?2 dz ———— 

ll lo : : ~=7(/1+sin?a —cosa). 
(i) j, 8] —sint’asin2x 2 (V1 ) 


°  sin?z cos*x = 
10. Prove that iz 22(1 + sin?z) dx = 7 (/2 = JI) 


1035. Let J |e“ cos badz, I =e“ sin badz, (a+), 


—acos bz+6 sin ba S a 
Then [,=e-** ———.—,—_,, and Fa rye 


a?-+ b? 
ae —a8in bx—b cos ba i 
Lie Setar 8 ae aE Me E Sane 
Integrating each with regard to a, from a=p to a=q, 


21 52 
ae rae ee 


e-qe__e-pe —t 
\, 908 bzdxz= 5 log 
(== sin ba da=tan- 2 —tan-1 2. <ceh omen) 
P x b b 


The case p= ,) . ; 
20 } in (2) gives 


| sin br 57 as b is ve or — 
0 x 2 
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1036. Again starting with the same integrals, integrate 
with regard to b; then 


[, eee SBP 80 ty tant P— tam? 9... (3) 
0 xv a a 

ax COS pet—cos ge, _1 a?+q? 
ue ee ee log Beige Meson (4) 


Then 
a sin px pte, vers px 1 p 

| e-a —_*— dg=tan-*=; | ¢-% —_!~ dg== log (1+2,) é 
0 x a’ Jo x 2 wv 


1037. Consider the Integral [ S| e™ cos ax dn. 


(Laplace, Mémoires de V Institut, 1809, p. 367.) 
Differentiating with regard to a, 


—x 


2 7 os) 
= -| ez sin ax dx=| —sinax| —~ | e-™ cos ax dx 
da 0 2 0 2Jo 


—51; 
ai 


‘, I=Ae * where A is independent of a. Putting a=0, 


~ inte 
nl ON ip es au Hence ree 23 
0 


The proof is that of Legendre (Ezercices, p. 362). 
1038. Laplace established the result by aid of the integral 


Jramewaomgr ™*), 


4 
viz, [= 7 ak oo wee) 
see @1, at 1.3 ) 
2 ee ORO ra 
— Efi Lore il ie ae ae 
2 4 Tad homeo 2) 


1039. Differentiating I n times with respect to a (D.C., 
Art. 106), 


ae cos 35 +1) deat (4) 

sa Nig 1G 2 -1) —— 4 ha = 2)(n-8) (2a)"-4 i 
(= ip. ! 4n-2 -... 

=(- ce cl ae et qr 4210 D gee) 


DEFINITE INTEGRALS (I.). 215 


1040. Integrating J with regard to a, from 0 to a, 
BS). SIN AL Jx (4 v0 a2 1 as 
a Nee pee Se ee Ae 
j, é = dx 9 few da= a @ 4+ ...)da 
Jr { a 1 @ 
operat ieee meat), 
a rapidly converging series for small values of a, but not 


capable of summation by means of the known algebraic or 
trigonometric functions. 


bax% 
1041. Laplace’s integral 7= 2 econ abide =V™ os follows immedi- 


ately from the form of Art. 1037 by writing therein : for a and x=ay. 


It should be noted that the process of differentiation in Art. 1037 is legitt- 
mate though the upper limit ts infinite. (See remarks in Art. 356.) 

For, taking the present form, the integrand e—**“* cos 26a remains finite 
for all values of z Change b tob+6d. Then 


I+ sim [eo cos 2(6+ 6b). da. 
Hence 


ar _ gratss COS 2(6+6b)x —cos 2bx we = ena") On sin 2b te}da, 
6b Jo 6b 
where ¢ is a finite quantity which vanishes in the limit when 8b is made 
infinitesimally small, 
te. oe 2 is ve~? sin 2bx dx+ [ €n00) ae. 
66 0 ) 


If «, be the greatest numerical value of ¢ in the range of values of x 


: f é T 
from 0 to «, the second term is numerically <e I, ene Ag, 1.0. << Qa’ 


and therefore vanishes in the limit when « is infinitesimally small. 
The process of differentiation is therefore aad 


; ce 2 
Proceeding as before, a= aql, Ae os 
Vr Nr 
and putting b=0, I= it ete dig= i 
eee 
and I =5,¢ " 


* Mémoires de l'Institut, 1810, p. 290. 
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EXAMPLES. 
1. Show that 
» me: 
| xe-™ sin ax dx uxt tp ith 
0 4 
a* 
ii ee 


[o2) 
| xe-* cos az dz = — 
0 


O ae 3 
| eal Weed 6.4 (30 “2 , 


2 
0 
2» Sy BS 4 
xte—@* cos ax dx = vr e *(3-—3a?+ +) : 
; 8 rl 
2 Sy Us 5 
|, xe-** sin ax de= VE = (150-50? + era 


and show that we can calculate 
| [ (22) cos ax + Y(a?)z sin aaje—2* dx 
0 


when ¢(z*) and (2?) are rational integral functions of a?. 
[LzcrnpDrRE, Hrercices, p. 363.] 


iv) 


2. Show that if J -{ e—** sin az da, then 
0 


ety Ls 3 5 r 
pole al ef da=5(a- rte ss +...). 


2 27.3) SA. Dee A De OT 


[LecEnDRE, ibid.] 
a a a? 


caf" e4 da, prove that 


e—** x cos ax dz = 


ii 

9 
P) A 1 iL a? 
— 22 
\.« a sin ax de = 5 a +57 (1- ai 
\, 


a 1 as 
E243 eee Sym et ee 
' cos ax dx | eer I(3a ) ; 
Bo) Q 3 

e—*"x4 sin ax da = Da ee 
0 che 
etc. [LrcrnpRre, ibid.] 
4. Show that 


oD 
(i) ik e—* (F asin ax +4 cos ax) dx=3 ; 


£2) 
(il) |, e-* (1 — 3a? — 22?) sin aw dz= — 1a. 


[Lecennre, ibid. | 
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dx _« 1 
+ a)(b?+- 2") 2 ab(a+b) 
useful in a certain class of Definite Integrals, (a and 6 both +”). 
1 gh 1 ‘| 
a T@ Pie <)> we have 


is 


1042. The Integral J =| lat 
o(a 


Since 


CAPT) Pw 


nil: at 1 aT. 1 1 1l\r 1 
lan q en ag an ae ae a= Tab GT)" 


> tan-*= 
Thus, if aa A CU (a, b both +"), 
ef dz oe 1 ==. ( 1 5 
da Jo (a®#+2°)(B +22) ~~ Qab(a+b) 20?\a+b a/’ 
+6 
ie ne log +A, 


where 4 is independent of a. But when a=w,u=0; .. A=0; 


[ tan-1= fe b 
| SOS = Flos (142). ee en (1) 


z * tan C , tan @) b 
Putting «=6 tan 6, we have d6=51 og (1 2), 
tan ra a 


or writing ¢ for “ [cot 6 tan71(c tan 0)d0=7 log GEO) Waccrceccn- (2) 
= 
The particular case c=1 gives [ 6 cot 6 d9=F eye” capdtegeonanpcce (3) 


z ft 
Integrating by parts, [@logsin oy -f log sin 0 do=5 log 2, 


Ae a 
or [ log sin 0db=5 log}, «.-»..(4) 


as in Art. 990. 
12 x 


b 
1043. The Integral [= i a eae 
but best evaluated by expansion. Put hae 0. 


ee (6+ a), is of similar form, 


t b 
T= tan(2sin @) z 2 pin? Te soey | 
[extern 591 (ete in Ya 


7 irs 4 
sin CBee Sohn ty 


w/b 1181.3 18 \ oo =(2) 
5 (-5 patra ban") on la 


a 


1.6. [ cosee 6 tan—1(e sin 6)do=5 siuhe=5 log(c+N1+e), 
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or, for the case c=1, 


a tan—1(sin 0) = 
; d=" log (1+N3), 


sin 6 
_ [7 log (1+a%x?) af 2ax? 
1044. Let [= [ Bipot ae Then 7 bo + ata) (B+ me 


2 ©] 1 T 
“i ae| Gate pie as Faeroe halal Bo 
oS (a, b each being taken +"). 


Hence /=> p og (1 +ab) +A, where 4 is independent of a. Also I=0O 


we CESOR om =O); 
22 
feed tate) gg log (1 -+ab). 


62 + 42 
& ae 
log(1 es ) 
log (c? +2) -{" log c? | ee 
It follows that than eae dx Rage” 0 — Binet dx 
_ log ce? 


b 
5 St +7 tog (145) =* log (c+), 
(6, ¢c each +"*). 
And writing «=6 tan 6, 
z t 
[vg (c?+ b? tan? 6) dO=7 log (b+c); and adding | log cos?6 dO =z log $, 
ie log (6? sin? +c? cos? 6)d6=7 log = (6, °° +"), 


1045. Again, taking the expression for ne 


in partial 
fractions (logarithmic differential of cos x expressed in factors), 
Mee tan ne ke 2.23 

= 20 a1 


1 


put c=7ka; then 


atanh tke 2 2.2 
kz = Dray PP 
tanh rwkedz 2,” 2 dz 
and ue as — 
KJo (@+2) 2 | R (@+2){(7E tV 42 , 
2 


IL tanh rhz dz _ 4k © 1 
and 
0 


(+2) z a 2) (G1) (haf Brat)’ 
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Thus, in the case a=k=1, 


“tanh rz dz _ [: 1 1 : 
+e) # - LY.8°S,07S, lee 
1 1 at 
let oe 
riers °, 
or taking a=1 and & any positive in ae 


Bs ak. 1 1 
(+z) 2 ao 3@k+3)' Bk+s) = 


1 1 1 1 1 1 
=@9 hE ee oo BS 
LG geri) +(3 es) +(e ea 


1 eee | 
=2 
(7+5 at Bt +37 a) 
and if a, & be any two positive integers, the series will terminate as in 
the last case. 


ee 4k 1 >( 1 1 ) 
‘(a2+22) z a Qka~\Qr—1 2ka+2r—1 


oS 1a) ates) (ate ate) 
~@L\1 Qka+1 3 2kat+3 ae Qka+1 4ka+1 se 


1 
== i+5+3 As +33 | 


If £=4 and a an even number, the series will also terminate. 


“tanh > a = ( 1 1 ) 


0 (e+e) 2 a@~\@-1 at2r—1/" 


If a=2n, this becomes 


Thus 


[ tanh Ta Goel fC se 

0 Qny+e} z 4n®L\1 2n41 Bey 
rey 7 1 

asa(itgt-tign 


But if a be odd, =2n+1, the series does not terminate. 


eo TZ 
[ Gd 2 fee 1 wae 1 )+ } 
o {Qntlp+e) z (ntl? \\l ant2/"\3 2n+4) °°” 
1 
= cari lee2tsta 


1 
= eapipllettitst 
Similarly if 24 be any odd number =2p+1, z.e. k= 
= 2p+1_, 
ese Ie se 2 ef 1 1 ) 
0 i) a a Qr—1 (Qp+1l)at+2r—-1/’ 


Mie +3 


t 
n 


2p+1 
9 > 


1 
4 
iy! 
Che 
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and this will terminate, or will not terminate, according as a is even 
or odd. 
If a be even, =2n, the result is 


ol t= seeptayea) Ges tayra) 
~ WntL\l Qn(Qp+1)4+1 3 2n(2p+1)4+3/)° 


=aalitst~ ton Qp+l)— i} 
If a be odd, =2n+1, the result is 


Lee 
[log 2tb+itgt..t 


ie 2 1 | 
~ Qn+1? (Qn+1)(Qp+1)—-1)° 


1046. Let T= ea (#45) dx. (a+”). 
0 
[Laplace, Mém. de U’Inst., 1820, for the case c=1.] 


The integrand is finite for the whole range of integration. 
Change a to a+ da. 


Peele) 


Then I[+6l= dz. 


vi s 23 see % 
Hence | eew'le = (-= gaa 7) + ehde, 


where ¢ becomes infinitesimally small and ultimately vanishes 
when 6a is indefinitely diminished. 


s; c= —20al a (+) de+| e678 da. 


Let e, be the greatest numerical value of ¢ in the range of 2. 


Then the second term is <a| en de; 4.2. <e,. Le and 
ultimately vanishes with da. e 

Hence the process of differentiation with regard to a under 
the integration sign with an infinite limit is justifiable. 

In the first put z=a/y. . 

Then 


0 _9s(2 4 4a 
=28| ae (H") ay — 9007 a ae 


where A is independent of a. 
But when a=0, 


Loo eos ao, Bes A=¥, c being supposed -++*. 
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Hence 
taf oO) aed oe (or in Zeta if c be — * 
0 2c Ie ° 
Laplace’s form, viz. the case c=1, gives 
e zB de= <% ea, (a +"), 


If we replace a by b?a? and c? by é we have the form 


zp 2 b 
[ie «(St ®) de aa ie ~ em Seth vases siosreer (1) 


where a, b, k are positive. 
This result may be written 


(8-2). 2 fF 
|e ( Oe et a Bed) 


0 
1047. Cor. 1. If k=1 and a=), we have 


Cor. 2. If we differentiate 7, with respect to a, we have 


ah ol aa) (+8) gees 


te. ie (4-3) oe -( oe A= ANTE. vessereversereress (4) 
Differentiating (1) with regard to &, and then putting £=1 and a=6, 
ie (5+5) @ (ats ie Balt ae, sssssreevereeee (5) 
(4) and (5) give 
ws 4; x? at 
iz a -(at 2 ae 3nlr ae, «»-(6) [s ae =Car ere Sena Ea (7)): 
0 a 


Cor. 3. We also have 
ee A 
[ ar (a, 3) de vra(, —an 28 _ ee) 
0 ON k 


and making a indefinitely large, 


es b;? be e 
[ (Foe Fae Ne OF(b, = b,)=V aE (bg—b)). +> (8) 
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1048, Let I =| ee dx (a positive). 
We have | Qe (a +2") dz— 
0 

Then 
I=| j, cos rx 2ze—(V +") 2 dx dz 


1 


=\t zee ({-e e-*"" cos ra ds) dz 


i HN A CS ) dem | rae +) dz 
— Jr Jr 
2a 


e or V7 T 3 Ne as 7 is positive or negative. 
” COS 1x 7 7 

I=| ———dzr=>5e— or 5-e”,a87 is positive or negative. 
9 ata 2a 2a 


This integral is more commonly written as 


cos rx 7 : ae : 
ie co ap dt=5e or 9 0788 7 Is positive or negative. 


This result is be to Laplace (Bulletin de la Soc. Phil. 1811). 


1049. Both results may be expressed in one as 


ie cos rr 5 ont { - e7 \ 
0 ina 9 | Teo ars’ 


for 0” is zero or infinite according as r is positive or negative. 
This form was given in Crelle’s Journal, vol. x., and is due to Libri. 
(See Gregory’s Examples, p. 486.) 


1050, Differentiating with regard to r, we obtain the integral 
+") 


| oe da= ne or —~e”, asris positive or negative. 
» Ota 2 pi 

This integral vanishes if r—0. 

The differentiation under the integral sign may be shown 


to be justifiable, although the upper limit is infinite, in the 
same manner as in previous cases. 


1051. If we integrate with respect to r between limits +; 
and 1, (both positive), 


ie sin 7,e—sin 7,2 Pode! Eleom—e ~ars) 
0 


x(a®+ 2") 
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If r,=0, we have 
“sin ra 
\, ae ak) oe gqhl 6") 
a result given by Laplace (Mémoires de l Académie, 1782). 


If we write «= tan @ in the integral 


[ COS Tt > Te r 
dx= =e = 
tat 3 or 5¢, 
= 
3 
we have [ cos (7 tan 0) d0=5 & or ze: 
Jo 


according as 7 is positive or negative. 


1052. Graphical Illustrations. 
_2(° cos xO 4 

Graph of y= = Tre 

We have y=e~ or y=e*, according as & is positive or 
negative, the y-axis being an axis of symmetry. 

The logarithmic curve is traced in Diff. Calc., Art. 442. 

The graph now required consists of the two portions of the 
above curves which run asymptotically to the z-axis from their 
point of intersection upon the y-axis (Fig. 332). + 


j 
x’ fe) e 
Fig. 332. 
f _2[* cos x0 cos ad 5 
1053. Graph of y= 2 eae ee ee dé. 


The y-axis is again an axis of symmetry, 


1 [* cos(u+a)0 1 [* cos(x—a)6 
a ~ 14+ ao+) mae ee 


If a be regarded as a positive constant and « >a, we have 
=; is ety e-t-2) |=cosh a.e~*, 
If a> x >0, we have 
LY Bus Teiies | . 
—*[ 7 -tt+a)4 7% ele) |—cosh x. e7%, 
Ss E e + 9° cosh x 


The graph therefore consists of a portion of a catenary from +=0tor=a 
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and a portion of the logarithmic curve from =a to x=, with the image 
with regard to the y-axis of these portions (Fig. 333). 


wy _ (7m (5108) 
1054. Graph of Ja =/ =a ae dé. 
—lo; a? oi ») 
ee 8Y 0 ee ate 

Here, if x <a, Orme ks =5° 5 Ss 

1.6. az*=ay, a parabola ; 
a’ 
Ek Bed 
if >a, Phe as mi a 
ay =a, 


and the y-axis is obviously an axis of symmetry (Fig. 334). 


Fig. 334. 


1055. Graph of a cos ( 8 log sin*®) " 
. Grap Sanh a 


log sin?= is negative. Hence 
¥ 


% 
Ty 7 jog sii a aes es Te gl pane 
on ae =9 sin’ and y=asin q (Fig: 335). 
Ag 
a 
Ge —74a O 7a x 
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1056. Another mode of discussing the integrals of Arts. 1048 
to 1051 is as follows: 


Let u=| sara dx, (a positive). 
du__(* cosrx Pur (TP asinre, 
Then =} epee =--I, ee daz; 
a" ye a aw) sin re * sin rx 
> w=—|, («+ ©) ns de =-|. = da 


=—7/2, 0 or +7/2, as r is +”, zero or —"*; 
*, w=7/2a2+ Ae-“+ Be for any positive value of r 
(I.C. for Beginners, p. 250), 
where A and B are constants as regards r. 

But w is finite when r is infinite; .°, B=0. Also there is 
obviously no discontinuity in the value of which is also 
finite for all values of 7, as r diminishes through the value 
zero and becomes negative; for a small negative value of r 

cos 7 

a? a? 

Tv 


wn 
value, and when r is zero the value is | ee eh ee 
: 0 era 2a 


gives the same value to \. © dx as an equal small positive 


Therefore —Aa=7/2a and A=—7/2a@’; .. w=5 3 (1—e™). 


sin rx T 
"6 i; =| da= oa (E--¢="*) 


0 x(a?+ a) 
* cos rx ne ae : 
1=|, Sepa Ba" (i) 
x sin rx oa 
1,=|. +a dx naa: 


The collected results are for the various signs of aandr: 


a+ a+ a- @=— 
pln je Peso fo Soren ens 
I, st a_- a) | — i (1-e"") = =e") t= 53 (1- 672") 
I, =o ao ae w us —ar 
= . Sage =§ Raa 5" ty, : ero 
3S A CR a Be ee 
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1057. A Reduction Formula. 


Let 1,=| pe ie hee L=na-e", 


0 (a?-+ a7)" 2 
dl, 9 “cos Ta Fhe boleh ts, 
and Aoi NA 7 (ap ayn C= — sNAL y+1- 
Therefore the successive integrals for the cases n=2, n=3, 
il awe 
etc, may be calculated by the rule [,41;= ape i : 


In each case e e-'¢ willappear asafactor. Let I a= 4ne™ 


Then 923 (atta ye and Inp1=q Angie ™. 


Hence the form of A, may be calculated by successive 
applications of the formula 


An [ro dl ora where A,=a- 


iy, iwc 
et <a tee 
Thus A,=5 pile 24+ a~%], 
Lod pes -4 ~ 
43-5: gi la +3ra-*+3a-], 
pee seas 264-5 “8 atl 
15 97 a~*+ 6r?a-5 + 15ra-6 4 15a-"], and so on. 
So that if 


1 i 
An=5ri =i [Kyr"ta-" + Kor" ?a-("+1) +. Kyr"3q-("+2) 4... to n terms], 
Ue 
Anii= 5 Pe [Kyra-@+2) 4 Kyr™—tg—in+a) + Kyr"—27q- +8) 4 ee 
+nKyr"a- +9) + (n +1) Kor" 4a-+9) +, 
- and the coefficients in A,,, are 
K,(=1), K,+nK, K,+(n+)K,, K,+(n+2)K,, etc. ..., (Qn—-1)K,, 


and the law of formation of the successive sets of coefficients is easy. 
It may be shown by induction that the general formula is 


1 on , Go 
Soe cxr creep Raimi ar gece 
(w+1)n(n—-1)(n-2) ,, 
pe OE eee A tn | 
ap 2.4 pnr—8q-(n+3) 


4 (2+ 2)(n+ me Hina Oe 3) tg ite) ea 
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a gelato Sd one 
» aap = 2" (n—1)! |" pe ee Saran 


n+1)n(n—-1)(n—-2 
+! ) _ q M ) jm dq—n4 9) +... ton terms }. 
MGM Mie a Co 


In the same way [ TAn, 


0 (ayo 4 


or we may deduce the result from the former by differentiation with regard 
tor 


1058. Consider the Integral /= Ly - sin rade _ : 
eral 0 w(et+2a72%cos 2a + a4) 
We have 
aI _ cos rx da Peel [ —xsinra dz : 
dr Jo 24 +2a?22c0s2atat’? dr? Jo wt4+2a2x? cos 2a+a?’ 
aI e —2 cos rx dx pear asin rx da 


de Jo 244+2a2xcos2at+at’? dri Jy x44+2a"2%c0s 2a+a* 


Hence, when the first of these integrals has been found, the other four 
of this particular class follow by differentiation. Adding the fifth to 
(—2a*cos 2a) times the third and a‘ times the first, we have 

4 aI = sin re 4 T 
2 4 =e 
a — 2a* cos 2a Fe tall = dx = =, 0 or —5; 
according as r is positive, zero or negative. We shall assume r positive, 
for the case r negative will be at once deducible from our result by 
changing the sign of r. We also take @ positive and a an acute angle. 

The differential equation is of the ordinary class with linear coefficients 

(1.C. for Beginners, pages 244 to 263). It may be written 


[{ D?— a?cos 2a}? + asin? 2a] I=5, 


and the general solution is 


= 


ait e844 4 cos(ar sin a)+ A,sin (ar sin a)} 


+e%7 °°S* £4. cos(ar sin a) +Aqsin (ar sin a)}. 


Since an infinite value of r does not make I infinite, the last two terms 
must vanish, i.e. A4,=A,=0. And when 7 is diminished indefinitely to 
zero, I should vanish. Therefore we have A, = at 

To determine the remaining constant A,, we may differentiate with 
regard to r; we obtain 


oF acne *{A,cos(arsin a)+ Asin (ar sin a)} 


dr 
—asin ae” °** {A, sin(ar sin a) — A,cos(ar sin a)}, 
and when r is diminished indefinitely to zero this becomes in the limit 
al —acosa.A;+asina, Ay. 


dr 
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But when r is diminished indefinitely to zero, we ultimately have 


dl i da: T : 
aa w+ 2a%a?cos2a+a' 4a®cos a eee pe 188, Vek Ly) 


7 
. asin a. A,—a cosa, A,=—,——,, 
4a’cos a 
: A A oars T 7 cos2a 
1.€. a sine: Aja ee cont eee ee 
z 2a8 4a® cos a, 4a3 cosa’ 
tg 
and A,= —=— cot 2a. 
2 Ia* 


Hence J= i [1 -—e~°" °° * fcos(ar sin a) + cot 2a sin (ar sin a)}] 


w —ar cosa Sin(ar sin a+2a) 
=~ dai 1 —eé en a ee , 


sin 2a 
1.e. we have for values of r>0 


iL sin ra dx m {1 ear cosa Sin (ar sin a+2a) 
x(a! + 2a%x?cos2a+a) 2a sin 2a Y 
qe cos ra da _ 7 ,-arcosa sin(a+ar sin a) 

0 4+ 2%a%x? cos 2a+at 2a3 sin 2a ? 

. xsin rzdx _ 7 ,—arcosa sin(ar sin a) 

0 #4 2%a%x* cos 2a+at 2a* sin2a ’ 
iB 2x’ cos rx dx eet par cosa Sin (a —ar sin a) 

0 2+2a?2? cos 2a+at Qa sin 2a g 

ie __ sin rx dx _7 .—arcosa Sin (2a —ar sin a) 

o 2+ %a2r* cos 2a+at 2 sin 2a 


1059. Taking for instance the case when a=7, a=cV2, so that 
asina=c, 


i d ee . ey 


i és cere =— rea e sin (re + a) =a5 e~"* (sin re+cosre), 
[BRE Sarees) gern 
1p ee rar sin(re+"7") =he "(cos rc—sin rc), 
& ae =— 2 e ° sin (re + =) =5 e cos re. 
1060. Consider J= fF rieo » ‘ cae } 
We have a ; a ae el wee ae 
aI x? cos ra ad] asin rx 


ars — Jo a pat 


da Jy aeas Oi 
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QI af cos ra tae aT - [oes 
dré 0 a+a8 "7 dri Jy Hat? 
. &T -[ / sin rv sin ra T 
Bel ie] (ead eae aes 
Solving this equation, 
ar ar 
I= s+ Aven tt Avec cos (7 Sok »)+Bye""+ Bye? cos (154 By) 


Now, since the integral obviously remains finite when r becomes infinite, 
the terms with positive indices in their exponential factors must disappear. 
Hence B,=0 and B,=0, and the form of the integral reduces to 


Se [3 
T= + Aye "+ Ape 2 cos (3 *+ As) 


2 
Now J, ef, a! ultimately vanish with r. 
These considerations will determine is A,, As. 
a"I m V3 a 
Now ¥ — =A,(-a)"e + Aga ™e a cos (23 +4,tnZ); 


we therefore have 


O= Sa t+A, +A,cos Az, 


“Z whence A,=0, 
O= +A,a?+ A,a? cos (4.4 ) 


Tv 

i | Agee 
8rr 
o— + Ayat+ Aza cos( As + ; 


Hence, for values of r>0, 


sin rx 1 —— 4 aes 
a IN PE Oe OY ee Ec) | 
4, a(x*+a®) vad 6a® [s e ase 


alt tarJ3 2 
— be =S e7"" — 9 T cos (2 *. z) | 
of 


wsinte ,, _ = [ Sepa T con (a3s =) | 
vara “eal © g 0° 3/t 


wcosre >, © yer con (285 5 SF) | 
0 w®+a8 ~ 6a3 2 3 
ar = 
sine», —™[ _ e796 * cos ee i tn 
o v+a® ~ 6a? 2 3) i 
ar im 
POSTE = af e~* —2e 2 cos (x8 5 We) a 
0 a2+a® 6a 2 3 
ar = 
> oSsin rx © ae ae ar/3 za 
oars El «oe oe coe (SS + 
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some of which admit of a little simplification, but are left in their present 
form as exhibiting the general law followed by the several members of 
the group. 


1061. The same process may evidently be extended to any integral 


of the class fs sin rx dx 
0 a(t” + 2a?"o2" cos na + as)’ 


and its family of 2n other integrals may be obtained by differentiating 
2n times with regard tor. But we exhibit another method of procedure 
in Art. 1067, which avoids the labour of determination of the various 
constants. 


1062. We have seen that 


[ cos Tx det 7 yar ee tiles 
9 w+a? 2a Cee 
according as r is positive or negative, a being supposed positive. 
If a be negative, since the integrand is unaltered, the result 
will be ao or eri according as r is positive or nega- 
tive (see Art. 1056). The result must be positive in either case, 
and the index of the exponential must be negative, for the 
integral does not become infinite when r becomes infinite. 
The four results are therefore 


TT p=ar (ss 7 par (aa 
2a D\NGpalevey) Ja 


RR ae SO og aca th Cae 
20° leecae Qa” \n—ve/" 
Taking the case a and r both positive, it is clear that the 


integrand is not affected by a change of sign of z. 
Hence 


0 : cS © 

cos Tx cos ra COs T& T 

| oe d= | 3, and | 5 3 de =—e-" ... (1) 
—o t*+a 9 eta —o “+a a 


with the modifications above specified, if a or r or both of them 
be negative. 


Again, | oo ates Oniaiee, Ae ee (2) 


—» +0? 
for elements of the summation represented by the integral, for 


which the values of x are equal but of opposite sign, cancel 
each other. 
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1063. These facts enable us to calculate 


} te | COS 7B da 


—wo (x—b)?+a? 
For, putting 2=b-+2, =| cos rb cos ae rb sin rz a, 
=cos rb le ae dz—sin of ee dz, 
1.€. fee ia ae da=* e—*" cos br ef - a Te (3) 


It will be observed that this is independent of the sign of 6, 
but subject to the same modifications as before with regard to 
the signs of a and r. 

Differentiating (3) with regard to 7, 


fe aria de=™ e-*"(acosbr+bsin br); ...... (4) 
and integrating (3) with regard to r from r=0 to r=r, 
- sin rx da 7 ; 
ie (ome a (a cos br—b sin br)}, ...(5) 


where each formula is subject to the same modifications as 
before with regard to the signs of a and r if they be not 
both -++”*. 


Putting b=pcosa, a=psina, a<7, p positive, we have the integrals 


ip sin rx dx T T —ppsina 


=a gee e sin(pr cosa —a.), 


= x(a@—Qpacosat+p) p® p’sina 
i __cosrede = _ grt cont iF cos a), 
-» 2? — 2px cosa+p* psina 
avsinradxr T o—prsina gi 
__ @smrear ae sin(pr cos a+), 
-« g*— 2px cosu+p" sin a = . 


which again can be readily modified as before for the cases in which 
any of the constants involved have negative values. 


1064. Again, differentiating Lo re dx=0 with regard to r, we have 
2 COS TL 
fs. vt+a? oe 
and from this we may obtain the value of the integral 
pee wcosre 4, 


-« (@— bp ta 
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(+2) cosr(b+2) 


a+qh 


Putting #=b-+2, Loe 


‘a b cos br cos rz+2 cos br cos rz—b sin br sin rz—zsin br sin "2 a 


a+at 
9) 
COs rz 4 zsin 12 4 
=b cosbr [ — de—sin br | 
—o Z2+ q2 00 Beat yd 


since the other two integrals vanish, 


Ct ee . —ar 
=b cos bre  _sinbrre ™ ; 


== ane cos br — asin br ), 


: iu a cos ra dx 
( 


—o (v—b)?+ a 
and 
i x cos ra dx T  _prsina 
—— 5==——e cos(prcosa+a), 
-0 £°—Qpxcosa+p"* sina 


where b=pcosa, a=psina, and it is understood that a is positive, 
p positive, sina positive; and the formula can be readily modified as 
before to meet other cases, and other integrals may be deduced by in- 
tegration with regard to r. 


i sin 7x 
—« (w—b)?+a? 


tained in the same way. Put «=b+z. 


1065. The integral J =| dx may also be ob- 


dz 


* sin br cos rz+cos br sin rz 
ie 21 72 
pars zta 
* eos rz * sin rz T 
=gsin br| oe dz-+-cos ir = 3 de=—e-“ sin br, 
—o 2°-+a —o Z+a a 


for the second integral vanishes. 


P = cos Te eee 
Since i: (-b)'+a! ax ae cos br ; 
a sin rz T —ar 
Core Bp pai t= ae sin br ; 
~  £CosTx . eat man ’ 
[areeeeste (6 cos br — asin Er) ; 


xsin re ie 
-2 (w= bya 
it follows that by differentiating n—1 times with respect to a2, we can 
obtain the following integrals : 


= cos ra i sin rx 
fe Cy eae =P cosb6r ; eee =Psin br; 


fa Pb cos br —Q sin br ; 


e “"(acosbr+bsin br), 


i is Cais dic =Q cos br+ Pb sin br, 
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where 
Eel) ef A ere" ee) ray en Aa ae 
P= — Cn st Se r 
(n—1)! (sem) ( a ) 1 (saa) es 
1066. It follows that if f(x) and ¢(«) be rational integral 


algebraic functions of x, of which the degree of f(x) in = is 
lower than that of ¢(z), and if the roots of ¢(x)=0 be all 


unreal, then since ae may be expressed as the sum of a set of 
partial fractions of the types 
Ax+B A’x+B 


Cet er (Ce 

the latter only occurring in the case of ¢(x) having repeated 
imaginary roots, we can obtain the value of any definite 
integral of either of the forms 


* £@) i “ f(a) 
[SG sinreas or es a a 


cos rx dx 1 COS 7X 


Ex. 1, im @+a2)(2+R)(2+2) 2 (a? —0%)(a?— 2) J-w aa da = ete. 


sin ra dx 
ae ie (@paye+Pyetey ” 
” cos rx 
0 nt qn 
conveniently treated as follows, without the formation of 
a differential equation as used in Art. 1060. 


1067. Integrals of the class | dx may also be 


Putting — into partial fractions, we have 


2 at a—2 COS ay 
gent q?n nal <4 (x—acos a)? a? sin? aj’ 
2,+1 , 1 
where a,= on and a, is less than 7 for the whole range 


of values of X from 0 to n—1, and sin a, is therefore positive. 


2D 


COs TZ homes | (a—2 cos ay) cos rx dx 
————_ 020 = Se rr 
_. "+a" na2n-1 dy _«» (—4@ COS ay)?+-a* sin? ay 
iE 7 


n—-1 
oar eh a; ear sin ay {cos(ar COS @,)— COS a, COS (ar cos a,+ay)} 
0 ay 


E n—1 
= Earl S) ea sin # sin (ar cos a,-+ay) 5 
0 
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TL 
rene 2n 


and since the integrand 
of sign of a, we have 


| COS rx Fes 1 | COS 12 i 


is not affected by a change 


9 2% -+q2n 9 = ont gen 
Therefore [= ; ieee 
Fee), (edge 2A+1 
_ ot ar sin ae 2\+1 2A+1 r) 
nal sin (ar cos “Sa +5) 


‘he other members of the family of integrals obtainable from this are 


a) 
‘ sin re 
0 


(a2 + aim) by integration with regard to r, from r=0 to r=r, and 


° gw sin rv dl © cos re d ~ 23sin re 1 @ g?n—-l sin re 
0 ven a q?2n a, 0 een a qn ty 0 en a qin Wy vee 0 gen q2n £2) 


the latter system by differentiation with regard to r. 
Since 


d —w sina 


* —arsi + Tv 
ve sin(ar cos a + a) =ae72"8iP 4 sin (ar cos a+ 2a+ 5) 


we have 


a ae kr 
(eas) att 
0 


ee itv = 
gen + qn ar® 


~ Ong2n-1 D) 


where k > 2n—1, which gives all the integrals from 


‘co . 
“sin rx alsin re 
if >, ;, dx... to | ———_— dx. 
0 


an 1 gan gen 4 gan 


n—-1 a9} 2A+1 
Sea Dei a iad *sin[ ar cos™4 +? 9 4. (b-+1)PA41 eee 
0 


The integral ie ee is of the form 


T Wale asin et 


Atzgnait” 2 DEE on * sin(ar cos “241 » -2) 


where A is a quantity, independent of r, to be found. 
And since the integral vanishes with r, 


T Tv Tv 
= A+ > ami sam Ssin(-2)—4—%, Ke A=s mi 


i i  2QA+1 

sin TV T T n=] _argin - 2441 
“ > Ue = —— — —_ on iE \ 
I aoa? 4 gn) 2q2n on 2 € cos |( ar cos ae 


2na 
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1068. Those interested in the history of the subject may 
refer to an article by Poisson in the Jour. de l’Ecole Polyt., 
© 208 #e 
o 14a" 
and to articles by Catalan in the Jowrnal de Mathématiques, 


xvi. p. 225, where the integral of | dx is discussed, 


“ cos rx da 
o (1+a?)"" 


1069. In the same way we may evaluate the integral 


vol. v. p. 110,* for integrals of form | 


ree 


| cos Tx dx ee °) 
0 a 207"22"cos 2nat+a”™ \a<r 


with its attendant family of integrals derivable by differentiation and 
integration with regard to r. 
For 
i zs 1 1 se sin 2ny—x# sin(2n—1)x 
2 — QaiMz* cos Qnata™ Asin 2Qnaa™1~ (w—acos y)Pt+atsin?y ’ 


where Cae tial the summation being for 2” consecutive integral values 
of 2. i 
And it is to be noted that x is greater than O and less than 7 (and 


therefore sin x positive) for values of A such that \=> —a and <7r-a 
respectively, 


na na. 
te, A> sags and A<n-—s 
ie. for X=—k, —k+1,...n—k-1, where & is the greatest integer 


in a and that sin yx is negative for values of Xd from A4=n—k up to 
. 


A=2n—-k-1. 
Now 


cos rx dx T 
_» (a—acos x)*+a*sin*?x asin x 


e~ “7M Xcos(arcos x) if sinx be +” 


Tv ar sin x : if si be -* 
= —-——_ € cos(arcos x) if sin x be 
and asin X ( x) Xx ’ 
and 
in ___wcosrade — __™_ ¢—arsinx eng (ar cos x+ x) if sin x be +” 
—»(%—acos x)*+a*sin*x sin Xx 


Tv 


ef IDX cog (ar cos x — x) if sin x be —™. 
sin X 


and . — 


* Gregory, Hxampies, p. 486. 
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: ain-1 (™ cos ra da 
Hence 2nsin 2na 


o @4" —2a?hy4N cos Ina +a” 
n-k-] earsin x 
= rs [sin 22 cos (ar cos x) -- sin (2n — 1) x cos (ar cos x + X)] 
-k 


2n-k-1 ew’ sin x 


[sin 2nx cos (ar cos x) — sin (2n — 1) x cos (ar cos x — x)] 


n—-k sin x 
DN a 2n~k-1 oyain 
= X e **™Xcos{arcos x -(2n—1)x}- DY e”*"*X cos{ar cos x +(2n-1)x} 
—k nk 
dr 
=e 
Also, since the integrand is not affected by a change in the sign of 2, 


E cos rx da Df cos rv dx 
0 ath —9q2My2Neo3 Ina+a™ 2)_. c%—2a*"x" cos 2Qna+a” 


where & is the greatest integer in ~ and y=a+ 


The attendant family of integrals formed by differentiating 4m —1 times 
with regard to » can now be written down, and are of type 


T 
qin—p-1 is £08 (re +p 5) dx 
0 


4n sin 22a. - ape er, 
aA” — 9q?NZ2" cos 2na+a*" 


n-k-1 


es e-*"*"Xc0s { ar cos x —(2n-1)x+0(5+ x) 
—k 


2n—k—1 . 
= > CX cas {ar cos x +(2n—1)x +0(5- x)} 
n-k 
and the integration with regard to 7 from 0 to 7 furnishes the remaining 
member of the family, viz. 


4n sin 2na - east i Siete —2nsin 2na 
Or Io a (a — 203722" cos Ina +a™) i 
"ST —arsin T 
= x e Xcos{ ar eos x-(2n-1)x-(F+ x)} 
onl arsinx Tw 
= > e cos } ar cos x +(2n—1)x — pes 
n—k—1 i 2u—k-1 ‘ : 
= D e7*™Xsin(arcosy—2ra)— LY e%*Xsin (arcos x+2na), 
—k n—k 


k and x being as defined before. * 
1070. It will be noted further that the integral 
a cos ra dv 
0 vt +2a?%72" cos InB+ai” 
and its accompanying family of integrals can be deduced from the above 


: Ae € 
family by writing a=—5°-B. 
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PROBLEMS. 
1. Prove that 


‘% 2 ‘2 2 
[| eos ba de | + [| e~*# sin bax ae = ¢—2az/(q? + 52), 


[y, 1893.] 


Sane, n—1 
2. Tf tn= |. xre—az2 dx, show that un= Iq nz 


Hence calculate u, where is any positive integer. [Trrnrry, 1881.] 


4 1 625 
3. Show that etsin'e iy = 
x 16°87: [8, 1891.] 


4, Evaluate fr e—(ax*+ba+e) dy, 
-x [CottzaEs, 1879.] 


COS TX 
1+ 


° sinre ew 
ree Saeed pedi — e~nr . 
f: z(ataay xa (1 é 7; oe 


6. Find the value of te Cae : vy dz, where n is a positive 


it the result 


5. Deduce from the integral {, 


integer. [Marx. Trrp., Pr. I., 1890.] 
7. Show that |” SRS de 
o (cosh gx + cos gx)” 2q [8, 1891.] 
sinh px sin gz 


2 SIE POOR 5 
8. Show that » (cosh pet cos gay" xt Pre 


9. Show that, if p be a positive quantity, 


ime ( 1 - 1 ) d= eo, 

ec « \coshpz+cosax cosh px + cos bx p+ 
[Matu. Trrpos, 1890.] 

10. Prove that 


Ay 


: _ 2 dex = tH gd -1 
(2) iF sinzcosz 4 logs; @) Re sinzcost tanh"? (tan 4). 


11. P that 7 a - nO aie ge eee ead) 
. Prove tha 9 (oe +sin" 6) ~ n(n + 1)(n+ 2)...(2n=1)’ 


where 7 is a positive integer. [Martu. Trrpos, 1889.] 


2 3 Ss oa, 
12. Prove that [oe *cos Ina dt =Vme-™. [e, 1883.] 


sin rz cosh #0 D rah sa (= 0 ) 


13. Prove that j, pat ear a 
2 [a, 1885.] 
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cos ba 


b 
14. Prove that {7 $8 tanh — 5 da: = log coth = 5): 


[CotueGEzs, 1879.] 


du 1 
eee 6 n~1qg6 
15. Prove that \, (coosi analy (te ii (ecos 6 +1) ; 
if (€ cos 6+1)(e cosh u—1)=e?- 1. [Maru. Trrros, 1885.] 


” cos 4ke tanh 


16. Prove that | da = log, coth kr. 


[Matu. Triros, 1889.] 
17. Prove that, if a lies between — 7/4 and 7/4, 
“7” dé oF cos a 
\ 1-2 sin 2a cos 0+cos?@  ./2 cos?2a.. 
[Matsz. Trreos, 1885.] 


0 


Tv 


1 
18. Prove that ip HO | = = 
o(l=2")*- oy sing 


[8, 1888.] 
_U@yP 
ve a Varas (2n)3 
[Trrniry, 1889.] 


19. Prove that 4 Sa 


20. Evaluate 
(a) a" wet da; (0) zal weedz ; 
0 


(c) cab wed; (d) a eda, 
0 


where in each case 2 becomes infinite. 


SS in ta ra up 
on ae at Tees 
Prove that {, e a 3a 3 coth ¢ lanl 


° - 8? cosz 
22. Sh h cosa, cost 7 _ 8 
ow that | ————. 4g 5 a+) +a 7 No (io 
[Martx. Trios, 1876.] 


23. Evaluate | oe 


De rT a [Matx. Trrros, 1892.] 
24. Prove that, if m be positive, 


= cos ma: ee eee 
|, l+e4et dz = B é mv3 sin (4m sic $7). 
(Mara. Trreos, 1892.] 


: |  Comag (2 STS 
25. Show that (i) |, Tq g@= ap e “Mf eos $5 inc. 
esas Mém. de V'Inst., 1810.] 
(ii) [5 8 ee ~ (cos a@+sin a). 
w+ 4a Bae 


[Martu. Triros, Pr. I., 1914.] 
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a 


26. Show that | Gain Dax dx = 5 eS 2 sin ar/2, 


0 etl [Sr. Jony’s, 1883.] 
= rsin ba —b _ p—ab ve 
rime aL rene tes oe PO 
, a (saya "5 a1 (py) 


28. Prove that 


| 2 only 1 gmldy 
o (1+ 2a cos a +22)" (1 +a") | (1 + 2% cos a +22)™ 


i! a 
Ee = m—1 ga: 
Fmsin2v—1 ‘ (cos «w%— COS a) da: 


7 1 { 1 ad a a 
~ 2@(m—1)! (sina da aa 


[WoLsTENHOLME, Hduc. Times.] 


29. Prove that Pie alata Or 
|, x(1 — 2) > (Maru. Trip., Pr. IT., 1919.] 


30. Prove that 


\. ene dn = 4 = ae + ee } approximatel 
a ae Dit ay (2a sf n)? (2a re nys upp y- 


[y, 1891.] 
31. Prove that > e—2*c08 sin (2? sin 0) dx = NF sin o 
0 2 2  [Cott., 1892.] 


i ieng, ot 
32. From the integral | ee. Mde= ; Jr e-4, show that 
0 


OO Pr BE Baas cosec?@ 
r 1G = re-24, 
| 0 | Peal erae—ze [Tranrry, 1886.] 


33. Express the sum of the series 1 fai an24aN3 4... ad inf. 
by means of a definite integral, being a real quantity less than 
unity. [Trrnrry, 1895.] 


- 


34. Prove the formula 
= : = r=n | 
{ oo tin Ont Dla, oY 7( 1425) ¢ 
r=1 


ra sin bx 


[St. Jony’s, 1881.] 
11 
b b\e 2 
35. Prove that | {' _ da dy =log (a zat 3 
0 tY(+Y) oe 
abl [Taurry, 1886.] 


ao 


ee 
ate 
ant Mente aT Jog Otek 
36. Show that \, tan fan 5 nd log 2 
aw 


(BERTRAND, Calc. Int., p. 200.] 
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37. Show that \, (2) #(j) de dim lop [ + iytra-at-* 


where p(x) = , oe eke 
: (Maru. Trrp., 1882.] 


38. Prove that | em buttuan X dy = /Qa ede", 


n a n (p— uw 
and deduce xe\#* = | ry ga eh : ae ) de 
J2m (2A)? J - 2 . 
[St. Jonn’s, 1882.] 
39. Having given that 


0 ps 2 
| e° @de= of, De 
0 
1 
0 -2- = oe 
2 z 
prove that Ir ure da = “Gee [CottecEs, 1882.] 


40. Having given that | ean feed deduce the value of 
E) 0 


—az* 
| 0 i alae [Cottzeczs, 1879.] 
41. Prove that ie e-**cos ax { (a? - 6) — 428} dx=1. 


42. Find the value of i e—3**cos x da, 
0 


p2) t 1 1 
—4t a] =— ty* f 
and prove that {, e—4* sin « da a dy. [Sr. Jonw’s, 1886.] 


- sinQnzx dx 3 sinhn . ie 
ween a I “nie Ls ks Ss a ee ee 


1 1 gp 
44. Starting with | da———, deduce \, Tes d= ] ogi. 
0 pt 1 Togz q+ 


Putting p =a — 1 and g=by — 1, deduce the walt of the integrals 


| _-t 008 bt — cos at 9, od | etn bt — sin aT 
0 t 0 t 
and verify your results by a rigorous independent method. 
1 
Show that | sin (P1089) gy tan-! p. 
o, 08” 


45. Prove that 
1 We fees Tv Lf la 
ea aie = el pe Be ape | ae 
[,loge0s (5 Vi B) de logG 2{1 3 TB oe ue 


r=0 
where = pa, as (r+ aT (St. Jonn’s, 1885.] 
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2 _p* 4 qg a 
46. Prove that | ge v_e z*) dx =/1(q —p). 
0 


(Mars. Trreos.] 
47. Prove that 


z x 


z a 
| $(sin 2x) cos a dx = |  (cos?x) cos # dx, 
0 0 
(Busan, Liouville’s Journal, xviii. ] 


48. Deduce from Laplace’s Integral 


\, dze (2+ ie ae —— 2a, 
0 
the results * 


2 2 
| cos (# + 3) dx = va cos (: + 2a) } 

» ‘ a? ey re 

2 etl 
{. sin (« +5) de= 3 sin (F +22), 
—( = 6 2 

he e(? +?) ar os{ (0° +S)sin 0} dna 2a coco (2a sin 0+ 5) 

0 oF 2. 


co _ ft a ‘0 
i , (2 +h)e “sin (2? + z a 0} drm et cos *sin( 2a sin 045). 
0 


[Caucuy, Mém. des Sav. Et.] 
49. From Laplace’s Integral 


~o ee 
ee 
e-@2" cos Qra dx = va e*, 
0 2a 


¥ Jr wr 
deduce * f cos az? cos 2ra dz = Bq, 08 oc a) ‘ 
ee) 2 
sin a2z? cos Qrx dz = vr sin G- : ). 
0 2a 4 a 


[Fourtsr, 7’, de la Chal.) 


50. Prove that if f(z)= oy f(z), and all the differential 


coefficients up to the (r—1)™ inclusive remain continuous from 
z= —1 to z=1, then will 


Tv us 
| f (cos2)sin*adr=1.3.5...(2r- )f” F(cos x) cos 1x de. 
0 
[Jacosl, Crelle’s J., xv. ; GREGORY, Examples, p. 501.) 


* Sce remarks on the use of imaginaries (Arts. 1189 to 1201), 
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51. Prove that 
a 1d 
a (2 — a*)™cos ta dt =2™m! (ea) =: epee at, 
0 x dix 
m being a positive integer. [Cuttun, Educ. Times, 14808.] 


52. Prove that 


o , (Vr 

sin(F tat) _ (n= 1)(n-2) ... (m=) rant} 
ham eh I'(n) 9 si nr’ 

0 sin 9 

r being an integer and 1>n>0. [U. C. Guosx, Educ. Times, 14954.] 


53. Show that if 


Bia | 2 e—%* cos ba?dz, B -| e~4@* sin ba?dz (a> 0), 
0 


0 
then 42+ B? and 24B can be expressed in terms of elementary 


functions. (Maru. Triros, Pr. IT., 1914.) 
tan-!z 1 1 
54. Show that ff ( = y dx ra5r(3 log, 2 - 57°): 
(Maru. Trrros, Pr, I., 1887.] 
? ge oa gz 
55. If sin @=%— a + 5 +(-1) @nyi~ 
OP Ge Pe ee 
and cost@=1-s +7, -+(-1) (an pi 
eo Exe T rx 
Prove, baat \, eo ia [p ey [Matu. Trios, 1875.] 
56. If a and y be positive, prove that the value of 
© sin (yx) cos (ax) 
[, — 7 da 


is $7 or O according as y is greater or less than a. 
By multiplying by e~ cos ¢} cy and integrating with respect to y 
from a to ©, or otherwise, prove that 


xu? + 6? — ¢?) cos ax il bcos ac—c 
iE ( ) fe baer sin ac 


(a? + 6? — c?)? + 46%? 2 +0? A 
a, b, ¢ being positive constants. (Maru. Triros, Pr. II., 1920.] 


t (7-46) tan 0 We 
b7. Show that I. x “=f Goo! = (log 2- 7): 


[Tr. Haut and Maap. Cott., 1881,] 
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58. Show that if a is positive and less than 7, 


{. lo (1 +sin a sin @)1—sinasine dg nel a 
0 (1 -sin asin 0)i+sinesind @ ~ r(a ae oe oe 5) 


(MatH. Trie., Pr. IT., 1884.] 


59. Prove that 
log sin @ = log sin 0 
San af og sine 6 
fs Vsin 6 bles 
DATap (Da he7 7 2.6.10 
4,/ 2a ? 


Lee Oe eH 
(For other similar results, see G. > Hardy, Educ. T., 14055.) 


60. Show that 

mi & ae T(r) = 
\, | fem -ay lye(1 — y)—ldar dy = reas a eal f(e)(1 —2)ete— de. 

(Maru. Trup., Pr. I., 1894.] 
61. If 
oe oe 

In(®) = Sap eat ST CRSIRER CEs Cex Mae tail | 

viz. Bessel’s function, show that 


(Gi) J,(z) = eal. cos(z cos p) sin" pdd, if n>-F, 


I" J/eT(n +3) oe +1) 
and (ii) Jn(z) = | cos(nf —asind)d¢, where n is a positive integer. 
0 
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DEFINITE INTEGRALS (II). 


LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
INVOLVED. 


1071. In the class of definite integrals we are about to 
discuss, it will be convenient to remember the result 


n! 
[ x? (log x)" de=(— 1)" ppp 
This is the result of integration by sete 


[ ardogayrd “lem af [. log a)" d 
pw*{log 2) C= pa] 0S 2) a x? (log x) x 


= Sat al xP (log x)" dx 


=(— Na eed ie ? (log x)"-? da=ete. 


n! 
=(—1)"—__. 
("ya 
Or we might obtain the same result by the transformation 7=e-¥, viz. 
1 0 
[[ 200g xy" d= [ maa sine Ia gre Hn dy 


as n L(n+1) ‘ 
“pean ET 


including the ease | (log x)" dx=(-1)"T'(n+1)=(-1)"n!. 
1072. Again, let F(x)=A,)+A,0+A,v+ A,a?+... be sup- 


posed a convergent series for all values of « between z=0 and 
z=1, and such that 


p 
Ltz=1 F(x) (log *) is zero or finite when z=1, 
244 


S, 


ar ps Cs eee CE TC) 


DEFINITE INTEGRALS (IL). 245 


so that even when the series for F(x) ceases to be convergent 
when z=1, the final element of the summation indicated by 


1 
the integration | F(a) (log~)" dx will have no effect. Then 
0 


we shall have, by putting e=e-", 


te =| (tox t 1\'F(a) de= [ per) dy 


SDE (gett gent get >) 


and therefore I can be expressed in finite terms whenever F(z) 
is such that this series is capable of summation. 
An extensive class of definite integrals arises from this fact. 


1073. It will be well to recount several previous results 
obtained. We have now used the symbol S, to denote the 
complete series 


1 ail . 
S= ts LSet gtptyt- ad inf, (p>1), 


and the numerical values of S, up to S,, are tabulated in 
Art. 957. 


Also, if sec v-+tan z= 14K, 5+ Ko 4K, Toho , then 
n+1 
Kg eee lt (P+ G+ (— PE (Hh. ad inf, 


and rules were given (Diff. Calc., Art. 573) for the calculation 
of K,, the results being 


K,=1, ,=1, K,=2, K,=5, K,=16, 
. K,=61, K,=272, K,=1385, K,=7936,  ete., 
Ky, being shan th « Bulerian ” number=/,,; whilst K2,_, is 


Latae Q2n(Q2n__]) 
the nt “Prepared Bernoullian > number= = Danke 
Bony being the n“ Bernoullian number itself. 
Also we have seen that 
Teil 1 1 pero -, (aor )es 


ea 1 1 : 1 intl 
J2n42 Oy) A an [anti gant t Gant qansit += 99n8(Gn)| 
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and we have the particular results 


Ya yeaa | T rl ae a 
Wer gta vee 7 (Euler) petgutgt 260 (Euler) 
111 _ =™ (pehebechel): one ene eat 
ie gt ee 18.38 ota ae 
ey ae! here! oer! ar* 

soi 2 eine as 1 
je get ge =o * (Tchebechef) patgitpat- 96 (Euler) 
Tee lran rt 1 tel ae ie 
petgatget = q@ Buler) 7 ated On 

Loe ee 1 
w= ptptptat-—(l-g) Ss 
(p>1) 


ee 2 
=p pte pt =x) Ss 


1074. One class of series of this nature will not be obtainable 
from the tabulated results of Art. 957, viz. 


1 1 1 1 1 “ay : 
[an gant Ban 7am T gan San SAY 


and so far as the author is aware the values of this series for 
various values of n have not been tabulated, and it would 
appear that there is no method of obtaining the values except 
from the series itself or from some transformation of it to 
render it more rapidly convergent. The most troublesome 
case for direct calculation is the case when n=1, on account 
of the slow rate of convergence. But in this isolated case, viz. 


ent aati 
the value has been shown by Mr. J, W. L. Glaisher to be 
091596 55941 77219 01505 ... 
(Proceedings of the London Math. Soc., 1876-7.) 


Mr. Glaisher arrived at this result by means of the identity 


Se neck pee 2 2 4 Week 
Sp rratyeee $ tan*? sec?¢+} tan‘? sec”? ; 


a form of Gregory’s series, which upon integration yields 


1 Ee On, 3 7 
t -= = ——; 
an 2 jatan® Dts , tan? aie t= aa 


eee ream ]ar 
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and expanding the fractions in powers of 7' and integrating, 


= 1 oe, lo, 
=e 75 a (2e)* +5 wt (2r)P+...5 


l i ] 1 2 
where m= ie gm tym gmt -=(1-gm) Se3 


ee : : 
whence, putting = for w, Mr. Glaisher obtained the remarkable series 


we *] asd Tx T 2 2 
tan — J tan? 4 tant P| et hogettioet+... | 
; i el SL ci eee eae Ke 
and putting «=}, % =ja- gat pt Ho Sg She Stee 


whence the value above given may be derived. The details of the 
calculation are given in Mr. Glaisher’s paper (Coc. cit.). 


1075. It is to be remarked that in approximating to a case of the 
a 
| a oi sd a 


general series .., if we retain any specified number of 


terms, the error in rejecting the remainder of the series is less than the 
first of the rejected terms. £g. if 
el AE Sol 


a ee eh 


1 1 1 : si 
then <= 5.-(Fa-7q) - ete andes 1s <p 
: 1 1 1 qi ene 
and since =(%-an)+(ie- mt , it is >0, 


and the error in taking 4 terms lies between 0 and . Similarly, and 
more generally, if we retain 7 terms the error is less than the (7 + 1)" term. 

The series for s,, s,/, etc., are much more rapidly convergent than that 
for s,', and therefore the calculations direct from the series are much less 
laborious. 


For immediate convenience we may note that to six figures 
8, = "915,966, 8, ='988,944, 
5, ='998,685, 8 ="999,850. 


1076. The integrals which follow are arranged in groups according to 
their forms. Where it is thought necessary the working is fully given. 
In some cases two or three of the steps are given, and in other cases 
merely the result is stated. It is intended that these should be worKED 
BY THE STUDENT FoR Is owN PRACTICE, In some cases it will be seen 
that by treatment of the same integral by different methods various 


identities may be established. 
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1077. Group A. EXAMPLES OF Integrals of form 
1 1\P 
a (log “) 
Se 
0 Mees) ; 
1 
log % 
hs Ge P To Putting c=e~", we have 
i= bs (oY +e-4 + 6-4 +...) dy= +z La thes at 
é ee 7 Baa 
s { are 3 eee 
2. Show that tee 2=(1-5) 5-5. 
3. Show that 
(oat) 
og — 
\ — dx al(htatgt ) 28,=2°40411 
2 
[es 3 
4, Show that aa Bree: di =5 8; 
5. Show that 
[sa 1) pet (tog 1)" 
een | Tee i: 
6. Show that 
05> og — 
xv : (2r)*" in *) 92-1 _] 
i T= dai = a Bway Jy So ats ee 1 Bosse 
7. Show that 
Qn on 
[& 2) ‘(1og2) 
6. "TS dx =(2n)! Sonss, ao dx=(2n aurea Lee 


It is to be noted that integrals with integrands of — same character 
as the above multiplied by rational integral algebraic polynomials 


present no difficulty, thus : 


1 x 
log — a 
ae) —2y 4 p—8y 4 pty me EES 
8. [ara [yore tes... dyantat =e 
-, log 
1 2 
fe ee 
9. Show that I Pom dt =— — 73-5 
10. Show that 
lo. : 
a+b a 
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1078. In some of the simpler cases, viz. when the power of 
the logarithmic factor is the first, we way write 1—y for 
and expand the logarithm. 

Thus 

1] 0 as 1 = 
| 8 d= | ae D (—1)dy=[_ “ee Y) dy 


oi—z 1 


’ 


[Hs Jarabe) 


EXAMPLES. 
1. Prove that i tanh-te =F = [tuk = es . 
2. Deduce from (2), Art. 1077, by putting 2=tan? 9, 
: = 
[ tan @ log cot 0d0=—,. 
3. Deduce from (6), Art. 1077, by putting r=sin?9, 


A tan 6 (log cosec 9)?" d9=7— year 


4. Prove that 


wT 


[tan 6 (log cot erty d§= ae ere 


1079. Group B. EXAMPLES OF Integrals of form 


Prove that 


1 1 1 
log — 2 pe 
stn ¢=s,' =915966... approximately. 
sata 5? Jo eae = 915966... approximately 


(1 2) ‘(108 3). 
0g [ee 3 
2. pe dx= 2(1-5)S=2" 103599.. sphere 


1+2? 16 


3 1 1\3 
(10g » 1 ('Qess) 
3. Se d=), ae be = 68 =5'9336..... 


o Toe 16’ re 


’ I\4 4 \ 
-{ (ee z) 1 { z Ps 
dx=4! (1 a 3s) So= 2410857... ’ 0 nen = 64° 


ol-a 
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1 1 5 1 df 5 
(10g >) a (tog i) 
5. J, dz= is 


v 


—-iw=7, du =5! s4/=119'842... 


1 1\6 1 1h 
[ (es) pee 1-3,)s [Gesa) ne l™ 
EDR) on era tess 1 Jo Ta ee 


‘(1 1 2n—-1 
og) 2n(o2n _ 
7. oe doar _(2"—)) p 


1-2 4n beet 
1 1 2n 
{ (tog >) gpl : 


and in the same way as 8, 9, 10 of Group A, prove that 


log + . 
8. [a — dz =o [Eoter, Vov. Com. Pet., vol. xix.] 


a fa; 
is 


1 a“ wr? 1 ede 
10. is Sees Toa , and so on for similar cases, 


eS; 


11. Putting v=sin @ in No. 7 (Ist part) and e=tan 6 in No. 7 (2nd 
part), show that, if m be a positive integer, 


3 ¥ 
(i) ik sec 6 (log cosee 6)" dO = I cosec 6 (log sec 6)*"-1 d6 


g2n =s 


ee B = 
4n 2n—1 » 


T 
a ment 


(ii) ip (log cot 0)" dO = Fangs Han» 


1080. GRour C. EXAMPLES OF Integrals of type 
1 Bs 1\? 
i wm (oe) 
Sa ae 
p and q being positive integers (pq). 


dx, 


1, Putting e=e~4, we have 
(os sp 
A ae a= | y? (e-¥ + Ze +. Be +...) dy 


il 2 3 
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Prove that 


1\2 
3 [Qe *) [ log 7 
(+2) dx=p! (1-5)s (p> 1). 3. eee ee 
1 1\ 
4 { (esa) dx=?! (9 +8 
(1 a) Q ) “P-1 tp) 


1 1 
5. (tog a) 
{ x p! ‘ 
0 de= "5 (Sp_9+3S8,_1+258,). 


x ! 
6. [Mets ann a5) q (Spotat PiSpotst «+++ Poop); 


where P, is the sum of the products r at a time of 1, 2, 3, ...(q¢-2). 


: 1 
jae 
o (1+2)% (a1 ee Fp), 


5 yt Se! 2 
eS ee 


ae ee 3(38,-2 a5) pall asas 3(s/-3). 


ey (+a)? 


t log cot 6 a3 o : 
9. L Gaoreste Pe 2. (Put v=tan 6 in 3.) 


4 
10. [ sin 26 log cot 9@dO=hlog2. (Put #=tan?@ in 3.) 
0 


1081. Groupe D. Various Forms containing Radicals. 


; log — 
l I= adz= yer ger rset \ay 
0 Jl—2 oe 2 4 
Pate le lao kro od 
=pto ato asteae at 


Again putting 2=sin*6, 
— [log sin®@ 2sin 0dd= —4["sin 0 log sin 6 d@ 
6 r 
= —4[ cos 9 log sin 6 +log tan 5 + cos a|. 
53 te 8 29 5 
=-—4 [ cos O(1 —log 2)+2 sin? 3 log sin on 2 cos? 5 log cos ah 


= —4[log 2—1]=4 log 5 
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Thus we have the result 


1 L130 


1. 
4log5= nts atoa’ 3t9, pi aa ee 


2. [= a log od. (Euuer, Nov. Com. Petropol., xix., p. 30. ] 
0 V1 —2 
1 cos 20 : 
Put v=sin6, [= f sin?@ log sin 6d0= | 3 log sin 6d0 


a painae ' | af : 
=} ["togsin 640-1 5 log sin @ | +5 J, co8 6dé 
Cpe A ie sos é 

wre ae at ere 


3. Find the values of 


x 


= 
r=" cos2nOlogsin@d@ and r=| sin?" log sin 6d. 
Since 


sin De { 8-+sin 26+5 sin 40 +3sin 66+... 


+ 1 sin (2n — 2) oe sin ond} =sin 2n6 cos 6, 
n—-1 2n 


we have 


[sin 2n0 cot 6 d6-= 6-+sin 294040 5 : un nee aeee 


n—-1 Qn 


also i) sin 276 cot 6 d@=sin 2n6 log sin 6 —2n i; cos 276 log sin 0 dé. 


= 
Hence I={ cos 2n6 log sin 9d@= — = (n> 0). 
Again 
sin?” O=am (2"C,, —2 9" C,,_, cos 20 +2 °"C,,_. cos 46 —... +(—1)"2 cos 276}. 


. Is iF sin?” 9 log sin 9d0 


= ain {Cn log 5-2°*C,,,(-7)+2%C, 4( -2)- ...+(-1)"2(-2)} 


1 
a {¢, log 5 +9" Opa 5 pata Og g— oo (= 1)" 1 ing,}. 


Putting sin 9=., we have the value of f) SBF ae. 
l-2 
1 
log + 
tre eee [alraensb te 
I= aS = de *+5e "+5-4e v4... |dy 


el nee 
=at5 gteg igus 
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Again putting x=sin 6, 


1 | 
{ log Katara 
x i a a -f log sin 0d0=5 log 2 ; 


whence it appears that 


1 ee on ecg ae ae ae To 
“sto bs 


3.4°B''s.4.6 yt: 


T Lh 


1082. Group E. Cases in which the Algebraic Factor is the 
Generating Function of a Recurring Series whose Coefficients are 
Powers of the Natural Numbers. 


l+x 


: Sree 
0 (= aa ax(l83 ;) = [ pete 1) (143097434 oy... Jay 
% 1% y8(e-¥ + 236-9 + 3% +... dy 
0 
a 2 
=3! ( habeas: )=6. Dan. 


pt 3 
Prove that 


2. f athe; ales cap (lows) ara 


l+zx 1 male: _2n S 1 ra 
[ G-2zy ES zp (10g a —~— (27) Bog 4° 


3. ? ae (le; 1" —_ 
(RES gta on een 
«ene (gl a 
_(2n2)(2n-+2)(2n-41) ae 

5. aap 1S (log 2dr = 
6. | 14260 SBS POPE (log) demas. Tat 
1. [ a aay (1085 1" doisipest) 

P AAS (tog >) a= Fe (15 +27), 
a. f Ae (log Ly go = (n+ 1)(2n-+ 1) 2m) "Ban 


ate p (log 5) de=2ntc +09 + afr). 
a 
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10. If ao, 4, dg, +++ Mp1 be defined by the equation 
Q,-1=8" — his —1)*+"+0,(3— 2)" — 0. +(—1)-1 9G, . 1” 
for all values of s from s=1 to s=n, then 


He Ay + AyU+ ot? + 06+ y_ oO (1 ee 
0 


(aah 8 ae 


_1(n+2m—1)! ait 
=9 ~~ Qm)! (277)? Bom 1: 
It will be recognised that the several equations defining the letters 


Ay, A) Ag) oo» An 3, VIZ. 
(n+1)n 


M=1", a,=2"—(n+1)1"%, a,=3"%—(n4+1)2%+ ing 1%, 
etc., 
1 
An =n™ —(n+1)(n— 9 Ge 2)"-.. Pa eh wah es 


are the results of equating coefficients in 
A$ QyU + At? + oe + Ay 01 = (19 + 2% 4+ 3%? +... ad. inf.)(1 — a)" 

up to the coefficient of «1. And it is known that 
(n+r)"—"41C,(n+r—1)?+...+(- 1)? "1074, (7 -1)" 

vanishes for all values of r from 1 to ©, being the coefficient of «” in 
er—1)x(e®— 1)", ve, in [14+(r—1)v+...](a™- ...), 

in which the term of lowest degree is 2"*1. 

Ay $42 + Ayn? + 006+ 0" 
(l—a)"*1 

recurring series 1%+2"+3"x?+... 


o n-1 nt2m—1 
Therefore re Sig Oye A Gg tapes eee ae (1 . ) d. 
0 


(l—a#)" CoA x 


Hence 


is the generating function of the 


= [ grein t [1 ter¥ 4-2he rE ahe a8 nay 
at a ses =| 
[nam + gntim + a 


1 


(27r)2™ 
2Gmyi Bima" 


=(n+2m-—1)! 
1083. Group F. Gaps in the Development of the Algebraic 
Factor. | 
Let a and £ be any two prime numbers. 
In the series formed by the development. of 
@ i xh 


Toe. (eg? nee in ascending powers of z (<1), 
cs = -—x 
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Py x“ 


wore ze. the com- 


the subtraction of 
plete series 1-# 


LEB. atpaetly  pgtey gretly |, ‘ 


=» He. ooh + oh 4...., from 


removes all terms whose indices are multiples of a. 


The subsequent subtraction of removes all those terms which 


1-28 
remain, and have indices multiples of 8, restoring with the opposite sign 
such terms as have indices multiples of af. 


Fra 


If we now add we are left with the complete series with all 


1-28 
terms whose indices contain either a or § as a factor removed. 
Exactly analogous to this is the effect of multiplying the series 


ican Se ee et! 


S=stastsstystpet> (o>) 
t-2) 1 1 
Ome Om (3) 0-H) 


For S-—- - the complete series S from which terms in which the 
a 


denominators are multiples of a and B have been removed, but those 
whose denominators contain both a and £ are restored with the opposite 


sign, whilst in the case s(1 = 3) 1- 7) no terms occur whose denomi- 
a B?. 
nators contain eitber a or f as a factor. 


a. 


1/ ¢ a a8 “" dx 
= = =_ _ ] _— — 
Thus # if [ (5 er \ oer. B 


1 1 1 
=(2n-1)! [etontget-}} 


by putting «=e-” as usual, where the double bracket indicates that from 
the series included all terms have been removed which contain a and not 
B, or B and not a, as a factor, whilst terms with both a and B as a factor 
occur with the negative sign 


=(2n-1)!(1- 5 ga) Sm 
=@n-1)1(1-3-3) So Bona 


={ Lae \ Gee Banca 


1-9 BP 4n 


1 a oP grb 1\*"—-1 dz 
And J'= (4 at eee) a 
0 


she Gee Cee 


256 CHAPTER XXVII. 


It may be noted that 


1 yy ins al ae 1p y (10 ae 
I r= (le3) Pat) P-y\ Sy y 
if 1 1 4 (1 gt) 2S 
= am T—a\ 8a Ee 
and therefore 


1 a. ap 2n-1 
[ ( ee x pel Qx8 rs ka (108 +) dx 
o \i-@ J-a* 1-28 1-298 a z 
| ei, Rh \(2r)" 
-(1 = aay fm earn) an 228-19 
whatever numerical values may be assigned to P, Q, 2 


And more generally, if a, B, y,... be any prime numbers, and if F(x) be 
the function of 2 which would be formed by first developing 


(1— 4)(1— B)(1— C)(1—D)... as 1-(A+ BH...) +(AB+...)-ete., 
and then replacing 


1 by -— = A by 


B 
x 
B by 1_2*’ etc., 


|e et 


AB by and so on, 


ty 
ABC Da aby 


x 
1-28’ 


then F(x) consists of such terms of the series r+22+23+.2'+... as 
are left when all those are removed which have a, B, y or any combina- 
tion of them as a factor of their indices ; and then 


1 1\"1dy [2 
i F(z) (og =) = =| y2h-l (eV + e-W +...) dy, 


where the terms in the bracket are such that those whose indices are 
multiples of any of the primes a, B, y,... are missing, 


=(n—1)!(1-3)(1- — am )(1- a ee 
caf rome" 5, (1-2) gh od). 


If we press the theorem further, and remove all the terms from 
except the first, then if a, B, y,... be all the prime numbers, 


r AD ae aid v gt By _  gxByd 1\2n-1 
— — 2, ——_. . = Sie Sak ey ae 5 i d: 
[ LS 2 ea 2 ae are wee inf. |(10g) : 


ih 1 1 
=(n—1)1(1 ~ sa)(1~ gea)(1- a )(1- saa) Son 
=(2n—1)! (by Raabe’s Theorem, Diff. Calc., p. 109, Ex. 29). 


And this result is a prior? obvious, for the integral is merely 


1 2n—1 
[ (85) are -[e vy" dy =T(2n). 
0 
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EXAMPLES. 
1. Thus we have 


ai x a as a a8 git ES a 
% = Sa | “4 d x l aa 
[ lop lomcicm ine oe ine ie! 1, loge. = 


1 1 1 \(27)? 3 8 24 7? Br 
-_ 1-35)(1=38)( -=3) See cers Faso 
( 22 3 . B2) 4 By 4.0: 96° G75. 


2. Prove that 
of pede 1 4? 11-2 1 Qr3 
hae beeen: “A d NE ee 
@ — og- dx 37? Gi) [ pls, e=a 


a Pla /, 1), (29-1-1)(37"- 1) 
(iii) [ a (Ig=) dat =a 7" Banas 


2 ll-a# 1\%" 1 i 
(iv) | (Joe =) de =(2n)! (1 — sang3)(1~ gan) Same 


V1i+e4atte3 ve 208 
3. P ee oe =) 31357 
rove that [ ics (tog 2) dar 3125" ° 


ljtat+az?+2 iL 2n-—1 1 il 
4. Show that [ elit. (tog *) adz= To (i = a) (2ar)*”* Bon) 5 


5. Show that 


Lo Jagr 1\2n-1 1 1 
I» (—az) (18.5) do =, (1- Sm) Om) Bon 1s 


where p is any prime number. 


6. Show that 
114a2+a2'+25 y\n-1 1 1 1 
[ 1-2 (108 =f ire (a — gmat i) (20r)*” Bont: 


1084. Limits 0 to 0. 

So far in this chapter the limits have been from 0 tol. In 
some of the cases considered the integrations might have 
been taken from 0 to »; eg. in the examples of Group B, 

z log log : 
i —ade-([ +[°) i de. In the second integral put or 


a 1 1 
log — log - 
ee dil log ¥ we eS ca re 
i a en era | p)Y= bee 0 
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+ | PEbse(C psa so 


; log — 
fe poet 2 \ay= lOBY ay o Rey ry 
1 1+y- y? o 1+y7? , 1l+.2? 


: | Mapa) Sp =a Coie 


Lett (22 1) 


The second integral is 


Qn ant 
C) 2 2n 
(Oe (cece ane [ed 
ee ) 1+? de—([" +f ) en fee 1+2 — 


or \2%+1 
-(5) E,,, and so on for other cases. 


1085. Group G. 
Integrals of the class ~ (1og a 
oo 


_[° flog a\" : 
T=| (28) dx, 4.€. »d—a)" a)" ——_— (x, n>1, 
form a group of some interest. (Ch Group C, Art. 1080.) 


We have I= a) +f \(eezy" dx, and putting ene in the second 
of these, y 


= (log a Ome —reny'( 1 ik (one oe log g\" 5, ; 
if (22 *) du ‘, (Gre! ~ 3) y= me Vy m2 dy = a (28% ar? dx ; 
ie — yr (log )"dx ; and putting s=e—, 


= ic 2r{] fe-(n— a9) { er tne ep OTD gate .} de 


the expansion being conver, gent as e~* is <1 for all values of z between 
Oand wo; 


4 n(n+1) 1 n(n+1)(n+2) J 
+ I=Pety| pat? re 1.2 St 9 3 gr 


] m 1, n(n+i) 1 n(n+1)(n+2) 1 
+@alaty gant—y3 (ntit~ 72.3 ey | 
T(n) 1 Tmt) 1 Ping) 1 
1 Te) he 9h | gee gat 
(n= 1) Em) 1 TP(m+1) 1 TD(n+2) 1 
TGs +7 ogame G+ 1.2.3 @paat- tt 
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And if n be integral, 


T= cs a 
1.2...(m-2) ,2.3...(n=1) 3.4. 
* (n—1)" * n” +r tr ‘ 


ane Ct Det. Ct9-9), TS (r-1)(r-2).. az (n-2)} 


r=] r=n—l1 


ep leeNet a). eA AO Ne AD — (a) 


=n = 
r=1 


The case 4 this aig n is even is given by Wolstenholme, [Prob. 1919]. 


1 


If &=+4 Stotat: .. and P, stand for the sum of the products p at 


a time a the first n—2 natural numbers, this result may obviously 
< written 


eRe ca ah lel - 
ive. =mn(= + Pats +-P, 2+ Pageant Pogasgs ..) (Seo Art 879.) 


In the case when n=1, 


lata st? [ [)e3 
[ S84 ae-( +); a 


=| 8 e = ei 2, where 25, 
1 
-[ * ay i ene 


-[ * 18 de +f (=+;-;) sade 
=2 108" a—}[ dog? | , 


of which the second portior. is infinite. 


: ; ; a 7 
The first part is finite, viz. 2.¢=q- 
EXAMPLES. 
1 is (282) ae [Fea ter 420-4 80+.) de 
; o \w—-1 0 
Ye oe 
=4(ht5 tate )= 3 
2. Prove 
log x Qrt\ 4g 8 
C(essyene, ——[ (oerne Gets) bene 


e 5m? 117 loge \s 5 ah 84 32 6 
Fes) dn=Z +9 bs d= Ini +-s +7057? 


and soon. (Cf, Examples 1, 7, 9, Group E, Art. 1082.) 
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1086. A General Principle. 
More generally, it is an obvious principle that if F(x) be 
any function of x which remains unaltered upon changing 


x into its reciprocal = w.e. if F(x) be a symmetric function 


F(z) 
. 


of « and e, then, provided remains finite from x=0 


to x= inclusive, 
1 
{ F Fay =2 pas 
2 
For { Fe oe a (+)? 
F x 
and changing « to - Lin the second integral, 
z da [Sal wady es dy dx 
| F@S-[r(G)i-n2- reg [ree 
Hence [ # (@) a2) F( (ay. 
0 
Similarly if F(- z)=~F@), i; F(a) Z=0, 


1087. Again, if the value of any definite integral of the 
above form, viz. I =| F (a) @, has been found, F(z) being 
0 


ol+a" ra 
can be at once obtained, where n may have any value. For 


a symmetric function of ~ and . the value of I'=| anes 
5 ee 1 
in this integral put 5; for a. 


el 
Then r-| re FG) ay ni =|" a" F(a) da. 


ity" l+a" 2’ 
ire “f F(a) de eats 
; l+a"™a "Jo 14a" x 


Hence l= : F 
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1088, Similarly, if F(@) be a symmetric function of = and 


F()=F(a.2)=F(a.4)=F(S), 


2 


then putting « sat , 


=, so that 
ax 


2 
ee F(t 
rah oe ho 
ote s 
y 
A y" F(y) dy _ ll a" F(x) dev. 
~a"Jo a"+y" y ado a"+a" x’ 
oo an 
qt 
a” dx 1 dx 
u-| ar+a" i) s{ (o> 
‘ “ F(z) dx 1 if dz 
1.€. \, a"+a" x 2a” i F(x)—. 


1089. Again, if F(x) be symmetric in = and = , so that F(x)=F ( ) 


I= v F(x*) z= F(x) = 
For writing «?=z, we have 
[rtp [0 (CL ro 
Putting =< in the second, 
rote aeev8-[ rot [ro 
. [reef set F(x) 2 
We note also that it is therefore proved that 


[reel 7", F(x). 


Again, taking is F(x) o” if we put a=", we have 


Prot [a(94-- [rot 


a8 F(z) ae i F @®, with other similar results. 
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2 Jo 1+? 


1090. Since . a (-5, it follows that 
2+= 
0 


[ : =/ i dz lf" dew 
0 (L+a*)(1+a") Jo (+a) (14+2") 2 2) roa a 4° 


Similarly, since 


eo he -a@edx 1 0 | © 
Sure ph as SS eto bene =. 
Cer 2 0 at+at Q Gt, 4 
ate 
0 
we hav ie : geal ps 
iy 0 an+yn q2 42 7% Qqn 4? 
a" a 
adx aw 1 


that is » (a@i+a(at par) —@ gna 
1091. It follows from Art. 1087, that since the expression 
a is unaltered by writing E for «, writing =tan ; 


i 4 


l+a" ¢ 


ere Qu dx (2 : dé 
=| F (sa) za |, Flsin ae 


a transformation given by Wolstenholme (Educ. Times, 9981). 


We may also see the truth of this result by differentiation with regard 
to n, which gives 


F( 2a :) 
dI L+22 dx 
ge erie "log w—, and writing — = aes hs 


PFA) PAE! 
*(ree) ee ee me 


a eS ous and J is therefore independent of n, and therefore the same as 
if n=0, i.e. 


© 


F( 2ax ) a 
oa) dy ; dQ 
| —— —= [rin Dawe 
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1092. Thus, if F(z)=z, we sept 


3 Le oe 
(a? +2) Trace +a") Jat 2° dant? 
or if F(z)=2, p being a positive integer, 


ale nae 
L resrerray eral oo 16d0 
1 1 p-2p-4 ‘ 2(or .. lr 


3 "22 


=p see ST 1 p-3°"3 co) 3) as p is even or odd. 


z 


1 
1093. Consider next the value of / =( (log tan 0)2"d0, where 
0 


m is any positive integer. Put tan@=<. 


ee) ea a 7. (log x)” 
Then = A 1+22 ax=( + tz ) 1+. ae. 


In the second integral put r=— 


(log x)?" = ( Ceewh (aa ‘ (log «)" 
I 1+27 ade 1 1 x Y= jo V+a? ae 
+ 

pg {Mog z)™ 

, I=2) ia dx ; 
} a ae 2e 
. £,=2 (—e~)dz, where r=e 


al -e 
af (er mite eM 4...)de (0<2<0) 
0 


. 1 1 1 
=2T(2n+ 1)| jaa gamns t+ pant — | 
an+1 
Fan(5) . 
=2T (2n+1) ean , where £,, is the n™ Eulerian number ; 
z anti 
. i (log tan 6°" d= (=) Eons 


and the values of 2, being successively 
E,=1, E,=5, E,=61, H,=1385, ete. (see Art. 1073), 


we have 
= 3 x 
S (log tan 6)2d0="; ; ie (log tan 6)'d0=—s5 


4 woe 13857r° 
lee Re [ (log tan 6)*d0=* 512 , ete. 


h : f , a" sec z 
in the expansion Of sec Z, 2.€.) —yon— ; 
p ? dz n = 


1oae. Since £,, = coef. of ——— Ga Gay! 


an+1 qi” 
we have ik st (log tan 0)°"d0= (3) qa se | [Wolstenholme]. 
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a 

1095. The integral I= (log tan 6)?"+1d@ vanishes. 
For putting 0=5-4, P= ee), 

t Tm : : dd 
Hence ie (log tan ayrag=(2) E,, ov 0, according as p is even or odd. 
Also log cot 6= —log tan 6; 
a i (log cot aaa=(5) E, or 0, according as p is even or odd. 

0 
Hence Wi (log tan 6)?d6 and ie (log cot @)’d@ have been computed for 
0 


all positive integral values of p, 


1096. Let =| (log sin 9)? = i: (log cos 0)? d9, 
0 


0 


and ve =| (log sin ) (log cos 0) 9. 
0 
Then 


27,+2I,= i (log sin 8 + log cos 6)? ao=[" (log sin 26 —log 2)°d@ 
= fs (log sin 20)%d8 -2 log2 |" log sin 26 d0 + (log 2) fe 146. 
Writing 26=4¢, 
[* dog sin 26)'d0=4 | (log sin p)*ag= ie (log sin 6)2d0=I,, 
ees ph a Be he vr, 1 
and [ log sin 26 d@ =; log sin Pd =|" logsin pag =slog=; 
0 2Jo 0 2 2 
, 2h+2l,=I,—2log2-Z log 5 + (log 2)*, 


oe FQ] y= 2 (log 2), seessssesseessssesssssssetce (A) 
Again 


z z 3 
21, — 2,= | (log sin 6 — log cos ado= |" (log tan 0)db=— 3 ose-(B) 
2 T1+2h == (log 2), 


3 
I,-L,=%3 

: a a ints : Wer co 

. solving, h=} (log sin 6)2d@6 = I (log cos 6) dO == (log 2) +59) 


‘ 3 
h=| log sin 0. log cos 6d =F (log 2-7 


These results are due to the late Professor Wolstenholme. 
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Obviously it follows that 


t 7 
[ log sin 0. log cos 6 ao=3 |" log sin 6 log cos 6 d0=4 (log 2)? — 


1097. We may write the expression for cosecz in partial fractions 
(Hobson, Z'rigonometry, p. 335) as 


* 
1 1 ] 1 1 
i iinny senevene (A) 


2-20 2-3 z 2+0 2+27 


cosec Z=...+ 


it being understood that this doubly infinite series extends equal distances 
to infinity on either side of the central term : marked with an asterisk. 
A similar expression for cosec?z is 


* 
1 1 1 1 1 
“TG—as)'' G—x) ap? 2 G4ap +Gyane to AB) 


with the same understanding as before. [614, Wolstenholme’s Problems. ] 
The latter is obtainable from a consideration of the factorisation of 


cosec?z = 


cosh 2+ cos 6 2 Tr { x \ 


V1Z. n ee 
2cost? Le (2r+1r+6) 
2 


[viz. equating coefficients of 2? in the expansion and writing 7-22 for 6]. 
Differentiating these he heen respectively 27+1 times and 2r times, 


and then putting ze in each, we have 


1 “ oS) 
pie dz** \ sin*z 1s 


n 
* 


: I 1 1 [ane ae 
+ Gaal Got pr Gp) Gn cu ( ) 
1 o\2t+2 3r 1 ] 
aie) Sae( stats) = 
1 


1 1 1 eee ee ee ee 0 
=+ gone tacit intern Erp ©) 


Now consider the integral 
1\2741 1\27+1 
(1085) (Wes) 
r-[ _ ie ae=('+ +[") 1+a" 


In the second integral write 7= 


Then 


0 i 1\2r+2 0 1 (10g :n 
( og *) dew | {98 a ( > =)dy oe TT aie 
: T4+2” cs : l+y" y “ A 14+2' 


i 
y 
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— ~n—-3 ar+1 —Y¥ — g—(n—l)y 
ae, —— (108) dhe [ype ey, where =e, 


=f yer _ e—(™—-9}(] — end 4 e—any _ e~Sny 4. me .)dy 
0 


= [9 (.. ber cP eyo RHN 4 AnH dy 
0 


1 1 1 Se ee 
= (r+ 1)Y + Gare “@apFet A -Gapent aap} 
1 ara gar ( cos ‘)] _ (mr\ttar dt ( oe) | 
=(2r+1)!. ‘G+! (= ") ae? ante -(=) dz \sin?z/ 


1098. Again, if 


rf ela [lf 


putting v= = lin the second integral, 
1 1\2r+1 1 1\2r4+4 
(1085) (108 3) y 
‘=| —A EMS EY Gis 
i Neer ooo - l-a" 


rl —2 2r+l —y —(n—l)y 
=| 5 ate" x (10g 3) d= [ OPO prtidy, where c=e, 
it) 


if am ey 


PDS EE niehe +e7" + een 4 |} dy 


= [PA pe Wig ry arin A ¥4+..,} dy 
0 


il 1 ik 1 
=(2r+ 1)! e aS = Dre Gm as pret pete ppt Gay pret =} 
42 gar fy _[a\t27 a2 ( 1 ) ] 

eer (27 + 1) ao ger gam )] mele d#*\ sin?z me 

“(1 1\27+1 

og ) 2r+2(- oar 
x COS Z 
Thus | l+a" de=(5 ) god ie 
3) 1\2r+1 
(tog 2) ar42-gar/ 7 
> 1- di = (=) Taint) |, 


These results are due to Wolstenholme. * 


1099. Group H. le s Rule. 
1 
—— n—1 
T=| loom “at dx. (Euler.) 


provided nz >1. 


Integrating the result [' a%d2—_1_ with regard to n between limits 
O and n, we obtain 0 n+1 


ip pelea log (1-4 1) 
seine og (1-2). i. oxnce ase Oana sagen: cas ee ( 
* Problems, 1919, 41 and 42. 
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Hence 


a= a (1) ==) god 
Gi a ho SEN +m 
I log x ? I loge du= 8 Tan ccs concn (2) 


tite S & (amtn—-1_— 1) —(a"4=1 
and {<— gt-de= ii ee Sons (3) 


If F(x) a any polynomial in which the sum of the coefficients is zero, 
= Age™ + Aye 4 Ae™24 FA, et Aq, 34,=0, 
= A,(a®—1)+ Ay (a™ - 1)... 4+ Ag_-a(w—- 1). 
Then 
ii ee de= Ag log (n+1)+ 4, log n+ Ay log (n—1)+... + Ans log 2 
= Jog (1 4-1 40789 — 1) Ae tad ee cccssenseassesnaesnennves (4) 
Let A be an operative symbol defined by 
AU =Vnim Un: 
Then equation (3) may be written 
W BES TANI GY a some ter enna one cdan sacs ooeTe Soca (5) 


1 eg 2 
Taking J,= : (- =) ade 


log x 


dl, _ ih a™—1 m+4n-1 ae 
ae Ai ax™+n-ld7 = 2[log (2m+n) —log (m+n)]. 


Integrating with regard to m from 0 to m, 


aad 


ae -2[> log (2m +n) — —2 [ om +n) log (m+n)—Gnr+ n) |" 


=(2m+n) log (Qm+n) — cies +n) o (m+n) +n log n=A’*n log n. ...(6) 
Similarly i= zi Ata log n, I, =a AAPL Oo CL Grercesetenssesan (7) 


Some of these integrals were established by Euler (Cale. /nt., iv., p. 271). 
The egnersl rule was given by Legendre (Evercises, p. 372). 


1100. Kummer’s Integrals. (Crelle, T. xvii, p. 224.) 
From equation (2) of the last article, 


1 gt — 1 dx 


ft da 
(i) Z=), +2" ee GPA ee ae) 


log « 


a+e a+2e = (¢. ote. ote ); 

=log5,— log 5, +108 590 ~=108\5° gre b48e atae )* 
SN ee 1 go — a? 1 dx _) e(f ee ete eee ) 
pee geet lege” ae B\R' b+e b+2e b+3e"/ 


in the same way. 
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Putting c=1 and a+b=1 in (i), 
‘gna 1 de 
o l+a2 logxr z 
LytAl_y4 dy a( a 2-a 2+a 4-a ) 


o +e loge l-a l+a 3-a 34a" 


a Came 
es; sane aC) Pe SC 
aie pees a a Bn) Ins 

“Pi "3?" F@asip 2n+1 

Ta oT 
=log (= tan > x 5 )=log tan — 


EXAMPLES, 


= 
1. Deduce the integral [ log sin 6d0=T logs from the theorem 


227 =, 
Trap — (28-22 c08 7 41)(22-24 cos == +1)... {2# - 2v cos @— UF 41}. 
wt] n n n 


[Lustiz Exxis, Cam. Math: Jour., vol. vii., p. 282.] 


= 
2. Show that | sin 6 log sin 6d6=log,(=), 


3. Show that i sin?@ log sin 0d0=7 log. (4) 
[Euter, Nov. Com. Petrop., vol. xix., p. 30.] 


g(1+2) 


lo T 
4, Prove that [ oe da == loge 2. 


[CotLEGzs B, 1890.] 


T 
5. Prove that fice (1 + tan 6) dd=— log,2. [Tarrry, 1885.] 


=x 2 
6. Prove that ie tan @ log cosec 6 d@= 9A" [Trrwrry, 1884,] 


7. Prove that f sin 20 log (1+cos 0) d@=4. [Tamrry, 1885.] 

l+axr dx 

l-ax’ yJ/l—a 
[Oxrorp, ITI. P., 1888.] 


=7 sina, 


1 
8. Prove that if a be <1, [ log 


1 log 2V de a log es) 1 
9. P = =. 
rove that [ (pes ae, 2 Geer Eo 3 [Sr. Jonn’s, 1881.] 


10. Prove that 
? 1 * oe 
[sin «log (jtse este) ae = [ sin z tan—(tan a sin 2)dz=7 tan & 


—-sinasin x 
[Sr. Jouy’s, 1881.] 
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‘ (log x)? (log x)? , _ 38 
11. Show that ee. dx 2=5 | "Taal uo 16° 


1 1? 
12, P that [11 -2)de=. 
Sit tee Pe ade 6 [Oxrorp, I. P., 1889.] 


(toe) 
13. Prove that al? SPORE od 
9 (+2) 2 [Cotteggs 4, 1883.] 
log =. ! = 
4. =. 
T&eErove thab , (ot Tray “2 [CoLuEcEs y, 1882. ] 


2 
15. Prove a Jog + tS esate t (5 


a eee eS =) where r>a>0, 
[CotuEcEs y, 1882. ] 
r1 2 
16. Prove that | log vlog (1—x)dx=2 ee 


6 [Sr. Joun’s, 1885.] 
1 dx 
17. Show that ‘i FF (x ++) log a = =0. [Cottegss 4, 1881.] 
Flog sec x 1? 
18. Show that i a =e (ConnEcxs ¢, 1881.] 
i 1+cos?4 yg 
19. Show that E sae ny ee 7 1082 [R.P.] 
= ar? 

20. Show that [ tan @ sec 26 log cot 0d0=57- [St. Joun’s, 1882. ] 


1101. Group I. Derivations from 


1 1 
x dex ar * +2 du=rcosecat, (1>a>0), Art. 871. ...(1) 
o l+a Ce ia ar 


Put c=y", = Then 


=| n—p—1 
dy = fez +y dy =" cosee *™, (n>p>0). «+.(2) 


ee 14+," 
The case he gives 
[de el pen eee: =F cose FF, (2>p>0).  ++.(3) 
Putting p=m+1, we have 
ee =n gee, 9 (1>m>—1).++(4 
Seen | Been (L>m> 1). (4) 


Put p=1 in (2), 


ce -f i= i aie a posec =, (8>1). coon: ++0(5) 
1+2" +e . i 
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Pat = ar - in (2), 
1 yet T pr 


: 5 ar == cosec —-, (n>p>0).  «..(6) 
Pa ae td 
Put p=1 in (6), 
1 / 
| Cus =" cosec =, (peat ceédanacs (7) 
0 V1—a" n n 
Lata” da T mr 
ae ee ya Ree =i) 
From (4), [ wee 98°C > (l1>m> -—-1) 


This may be written as 
Tk cosh (m log x) dx 7 see @™ 
o cosi(logz) « 2 ys 


Put «=e, qg positive; mq=p, and replace z by 2, 


(l>m>-—-1). (8) 


[pee ae = 5° Ba (q>p>-—-q). (9) 

Puigen, [SMP ae ade, (apa) (00) 
Put oat in (1), 
ey =1b*! cosecam, (l>a>0). (11) 
Diff. r - 1 times with respect to 6, 

b a dy UNE) mb* cosecar, (1>a>0). (12) 
Integrate (11) with regard to 6 from }, to by, 

[fro log at Bye dy = 7 e cosec arr, (l>a>0). ...(18) 
Write #=by in (1), 

[& dy =1b~ cosec ar, (l>a>0). ...(14) 
Diff. r—1 times with respect to 6, 
Ey, = Be AOS) ents conti a OF 

b (by ly 7 THEA) cosec az, (1>a>0). (15) 
Diff. (10) with regard to p, 

os Pe de =jse0 8 ta E, (t>p> —r). (16) 
Integrate (10) with regard to p between 0 and », 

[Ree atop tan TP, (7> p>"). (17) 
Diff. (1) with regard to a, 

k wee = = —1* cosec ar cot ar, (l>a>0), ...(18) 


etc. Thus obviously a large number of such results may be derived. 
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1102. Group J. 
ae 
Next consider the similar integral | — dx (1>a>0). 
ge-l 0 l—a 
1l—2z 
At «=0, since a is positive and <1, the limit of | 


has infinities at =0 and at =1. 
ey ge-l 
ol—a@ da, 
when e, is indefinitely diminished, is zero (Art. 348). We 
have to examine the behaviour of the integral in the neigh- 
bourhood of z=1. Consider the integral 


(+). )t3” (1>a>0), 


where ¢ and » are small positive and arbitrary quantities. 


Here the integrand 


In the second integral put os 
Then 


(ee 


l-e 
And in the second of these let z=1—€. 


7 


i ie da=—|~" oe dé 


l—e l—2 ‘4 


7 ————_ 
T+ /] aa+l 
=-| (erat Et.) dé 
a convergent series, since <1, 


ee ee et i Se 
See ba a(-t c) 
and if » and ¢ are made ultimately zero in a ratio of equality, 
the limit of this portion is zero, otherwise it is of arbitrary 
value. 

Hence we shall take =e, and then 


272 CHAPTER XXVII. 


is in the limit the same as 
1l—e -—1 l—e y—a 
| Lae @ de—| Ne dx 
o =e 90 47 
ae. the Principal Value of 


ea 1=siaal a 
= i igo of ge 


We a , 
the General Value being an arbitrary sitet depending 
upon the relative mode of approach of e and » to their limits. 


-1_ ya 


1 -1_»- 
Now in | = is, the limit of ae , when @ is 
Panes ea 


unity, is —(2a—1), and is therefore finite, so that the last 
element of the integral when expressed as a summation from 
«=0 to «=1, contributes nothing. 


1—e ,a—-1__ y—a 1 —1__ 
Therefore Lea | Mita Z| ia dx 
0 1—z a Le 
=I ga-l -*)(1 21 43 n aay 
16 09) Dee +y=z) a 
1 1 1 1 
a renew 1 tite 
a; oll: eel ee ~—aait | ee 
lta 2+a am —; 


Now in the limit when n is infinite, the portion in the 
brackets is ultimately equal to 7 cot az. 

The limit of the term oe ee is zero; and in the integral 

n—a+l 
the subject of integration is ultimately zero for all values 
of <1, we. te Sto 
Lee peti ee eg. 
0 l—2@ 


And for the remaining part of the integral 


1 a—1__ »~-a 1 a-l_»-@ 
x x : x x 
| gett =e da viz. | gn-l—___ dy 
0 


we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in the region between 
1—e and 1, this integral lies between 


alte 1 de cand “ONT de 
1 


l-e 
t.e. between Pe and Qe, and therefore vanishes in the limit. 


DEFINITE INTEGRALS (IL). 273 


Hence, summing up, the Principal Value of the integral 
© ya-l lL pa-l_ »— 
| ce er | aie 
Pe 6 ie 
and is equal to MOOuGN CL er) nvievdveers credecans (ap 


1103. In the derived results which follow we shall regard all the 
integrals which occur as Principal Values. 
Starting with Prin, Val. of 


i ut f° taka. 1 0 
KS ro ane dame 0 e=rcoudm, (L>@>0), isc (1) 


we proceed as in Art. 1101. 
Put 2=y", a=". Then 


paetige Poyetearn tg) Ce gee : 
| i-y = h = dy 7 cot = (RPO), caverees (2) 
The case n=2 gives 
es gel — ice = pr 
—.—,—_ 4 =s — O}S ensesiccier 3 
hee <r. = dar = i = dx 3 cot 7 (2>p>0) (3) 
se p=m-+l, we have 
o yn =) fae = waves mT bs / 
et eee | So ear had = 5 tan 7 (Lo — 1)" ee (4) 
Put 3am in (2), 
ee spe 
| = pes i I at som ebkony (EBS BBoomGcdtos (5) 
1-2 n nN 
a™—a™ dz TMT 5 
From (4), pours =, tan->> (>m> 1). eoeees (6) 
This may be written as 
1 sinh (m log x) dx mm ¥ 
2 ian = eS el) bbodcnc 7 
‘i sinh (log) ens, ( ) (7) 


Put r=e, g positive ; mq=p, and toni z by 2, 


Nad hn, > p> —Q). ov 8) 
f sinh gx - ee 2q’ (gap 9) ( 
Put g= rs as Pe dx =! tan®, (r>p>—T). ...(9) 
ued=™ Jy sinha 2 2 
Differentiate with regard to p, 
[epee ae BE en (r>p>-—m). ...(10) 
o sinhre 4 2 


Integrate (9) with regard to p from 0 to 1, 


* sinh? 
dc ZF te st), nhl 
a = = 5 log sec’p, (r>p>-7), ...(11) 
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or between 6 and a, 


® cosh hbe d ee 
l COBO Geiss CORR near » (r>a>b>-—7), (12) 
i) sinh rx z 

ae 


and it is as before obvious that many further deductions may be made. 


1104. Lemma. We shall require the factorisation of 
cos um + cosh v7. 


ut+w w—wWw 


cos u7 + cosh v7 =cos u7 + cos ww7 =2 cos 5 7 COS —y— 


0 


= 211 [(2r+1+u)?+v][(2r+-1—u)2+v°]/(2r+ 14. 
0 


Logarithmic differentiation with regard to wu and v gives 
2r+1+u 2r+1l—u 


— 7 SIN UT 
i eee sae 2r+1— =aPre) 


Ge 1 ea 
9 7 sinh ur 
(2) cos ur-+-cosh v7 20>) (Sa rE meres eer sTicaere) 
1105. Group K. 


Type I =| cane 
o Sinh ge 


Here 1=[" (c?* + e-P®) (e- 4 e~ 3a" 4 e-5av+4....) sin ma dx, the integrand 


sin mx da, etc. (q positive, p* + q?). 


being finite for all positive values of w and the series convergent ; 


» is > [ekertato}e 4 o{2r+1M-?}2] sin made 
0 


2S) 2 ee i 
=> ae reared ere Wesel 


mar 
sinh — 


Tv 
=, by the Lemma, ..0.cavevonocestcl A) 
~ 2g cos 27 + cosh 
q fp 
q being positive and p intermediate between g and —gq, inclusive. 
Similarly 


sinh 
L sigh cs cos mx da= -{ (pm e-Br)(e-a + e304...) cos mix dx 


he 2 [e-{2r+)a-P} x _ oe ares) cos mx da 


2 (27+1)q-p Ase (2r+1l)g+p ] 
{2r+l)q—p}P+m® (Qr+1)¢ +p} +m? 
a sin 2 
OTe ere (B) 
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Writing 2x for w in (A) and p+ p-% in succession for p, and 
subtracting, 


f cosh (2p + q)x— cosh (2p — g) a 
0 


2 sinh gv cosh gx sin Ima de 


.. mr 1 mr 
sinh — sinh — 


a) sin PT + cosh ne ie me teh 
q 2 q q 


A 1) amas mr 
sin Pt sinh — 


. sinh 2p. Ks 
2 [See sin ame dr =z 


mr =. .pT 
cosh? — — sin? 
q q 


~ sin 2 sinh @ 
Ty. eit Ty a ie: es ( 2 ); 
—— DO ’ 
q pO id mes sh 4 
q qd 


and replacing 2p and 2m by p and m, 


sin PT sinh cd 
‘% sinh pw te sin mx da=— So ae (q positive, p? > q”). pac(C) 
0 cosh qu q cos ES + cosh — Lad 
q q 


Treating (B) in the same way, 


iE sinh (2p+9)x—sinh (2p—g)x cos 2mx dx 
a 2 sinh gz cosh gv 


= —cos 
@ 


con: =— 
Tv 


—E 
2 Sain eos sin pe cash o 
q q q q 


? 


ar mar 
cos eS cosh — 


i oehee % cos Imax dx = = 
Saas *4 cosh? a - sin??™ 


. 


pr 


mar 
cos — cosh — 


Tv q q ( 2 t) . 
=— P + ac ae 
oe os 2% gee Qa 4 

qd q 


and replacing 2p and 2m by p and m, 


pr mT 
d C08 5 cosh ork oh 
: cosh Px 043 mx da=7 ___ 292, (q positive, p? $9’). ...(D) 
cosh 92 7 cos 7 +cosh “a 
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We thus have (p? } q’) 


te cosh pa sin mx dx 
o sinh ge 


sinh T 
iia P? wos ma da = 
o sinhgr 


I “ cosh px 
0 cosh ge 


1106. Special Cases. 
(i) Put g=7, then (p? 7°), 


ip cosh px epee baal 1 ___sinhm 
0 sinhaa ~ 2cos p+cosh m’ 
~ sinh px sl sin p 
| sinh ra a 2cos p+cosh m’ 
(ii) Put q=5 , then (4p? } r?) 
soot = sin mx da = ae 
OS ee 
i sinh © TL cos 2p + cosh 2m 
° sinh = nv sin 2 
{ sinh TH sey ee cos 2p + cosh 2m’ 


(iii) ee: p=0 in (A) and (D), 


is sin ME a, = tanh Om 
o sinh qa ti) 


(iv) Putting g=7 in these results, 


[ Sue, =} tanh”, 
o sinhwx 


cos mx da = — 
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sinh 
= meme sesceesovecceneen (A) 
cos = +cosh me 
q q 
sin2™ 
q Ram atta (B) 
“! cos oa + cosh oe 
qd qd 
sin & sinh a : 
Enea 27 Reed oe (C) 
7 cos PT 4s cosh 
q 
pr mar 
cos — cosh —— 
i) — tt sce (D) 
cos — + cosh — 
qd q 
20 sinh 0 sin E sinh 
[ Pe sinmaedx = ) 
o cosh rx cos p+cosh m 
Shea cos E cosh © 
[ P* cosmadx = - 
0 cosh rz cos p+ cosh m 
© sinh ‘ sin p sinh m 
[ = pine = on Spa conh 2m’ 
, cosh -- 
We cosh px AO RR cosh m 
THe cos 29+ cosh 2m" 
i cosh -> — P 


COS MX 7 mar 
1 dx =—sech —. 


0 cosh gx 2q 2q 


5 iF pene) Mosely 


0 cosh rx 2 2 


(v) Putting m=0 in (B) and (D) (p?+q?), 


~ sinh px 
I sinh gv i i 10 og 


i cosh px Fee 


cosh qv 2g lg 


(vi) Putting g=7 in these results (?> 7), 


sinhpz, 1, op 
ih sinh re” 9° 5 


cosh px, 1 
I cosh ma” 3° 5" 
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(vii) Putting q=5 in (v) (4p* >> 2), 


© sin @ 
sinh Pe ay = tan p, Cosh Pi d= sce p. 
TH 
ft sinh 5 aoe cosh > — 
(viii) Putting p=q in (A) and Se 
coth qrainmede="eoth™™, { ain fax eco conch oe 
-: gv sin mx da = 34° H 39° 4. tanh gx sin max dx om cosech oq 
(ix) Putting g=7 in the latter, 
é 1 m il , 1 m 
ie coth rv sin mx dx= 5 coth 2? | tanh ra sin ma dx er cosech 3 


1107. Other Modes of Derivation. 

Besides such integrals as those indicated, which are merely 
particular cases of one or other of the four formulae A, B,C, D, 
many definite integrals may be obtained by differentiation 
or integration, between specified limits, with regard to one or 
other of the constants p, q or m. 


EXAMPLES. 


1. Taking [ a de=5 tanh =, write 2m for m and integrate with 
Jo sinh re 


regard to m from 0 to m. oo 


cos 2ma |" 1 
e cosech rr [ - el dx= 3 log cosh m, 


ig LES arf i 
that is | cosech rx sin?max = a) log cosh m. 
0 
cos Mx 1 m 
2. Deduce from — oe dz= 5 sech 3? 
gsinme , _1 m m fa= sinmx dx = ; =) 
(a) fa aga dzx= qtanhs = sech = 2” (db) es =tan7}( sinh ap 
cosh px 1 sinhm 
3. Deduce from [Se ee sin me dx= 5 sos pe ocshan’ 
cos p+cosh m 


mxrdx 1 
(a) a cosech wr cosh px sin’ eee log (eet 
1 


» sinh pr. _1_ sinhmsinp 
1) I, hee oad ™2 (cos p+cosh m)*? 


cosh pa _1 1+ cos _p cosh m 
() [@ ” sinh rr eee meas 2 (cos p+cosh m)*” 
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4, Deduce from I ob PF cos mx dae ee aay 
o sinh rx 2 cos p+coshm 
[ sink P? sin ma ote tan-( tanh tan ?). 
Jo sinh wa x“ 2 2 


And it will be obvious that a large number of such results may be 
obtained. The results of putting m=O will in many cases lead to 
integrals obtained in a different manner earlier. 


1108. Group L. Poisson’s Formulae. 

Let f(z) be a function of x such that Taylor's Theorem 
gives convergent expansions for f(a+u) and f(a+wu-), where 
u=e", Then expanding 
f(a+u)+f(atu-) 

< va 1 Wt 1 tt ; 
== 2 [ fa-+f (a) cos O+of (a) cos 20+5,f (a) cos 36 + a 


Multiplying by 
lc 
1—2¢ cos 0+ c? 
or by 
c—] 
1—2¢ cos 6+ ¢* 
and integrating between 0 and 7, we have 


* f(a+u)+f(a+tu-} nr ? oe 
es 0 2 (fore @+Sf (a)+...} 


=1-+ 2c cos 0+ 2c? cos 20+..., if 2& <1, 


=1-+ 2c- cos 0+ 2c-* cos 20+ ...., if c? > 1, 


= flate, if &<1, 
2 -2 
of =a {f@tey@+Fy(a)+...} 
= 2" fate), if > 1. 
EXAMPLEs. 


1. Show that, wu standing for e'?, 


[ ty ety flere) do=" (f(a+0)—f(a)} (if <1) 


or == (fla+e)-f(a)} (if c2>1). 
2. Show that 


EF oor Vt Mt atwy) db=2fla)tflato) (@<1) 


or =m{f(a)—f(ate)} (2>1). 
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3. Show that 


sin 0 art 


FF reasom ora a+) Slat ws) do=pR aS (ate) (2? <1). 


4. Taking f(7)=2", show that 


(1+ 2a cos @+a%)" _, sin@ or 
F “To toams Oat 09 (tan ep) = pag late)" (<1). 
5. Show that 
™ sin 0 


2\5 _, sind ) 
(1+2a cos 6+ a*) sin (n tan ERY dé 


o 1—2ecos é+c? 
=F {(ate"—a"} (<1). 
6. Show that 


fo AS led 4 23 gi —1_sin @ ) 
f iat 7 (ntan a+cos 0 sbi 


=sq a reto" (c? << iy 


7. Deduce known results from 4, 5, 6 by putting n=1. 


k cos x L 
cos(ksinz) , 7 ote 7.2 
1—2ccosx+c* secs ed k= 3) 


8. Prove [ : 
J0 


1109. Group M. Abel’s Formula. (See Bertrand, Calc. Int., 
p. 171.) 

Supposing F(c+a) capable of expansion in a series of powers 
of e-* in the form A,+4,e-*+ Age“* + --- 5 whether a be real 
or imaginary, then putting «St for a, we have 


A,+A, cos Bt+ A, cos 28t+ ...= A{F (c+ Bt) +F (c—cB8t)}. 
It follows that 


F (c+. Bt) +F (c—1ft) di 
0 = PLE 


P(A A, cos Bt , A,cos 28t 
=2 |, getat Be “4 B+ +...) de 


aT Ay Aye P+ Ae Pt} 
=; F (c+). 


In Abel’s Formula 6 is taken as unity. 


280 


CHAPTER XXVII. 


EXAMPLES. 
1. Taking: F(2)=Z5", 
n t 
F(c+tBt)+F (c—cBt)=(c?+ B70?) 2 cos (n tan) ; 
| cos (n tan=* eB dt Be 
s) a 5 (+08). 
0 ©—- (c?- + 8? 2)? eee 
2. Deduce the formulae 


(a) i dt os il 
Jo (c?+ at?) (b2+t) ~~ 2be c+ab’ 


F cos npcos*pddp ar cht x 
e) I acos*p+e*sin’d 2a (c+a)” Bea et 
e’ ©8 (2!) cos (¢ sin (at)) T pp—ba 
3. Show that [- ©" "e se dtm Ze 


1110. Group N. A Set mainly due to CAUCHY. 


The integrand of | ee (a> 0) has infinities at @ and 
(ae 


at —a. The latter lies outside the range of integration. 


Now 
eee ue =sq[loe se] +3 54 | 10 eel 


C7 ar, fm 2 
scl 2Za—e 1 2a+y 1 n 28—€ 
3a 08 ~~ 9g 8 n 2a Pek 


If », e be made to vanish in a ratio of equality, this 


vanishes; .*, the Principal Value of | —— is zero. 
a 


1111. Consider next the Principal Values of 
x da 


|e a 
1 9 (a —2?) (a?+ p?)’ 2 9 (a@?—2?) (a? +p?) 


1 aoe 1 ee ke 1 a | 
Leap la arp sep ap pT 


Tes a { de. [ dx Hie pa. Ta 
ep? pee a+tp? oe tp a+ p 2p 2 a?+ p" 
If then ¢(z) be such a function as can be expressed in 


partial fractions of the form $(@) =a we have as 


Principal Values, 
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I ‘=| P(t) 5 om A 

Ps) ppt ap arp ap HPY 

nee x (2x) “ Ap? Tr sooees 
Ls) nO ap ate ap POND 


where F(x)=2*? (x), provided Lt,—., ae ) be finite. 


[The results obtained in the following articles to 1118 are all Principal 
Values of the several integrals discussed. ] 


1112. Thus, for instance, since we have 


tan ax _ a 1. (—1)"1(2r—1) 7 
x S (2r—1)? 3? — 4072’ (2r—1)27?2— 4022’ 


ax? (—1)" 2aa? 


oe Se aC x COsec AT=— =sSo Se 
aa rr 2? 1+) a2 a2 — 7 72’ 


sec ax= 4 = 


x cot ar=7+2) 


it follows that, considering Principal Values, 


tanac dr wtantiap oo eS 
pre Dp wp iia. 
(ii) [ : secar———, =—sec tap == sech ap. 
0 p +a 2p 2p ; 


is dx T T 
_ (iii) I xz cot eof er ipcotiap => coth ap, 
(iv) @ cosec ax pecan wp cosec tap = T cosech ap 
0 pe+a* Ww 2 F 


1113. Again, it is clear from the expressions for sin @ and 
cos @ in factors, that the fractions (a <b) 


sinaxz cosax sin ax zsinax xcosar 


sin bz’ cosba2’ xzéosbxe’ cosbxe’ sinbs 


> 


are expressible as the sums of an infinite number of partial 
fractions with pure quadratic denominators (e.g. see Ex. 52, 
p. 169), and therefore, when a <b, we have immediately 


[2¢ sin ax a7 sinh ap (ii) i cosax dx _ 7 coshap 
@) J, sin be sees 2p sinh bp’ 0 cos bx p?+2? 2p cosh bp’ 


[2 = m sihhap (i ) [ ee oe =F sinh ap 
GH) cos bx x(p? +a") ~ 2p? cosh bp’ 


cosax xdx _m coshap 
7 CO are ag gegecr eho anscaeercncecnorasinenias tase ayeaabele ae B 
v) y sinba p+a* 2 sinh bp" © 
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1114. In the limit when a=0, we have cases (i), (iii), (iv) giving a zero 
result, but from (ii) and (v), 
sec bx i a cosec bx T 
Se pee ——— dr=s h bp. ...(C 
ip ara dx op sech bp and im pa dx = cosech bp (C) 
Also in the case when a=), we have, 
dx 7 


(i) and (ii) become Laas 


vss tan bx dx 
(iii) at gt Rie zs 5 tanhbp (from A (i)), 


x tan br ={ tanbe p? tan br } T 
(iv) i ota da= |. { Zh da=F -s 5 tanh bp 
oa Art. 1007), 


(D) 


a cot bx 
(v) We Fa oa Z coth bp - (from A (iii)). 

1115. The cases in which a > 6 can readily be obtained by means of 
the following identities. Let a=2rb+c, where r is an integer and cis 
positive or negative, but numerically less than 0. 


= sinax sincr 
(1) 2{cos (a — 6)” + cos (a —3b)4+...+c0s (a —2r—1 b)a} acre rer =. 


COS AL COS C# 
-(- 


(2) 2 {cos (a—6)x—cos(a—3b)r+...4+(-—1)* cos (a—-2r—1b)r}= ie 


cos ba 


sin ar sin cx 
SE Ng 


(3) 2{sin (a —b)a—sin (a—3b)a+...+(—1)? sin (a—2r—1b)2} = ae 
4) 2{si os . an c. ee | C08 Cp EU 
(4) 2{sin (a—b)a2+sin (a—3b)7+...+sin (a—2r—1 b)a} Bae ae 
© cos ra tg xsinrx > 
Now is Pipe op Gaal rs p re dx a= Fe aT. 


» sin re T 
SS SS 
x (p* +2") a ape e?r) (r>0, p>0). 


Therefore 


es > cos(a—2r—1 Dares eae = atleast ... to terms} 


pe SO a een 

~ 4p sinh bp ” 
fac 1)'-1c0s (a — ae 55 eo 
Dat are ee 
[xc 1)" sin (a-2r—1 b)a ee ‘peters 


T e—P — e-P 


[Ssina- Qr—1b)e wo 5 reer p 


’ 


” C08 b£ 
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Hence, if a=2rb+c, c?< b?, we have 
sinax dz ie ss sinca dx 
[22 sin br p? +22 =2 |, 2 cos (a— 2r=1 ba sont sin bx p* +." 
ees - Sialael Ia a +E (ee 0 or 1) 


2p sinhbp ~ 2p\sinh bp’ 
according as 0>c?>b*, or e=0 or c=b. 


1116, Thus we have the several cases : 
(A) is ax dz _  @ sinhap 


o sin br p*+22 ~~ = Ap sinh bp’ os 
_9 wtev—-e, weinhep_ wcoshep-e?  _ 
' =2. 95 2p Qsinhbp '2psiuhbp 2p sinhbp ”’ econ? 
Tr ee —ew w 1—e-%P 
Pat 5 Chapel eee =2rb, c=0. 
r 2.55 sinh bp +0 ~ Op sinh bp’ a Us y C ’ 
wre P—-e? aw cosh bp —e—¢? anlar 
=.= S44 = 7 Coeh op Cy a=(2r+1)b 
“ 2- 3p 2 sinh bp + 3p 2p sinhbp ’ am Vb, 
cos at _  @ coshap b 
* ) (Seam ~ 2p cosh bp’ aoe 
_, me—(-1)fe? 1, 7 cosh cp 
4 “Sag 2p 2coshbp Ate, 2p cosh bp 
—ap 
=~ Wemeete : a=2rb+e, 
st Tr ew? —(— 1)re e~? Gl ele h 
7 =2-95 2 cosh bp a3) 2p is 
ae ip a=2rb, c=0, 
5 wer—(-Wre*F ay 
id =2-95 2 cosh bp te) 2p 
=z sing ete, a=(2r+1)b, e=b. 
(C) [24 dx _7 sinhap Fea 
cos br x( pe +22) 2p* cosh bp’ 
Z(- (—1f -e*=(- nt at Sah 1G y sinh cp 
or =2.55 2 cosh bp 2p? cosh bp 
1)" cosh ep =) a 
“plore a=2rb+e, 
5 GI es 
or = 4 oA 9g @eoshbp — 
cg (1) | a=2rb, c=0 
=|) Pe och bp + ; : 
1-(-1% oer iS —1)"“, tanh 6 
or ata oe eee ee 2 cosh bp i) 2p" ” 
ws Wess a=(2r+1)b,c=0. 


2p? in ‘ 
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sinax «dx _ _msinhap b 
(D) [Ss ba pea? ~~ 2 cosh bp’ a 
: Seow 62 (‘= Lice m sinh cp 
S =2.5 —S cosh bp mined 2 cosh bp 
am e~2? _(—1)" cosh P & 
“29 cosh bp det i” 
Te A ech) teal) Sere fe 9 Ta "et NM SS: 
oy oar er bp ~ 2 coshbp ’ ae i 
Al Se r(@_7 ) 
or =2.9 “"S cosh be (5 g tanh bp ; 
ae ea a=(2r+1)bd, 
~ 2 cosh bp’ c=b, 
E cosax a2dx —_ 7 coshap aE 
» [Se ba p? + a* 2 sinh bp’ 5 
17 e-P—e-? a coshep 
of ~ “2 Qsinh bp +9 sinh bp 
aw sinh cp+e—9? 
== =2 b > 
2  sinhbp ” scien di 
TCC e~ 
; eg hy ae wee Wes == 2rb 
or 279 osiah a +5 cosech Op =5 oh Bp Bp a 
1 Cae em 
or m2 e5 ae 5 F coth bp 
_ sinh bp+e~%? a=(2r+1)8, 
oe sinhiopueee c=b. 


1117. Adding the results of (D) to p? times those of (C), 


sin ax dx 


; 


If a=b we have oe 


above. 
Savans Ets 


cosba & 
a<b, 


eee 
a=2rb+e, 
tan ax 


T T 
g-(-)4 or 5 
a=2rb 


according as 
or a=(2r+1)d. 
—— da as established in Art. 1007, and used 


The majority of these results are due to Cauchy [Mém. des 
Tl 


1118. Some of the general results above (a<b or a=2b+c) may be 


derived from others by differentiation with regard to a; bearing in 
mind that if 6 be kept constant da=de. 

Differentiation with regard to 6, p or p*, or integration between 
specified limits, will furnish other results. For example, taking a <b 


: 4, ( Sinax dx — am sinhap ‘ : : 
and starting with ih ain be peat 8p sinh bp and integrating with regard 
to b between 6, and 6,, we have 

“3 tan i tanh fp 

[ sin az log pac sinh ap log a 

0 bya a(p?+x?) 2p? = bp 

tan 9 tanh 5) 


*See also Legendre, Exercices, vol. ii., p. 174; Gregory, Hx., pp. 491-499. 


LANDEN’S INTEGRALS. 285 
or, differentiating with regard to p, 
+ Ci. a (Sa op) 
o sin bx (p*+2°)? 4p dp \psinh bp/* 


rst, ee &@ cosec x w 
Again, since "- eet de= 5 cosech p (from Art. 1114), we have 


P p 2 4-P 
I cosec [ tan ] re IF et 2ePdp _7 eee 
Ps 


Pd, a1 eek aegis 
ae le tanh#t 
1.e. [ (van e —tan-! Ps) aan 2 lo 
; j ; tanh 22 
2 
coth 2! 


or [ (tan = ——tan“ =) 7=7 log ; 
Pi P2/S coth Be 
and so on for other cases. 

22 + 222 fr 222 + 
Zt 2242272 224 B27? 


1119. Since zcosech z=1— 


=z cosech (-1F 
eee y de= t2(- ea 1 SENTRA tT > rey 


and when 6 is an integral multiple of 7, =nm say, we have 


“z cosech z 1 A EVes _ nit 
[ Fa ntat OH o_ (YD {log2-7+5 gto +6 1) a e 


1120. Some Special Forms given by Lecenpre (Evercices, p. 243) and 
LanvEn (Math. Mem., p. 112, etc.). 


2 - re log (1- 
Taking Bm [ela ae —( [+ is 26 (= 2) gy, 


write 1—x=y in the second integral. Then (7< 1) 
pee 2) p= 4 "18" ae 


=— [ tog (1 —.2) log o| "+ ie 16 0) de 


~4 log (1— 
= —log a log (1— Ae, ens) =!) dz. 


Hence ([r+ 7) a= Daeatg tat aye. 
and if ¢(a)= =F dog tw a= 24) dz, we have 
anne —a)=log alog (1- eas Sa corte SOURED (i) 


Sar SU=H 0g HP Foy OAD. ceesercctssetteenee (ii) 
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Also ¢$’(x) = {log (1 —.)}/~, and 


] 1+ —— 
£4(c2)-0( Ge 
l-x 


» o/ =*)= - [E+ ss) log (1-2) de = — (2) + Hlog (1—a)}? 


l-w 


Let v=y/(1+y), then 


o(-+$(7% )=dMlog (1+) 
i.e. $(-2)+4(-=)= iloy 14-AP. cme ee Gis 
Again (x)= [ PEO= gy ( ota.) 
~ P(e) +o( 2)=-2(S+htat- = idiey SERS Gv) 
= $a) + $e) +6(P2.)— Hog (1-#4))% oeeceseene (v) 


(LEGENDRE.) 


In the case = Sr BO CARIES Gye ga 
2 (0?) — $(a)=Hlog (1+), 
1.€. 3o(l-—a)-—$(a)= A(log = *)= (log a)?. 


1 1? 
But (1 ~- a) + P(a) =log a log (1 —a) — | =log a log a?— = 


2 
=2(log aia 2 
Hence solving 


p(1 — a) =(log a)? — = $ (2) =(log a)? — te 


/5-1 . 7 a 2 
where a=—5—=28in 755 (l—a)=Va =(2sin J. 
Thus 
2sin Ff 9 log (1-2) ies 2 =) ines i log ( Ze =z) - w\? x 
ee dx= =(log 2sin a) mgr, dx =log (2 sin = =< 


These curious results are due to Lanpey. They are quoted by Bertrand, 
Cale. Int., pp. 216-217. 


a DE ne ee : 
The series atptptptat ad inf. is therefore summable in the 


2 
four cases v= +1, v=}, v= 2sin T) nS (2sin i): 
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PROBLEMS. 
Prove the following results 
1 [cot 0 sec 6)8d0—="—. 9 Sa blioeaterags 
vir g st pena an 9 (log cot 6) = 5990 
0g) 
x 876 1y?-aw+1, 1 cm il 
Rake a | TEE tog stem 7 
z a ; Ir? — 3 
5. hee 6 + sin? 6 cos? @ + sin*@) tan @ log cosec 6 d0 = re 
6. (i) (i it log* dn= "3 ase 
(ii) [ tan 6 sec? @ sec 26 log cot 0d0 = a 
1(1+2)?, -1, 8#?-39 12 _ 4 Ir? +5 
7. [. a Ay eens 8. | = hogs de =”. 
it 9 1 67? — 49 
9; | bez ae 36 . 
10. [ee og ae 
if l-a x 
ro le 1< 
Epa aben$ 
1 ]-2" 1 nm? n-1 n-2 n-3 1 
i | appt ae “Gh 
11 —(n+1)a"+nx"41, 1 _n(n+1)a?_ (n—1)(n+2) 
ag 2 be, ee ae 
_ (n—2)(n +3) (n — 3)(n+ 4) __1.2n 
Th ae ee ie ak ee 2(n— 1)?” 
5 do a 
13, af Pains aad ae 4 * logs a? a 16’ 
6 z dé 1778 
@ f (log sec 0 975? ‘ (log see oy = 32° 
; log : 
x ah es a | 1 
14. ee ga = "5 — 73 ~ 337 5a ~ (2n—1) 
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1 2 
15. | a+ ba? + cat 
» t-2 


1 _ 76 2 1 
16. | Fara lg dd =e Ts | a 
ie 


1 gan 1\2 
18. \ =a (log =) da 


La + ba? + ca® 
19. IF ee (log +) dom (a- be) = + 2(b- +e. 
; 1] - 76 rs 9 
20. {ij =7, (log x) dt = Tet 57° 
1+428 INE 373 106 
nik Brest Bz) = Tg a7 


f 3 
22. | (1 + tan? @ + tan! 6) (log tan 6)?d0 = —. 
‘ 


23, a fi (log cot 6)240="., 


6177 
6d6= 
(3) fi (leg cot 6)°dé = O56 


bo 
vee 


log cot 6 - 
. Prove that iF (sin” 0 + cos” 0): sin” 


to 
EK 


Establish the following results : 
a) fe Fr log tan Veo 


sin( 0-7) 


lo og 5 d= (cxhee oe 


Tv 


16 


z 
(2) | Ges) | ee 


in(-4) 


© [al ost oa — 18" 5 
sin( gee, 


0 [ean os 90=(— 


4 


207? 
3 


2 
Ee 


3274 


Saye 


Ant 
9 


\vi. 


t Bard 
2 226 ———. 
(2) [ (log cot 6846 = 5 
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26. Show that 


n) cos® 8 . tan @ (log cosec 6)?"+2 dé 
“a ocaese 12" B 


2n-)D 


where B,,,_, is the n® Bernoullian number. 


2 cos? @ sin"-16d0 (2) 5 eos° 0 sin"-10 dd 
> log cosec 0 : [ (log cosec 8)?’ 


27. Evaluate (1) | 


3 eos? @ sin"-2 6d 
3 cos? 6 sin 
(3) | (log cosec 6)8 


28. Show that | a*log « dx 
x 


=rcosetar (0<a< 1). 


o 2-1 
log (1 — 2) 1 
29. Establish th = A of ee 
ablish the results (a) y oe da 12’ 
loge, x? 1 (log x)? 7x8 
| Pea 7, () \, 1-a? ws ena 


30. Establish the results 
(a) | lyp_gPdz 7 pr 


gt PER epee oO: 


ae +a? la _ = pr 
[FERS Reh rr -o 


a—-1 _ »l-a ; 
31. Establish the result AS dx =" cot > (2>a>0). 
be * sinh pe dx _ ptr e 
32. Prove that [, ds log tan—— z (t>p>-7), 


33. Show that (r >a>-7), 
(1) (S oe Se Pc 1 sinh r 


2 coshr + cosa’ 


(2) moll ax sinh cos ra pie 1 sin @ 
~ 9 cosh r +cos a’ 


° sin1% ls r ° sinh ax Lee ae 
: f sinh 7z si iC seo (4) f; = eimetti tem by 


x COS TH i) 
5 : da = sech? 
(5) [. sinh 7x 4 [Grecory, Hx., p. 495, ] 
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34. Show that 


Rt cosh ” cos = 
0) f corkirs 8? aereges (FED 2) 
. f° cosrx 1 r 
(2) i cosh mz Me mag Cech ae 
cD se) 1 p-k 
(3) [ rag de -5\ e-PY sech - = dr = iy) eet 
0 
sech ra saat Te T 
On aes + dx =log,4, (| T+ar @ = 2-5: 


[Grecory, Hz., p. 496.] 
35. Show that 


“at bat cx . Ke * |. 
(ee = eee id dx p=5|a+blog 2 +¢(log 2) +75 (a, 1891.) 
logs 
x rg eae Wee 1 
36. Show that | T+ eZ ae =aaa(qtgtgt ta) 


n being a positive integer > 2. 
: “sinax dx T _ a 
37. Show that the integral [ ay ee has the value 5 er 


if a be <b, but has the value eet if a>b and=2rb+e, 


where r is an integer and ¢ <b. [R. P.] 


38. Prove that the coefficient of 2" in the expansion of sec in 
ascending powers of « is equal to 


5 (=) sfc (log tan x)" dx. 


(Mats. Trip., Part I., 1888.] 
~ 1—3z 
oO: ae 4da= Or? 
39. Show that [, a 2. (log x)*da = 2a 


40. If x(z)= tos +5 zgt+--., show that 


: x loga4 

(i) (- p jaa 

i —a2\ 7 l+za 

(ii) x(a) + x (7-4) exir s loge. log ;—> 

sy w\ 12 m\2 
(iii) x (tan 5) Se $ (log tan 5) ’ 

and that the value of the series x («), is known in the four cases 

@=1, selsin=, gabe catane 


10’ 3 8° 
[LecEnDRE, Fz., p. 247.] 
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ga gS ot 
41. If A(x) =a+ gtatgte) show that, ¢(x) being as defined 
in Art. 1120, 


(i) A(x) +A(I -7)+A(-;=,) 
=A(1) -log x. $(x) — log (1 — x) p(1 - 2) 


x 


x 
~log ; 7. 4( +=.) + logs. og? (1-7) - }log*(1 2), 
* 2 
(ii) GA(1)=A (3) +55 log 2 - 4 (log 2)8, 
wee eh 2 . 
(iti) A(1) =iA(4 sin? a) - - log (2 sin 7) + log? (2 sin a) 


are! ian eo oF & 
(iv) get gat get get --~petget yet get --+» Where = 2sin7/10. 


3 
L , Math. Mem. 
42. Prove that [LanpEn, Math. Mem.] 
—V2 | d a . : 
j. log —= — =} log (V2 - 1) log {2(/2 -1)} —1 (log ers 
0 
- 2 [Moruey, H.7'., 9224.] 
gn 
n 


43. If f(z)=f(0)+2f0)+ -.+ Gy 


be a positive proper fraction, show that 


f(a) 1 _T(n+1)T(r) PF) 
i. ar as T(n+r) |. ar [M. Triv., 1883.] 


44, Prove that [sin a" dx=bI'(1+1/n), (n>1), where 6 is the 
0 1 
real coefficient of the imaginary part of (- 1)", and hence find the 
value of the integral to four places of decimals when » is 2 or 3. 
[Sansfna, H.7'., 13,609.] 


n= x” nm “ 
fo-(0) += f"(O2) and 1 


45. Prove that 


7 cl 2 

| | tan- ee d0dm="--2log2, (0<m<l). 

—e [Sangdna, H.7'., 13,636.] 
7 7-9 

46. Prove that | | cost(0 + ¢) sec? dO dd = t. 
cae (W. J. C. Muze, 2.7, 13,784.] 

47. Prove that the value of 

k set are 
\j= yrevdady is =a (e°- 1), 


the integral being taken so as to give the variables all positive values 
consistent with the condition 7+ y > ¢; (0<k<1). [Ox. IL. P., 1885.] 
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48. Show that {J--fvs dz, dig ... itn =—— 


where “,, %, ... % are the roots and A the discriminant of the 
equation a+ pal +... + Dn1t+pn=0, 

the integral being taken over all values of the variables such that 
the sum of the r powers of the coefficients in this equation, which 


are all positive, does not exceed a given quantity a. 
(Matu. Trie., 1884.] 


49. If Jn= [ (cosa—cosa)"™dz and Jp= aes Im, prove 
(i) My + ae —1)cosaJ,,_,-—(m-— 1) sin?aJ,,_, =0, 
1 ad\m a 
Gel® rl ena : a) Gass 


50. If f(z) be an even function of z, and 


Ton = [= te (« - *) dz, Joyn= eae I (x) da, 


9 a 
show that Io,=J, fH op: er eS al eB ES 


(Caucuy.] 


| Use the expansion of LL in powers of sin a. | 
cos 0 
51. If f(z) be an odd function of z, and 
Tanaa= | aint f (7 — rade, Jan1= | 22-1 f(z) de, 
0 


show that Ian1= "Jj! + a 


4 + 2)(n4 Ln(n= 1) 2) 


[3.50415 vee + Jon—1- 


[GLAISHER.*] 
52. If f(z) be an even function of z, show that 


[.#(-3) de=| fee) de; 


show also: that | i (« - 5) dx is independent of a. 
0 x [GLAISHER. ] 


* Camb. Phil. Soc., 1876. 
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DEFINITE INTEGRALS (IIL). 
1121, The Three Integrals, 


L={" cos p@ cos g9 d8=0 (pq); or = 5 (P= q), 
I,=| sin pO sin gO d0=0 (p+q); or (p=q), 


1=[ sin p6 cos gd dO=0 (p-+q even); or ae (p+q odd), 
4 = 
where p and q are integers, are of very special importance in 
the Theory of Definite Integrals. 

(i) n={" cos pO cos g d0=5 [ [cos (p +q)@+cos(p—g) 0] a0 


fsa ele (p+q)0 tale ae 8 
‘3 p+q 


=0, if p and g be Whee 
But if p=gq, iif se [sate p-@) *T- =[] =T ; 


.. J,=0 if p#q and =5 if p=q. 


In the Jatter case, viz. p=g, we may obtain the result directly without 
taking a limit ; for 


= costp0dp = [" +9808 ag— 37 94 SPP] 5. 


(ii) In the same way 
1,= [/ sin p8 sin gd =0 if p+q or =5 if p=q. 
293 
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(iii) Finally 
I= [sin p0 cos 48 ao=3[" [sin (p+) 6-+8in (p -—q)0]d0 
3 ki 9 


cos(p+g)@_cos(p—q)6 
ike sar rie 


ptq P=4 
eA pelted eet ea 
ptrd P=F 
ease La ait for (—1)?-®=(—1)?#9, 
2 p+ tp- q 
=1-(-1) 
=O ae 
or Hoe 
according as p+q is even or odd, and p, g unequal. 
And if p=q, 
le ite _1pP_cos2p647 _1—cos2pm _ : : 
I,=5 | sin 206 do=5| - pe heen =0, p being an integer. 


1122. Important Applications. 
If then F(6) be a function of @ capable of convergent 


expansion in a series of sines or cosines of integral multiples 
of 0, say, 


F(0)=A,+ A, cos 0+ A, cos 20+...+A,cosnO-+..., 


we have i F(6) cos n@ d@=A and [FO d0= Aor. 
0 


.. 5 
For upon multiplying by cosn@ and integrating between 
limits 0 and 7 all the terms vanish except A{ costnd dé, 
which becomes A, . > i 
When therefore such an expansion for F(6) is possible, this 
result gives a means of obtaining the several coefficients, viz. 


A,=L{ F(@)d8, A,=2 ("F(@) coand dé. 
Jo w Jo 


Similarly, if F(6) be expressible in the form 
F(0)=B, sin 0+ 8B, sin 20+...+B, sinnO+... 


we have B,==|" F(@) sin né dé. 
0 
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In the same way, if F(6)=A9+ . A,cosr0, 
1 
© lr 
then I F(6) cos mG cos nb db=5 | F'(8) {cos (m+) 6+ cos (m—n) 6} dé 
ay 
=5° 3(4mintAm—n)s m +N, 
: 
2 


and ik F(6) cos? m0 d@= 5 (240+ 4am): 


horas ° : _ 4m 4m 4m 
gain i F'(6) sin 2m do “inin A\+7a—@ Ast+pa— pide ee 


and so on for other similar applications of the rules. 


1123. There are then two cases for which the rules are 
particularly useful. 


1. When F(@) is a known expansion of one of the forms 
Agt >i Ae cos r6, > B,sin 76, 
T T 


i.e. such that the coefficients A,, A,, Ae, ... or B,, Bg, ... are 
known, the method may be used to obtain definite integrals of 
the forms 


= cos ™ cos cos 72 GOB* 
[Fo 8 0 d8, [Fo oS pO g0d8, 2 (0) °°, p48, 
ete. 


2. Conversely, if F(A) has not been already expanded in such 
form, i.e. in a convergent series of sines or cosines of integral 
multiples of 6, and if such expansion be possible, and if it 


be possible to obtain the value of [Fo cosn0d0, or of 
7 0 
[F (6) sin n@ dé, the values of the several coefficients may 


0 


then be deduced as Ay=2[ FO) A0, 
0 


4-5) FO) cos nO dd, B= z[ FO) sinnO dd, (n> 0), 
0 0 


T 
and the expansion thus obtained holds for all values of 0 
between 0=0 and 6=7. 


1124. Again, if there be two convergent expansions of the same 


kind, viz. 
F(6)=Aq + 4; 008 6+ A,cos 26+ A cos 30+..-5 


F(O=G04+4% cos 0-+ C,, cos 20 + C3 00839 +..., 
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then plainly, upon multiplication and integration between limits 0 and z, 
2" 
Ag $4,0,+Ap0)+ A.C+...== [ (0) F(6) 40 - AC, 
and as a case, if f(9) and F'(6) be the same series, 
A+ Att Ag+ Agt...== [LOE dO A 
1125. Further, if 
(x)= Apt Ayot Age? + Aget..., 
Y (a) = Cot Oat Cpa? + CyrF +... 5 
then writing w=.ze'?, v=xe-8, 
b(u) + b(v) =2(4,+ 442 cos 0+ Aox? cos 26 + A,r cos 30+...), 
(u)+ ¥ (v) =2(C) + Cyx cos 6 + Chr? cos 20+ C323 cos 39+...) ; 


+ AgCy. w+ AiCy2® + AyCot + ACS +... 
M ‘) * oy) +o(r)  ¥u)+¥() 
= dé, 
0 2 2 
te. — AgCy-+A,C,a? + AgCyv*+ AgCq® +... 
L wT 
=5, | (O@+ dO) +¥ (140-4000; 
and as a particular case, if ¢ and y be identical, 
Apt APatt Age Age +... = [[p(u) + h(0)PdO— Ay 
0 


ae. when the several terms of a series can be summed, we can express the 
sum of the squares of these terms in the form of a definite integral, and 
the sum of the squares of the coefficients will be expressible by means of 


the same integral, putting «=1, provided the series is convergent for 
that value of 2, z.e. 


Abt Ag+ Ag+ Ag+... [ [d(e%) + (e+) Pd — Ay? 
0 
1126. Ex. Thus for the series (1+.)", x being a positive integer, 


Ag+ A+ A2+...=- [ [1 +69)"4(146-)"Pd0-1 
27 Jo 


und ay ( 1) :) 


2n 
1 7 pallet ae ee = Pees 22+] © 2 
a ple te 2 ez +e >) Jena | (cos *? cosm §) d@-1. 
T Jo wT Jo 2 2 


2 
Similarly for the series e*=1 +atpt .., we have 


a (7) +(5)+ (a) + Lad. inf =< [ tse *fao-1 


7. 
ae 
St 


[ e708 8 cos?(sin 6)d6 — 1. 
0 
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1127. Again we may express as a definite integral the sum of the first 
r terms of any series, 
(x)= Ay t+ Aye Agr? + Aga +... ad inf. 


For writing as before, w=.e®, v=xe-', 
Hl) + $10) )_ Ay+A,x cos 6 + Agt® cos 26+ Agr? cos 30+... 


to an infinite ark of terms, 
; a 
sin — wg W8 -10 
Also + =1+ cos 6 + cos 20+4...+ cos (r—1) 6. 


sin 5 
2 


Multiply and integrate from 0 to r ; 
 Agt A e+ Agr? + Aga+...+ Av) 
a: 
_2/7d(w) +o) S22 r-1)8 
== —F 08 a 0 As. 
sin 5 


1128, If we take as our auxiliary series, 


eee Pe 
— 6=cos k§ +cos (+ 1)6+ cos (4 +2)0+... to r terms, 
sin = 
2 
we have 
Ayx* + Aggy a*tl +... + Anya! 
r0 
sin > 
a2 o p = 2 no a 6 d6, 
sin 5 


i.e. the sum of r terms of $(x) starting from any particular term, £>0. 
Obviously other modifications may be made. And provided ¢$(z) 

remains a convergent series when x=1, we may put 1 for x before the 

integration is performed if it be required to sum the several coefficients in 


any of the above cases. 


1129. Examples of eee oar from the Foregoing Principles. 
Since 22" cos**@ y= 2 = "nC cos (2n —2p)x+2"C,, 


= = 


2N+1Cy cos (2n +1 — 2p) x, 


92N+1 cog**@+1y = 2 
0 


18 ae 


(—1)"2*" sin **#2= 2 ee ve 1)? "Cy cos (2n —2p)x+(-1)"*"C,, 
p= 


. pan 
and (—1)"2%+1gin*"+47=2 DY (—1)?**+Cpsin (2n+1—-2p)z, 
p=0 
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we have, by aid of the previous article, 


” wT T 
[ cos?" 7 cos 2nwv dx= sm? [ cos?" 2 cos (2n — 2p) a dx=*"Cp gan’ 


I cos**zcosradz=0, (r+#0), 

0 

where r is odd, or even and not lying within the range from 2n to —2n 

inclusive. (A) 
[ cos*"+1r cos (2n+1)4da= ae 

i cos*"+1z cos (2n+1—2p)4dx=*"41C4 - siayi? 


[ cos*"+1x cosradx=0, (r #0), 
0 


where 7 is even, or odd and not lying within the range from 2n+1 to 
—(2n+1) inclusive. (B) 


TT 


[ sin?" x cos 2nx dx =(—1)” yan 


“0 


i sin?"x cos(2n — 2p)” dx=(—1)"t? "Cp sia 
0 


| sin?"z cosradz=0, (r+#0), 
0 


where 7 is odd, or even and not lying within the range from 2n to —2n 
inclusive. (C) 


[ sin?"+1z sin (2n+1)2dx=(-1)" sini? 


[ sin?"+1y sin (2n +1 —2p)a da=(-1)"*? "4110p eee 


i sin?"+1z sin rv dz=0, 
0 
where 7 is even, or odd and not lying within the range from 27+1 to 
—(2n +1) inclusive. (D) 
All six statements in (A) and (B) may be summed up in the result 
A 7 
li cos\a cos par da =*Oh—p oa (u #0), 


0 2 


where *C,-, is the number of combinations of A things aoe at a time 
2 


x — 
and is unity when »=A, or zero if a 5 F be not a positive integer. 


The three statements in (C) may be similarly summed up as 


© 2\—m : 
i} sind cos px dc = Onan 5x (-1) 2 (Aeven, »p #0), 
and the three statements in (D) may be summed up as 

24—u—1 


[f sindarsin po de=*Cr—n 5 (-1) 2 (A odd). 
0 ea 
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1130. Similarly, (1) 2°" is cos**y sin Qsx dx 
ref p=n—1 
= 1 [2 >) 2" Cp cos 2(n —p) wv sin 2sa+2"C), sin 2x | da 
p= 
=0, by Art. 1121 (iii). 


(2) a cos**v sin (2s + 1)2 dx 


“I re 2 "38( cos 2(n— p)x sin(2s+1)a+2"C,, sin(2s+1)x | dx 


2(23+1) 


2 
ig RA Dd ee 9, 
Cp (28+ 1)?— (2a — 2n—Qpyi* 


~icg 2 ees, 
(3) nal cost*tle sin Ger dz 
= ‘id [2a Cp cos (2n + 1-—2p)x sin 2sr | da 
p=n 
= Phaeton acess 
(4) aa cos**41x sin (2s + 1)adr 


p=n 
=/"[2 > **+1Cp cos(2n+1 —2p)xsin(2s+1)2 | dz 
0 p=0 


(5) (-—1)" a sin?” x sin 237 dx 
i) 
af _p=n—-1 . e 
= i [2 DY (-1)?2*Cpcos(2n — 2p). sin 2s%+(—1)"*"C, sin 2a | da 
0 p=0 


=0. 
(6) (—1)" 2" [" sin?” x sin (28+1)xdx 
Jo 


=n—1 
= is [2” 5 (-1)? 2" Cy cos (2n—2p)asin(2s + 1)a +(—1)" *"C,sin(2s + 1)e | dx 
p=0 


3 2(28+1) 
= —}))P2n 
=2 20 (—1) Oras 


(FT (an app ngs 


a i 
7} (- "2 ; " sin?"+1.r cos Qsx dx 
=|" [275° — 1)? 2%+1Cy sin(2n +1 — 2p). cos 280) | dx 
= 
(8) (-1)" ails sin?"+1y cos(2s+1)adx 


=|" [275° — 1)? 2"+10, sin (2n +1 — 2p). cos (2s + Ve | da 
0 p=0 
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Thus we have considered in Arts. 1129 and 1130 all cases of 
r cos* x cos px d. re cos’ x sin px de, 
7 PX Od, . PE OL, 
wT Ldieh bey . 
fi sin’ x cos px da, tf sin’ # sin px dx, 

0 

for which A and p are integers, \ being positive. 


1131. The eight expressions 


cos** 4 cos 28x, cos*"+1xcos(2s+1)x, cos"xsin(2s+1)z, cos**+1zsin Qsx, 
sin?" x cos 2sx, sin®*+1 x7 cos 2sx, sin?” a sin(2s+1)z, sin?”+1xvsin(2s+1)z2, 


have the same values when we put 7—w in place of «. 
But the eight expressions 


cos*" 7 cos(2s+1)2, cos**+1x cos Qsx, cos** 7 sin 2sc, cos**+1 zr sin(2s+1)x 


sin?" xv cos(2s+1)2, sin?"+1zcos(2s+1)a, sinersin2sx, sin*"+*zsin 2sx, 


change sign if we put r—z in place of 2. 


From these considerations the integrals from 0 to © of the eight in the 
first group are each half the result from 0 to z. 

And the integrals of the eight in the second group from 0 to 7 all 
vanish. This is in conformity with the results found. 


The integrals from 0 to ; of the eight in the second group must there- 


fore be found by another method, viz. the reduction formulae of 
Arts, 249-257, 


1132. We have also, by putting for sin**x its equivalent in a series of 
n 
cosines of even multiples of x, say Ag+ > Ao, cos 2rz, 
1 
[Pxsints dia = [* au(A,)+ Aocos 2a+A,cos 4x+...+ Ao, cos 2nx) dex ; 
0 


and therefore integrating by parts, 


te we sin®" ¢ dx= [« {soot Agee + Ay — ie 2g eT 


a cos 2. 
eae 92 -.[ 


m\ 172 ate 1 ek 


with other similar results. 
This may be obtained otherwise, thus : 


7 0 € 
[ av sin?" 2 dxe= — L (7 —x)sin®” x da= [ (7 —x)sin®*" x dx ; 
0 0 


Tybee ana ee 
af nsint®ade=5 | sin?” x7 dx 
0 2 Jo 
2Qn-1 Q2n-3 


Se 8 eee 
‘Qn QWn-2° 2 


Q2N+1(m 1)? 
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1133. The former process may be extended to find " 2Psin™r dar, 
where p and x are positive integers. : 


Thus 
© ; n P+1 . n 
i aPsintr d= [* 2?(Ay+% Avy C08 2ra) de= Ay “+ | "2? D Ay, cos Qrax da 
0 0 1 pt+l Jo 1 


Pt " Ay. n A, 
= aes DN *2r —myP-l{ — or nan 
Aon+it x » 5, Sin 2rxv— pe ( 2 aries ane ) 
+p(p- 1) 2>( ~ > Ax sin arr) —p(p—1)(p—2)x?-3 > Ae cos 27v+ 
- (ary ~ (ar) “ 


n A, ——1\]" 
_ ! ee = i 
+( Pe! S eye cos (22 p+is)| 
A op 


wr n A n 
means y +pr? ~ (arp PP —1)(p-2)n?* 2 @rjit 350K, 
and p being integral and positive the series will terminate. 
Also 
Ao=sm'"Cn » y= - sr tO » A= sai" Cyas etc., Aop= Oe: 
Hence 


F 1 fle ”(-—1)" 
[ etsin ede = sen 5 ari eer = Gr a ee 


- p(p—1)(p-2)n?* 3A ang, +... 
oo ee 
We may obtain similar results for 
Hi * Psint™H y dz, [ " yp cos*” x dx, [ " 4? cos*"+1 x dx, 
“JO 0 0 
or in fact for any integral of form "2? F(x) dz, where F(z) can be ex- 
0 
pressed as a series of sines or cosines of integral multiples of w For 


instance, 
Ly T 
[2200s sin (24)? go [ x?(1+cos2x+cos 47+... +cos 2nx) dx 


sin £ 
® (—1)sin 2r 
EULER By 


_ Pt [oo Sn p-1 &(—}) cos 2re | —1)c?? : 
ee ae Ok Ge 


P cos( rar — p+ 1 5) i 
+(-1)?p! ar : 
ptt pin] xP-3n] 

1134. Results derivable from Well-known Series. 

Many well-known series are established in books on Trigo- 
nometry whose terms involve sines or cosines of integral 
multiples of 6. And such series furnish many definite 
integrals by the application of the rules of Art. 1121. 


302 


For convenience we quote a number of the more important : 


1 1-a 

* 1-2acos 0+a? 
or 

9 sin 0 

* 1-2a cos 06+a? 
or 

3 l—acos@ 

* 1-2a cos +a? 
or 

H cos 8 

* 1—2a cos +a? 
or 


5. log (1—2a cos 9 +.a*)= — 2(acos 9+4a?cos 26+4a5cos 30+...), 


or 
asin 0 
6utane 
1—acos 6 
or 


=1+42acos 6+ 2a*cos 20+2a'cos 30+... , 
) 
=-1 — 2 cos 6-5 08 29 - = 00830 —..., 


=sin O+asin 260+a*sin 30+..., 


ee sin 
) 


=1+acos 0+a?cos 29+ a3cos 36+..., 


1 


1 
= ——'Cos 9—+,cos 20 ——,cos30-..., 
a a a 


a 
1-a’ 


uf 


~a(a?—1)' @ a—1 


1 1 1 
= 9_9| — ee 3 
=log a 2 (008 6 +57 5008 20+ 5-008 36 2h 
=asin 0+4a?sin 20+4a°sin 36+..., 


ie qt 6 hw 
=1—6-(1sin 6+ hasin 20+ grysin 36+...) 
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Lee es 
9+5 sin 26+] 8in 30+...5 


2 
reas (cos +a cos 26+a7cos 36+...); 


1 a?+1 


and in each of these cases a may be changed to —a. 


We also have 


7. log (2 cos 4 = 


8. log (2 sin 2) = — cos Gas cos 29-1 cos 30 — 


9. log(2sin 8) = —cos20—1 cos 40-4 cos 60 — 


0 
10. 3 = 


ily 


11. 5) 


us 
12. 4 = 


sin Ate 


2 


sin 0+zsin 36+psin 5O+.. 


cos 9 5, c0s 29 +5 cos 30-..., (-7T<@<7m). 


2 
; 5 Abs 
é ie es 
sin 9—5sin 20+5 sin 30-..., (—17<0<r). 


3 


sin 2942 sin30+..., (0<@<7). 
a 


It will be noted that ifn <1, 


the value of a being given by 1 7 


or putting a=tan 


log (1 —7 cos @) is a case of log (a 


Qa 
9? 


2a 


n=sin a. 


(cos 6+> cos 20 +.cos 30+... 


(0<6<2rz). 


ae OO <crn): 


.» (0<6<7z). 


__2a_ 
1+a? 


ve<i, 
A>1; 
a@<l, 
eS; 
a<), 
a>l1, 
a<l, 
eS 
@<lj 
a>i 
emi 


a>1 
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1135. Derivation of Other Series. 


to 0. 


Let u=1-2a cos 6+ a2. 
Taking the series 
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Other series may be obtained by differentiation with regard 


am 
ta =1+2a cos 6+ 2a*cos 20+ 2a8cos 8A+...  weeceeeeaes (CL) pata 
and osin @ _ asin 6+a®sin 26+ a%sin 80+... we eee (2), @<1. 


Differentiate (1) with regard to @, 
2a(1 — a?) sin 8 


a =2a sin 0+ 4a?sin 26+6a'sin 30+..., 


ie. (1—a?) 


and differentiating (2) with regard to 6, 
(1+?) cos 6 - 2a 
u2 


Equation (1) may be written, 


et) 1+2a cos 6+ 2a? cos 26+... +2a" CoS NO +... reeves ©) v<l. 
Multiply (4) and (5) by 2a(1 —a®) and 1+ a? respectively, and add, then 
= +4a cos 6+ 2a?(3 — a?) cos 26 + 2a3(4 — 2a?) cos 30+... 
+ 2a" {n(1 —a?)+(1+4?)} COS NA+... cescceerseeeceeees (6), a#<1], 
and so on with further differentiations. 
And similarly when a? is >1, we have 
f=) 142 008 6+5,008 20+ = c0s 30+. Pear eee (1) 
asin 6 _ si sin 6+ J sin 20+-sin Se ct ai cc cswnenareaers (2’) 
Differentiate (1) with regard to 6, 
ois ey ain 2 aon 6+ “sin 20+ S sin 30+.. 
or asin Ft i 5 sin 0+ 2 sin 20+— 3 sin 30+... REA aERITE (3’) 
and differentiating (2’) with regard to 6, 
Cee : = cos 8+, c0s 20+ 5 cos 30+... tae (4 
and equation (1’) may be written, : 
(a2-1)(1=2a 008 6+") _) ,2 cos 6+7,cos 20+2,cos 30+ Snare cee (5’) 
u a- a a 


=, 


sin 36+...+na"—1sin n§+... (3), a?<1, 


=cos 9+ 2a cos 26+3a%cos 36+... +na"-1cosnO+... (4), a®<1. 
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Multiply (4’) and (5’) by 2a(a?—1) and a?+1 respectively, and add, then 


hd 3a? — 2-1)4+(a?+1 
. =a =a?+1+4acos gp £08 20+... ODOT cosn d+... ---(G 


ete. 


1136. Successive Derivation of Further Series. 
Again we have 


ae 1 _d __mBsin@ __ mBcos0(A+Bcos 6) +m(m +1) B?(1 —cos*é 
dg? (A+B cos 6)" do (A+Bcos¢y™t (A+B cos 6)"*? 
_A+p-(A+B cos 6)+v(A + B cos 6)? te 
(A+B cos 6)™+? Mot 
where X41+pA+vA?=m(m+1)B%,) giving A= —m(m+1)(4?— B),) 
pB+2vAB=mAB, p=m(2m+1)A, ¢ 
vB? = — mB, cone | 
m(m-+1)(A2—- B?) m(2m+1)A . m? @| 1 
2.é. Ae a m= — age yn where u=A+ Bcos6. 


™m 
multiples of 9 have been found, a series of the same kind can be deduced 


5 1 ere 4 : 
Hence when series for — and amr in terms of cosines of integral 


for ym 
Thus, putting d=1+a?2 and B= — 2a, we have 
m(m+1)(1—a?)?_m(2m+1)\1+a*)_ m? Foi. (1) 
yee amt "ae ua . coves 
Putting m=1 and taking the case a? < 1, 
2)2 a 
1. ae a) eire = )_1 (expansion of A) 
= 1 
( fe L" +2°)+5 2a%{(n +1) —(n—1) a7} cos n6 | 
cos nb | 
cos n | 
24 gf 
EDD Qa” [shes Bi 5 n+) - (n- 1)a}+ = cos 26, 
(1-a?) 
ae. ee ee nO, 
1 


where A,=a"[(1—a?)’n?+ 3(1 —a*)n+2(1+4a?+a‘)]. 
And further applications of the formula (1), viz. putting m=2, 3, etc. 


will furnish successively the series for 7 1B? etc.; and similarly in the 
case when a? > 1. 


1137. Moreover the differentiation of any one of these series furnishes 


in terms of series of 


1 é ° sin 
another, e.g. qm furnishes the series for —; 
w 


sines of integral multiples of @, as was seen in equation (3) of Art. 1135. 
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Thus, since 


re —a?)s 4 i) 
geet 1l+a?+ 2 2Qa™(n(1 —a?)+(1+a)] cosnO, a? <1, 
@=VW ye? 
or (Co aa +1+ ~ an [n(a?—1)+(a2+1)] cosnd, a? >], 


we have, by differentiating, 


sin@ = nat a eee 
——~ 2 a1-ap (n(L—a@*)+(1+a@*)] sin nd, a?<], 


= n 1 ‘ a ‘ ; 
or = 2 (a=) atti [n(a2-1)+(a?+1)]sinné, oa? > 1, 
and so on. 
Again a series for a may be found in terms of the series for se and 
] 
t—2 * 
nee cos@ 1 l+a*-u-It+a* 1 1 1 


uw" 2a u™ 2a -u™ Ya wr” 


1138. Other powers of sin @ or cos @ in the numerator may be readily 
arranged for. 


ES Ely eae ee > 
Thus, since —- =,——, na sin nO, (a?<1), we have 
ae  - l—aty 
Sune he 


wo 
ee SHA 1 2 sin GO sin% 
vw 2(1—a") ~ Jia 


—30 ea E na*(cos (w— 1)9 — cos (n+1)8} 
I = [1 -+2a cos 6 + (3a? — 1) cos 26 + (4a — 2a) cos 30 


+(5at— 3a’) cos40+...], @<1. 


And if a?>1, a similar result may be obtained. These results are 
mainly interesting from the definite integrals which may be obtained 
from them by the aid of the results of Art. 1121 ; and to this matter we 
now turn. 


1139. Definite Integrals immediately derivable. 

By the application of the rules of Art. 1121 to the series of 
Art. 1134, we have at once the following definite integrals. 
Put 1—2a cos 6-+-a?= wu, and consider in each case 7 to be a 
positive integer. 


"ad 20m 
(1) [ ip at =O" 


COSMO 7,85) Te on 
@ [8"* ap=s- 3 


a@<l 


from Series 1. 
T 
a—1 


, freoan? ,, «1 
ey [SR de-a an 


™d@ 
0) J. a 
: e>l 
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(a) [OE a0=5 


a@<l 
(4) (c sin Osinnd 79% at-2 
e i from Series 2. 
Pe (Stier 
ce [ uw 2a? 
‘ w>l 


, {7 sindsinnd «r 1 
(ay [a eemne 


wu ~ 2 qn 
5) i 1-acos 6 y9_, 


@ " (L—acos @) cos 26 a9= 7 um (n > 0) 
0 wu from Series 3. 


(5’) [2 ae=0 


U 


fs ea | 


6) 9 1 a>) 
™(1—acos @) cosn ue. 
- ‘ u ao = an (n > 0) 
ag * 
(7) [ = ° aS a | 
Vrebeicos na 1 a 
™ cos 0 cos n aw 1l+a? 
8) [ a es a" (n> 0) 
bi ‘5 ei from Series 4. 
7) [rao Fs 
0 6 24] 1 es) 
5 ™ cos 6 cos n _7a 
(8’) [ = d0=% 3] grt (n > 0) 
9) [ log ud@ =0* 
7 e<l1 
(10) [ cos n log wu dé =-" an} 
. i from Series 5. 
(9’) i log udé =m log a®* 
T 1 + a > il 
; 7 
(10’) [ cos n6 log uw dd =o 
(11) ii logudé + =0*, when a=1, from Series 9. 
ee _, asin @ igh 3 
(12) Hi sin 26 tan Toacnge” er v< ] 
7 ae a from Series 6. 
i 1 = 2 
(13) i sin 26 tan aga 49 ape) Sl 


* Poisson, Journal de l’ Ecole Polytechnique, xvii. 
} Legendre, Exercices, vol. ii., p. 123. 
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(14) i cos né log (2 cos g) d@=(-1)"" =) from Series 7. 


(15) [ cos n@ log (2 sin 5) d@= — ae from Series 8. 


ILLusTRATIVE EXAMPLES. 
1140. Denoting 1—2a cos 6+a? by w: 
1. Deduce from fe logud@=0 or rloga*, as a? is < or > 1, by 
integration by parts, 


r Osin 6 
I Sin? d0== log(1 +a)? (@<1) 


7 1\? 
= — 2 
or = log (1+) (a® < 1). 
2. Deduce from Series 3 and 3’, Art. 1135, 
prsin@ yp = 2 2 toa ix 
|, m= d0=— (a?<1), or 1p (a2 >1). 


3. Show by direct integration that 


sin 6 1 1 ut 
(3 at Pr ceavh (Cs) aaa Cea va (n #1), 
foe erabe — (a? <1) 
0 


a 


or = Tog 5 RIN 


* si i n—-1 
4, Prove that i sin #sin nO 79_27 as (a2<1). 


uw ~ 2 1-@ 
or => — (a? >=1). 
5. Prove that [4- ee (a?<1). 
6. Prove that 
[espeae=% fi ans | (1 —a2n24-3(1—at)n+.2(1+4a?+a4)} (a?<1). 


7. From the formulae of Art. 1137, deduce 
i sin’) 79_ re (a1) 
0 


we 2 (ap 
uh 
or =5 (at 1 (a? 2 1). 
* sin 0 sin nO 7 na® 2 on 
[ mF dé= ye ie pln (l- —a%)+(1+a%)] (@< ) 


or =F apln@t -D+ +0] (>?) 
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1141. Series for Evaluation when the Integral is not expressible 
in Finite Terms. 

Again we may obtain the values of many definite integrals 
of this class in the form of series which, though they may not 
be capable of summation, will nevertheless serve for their 
numerical calculation. 


For instance, ihe sin 20 log (l—2acos9+a*)d@ (a? <1) 
0 


=-2 [sin Ae ‘see eee 


--2[ a nie ae Sate = nat ‘| 
a ar 
=8[ oy iss 1.8550 ao =7.6t7ec1* | 
1142. Again, since sin (p+1)0—sin (p—1)0=2 sin 0 cos pO 
we have 
pee +1)8 a9 = PN? 16-2" cos pedé—0, 
ou sing mane 5 


when » is integral. 
aie : sin pé 
That is, putting w)= i ana 
Upt1 = Up-1= Up-3= ete., 


sin 0 ™ sin 20 


and w4= (3 no wo= Tr, m= [" ino 40—=("2.cos 6da=0; 


d0, we have 


". Usg=0, Usp si=T 
Again, p and q being integral, 
it ee cos g@ ao=5(" sin (pt g)67 Sapa, 
0 0 


ng sin 0 
=0 if »+q be even, or if p+q be odd and p<q, 
=a « if p+q be odd and p>gq. 


Hence if F(@) be a function capable of convergent expansion as a 
series of cosines of multiples of 6, say 


F(6)=Ao+4, cos 0 +.A,cos20+...4+4,cosr+..., 


sin 200 
f Sg (0) dO= (Ay + Ayton Asp) 


™sin (2p+1)0 
= i Sin CPT N9 F(0)d0= (4p + Ay + Ag+ oo + Aap) 
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ILLUSTRATIVE EXAMPLES. 
1143. 1. Thus, since 
[5 an +2"C,,,, cos 20+ *"C,,,5 cos 40+... +2" Coq COS 2nd |, 


cos "= sms 
we have, if p>n, 
* sin(2p+1)0 co 
[ sR cost d= sa | Cnt Onto + ™Can | 
mL yb IMC + HMC yy |= (LEI, 


whilst, if p <n, 


2. Apply Art. 1142 to show that, if «= 1—2a cos 0+a?, 

sin 2n6 cos 6 L--a? 1a 

i sin 9 are cia ™I-a@ 1-a fom 3 

3. Prove that 

sin 2n6 aid. a ql 

[ an log ud = — an {l4+StGt+t+e af (a? <1). 

1144, A Reduction Formula. 
Let u=1—2acos0+a’. 
We have seen that 

Jue | 2 cota sas ae (<1) and = a >1), 

p being a ee ae 
™cos pd 
Let 1,=] ee. 
0 wt 
Then Ge = 20 nf 05 79 (eos 6—a) dé 
oo 2 
a *cos pd 1—a* 4 19=ni —a feo 
0. yntt a a a 
adi, ; 1 

as oe a allt 9 *), 1. | a a “(a TV ereeeth) 


an equation by means of which the successive values of 
I,, I,, I,, ete., may be deduced. 


1145. We have 
1 @ ee ok a 
Te= 7 da =a do To 


Wa? 
ie cas Kay where K,=(p+1) —(p-1)a*, 
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1 
I= aa 


Faas Kay where K,=(p+1)(2+2)-2(p+2)(p -2)a"+(p-2)(p—Vat 


(a*I,), which after a little reduction takes the form 


i 1 er i 
where K,=(p+1)(p+2)(p +3) —3(p+2)(p-+3)(p-3)a 
+3(p+3)(p—3)(p—2)a—(p—3)(p—2)(p—l)a’, 
and so on, the law of formation of the successive values of K, being 
obvious, and it may be verified inductively by substitution in Equation (1) 
that the general form of the result is 


(a3I,), which after reduction becomes 2 31 he Tank. 


hp ae ap t—-1l=-? 4, aap @—1—-p)—2—p) 
Tym agai Go 1 4910, Pat ey a) 
1p (“—1—p)(n—-2-p)(n—-3-D) 
n—1 Baie See Yo 1A, ‘5 IR Ek eet Re S 
+" Cs — T+ p)@ 4B) (84D) a+. | 


a form due to Legendre (Hvercices, p. 374). 

(p+1)(p+2)...(p+2—1) a 
1.2.3...(n—J) 

same formula, with the sign changed and —p written for p, will suffice 

for the calculation of the corresponding integrals in the case when a?> 1. 


If we replace “+?-!Cp by its equivalent 


1146. As particular cases we have, if a?<1, 
: ae i |= 
[ d=" wep P+1) 147520 te Tnaplle+}) - (p-)a°], 


pene ma? (p+2)(p+1) (2-p)(1—-p) , 
ie een Rar) em ELI [18a ery a | 


=4 aml +1) (+2) -2(p+2)(p-2)a2+ (p-2)(p—1)al] 


ete. ; 
and if a?>1, 


ie = ps d= Gos oe =[( - p)+(1+p)a*], 
™ COS eer) 1 zraq~ 
(Ree ae Ole ee ae ae P)(2— p)+2(2—p)(2+p)a?+(2+p)(1+p) a4), 


, ete. 


1147. Some Special Cases. 
The special cases when p=0 and p=n-1 are interesting. 
If p=0, 


dé 7 
2 a = (a {1 ae NORGE a NON: ae net nne fe al 
the several coefficients being the squares of those of the binomial 
expansion of (1+z)"—, 


DEFINITE INTEGRALS (IIL). 311 
Thus f i, ag = ams 


[ Lp +a’), 


uw? (1l—a*)s 


"ad 
fs oo. sn 4 2 vgs (i +2%a* +a"), 


"dO _ 
[ es aap (1+ 3% 24 3%at+a%), 
f 2 2 4 6 8 
Lae -i—ay “a 5 (1+4°a?+ 6a! + 4a* +44), 


ete. 


cos(n—1) @ ant 
ig cos(n—1) 6 d6= a an—8C) 


* a 


Cases where a?>1. Take for instance I,= e 
0 


Here p=0O and f= ~ Tap “a(t +a’) = ie. gaa (+2) 


Again, I of 28 iat G@raap+2e*+a") ete. 5 
and it will appear generally that in the case of p=9, the only change 
necessary in the previous results will be to replace 1— a? by a?—-1. 

1148. Extension of the Reduction Formula. 

It may be remarked that any integral of the form 


I. =| “a0 


is subject to the same reduction formula as that used in the 


last article, viz. 
pre 
la= 1—a@ da" (a"l,): 


; © 1 2p eS 
For TT» 2n| F() (cos 6—a) dd=n| A Sil ade 


da 0 unt 0 yn a 


1-@ 


n 
Ini G lm 


Lew a, 
giving, as before, Tnw= rr. Fan wt = 


Hence in all such cases, if J, can be obtained in finite terms, 
so also can all the rest of the group I,, Z;, I,, ete. 
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1149. We shall show for instance that this is the case with 


the class of integrals 
I =| an P dO, p being a positive integer. 


To do this it is ae necessary to show that J, is expressible 
in finite terms, and we shall find that 


—a? [* si p-1—q—(p—1) gp—3—aq—(p—-8) gp—5—a-—(p—S) 
l-—a? [* sin p@ ao=* 4% a : 
2 Jo 4 1 3 5 
to f or ae terms — (a? —a~”) tanh—a. ...... (ly, (a? <1). 


Take the case p odd=2A+1, say, 


Leta nA a9 [* sin(2A. +1) 0[4+acos 6+a?cos 26+...]d0 
2 Jo U 0 

4 as 
SEES OM 


a? 
= ay pit 2@a+)) Geos o 
qgz\t2 qut4 dé 
-20+0)[ orpap ~exsiy* @x+4—@atipt inf. | 
1 1 1 1 1 eat 
=sat-L" (ron -sem) + a 2X aS Poe plese “-xn)] 
)+a+4(5 1 es ad inf. | 


-[a(t_ot 
1, 4053 3 AN+5 
az @qa- 2 a 1 az 
= ae bo oyey ay ey tyggte POET 
1 @ 2-1 PAt1 giht1 
meaner 


a 
—1 esticity = #2 ah = Es 
(tanh ee ee eT SAFI 


UN hee oe 
E tanha Gpati 
—(2\—2) 


So) tas 2. _ ,—2A 2A—2 
Pe. l-a sin (2A+1) 6 7p_a a 48 a 
2 Jo U 3 


+5 X ae — {a41_ g- OD) tanh—a, 
And in exactly the same way, if p be even =2A 
1-@ ie sin 2X0 pate =an yeas Oe aes a—a- 
2 Jo & 1 ‘ = 2A-1 
={ae a~>} tanh a (a< 1), 


which establishes the result stated. 
If we write a=e ”’ we may exhibit the result as 


i os l)y 4 sinh (p~3)y 
Sat cere, 


sin pd sinh py tanh™a 2 
—_ d@=2 sinh y . coset h y[ 
f veo terms |, 


according as p is even or odd. 
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1150. Particular Cases. 


The particular cases when p=], 2, 3, etc., are 


sin 0 2 1 
[22 a0 =~ 25 (a-j) tanh ta=F tanh, 


a 
sin 20 2 1 oa ioe 1+a? 2 
xe = asl (2 )-( ga) tendo ]-8 Gr tanke 5, 
sin 30 2 1 1 l+a?+a‘ 1+a? 
[2% a- 3 (a*-33)-( *— 5) tanta ]=2-+ 2" tanh-ta—2 a 
ete. 


1151. General Conclusion derived. 


It appears then that [ sin P@ ag is in all cases, when p is a positive 
integer and a?<1, of the form 
P+Qtanh""a, 
where P and Q are known algebraical functions of a. 
And in any such case the reduction formula 


1 d 
Int] — ai dar (O"En) 


may be used to determine J,, J;, J,, ete. 
It will be observed that the first case of this result follows at once 


from the series for in8 (No. 2 of Art. 1134). 
For’ [7222 a6 = [" (sin O@+asin20+a?sin30+...)d0 (a?<1) 


a? , at 68 eres 
=2(14+ 545 +.--)=jtanh a. 
If a? be > 1, 
wand. f=/l . 5 ee iy ) 
i; ne do= | (J sin 6+ Zsin 20+ sin 30+... dé 
eta are ) 
-(Statsat 
= tant cothta. 
a a a 
* sin pO 
0 uU 


The general case when a? >1 for 
in the case a? < 1, using the series 
a—1 
1—2a cos 6+a?* 


d@ may be investigated as 


2 2 
=1+-= cos 0+ cos26+..., 


and it will be clear that all that will be necessary to modify equation (1) 
of Art. 1149 will be to replace 1-a? by a?—1 on the left-hand side and 


a by a-! on the right, which leaves the formula for I sin a9 
unchanged, except that tanh~*a will be replaced by coth~*a. 
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Thus, in all cases whether a? > or < 1, and pa positive integer, we have 


1l—a® (* sin ar do = qaP-1 — q-@-)) i aP?-3 — q-(P -3) 1 
2) Jo 1 3 


to 4 or ptt terms —(a?—a-?) X, 


where .=tanh-!a or coth-1a, according as a? < or > 1. 


1152. General Formulae. 
Let the expressions E a) do and i —— dé be respectively 
called C(p, n) and S(p, 2). 


Then 
"cos pOcosqé ,,_1 (*™cos(p+q)6+cos(p—q)O —s <i 
prepares dé a “A dd =sl Cip+a,n)+C(p-4 )) 


™ sin pO sin gG —cos(p+q)0+cos(p— 4 ay cee Pears 
eich a O=5[-C(p+g, n)+C(p-q mh 


u” un 


T (A) Q T gi —si - 1 ’ 
(ear do= fi Oe =5l S(p+g, »)-S(p—g, »)} 


™sin pO cosqgé ,, 1 s™sin(p+q)0+sin (p—q)O nel ie 
[rsp etesab ag} [ > ia sae ee ae S(p+q, n)+S(p—g, n)]}. 


un 
Hence all such integrals can be computed, p, q and n being positive 
integers. 


1153. Integrals of the Class [ u"cos pO dé (Legendre, Ezer- 
0 


cices, p. 375), n a positive integer. 
We have 
u"=(1—2a ces 6+ a7)"=(1—ae)"(1—ae—*)" 
=(K y+ K,e°+ Kye?" + ...)(Ky+ Kye-" + Kae-**+ ...), 


(n=) (MPT) gag oy, 
Lo 2 yp 


The coefficients of e?” and e-?” in the product are each 
Ky Kot Kp Kit KpysK ot KpysK gt... , 
giving rise to the term 
(KyK + Kpi,.K,+Kp,.Ko+...)2 cos pd, 


and in the integration this is the only term we shall require, 
for all the others vanish by virtue of the theorem of Art. 1121. 


Hence T= |" cos pO d= (Kp Kot Kyi, K,+ Ky .Kot+ -..). 
0 


where K,=(—1)?a? 
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K. n—p K (n—p)(n—p—1) 
Now —2Hto —gt—P Sgt Pe 2! ete. 
Ky pti Ky (pe l@ta 7” 
and E= —73, =a ete. ; 


© [=(—1)PraP tz) =P t+) nm np 
OO ce emeay i veer gens Ot 


n(n—1) (n—p)(n—p-1) 
+ 1.2 (@t)D~t2) at+... |. 


1154, The Particular Case p =0 gives 
I= Tv (Kk? + Ky + K? + K;? +.. aN 
1.€. : u®db=r(1+"Cat+"CPat+"Csras +...). 


We have seen (Art. 1147) that 


dé 


Tv 9.9 9 ‘ 
» wi (Tape + PCa? +O CPat +" Cshat +...) 5 


whence it follows that 


i u™d@=(1—- ayn ue (see Art. 1155); .........6006 (1) 
0 a 


and more generally, since 


fi mwa? = (p+1)(pt+2)...(pt+n) 
b we (l—aypnti 1.2.3...” 


n n—P 9,21) (n-p)(n-p-]) 4 ) 
«(145 Fe iodo we 


by writing n+1 for 7 in the formula of Art. 1145, we have, by comparison 


with the result proved above for i. r. u" cos po dé, 
*cospO ,,  (-1)? (n+1)(n+2)...(m+P) [7 mn d 
? att 10= ar n(n—1)...(n—p+1) “! ere 


or 


n(n—1)...(n—p+1) * cos pO 
(n+1)(n +2)... (n +p) Jo yt dé. (2) 


In the value of i "yn cos p@d@ established in Art. 1158, it is to be 
0 


a u* cos p§ d@=(—1)?(1 —a*?)*"+1 


noted that p has been assumed not greater than 7. , 
If p be > 7 no term containing cos pO would occur in the expansion 


OL QUE wan [7 w»cos pd da=0 (p>). 


If n=p, we have i u” cos nO d@=(—1)"ra". 


Thé results of this article are due to Euler (vol. iv., Cale. Intg., 
p. 194, etc.). The method of proof is that of Legendre (Exercices, p. 576). 
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may be estab- 


1155. The Equation I. udd=(1— ae 

lished directly by the beanatonaiatiee 

(1—2a cos 0+-a?) (1 — 2a? cos 6’+-a?) =(1—a’)’, 
which has an interesting geometrical interpretation due to the 
late Dr. N. M. Ferrers.* 

Moreover, so far it has been assumed that n is a positive 
integer. It will be seen from what follows that this limita- 
tion is no longer necessary. 

Take a circle of radius a and centre O and a point B within 
the circle at a distance b from the centre. 


4 


fay 
Fig. 336. 
Let PBP’ be any chord through B, and let the portions 
PB, BP’ subtend angles 0, 6’ at the centre; then 
PB?=a?+ b?—2ab cos 8, 
BP”?=a?+ b?—2ab cos 6’, 
and 
(a?+-b? — 2ab cos 6) (a?-+- b? —2ab cos 6’) = PB?. BP? = (a? —B?)?. 
Also, if QBQ’ be a contiguous position of the chord, the 
elementary triangles BPQ, BQ’P’ are similar; hence 


M007, 20 5 jj BE Dole thse) alee 
—de’ jee BO areas a?+6?—2ab cos 3) ~ F462 —2ab cos | 
(a? —b?)2" (a?—b%) 


*, (a@?+6?—2ab cos 6)" dd= — dé’ 


(a?-+b?—2ab cos 6’)" a?+ b?— 2ab cos & 
(a? eR b?)2a+t dé’ 
=~ GEEB Dab cos Opi 


*See Solutions of Senate House Problems and Riders, 1878. Edited by 
Mr. J. W. L. Glaisher. 
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If the chord be allowed to rotate so that 4 increases 
from 0=0 to 0=7, then 6 decreases from 0’=7 to 6’=0. 
Hence, integrating and replacing @ by 6, 

_ dé 
» (a@*—2ab cos 0-+-b?)"+1" 
Taking the radius a to be unity and replacing b by a, we 


have the equation established otherwise by Euler and Legendre 
above. 


\E (a2 —2ab cos 0-+-b*)" dd = (a? — b?)?"41 | 
0 


Writing ccosS, ¢ sin5 for a and b respectively, the equation 


may be thrown into the compact form 


j, (1 —sin a cos 6)" d8=(cos a)?"*+1 f P dd 
0 


> (1—sin a cos 6)"#1 - 


1156. Another Interpretation of the Integral. 

The integral may also be interpreted in connection with the 
angles known in elliptic motion as the True and Eccentric 
Anomalies. 

Let S and C be the focus and centre of an ellipse, A’ the end 
of the major axis most remote from S, and A the nearer 


Al 
EEN 


Fig. 337. 


end, P a point on the curve, NP its ordinate, and Q the cor- 
responding point on the auxiliary circle. Then A’SP is the 
supplement of the “true anomaly,” and SCQ is the “ eccentric 
anomaly.” Let these angles be 0 and 6 respectively. 
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Then, from the polar equation of the ellipse, 
CA(1—e yet 


SP —ecos 6’, 

and also SP=CA—e.CN=CA(l1—ecos 6). 

Hence (1—e cos 0) (l—ecos 0’) =1—e? ; 
and if we write sina for e, we. 

2 tan — 
e= 2 __2ab_ (where tan f_.0), 
a+b? 2 
1+ta 


we have 
(a? +b?— 2ab cos 8) (a? + b?— 2ab cos 0’) =(a?—b?)? as before. 
The case when n=}, viz. 

™ dé 


La 29h b?7d0=(a2— | —_—______——_—_, d@, 
{ Ja ab cos 0 + 6? d= (a?— b?) 0 (a2?—2ab cos 0-+b?)? 


may be written 


I a| (a-+b)?—4ab cos! f dd = (a?) {. wel 7. 
0 


0 (a+ b)?— 4.ab cos? 2) 


or putting gy and ae =1—k?, 
+7, (ab? sd 
[ (1—k? sin? g)* dp= (= =) {, (ois oF oF 
iiauie fade ef, 


and is therefore Legendre’s Elliptic Integral formula of trans- 


formation, Ex. 1, p. 399, with the superior limit = 


1157. A Group of Integrals of Different Form. 
Generally, if we have a known series of one of the forms 
J (z)=A,+A, cos cz+ A, cos 2ca+ A, cos 3cr+... 
Pia) B, sin cx+ B, sin 2c¢+ B, sin 3cr-+... 
we have, by the integrals of Arts. 1048...1051, viz. 


| sin cx wala oe 
0 2 0 


a(1-+2°) iPr Nace hae: 
” ¢ Sin Ca T 
if 1+22 BI ee 
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where ¢ is positive, 


& 
[ ra ax =5 (ot Are + Ane* + Ase +....), 


f atye-3 [Bi (1 — e~*) + By (1 — e-**) + Bs (1 —e-**) +...], 


F 
[Peas =5 (Bret Bye + Bye +...). 


Accordingly, taken in conjunction with the particular class 
of series given in Art. 1134, we obtain another numerous 
group of definite integrals. 


InLustraTivs Exampues. (¢ positive throughout.) 


1158. 1. Since * 


inexi : d 
y TSinex+asin 2er+a?sin 8cr~+... (a2< 1), where 


u=1—2acoscer+a*, we have 


[ a = de= [alsin ex +a sin 2cxr+a?* sin 8cr+...) dv 


= (e°+ ae~** + ae" +...) 
2 


7 ue ry 

21-ae" 2e&—a 
[Lecenpre, Ezercices, vol. ii., p. 123.] 

1 1+ae* 


fait!8 2 
2. Show that recs at er bere (a? <1) 
Lm Le oes A 
~ 3a*—1la—e- (a*> 1). 
sin cx eee! ex | 
3. Show that [aSe-f ers (Gy 
4, Show that 
dx w 1 1+a*+(2a—3a*)e~*— Bate + Bare” (a?<1). 
o (l+a7)u? 2(1—a’)5 (l-ae~y? 
, os. _,_asin oe es P cent re] 
5. Show that [ Tn | ape 9 log (1 ae) (a ) 
He gg ERE ae (ie), (a? I) 
ert Forres g loa ae de Mg ) 


-) il 3 
6. Show that [ ra ks(2 cos ) de =F log (1+e~). 


7. Show that [ it reples(2sin 5 5) a= 5 = log (1 —e~). 

8. Show that fi VEN dean log (Ia) (a*<1) 
0 

or =mlog(a—e~) (a?>1). 
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9. From the last example deduce 


fo tan @ da Sha, l-e~* 
, Oe Tipe 2 eee 
[Georcrs Brpone, Mém. de Turin, vol. xx.] 


EXAMPLES. 


dn _ 1+a? 
1. Show that ie Fie (—a% 


where uw=1-2acosx+a? and a? <1. 


cos = 


2. Show that fs 
3. Show that 


™ gin 2 sin NL 7 nan Say) 2 
i u> dia = 4 (i- cp t(n+) —(n \ja i (a = 1). 


dan = ora aaa +1)-(n—1a"} (a? <1). 


cosnvrde mr 1 (1—a*)e-™—2a"+!sinhb 
(@P+2%)u 2b 1—a? 1—2a cosh 6+ a* 
log tan x 


ook s ee 
5. Show that fon ior dx = log tanh é. 


7 cosné 7 (3\" 
6. Show that ? 35 — a4 cos GO 7 (3) ; 


4, Show that is 


7. Show that ie log (25 — 24 cos 9) d@ = 4r log 2. 


8. Show that (a) if eg OH a5 87 
Mn Ps (25 i he 5nO= 55 ill a gr) 
9. Show that pe ee log. 
10. Show that Ms Gar OR 5 
11. Show that [" SE GSR RE ag. &. 


7 sin? 6 7 
12. Show that : (So scoqpy mat 


13, Show that [ ” sin pO log ud 


1 


_sS lin _yypin]_2P 2 
3 Pomp—(-eneP (<1) 


_ 1-cos pr 


or 


oat 2 
log a ~ 2 all (al alee aoe (a? > 1), 


where the term for which n=p is omitted in the summation, p being 
a positive integer. 
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14. Show that 


"sinpe,, 1 l-cospr, 2 p 
[Pao aap 0 set ot) SPE Saf —(- 1) P| 
; ‘ : (a? < 1), 
the term where n=p being omitted in the summation (Art. 1136). 


1159. On the Transition from a Real Value of / to a Complex 


co 


Value of #4 in the Formula for | e-*tan-lda. M. SERRET’S 
INVESTIGATION. ° 


In establishing the result 


[ e-teer-tde— 2, (n> 0), (Art. 864), 
0 


it was assumed throughout the proof that & was real. We 
cannot therefore assume the theorem as still true for complex 
values of & without further investigation. We consider the 


integral “0 
= 1=| e-@-id)zyn-l dz, where 1.=/—l. 
0 


Then I will be finite if a be positive. 
Since e-(¢-)*—e-4"(cos br+.sin bx) the integral consists of 
two separate integrals, viz. 


| e-2* cos ba aw" da+1 few sin br xv" da. 
0 

Let R, & be respectively the modulus and argument of I. 
Thus 


ao 
R e® =| e—(a—0b) z gn} dx. 
0 


Let b=ua tan ¢, ¢ lying between = and sg so that 


2) 


Ret*= | e7at gua tan ¢qn—1 dx. 
0 


Then differentiating with regard to ¢, 
log R 
og 
Integrating by parts, 
\, e-(a—W) ayn day = [Saar |, Ee — j, e-(a—d)zyn-1 yy, 
and the portion between square brackets vanishes at both 
limits, @ being positive. 


Re* at a4 =10 sec o| e-ae grax tan ban day, 
og 0 
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Hence od =—" pia see’ pRe* 
=n(i—tan ¢)Re'*; 

Olog R_ OD » ee 

ae =—n tan? and Tie 


“. logR=nlogceos¢@+log A and =nPp+B, 
where A and B are independent of ¢. 


1.e. R=A cos"?, P=nd+B. 
But when ¢ vanishes b=0, and the integral is 
{ eat gn-l dn), and ® vanishes. 
0 
Hence B=0 and rer} hence pai) cos"d, P=n¢. 
Hence 
_T(n) cos" ¢ ; = T'(n) _ T@) 
Lo are (cos Nhe sin np) ~a*(1—c tang)" (a—.b)"" 
T(n) 


So the theorem | e—kt gn-1 da=— 
0 


still holds when k 1s complea, provided the real part a of the 
complex ts positive.* 

If n be a fractional quantity, 5 , (4—1b)” will be susceptible 
of q values and no more, if its argument be unrestricted in 


value. We must then obtain the argument of (a—.b)" by 
multiplying by » the argument of a—.b taken between the 


Oran Tv Tv 
limits an. and 5 
1160. We then have the two integrals 


“4 —ae n— T'(n) n T(n inn 
[ e-2* cos bx a * da=—- cos Cos np= Yin $ COS Nd, 


bn 


oe s(A) 
| e-** gin bratnl dg =) cos” ¢ sin no= =e sin” ¢ sin nf, 
0 
1. | oP) cos ba doa cos (n tan-} a 
0 (a2-+-b2)? a 
| ese gn sin be jie ll sin (nm tan-1 z\ 
0 (a2-+2) a 


* See Serret, Calcul Intégral, p. 193. 
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These results (A) are then so far established on the under- 
standing that a is a positive quantity. 


1161. When a vanishes the integral | e*yn-1dae may still 
0 
be finite if m be a positive proper fraction. 
Consider either integral, say | e-4# sin ba x"-! dx (b, +¥°). 
0 


This is equal to 


x a a (v1) 
6 
[ f+]. +[otetf. +... fere*sin bea da. 
b bo Ob 


(r+1)r 
b : . 2tr 
Let (—1)"u,-= e-2* sin ba a"! dx, and write x 7 for @, 
Tr 


6 


eon, err —1 
(-1yu=[ e > sin(z+rn) - (a) sh 
0 
4.6. t= alata sin 2. (z+r7)"-! dz, 
0 


and the whole integral | e-* sin bx "Idx is made up of such 
0 C) 


terms as this with alternate signs, viz. >) (— 1)’eby, 4.6. 
(1) 


=Uy— Uy + Ug—Ugt ae iy 
which is convergent if a>0, for the terms diminish as r 


increases and are of alternate sign. But in the case when 


a=0, u, becomes tie [sim 2(z¢+rmr)"1dz, and when r 
0 
becomes indefinitely large this does not ultimately vanish 


unless n<1. When this is so, the series 
Up — Uy + Ug —Ug ++ 
is convergent, and its sum will be the same as the sum 
Ug —U, + Ug—Ugt ++ 
for the value a=0, n<l. 
For if S =u, —ty $y — Ug +... ad inf, 


=u) —U, +g — Ug + eee y 


324 CHAPTER XXVIII. 


and S,,, S,, be the sums of the first m terms and R,», R,, the 
remainders respectively, 

S=S8,+ Ros S28, +R , 
1. S—S’=8,,—S,,+Rm—R,,. 

But S,,—S,,=0 when w=0, and R,,, Ri, separately diminish 
indefinitely as m increases indefinitely. Hence S—S’=0 when 
a=0 and 0<n<l. 

Hence formulae (A) become, when a=0, and therefore g=5 : 
| x"-1 cos ba d=) cos > (B), where n is a posi- 
r Payee tive proper fraction 


e1 sin bedi sin ——, (6 positive). 
é bn 2 


1162. Putting e=2 and nd\==p:, we have 


if r(? a 


2P-1 cos b2 dz= 


0 Ww 2r , 
rb* (B’), where p< and 
both are positive 
2 r(? (6 positive). 
| 2?-1 sin be dg=— sin 27, 
0 Pp 2r 
rb* 


‘ T F 
1163. Since LBL NO 9 aneree the integrals (B) may be 
written 


co ee ps r 1 
[, x"-1 cos be dx =m wT —ny 
2 
4 so (C) 
| x"! sin ba dz= = : 
0 


al = 2b"T'(1—n) 


1164. M. Serret points out that the latter integral remains 
finite when n is indefinitely diminished to zero, and that the 
formula then reduces to 

| * sin bz 
v 


da= 5 (6 positive), 
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1165. If we write 1—n=m, m being a positive proper 
fraction, the formulae (C) take the form 


p cos ba na pm} 
et eos 2T'(m) 


eos m—1 ‘ . 7 Py : 
f sinbe 5 mbm | (b positive). (D) 
0 


gm Oe ae 20'(m)’ 
Ai 


1166. The case m=} gives 
\ cos ba 5 7 bo? _va 
a. eh) Vm 
4, 
fpaaie yw bt Jar 
ode GTQ) v2 
4 


| (b positive). ...(E) 


Putting x=2* in these integrals, 
| cos brde—| sin berde—1 vl = (b positive) ; 
‘ ; 3 V2 
and if we put b= 5 , we have 


ee cee wae z 
j, cos de | sin —>- dz=5. eastern se ke) 


These two integrals are known as Fresnel’s Integrals, and 
will be considered more fully in Art. 1169. 

The groups of integrals of these articles are due to Euler 
(Cale. Intégral, vol. iv., p. 337, ete.). They are also discussed by 
Laplace, vol. viii., Journal de l Ecole Polytechnique, p. 244, etc., by 
Legendre, Ezercices, p. 367, ete., by Serret, Calc. Intég., p. 193, ete. 


1167. Further Results. 
Returning to formulae (A), viz. 


is ez" cos ba dr = T(n) 
0 a 


nm 


cos" cos np, 


where b=a tan ¢, 


i F T(n f 
[ e-* a" sin ba dx= 2 ) cos" sin np, 
0 


and putting n=1, we have the well-known results 


ax — a 
iP e-™ cos ba da= ee 


ee ob 
[e sin be da=—y 
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Again remembering that b=atan¢, we have b™=a™tan™d, and 


keeping a constant, 
6" db =a™ tan” p sec? dd. 


Hence multiplying the integrals by the sides of this identity, and 
integrating with regard to 6 from b=0 to b=, and therefore with 


regard to ¢ from ¢=0 to $=5) and taking 1>m>0, 


¥ oO oO 
E@)a"—* ib sin” cos"-"" cos nf dp= [ [ e—** 2b" cos br dx db, 
and = 
vy o 
R@yars ik sin” ¢ cos”-™" sin np dp= [ 8 eg" sin ba dx db. 
The right-hand sides of these integrals are respectively (taking n>m), 
ik Ceres AD) cos" de and iE Craps ames ae) sin = de 
0 a” 2 0 x 2 
by formulae (B), 


F T(n-m) ,, mar T(n-—m) _ ir . 
2.e, Se T(m) cos —- and 7m T(m) sin 2? 
whence we obtain 
z . ; 
it sin”  cos"—"— g cos nf dp = see cos oa >| n>m, 
BS 1>m>0. 
aa ; T(m)U(n—m) . G 
i) sin” ¢ cos"—"—“' sin np dp — nem) sin > (@) 
and taking n=m+1, 
z 
[ sin" d cos np dp=— ts i sin > 
(257>1)) vee e (A) 


7 


aa, 1 nT 
n—2 7 — ee, pea 
i sin” ’*¢ sin nd dp= an 8” 


Replacing ¢ by 5 ¢ in formulae (H), we derive 


Ps 
[ cos” * f cos nd dp=0, 


cs Fattaattsenasaneneeeasees (1) 
[cos sin npdp=—L 
mae n—-1’ 
that is the formulae (GQ) still hold good in the limiting case m=1. 
1168. Since I'(m) E(1 —m) = formulae (G) may be written 
T 
x ; 
ES ae 8 T(z -m) 7 
[ sin™—! d cos"—™— & cosnddp=—_— 
Jo T(x) P(1—m) 2 sin 2 Gi=ny 
z 4 ’ (1>m>0). 
sin™—1 (eh en a x n-m T (J 
i, ¢ cos ¢ sin nh dp T(n) T(1—m) bg ) 
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When m diminishes indefinitely to zero, the limiting form of the first 
of these integrals is infinite. The second takes the limiting form 


a x 
nai gsinnd 5, 
ii Se Soe co ee (K) 
It will be noted that the integral (K) is independent of n. 

These results are given by M. Serret, Cale. Intég., pp. 199 to 201. 
Differentiating the equations 


1% aM! e-S2 cos ba dau= ox T\(n), 
where r=Va?+6? and @=tan-} b 


sin nO T(n), a’ 


Fad 


(g af eS sin be da= 
with respect to m, we have 


[eee on kalopiete cosn6 dI'(n) | (= nO + = n@ log ") T'(n), 


re dn . 
aa: sinn@ dI'(n) , (/@cosnO—sin nd logr 
[2 le 6% sin bx log «dx=—— FF) (Coen net Tn) 5 
and eliminating a , 


fs gl e492 sin (nO — bz) log : dr= 4 T(n) ; 


0 


: : 1 0 

= —aZ — ae =— 

and if n=1, [fe az sin (9 — bx) log de =~ 

where r=Na?+b? and g= tan”. 
Also = B could be approximated to by means of the tables for 


log I'(n) if required. 
These results are due to Legendre (Hzercices, p. 369). 


1169. FRESNEL’s INTEGRALS. 


We have met the integrals 
I cos S a de=| sin zo da =}; 

known as Fresnel’s Integrals, in an earlier chapter, viz. in the 
tracing of Cornu’s Spiral ks*=y (Art. 560). They are of 
importance in the Theory of Light. Students interested in the 
employment of the integrals in Physical Optics are referred to 
Verdet’s uvres, tom. v., or to Preston’s Theory of Light, where 
the various methods adopted in the construction of tables for 
their values between limits 0 and v will be found explained at 
length. 
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Preston gives in the form of examples with hints at solution 
a very excellent condensation of the chief results arrived at by 
various investigators—Fresnel, Gilbert, Cauchy, Knockenhauer 


and Cornu (Preston, Theory of Light, pages 220-228). 


1170. We may consider shortly some modes of calculation 
of the more general integral 


[ es (x) dx, where o(7)=A,x"+ Aya" 14 Apa" *+.... 
0 
Take first two near limits, a and a+h, where A is small. 
ath h 
Then | cos d(x) dv—| cos ¢(a+y) dy, by putting z=a+y, 
a 0 
h 
-| cos{p(a)+y ¢(a)}dy nearly, 
0 
since y lies between 0 and h, and is therefore itself small, 


_sin{¢(a)+h ¢'(a)}—sin g(a) 

$ (4) 
Hence, by taking the limits successively, 0 to h, h to 2h, 
2h to 3h, ete, and adding the results, we may obtain a close 


nearly. 


approximation to ie cos #(x) dx, provided, of course, that ¢(z) 
is such that $(x)=0 has no root between 0 and nh. 

1171. A closer approximation may be made as follows : 

Since Pty =Flu)tyF (w+ & Penton; 
we have, by integration between limits = and 2 


2 NOH RS a 2 Ws) fe ae, 
| Putydy=bP uta Se Pu) +p Se Pu) +o, 
_h 12 


h 


and if F(x)=cos (x), p=a +5 and x#=p+y, 
% 


ath ? 
| cos $ (x) ae= | cos b(e+y) dy 
a 


a4} 


Lhe @ Lae dk 
=h cos P(H) +35 re ao P(h) +5; 16 qe p(m)+... 


= cos p(y) ~% (eos $(y) $'%(q) +sin (qu) $"(u)) +, 


from which result we may proceed as before, taking limits 0 to h, h to 2h 


? 
2h to 3h, etc., and adding the several results. 
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1172. Fresnel’s calculations were based in the manner described above 
upon a preliminary consideration of the integrals 


wh +h 
wa? . wae 
[ cos —- dx, fi sin dx, 
where the interval / is so small that its square can be rejected. 


In this case, putting v=v+z, 


th rat ie ull ele we? 
[ cos —— dz= [ cos 5 (v? + 2vz) dz = =a [ sin aC + 2vh) — sin —- 


2 
and 
vth a 
int de=[ sin (vt = =| wd =| 
[ sin de= [ sin 5(v + 2vz)dz= owe | 208 3 (e+ 20h) — cos —5- . 
Then taking as intervals h= yy, and making v in succession 0, 34, 7) 
zy) «.-, the values of the integrals were approximated to. 


1173. The integrals 


ry Tre ie re De Becnet b 
[ cos*> a, [ sina or | cos — dv, if sin > dv 


2 2 
may each be expressed in the form X cos + Ysin , where XY and Y 


are series of ascending powers of v, in integrating from 0 to v; or 
descending powers of v when the integration extends from v to infinity. 
In both cases the integration is performed by “ Parts.” 

In integrating from 0 to v we proceed as follows: 


[cos do= [ veos 5], a sin ™ do, 


3v 
2 ee Le 
[sin Fae (5 sin 1-3 ” of cos 5) dv, 
gale so] Ish [von 
sin = dv= sin = al # cos dr, 
iN [; 
etc. 
—7* —13 or? qr? 


Hence multiplying by 1, ™ 73> 773.8’ 1.3.5.7’ 1.3.5.7.9 
and adding, 


d aytv =v arty? | 

[cos SF do ere i 514.5 1.3.6,7.9° 

wre? [rv ry? + qr5yll bs | 
Soa Bm IS 8b 7 Meas One Oe LL 


+sin 
= X cos + Ysin == PUBAN) coud cesaasuatey (aetssaesneneearec (1) 
seer : Te 
and proceeding in the same way with i sin > dv, 
: 0 


we? . 1 
[sin 5 dom - Yoos" + Hsin, 
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and the sum of the squares of the integrals (which gives a measure of the 
intensity of illumination in a certain case in Physical Optics *) is ¥2+ Y?. 
It is interesting to note that the series X, Y satisfy the equations 


X+m¥=l, vX=0 
: lad : 1 ai(iog sy 
ve iG o)X+mx=—3 and = = wale 55) ¥+n y=, 


L (aes) +5] 4=-ae Uae) +E) a 


1174, If it be desired to express the integrals with limits v to in 
descending powers of v, the integration by parts must be conducted in 
the opposite order. Thus 


[cos do [7 = (0 cos =) do =| + sin® =] +[ usin 
P aasin Fdv= [” 2, (aosin™)ao=[ -3 =a,3 008 =I- af a 5008 = 
7 paces | aalrron'a rel sasnS] “oLbete 
[ gapsin doa [° (a0 sin) ao=[ - =r cos =~ 7[ cegcos de 


ete, 
Hence multiplying by 1, 1, -1.3, —1.3.5, +1.3.5.7, ete, and adding, 


ry? 123. Vass Dai 
[cos stv = sin (-2 Sp pee oe ae a +...) 


Trost, Ltn ee ) 
2 \r'y rtp? mSyll 3 
2 2 
oe as ae BAYS lala tess yenuetten waa die cuebeeee (2) 
i, BIS s ee Ve 
where xX Sais me ete and J} Tp map totes 
. . 2 
and similarly is sin do= Yeon 4X’ sin = 


And, as before, the sum of the squares of the integrals is X¥7+ VY”. 
Also X’, Y’ satisfy the differential equations 


aX’ - ay? =) 
do ad Pas 7 ee mle 5 
1 d Maks 4) ie leat os 
a ¢ dee dy iA ga ade nas ne ey 
=  [(get]r-d (eyetlr- 
We also obviously have 
RN sae ee pe BG . Tv Te Ses GOR 
[cos ao f cos do | c cos Fdv=5— X cos™™ — Yin; 


*See Preston’s Light. 
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and similarly 
2 'v 3 2 2 
8 sin wa=l sin dv [ sin ae Ycos = -— Ysin =. 
v 2 0 2 0 2 2 


2 2 
Also 
i rv (3 yt a ae i PK ae ple bel a 
i cos dv= 4 cos dv— | cos —- du=5— 4 cos—-+ ¥ sin >» 
3 = are" L Ce ee is pores 
[ sin > dv= 4 sin —- dv— sin do= tre: cos -—>-— X Dre 


1175. The expansion (1) in ascending powers of vis due to Knocken- 
hauer.* The expansion (2) in descending powers of v is due to Cauchy.t 

For the student of the Integral Calculus, perhaps the most interesting 
of Mr. Preston’s quotations is one which expresses Cauchy’s series of the 
last article in the form of definite integrals. These expressions are 
quoted from the investigations of Gilbert, published in the Mémoires 
couronnés de UV Acad. de Bruxelles, tom. xxxi., p. 1. 


2 
Writing ah =u, we have 


[ fag 8 wd 1 * eee te [ igen OD rv? ee sin Um 
0 ~ ae Jo wanes NO Jo Vu 
Also J i a-te—™ dz= Fw ‘a 
% ‘i cos — et d= = =f cos u [= Fe [SF ui = de | du, 
i.e. ae —sf [s id 7 oo du da, 


or changing the order of integration, ae does not alter the limits, 


=i [, bog — e~"* cos u dx du 


-1.[°5 J cae ve cone ay 
hae val 1+27 
gous TL08 u— sin u 
=| 3 welts y— ers Son a 
ae ahr 1+2 
aA dxz—cos uf F rove —— dx+sin u te} 
“BA rp T4+27 Nx(1+2%) 
Now +. i ae= [stars 6d0, by putting x=tan 6, 
t rn 
= L (/tan 6-+Wcot 0) d0, 
= by Ex. 8, p. 162, Vol I. 
*Knockenhauer, Die Undulationstheorie des Lichts, p. 36; Preston, Theory 
of Light, p. 220. 


+ Cauchy, Comptes Rendus, tom. xv. 534, 573. 
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Hence 
ie pe ry 1 Pos ghe- sles ade 5, 
[ e08 es dv=5— cos: 8 Trg Mt sin => m9 Ae os 
and med . 
1 cee aahe-™ ae a 1 ahe-™ 
ine dv — COR ae da 
[sin dv= 5 08 5 Ue oy da — Fa Vase 
2 . 
where u=7 ; which express Cauchy’s series X’, Y’ in the respective 
definite integral forms 
Leet ah eu“ Mee] Oe aaa 
KE alate I+at dx and Y’= = Sala oy ee dx. 


1176. Several other interesting relations amongst these integrals are 
given by Mr. Preston, to whose book the reader is referred. 

A table of the values of Fresnel’s integrals, as given by Gilbert, is 
quoted in Art. 1177 from Mr. Preston’s book. The table is carried up to 
v=5'0. The oscillatory character of the results is exhibited in the graph 
of the Cornu Spiral in Art. 560. 


1177, GinBER1’s TaBLES OF FRESNEL’s INTEGRALS. Quoted from 
Preston’s Theory of Light. 


fv 2 'v 2 v v 
v i cos > dv [ sin a dv v i. cos we a [ sin = dv 
0:0 0:0000 0:0000 2°6 0°3389 0°5500 
01 0:0999 0:0005 2°7 0°3926 0°4529 
02 0°1999 0°0042 2°8 0°4675 0°3915 
03 02994 0°0141 2°9 05624 0°4102 
0°4 0°3975 0:0334 30 0°6057 0°4963 
05 04923 0°0647 31 05616 0°5818 
06 05811 0'1105 oe 0°4663 0°5933 
07 0°6597 071721 33 0°4057 0°5193 
08 0°7230 0°2493 3°4 074385 0°4297 
09 0°7648 0°3398 35 0°5326 0°4153 
1:0 0°7799 0°4383 3'6 0°5880 0°4923 
l1 0°7638 05365 Bh 0°5419 05750 
12 0°7154 0°6234 38 0°4481 0°5656 
1°3 0°6386 0°6863 39 0°4223 0°4752 
14 0°5431 0°7135 es 4:0 04984 0°4205 
15 0°4453 0°6975 4-1 0°5737 0°4758 
16 0°3655 0°6383 42 0°5417 0°5632 
17 0°3238 05492 43 0°4494 0°5540 
18 0°3363 0°4509 4-4 0°4383 0°4623 
19 0°3945 03734 4°5 0°5258 0°4342 
20 04883 0°3434 4-6 05672 0°5162 
ha | 05814 0°3743 4:7 0°4914 0°5669 
2:2 0°6362 0°4556 48 0°4338 0°4968 
2°3 0°6268 0°5525 49 05002 0°4351 
2°4 0°5550 0°6197 5:0 0°5636 04992 
2°5 0°4574 0°6192 foo) 0°5000 0°5000 
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1178. Soldner’s Function. 
The integral y=| 


loge is known as Soldner’s Integral. It 


is denoted by the symbol li(x), which is Soldner’s original 
notation. The letters li are suggested by the phrase 
‘logarithm-integral.’ 

It is obvious that the integrand has an infinity when w=1. 
Hence, in accordance with the theory of Principal Values 
(Chapter IX.), when the upper limit is greater than unity, we 
shall understand this integration to mean 


Lteoyea(| +] ) ioe 


where ¢, 7 are made to diminish indefinitely in a ratio of 
equality. 
1179. Properties of the Function. 


bi. 1 
It follows that ali ore Hence 


ar, (m+1)2™_ 2™ aes b 

= m+1) — = = 

dx al loge logs’ = dx i log (a+ 6a)’ 

Pn Pat dee Arpanet. tae ed 

aoe Tog a” gent \=Toge* a’ 
ao .. ete” ete” ad : cos & 

— O42) — __—-______ — —__. — NF Fe an ae 

qa hie ) loge™#® ata’ fs ett log sin x” 


Hence conversely we may express certain integrals in terms of a 
Soldner’s function, viz. 


a rey pert imits [= SA omsi\ 1 (Rmal 
ee =li(2™+*)+C, or between limits f iat =lif(a™*!)—li(6"*), 

- dx _li(a+ba) pat ie dx _li(a+bp,)-li(a+bp,) 
log (a + ba) tat ee Te +C, or between limits log (@ +62) es popes <° eeane : 


fac =1i()+0, te | “E qu=li(et)—li(e"), and s0 on. 
6 


1180. To enable the arithmetical calculations of such results to be made, 
Soldner constructed a table of the values of li(w) to seven decimal places 
for values of x, from «= ‘00 to x=1°00, at the latter of which the function 
is infinite, the values being negative ; and a further table of the values 
of lia, giving the values to seven places, for v= 1, 171, 1°2, 1:3, 1°4, which 
are negative, and 1°5, 1°6, ..., 2, 2°5, 3, 4, 5, ..., 20, which are positive, 
and at certain intervals from 22 to 1220, all taken to eight significant 
figures. 
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It is unnecessary to give the tables here. They will be found reproduced 


in De Morgan’s Diff. and Int. Calculus, pages 662 and 663. A few extracts 
from these tables will indicate the shape of the graph : 


x i@) (-) % li (x) (—-) x li (x) (—) 


00 ‘000 60 547 10 00 
05 013 ‘70 “781 Del 1676 
10 032 ‘80 1134 12 0°934 
15 056 ‘90 1776 13 0°480 
20 085 95 2°444 14 07145 
*25 ‘119 ‘98 3°345 - 
30 157 ‘99 4:033 
40 253 1:00 oo) 
i10) 379 

z li (@) (+) az li(@) (+) 

15 07125 20°0 9°905 

16 0°354 30°0 | 13°023 

18 0°733 400 | 15°840 

2°0 1:045 100°0 | 30°126 

25 1667 200°0 | 50°192 

30 2°164 400°0 | 85:4 

40 2968 600 |117°6 

50 3'635 1040 | 183-4 


10°0 6166 1220 | 217-4 


The march of the function can then be seen to be as represented by the 
accompanying graph. 
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1181. Method of Computation. 
We proceed to show how these values were computed. 
It will be seen that, by putting w=e-¥ or r=e, the integral [> ae 
© 1 
can be thrown into the forms -{ ev Wl or [ve v FY, 
—log a ¥ =) y 
Now, so long as 7 is greater than zero, we have by expansion 
C © , ied 
[ ant e*dx= | 2¥(1— H+ - 5+ )ae 
eS | i pny § yn+2 yn+3 i‘ 
< th+)l! (n+2)2! + +3)3! ia 
where Cis to be found. eh series is convergent for all positive values 
of v and does not become infinite with v. Also, when v=0, the value of 
the integral is F(x). Hence C=1'(n). 
Ht ae ae pnt ynt2 
ence | a—le-tdx=T\(n)— tapi — (meat 
This may be arranged as 
Raho iii y®_—] yn yn+2 
[stetar=r@)-5-" ta aa 
- Ptr )l-1 oer 


sale a5 
Now, if we make n diminish indefinitely, — =log»v, and pues 


is the limit, when n=0, of oe dea for the value c=], ze. 


[= re)|_, or TO, 


or as I'(1)=1, this is the same as E log re) , ue. —y, where y is 
Euler’s Constant. 


v2 Dad 
Sans [fs o" de=—y—-loget+ > -3 git gat nave swasteals (A) 
Hence we have, putting v=loga, 
(1 a loga , (log a)? os of a 
1i(2)=- |. demy tos (log a) - i+ 2.2! a Byer an (a>1), 


Again, by expansion, 


ik aes loga\ , loga—« , (loga)’-@ 
-[< Sae=log( Z \+ iy AG Fe ae +... (a>1) 


e* i 
and -[< 7 =ytlogn- tw rl e910? 
and upon saaseion, diminishing ¢ and 7 indefinitely in a ratio of equality, 
the Principal Value of li(a) is given by 


ee ae —e O\ 9% h ro Se 
li(a)=— — dx=-It ip Sj dt w ere €=n=0, 
‘ —loga a —loga 


loga , (log a)? (og), 
=y+log (log a) + 7-55 5 eae ah art nde SUN: capeeock (C) 
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As there is manifest discontinuity when a=1, and the Principal Value is 
taken in integrating over the discontinuity in the second case, formula (C) 


will not be derivable from formula (B) by putting = for ain the former. 


It will be observed, however, that the two series then only differ by 
log (—1), which is the effect of the discontinuity. 
By means of the expansion of 


cepa 1 
log (1 +2) vy Rae 


=01+K,+ Kort Kav? + Kye t+..., 
where the coefficients may be calculated either by actual division or by 
multiplying up by (1 5+ va) and equating coefficients, giving 
Ky=}, Ke=-y, Ky=etp Ki=-7ko, KAs=180, As=—sbtto ete, 


we have, a<l, 


: 1S Sade pa dx 2 
li(1-a)= [ cele lag (ra) = 198 ¢— Kila 1) +3 (a? 1) ete. 


and by Art. 944, putting e—#&=2, 
des > dv [ dv 
y=ltar{ | ious = 
= Lty=1 {li b — log (1 — b)} = Lta=o {li (1 — a) — log a}= Ki-> Te 


whence li(1-a)=y+log a—K,a+S2a?— chag Oedbeotenaeeseaccr (D) 


1-+a a 


Again li(1+«)=Prin. Val. ols ae of [  ioptLea) 


Zz 
=Tteao( f oe a (1+2) 
= Dt.=0 [Cy + log e—K,e+4Koe?-...) 
+ {log a—log e+ K,(a—€)+4$K.(a?—*)+...}}; 
2 
‘ HES TERE Laan (E) 
Also, by Taylor’s Theorem, 
li(a+.2)=li(a)+x(log ayo (log a) 51 Sos (log a)— eee 
Other results will be found in De Morgan’s Differential a Int. Calc., 
pages 660 to 664. By aid of these series ee calculated the numerical 
values of the table for the function li(a)= ic 


log’ 
We may therefore now regard such functions as 
i aes eacoshia- wees 
lace lees ac 
as integrable in terms of Soldner’s function, and therefore their integrals 
calculable by means of his table, for assigned values of the limits. 


etc., 
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1182. Fruuuani’s THEOREM: Exiiorr’s anp LEUDESDORF’S 
EXTENSIONS, 

Suppose /'(zy) a function of the product wy of the coordinates 
of a point in the plane of w, y lying in the region bounded by 
the y-axis, an ordinate at infinity and the two straight lines 
y=a and y=b parallel to the z-axis. Let a and b be supposed 
of the same sign. Let F(z) and F(z), where z=ay, be finite 
and continuous functions for all points in this region and also 
along the boundaries. 

Suppose also that F(y) takes definite finite values at 
#=0 and at c= from the value y=b to y=a inclusive, and 


ou 


Oo ote 
Fig. 339. 


denote them by F(0) and F(x) respectively. Consider the 
surface integral of F’(wy) over this region. This is expressed by 


\ 5 F(ay) dx dy, or, what is the same thing, \ | F'(ay) dy da. 
0 7b bJ0 
The first form of the integral is 


y= 
.| Few | ee 
| ah de =| F (uz) F(be) a, 
The second form of the integral is 


=|" [rons ay =[F(0)— Fon)“ 


b 
=[ F(x )—F(0)] logy. 
Hence it appears that 
\ Flat) — FO) = [ F(a )— FO) 0g. oes (1) 
0 
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Similarly, if we integrate over the region bounded by 
“=—0, #=0, y=a, y=), 


we obtain in the same manner 


f A IO) ae = [F(0)— F(— 2 J} log -1-.u(2) 


provided F'(ay) takes a definite value F(—«) at x= —o. 
In cases where F'(« )=0 or F(0)=0 the theorem takes the 


simpler forms | Man)— F(a) 4 FO) log” or F(x) logs 


0 


respectively. 


1183. We may examine these results from another point 
of view. 


h 
Let w= [A= FO) a, Then, putting ar=y, Cp 
0 ax x y 
h = 
and w= | APO) ay, and is therefore independent of a. 


0 


h h 
ae a oe f F(ba)—F(0) 5 
0 


0 x 


: : . 
= [AO an [POP ag (1 2O) a, 
ony me ait 
b 


bs & : 

Therefore iF P(ax)—F (ba) da+ } «F (be) dx=F(0) E lat 
0 x hee h 
6 b 


ra 
b 
: =F(0) log-. 
Now, in the second integral, viz. ee: both limits 
6 


become infinite, when h is indefinitely increased, but they are 
separated by an infinite interval E ~f= "4h, Hence it 
cannot be assumed that this integral vanishes, and it must be 
investigated in each case. 

If, however, F'(ba) tends to take a definite finite value F( ) 


when « is increased indefinitely, let its value between the 


se EL h 
limits 5 and be called F(2)+e¢, where ¢ is ultimately an 
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infinitesimal, and let ¢, and e, be the greatest and least values of e 


h 
for values of a between : and = Thus 6 — dz lies between 
b 


(Fo )+,) log : and (F(0)+e,) log g, 


and therefore in the limit becomes F'(: ) log” , and the theorem 
becomes 
| Flee) — FU) n= F(0 )—F(0)] ogg 
But supposing F'(bx) not to take up a definite limiting 
value such as has been described, it may still happen that 


Lis. (=O) a assumes a definite value — K, or it may vanish. 
6 
* F(ax)—F(bx) , a 
ee da=K— F(0) log;- 


In the former case | 
0 


In the latter case | SA gaa F (0) log”. 


° F(ax)— F(bex) = 
; x 
Frullanis Theorem. According to Dr. Williamson it was 
communicated by Frullani to Plana in 1821, and subsequently 
published in Mem. del. Soc. Ital., 1828. 

The more general form 


The formula | F(0) loge is known as 


” F(ax)—F(b a 
| FE dai [F(x )—F(0)] log § 
is due to Prof. E. B. Elliott (Educational Times, 1875).* 
1184. As examples we may take 


I © tan—lax —tan—lbxr 
i x“ 


1 dx=(tan—to —tan—0) log < re T logs ‘ 


“4 page de _ log = (a+! 2) tog © =. 
2. I log or qe™ a {log p — log (p + q)t log 5=log 8 


These two examples are given by Bertrand, but arrived at in a different 
manner. 


* Both references are due to Prof. Williamson, pages xi and 156, Int. Calc. 


340 CHAPTER XXVIII. 


" il [ (See) (etey |e — (1 aa log ¢ i % b, p,q being positive 
0 


ax+¢q ba+q 
quantities. 
4, [ COSGd = C08 Di dz=log ie which has been discussed earlier (Art. 
0 x 
1041). 


1185. It will be observed by reference to the article cited that in 
Ex. 4 the second mode of discussion was adopted. This was necessary, 
for if we attempt to apply Prof. Elliott’s extension the debateable value 
COS 0 appears. 

As to the values of cosc and sino, which we have in all cases 
avoided, the student may refer to a remark of Todhunter, Int. Calc., p. 278, 
and may also consult Memoirs XV., KIX., XXXII. in Vol. VIII. Camb. 
Phil. Trans., there referred to. 


In cases where the evaluation of ‘ Ae, involves any 


0 
doubt as to the definiteness of the value of F(xy), when « becomes 
h 


3 POE) ee 
az 


infinite, or doubt as to the evaluation of the limit Linon | 


another method of investigation must be adopted. %y 
5. Thus, in the case 


» (eee een de 
log ep 
0 


1+2n cos br+n? 
we may write the integral (by Art. 1134) as 


f 2 3 (-1)7 ve (2 Tax — COS = da, (n® <1), 
0 


ra & 
[ ie 25 (-1)7 z(% Tax — COS 44) daitit> Dy, 
0 r a 
= 2log 2 3(— yas i= 1) ore log = 23(- Vee ey (Re 1) 


=log ? log (1+n), (n?<1); or log > tog(1+1), (n?> 1). 


1186. In cases where F(o) and F(0) both vanish, the result is of 
course zero, 


OAL — pw bh aj 
Thus, | e—*sin ax —e*sin hx pkg 
0 a 
0 pax — pbx 
But [ é ss e—*cos bx de =log® b 
0 


1187. Other forms of the general result may be obtained by 
transformation. 
Thus, replacing x by x”, 
° Fax") —F(ba") , 1? F(ax)— F(bz) cal a 
i oe ter eke )- F(0)] log; 


i (ND TN ee log”. 
0 x b 
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Or again, putting y=log x, the formulae 


© F(ay) — F(b 

I Se AED dy (Fe) — FO) log, 
aR —F(b 

iz ee ( D”) dy ={F (0) - F(—©)} logS 


respectively become 
if F(log x*)—F (log 2”) dx 


log @ = = UF (log ©) — F(log 1)} log ¢, 
T Flog a*)—F (log x’) dx 
ae | lop = 2={F(log 1) —F(log 0)} log $ 


and, writing F(log z)=/(2), 
f f(x*) =f (2") de 


=( (©) — f(y} log 5, 


loge ot 
* f(a) —F(2’) de a 
and l yap aA F(1) — FO} log 5 [ELLIorT.] 
Again, if we write a=e*, b=e*, x=e"; x=0 gives y=—-0, = gives 


y=, and if F(e) be replaced by f(z), we have 


cO F a P 8 y 
I PEPE vay =[Fee yma — F(ePe")y=—« J log . 


te. [_[flaty)-B+)ldy=[/lm)-s(- © og § 
=[f@)-f(-«)a= 6). [Bxaz08] 


1188. Elliott’s Extension to Multiple Integrals. 

Professor Elliott has extended the general form of Frullani’s 
Theorem to the case of certain Multiple Integrals in two 
papers in Vol. VIII. of the Proceedings of the London Mathe- 
matical Society, and a supplementary paper on these extensions 
was published by Mr. Leudesdorf in Vol. IX. of the same 
Journal. The singular elegance of the results arrived at will 
commend itself to the attention of the advanced student who 
should consult the original papers. We have no space here 
for more than a brief indication of the method followed. 

Adopting the notation used by Mr. Leudesdorf, let S(p, q) denote any 


symmetric function of p, q which does not become infinite for any positive 
values of p, q from 0 to © inclusive. Denote 

[22 ae vy to, ff Scan ey dxdy wy (a, 0}. 

eal 0 Jo ay 


Let-a=e*, b=e%, c=, d=e'. 
Then Elliott’s form of Frullani’s Theorem may be written 


[a] — [6] =[S(~ )- 8(0)] (a — B) 
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Now, consider the integral [ac]—[bc]—[ad]+[bd], or, as it may be 
written for short, [(a—b)(c—d)]. 
By two applications of the above theorem this becomes 
de dy 


[ff ex, ep) 8060, ey) - (ax, dy) +8 (be, dy) ; 
oh 


=[/ (@-B)E8(@, ev) -8(0, 1% — [° (a f)[S(~, ay) -8(0, ayy) 


=(2-B) | [8(, e”)-8(~, dy) (a8) [” (8(0, oy) -8(0, ay) 12 
=(2-B)(y-8){8(@, ©)-8(, 0)] ~(a~B)(y-8){8(0, ») -8(0, OD}, 


and as § is a symmetric function S(%, 0)=S(0, w). 

Hence, we obtain 

(a— B)(y-8)[S(o, ©)-28 (x, 0)+8(0, 0)], 

which, for short, may be written (a—B)(y —8)S (wo —0)”. 

Hence, the extension to a double integral may be written 

[(a—b) (c—d)]=S(m —0)*(a— B)(y—8). 

In the papers cited, the result is extended to multiple integrals of a 
higher order. The student should have no difficulty in doing this for 
himself. 


1189. On the Transition from Real Constants to Complex Con- 
stants in Results of Differentiation and Integration. 

Let us premise that, in the remarks following, the variable is a real 
one, viz. «, that the path of integration is along a portion of the z-axis, 
that the limits of any integrals occurring are real quantities, and that 
the constants occurring are independent of the limits; also that 
the functions dealt with are finite and continuous, and such as to 
possess differential coefficients. 


1190. Lemma I. 

Let ~, and uz be two real functions of 2 which continually approach to 
and ultimately differ by less than any assignable quantities from definite 
limiting values v, and »v, respectively as x continually approaches a 
definite value a. We may then put Uy=v,+¢, and u=v%,+¢€, where & 
and ¢, are quantities which ultimately vanish when x approaches 
indefinitely closely to a, so that €,+vé also ultimately vanishes, where 
t stands for J —1. 

Then Uy + Ug = Vy + bY, + €y + Le, 
and Lt (uy + ty) = 0, + 0, + Lt (ey + 06:) =v, +1, = Lt uy +e Lt ug. 


1191. Lemma II. 
If, upon putting x+h for x, u, and u, take the values U, and U, respec- 
tively, it follows that u,+vu, takes the value U,+ Uz, and therefore 


Ejay ta (vrttus)_ 7, = bear aS Us 


rd 


d _du,, duz 
4.€. gp ta) ae hie 
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Hence, when a function of « containing a complex constant p +1q, but no 
other unreal quantity, can- be separated into its real and imaginary parts as 


F(z, pt+q)=F, (2, P; Q) +F, (x, P, 
d d d 
then gal (% Pp +'g=F File, p, g) ++ Fa(x, P, 9). 


1192. It has been desirable to consider these results in detail, though 
they might be thought obvious. For in our idea of a limit we have 
had constantly in mind some real quantitative arithmetical or algebraical 
result from which the function under consideration could be made to 
differ by less than any assignable real quantity by making the variable 
approach nearer and nearer to its assigned value ; and it has not hitherto 
been necessary to consider the case where the function involves unreal 
constants. 


1193. It is well known that the separation of a complex function into 
its real and imaginary parts can be effected in all the ordinary cases when 
the function is of algebraic, exponential, logarithmic, circular or hyper- 
bolic or inverse circular or inverse hyperbolic form, such as 

(p+ig)", (p+ig)*t", aP*4, log(p+eg), sin(p+rq), tan“*(p+tq), ete., 
as well as in any combination of such functions. 

Lemma III. If F(z) be any function of z expressible as a power series 
with real coefficients, viz. F(z)= 4,2", with radius of convergency p, then 
F(ptiqg)==4,(ptig)"=S4,r"e", where r=Vp?+P<p, O=tan“g/p 

=X+tY, say, 
where X=DA,r"cosnf, Y=ZA,r"sinnO, and both these series are 
convergent if 2A,” be convergent, and then X+-Y is convergent. 

We then have X—1.Y¥=SA4,r"e" ™?=TA,,(p—1g)"=F (p—19). 

The separation into real and imaginary parts is then effected by addition 
and subtraction of the equations 

X+:Y=F(p++q), X-1Y=F(p-«), 
giving 2X=F(ptqg)+F(p-wg), 2%Y=F(p+-q)—F(p—4q). 


1194. Lemma IV. 
When F(z, p+1g) can be thus separated into real and unreal parts, as 
F(a, p+ig)=Fila, p, N+ Fr (2, P, %), 
F, and F,, besides containing x, may be regarded as conjugate functions 
of p and q, and therefore 
OF, OF, OFi__OFs, 
Op 0g’ Og op’ 
and differentiating with regard to 2, 


B(GE)-e(ae) &(ae)- ~ep(ae) 


ioe and of: are also conjugate functions of p and q; 


1.€. ze aa 
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dF, 


1.€. a, which is equal to ak or =, besides involving z, involves p and 
iC 


dx dx 
q as a function of p+.q, and =(w, p +19), say. 

It might be said that this also is a self-evident fact arising from the 
principle that the process of differentiation with regard to # takes no 
cognisance of the particular values of any constants involved. But as our 
experience of this fact is based upon the behaviour of functions containing 
only real constants, it is desirable at this stage to make this point also 
clear and to establish it explicitly. 


We have then os F(a, p+1q) of the form (x, p+u1q) for all real values 


of 2, p and q, and we have to identify the form of this function ¢. 

Now the form of a function is merely a means of defining the particular 
manner in which the several variables and constants are involved in its 
construction, and is independent of any particular values assignable to 
those variables and constants. 

Suppose then that it has been discovered in the case of a real constant 


p that # F(e, p) takes the form f(z, p), a known form say, for all values 
of # and p; then since, when g=0 we also have 4 Fr, p)= (x, p) for 


all values of « and p, we must have (2, p)=f(z, p); that is, the form 
of the function ¢ is identified as being the same functional form as that 
obtained in the differentiation of F (2, p) for a real value of p. 


1195. It is assumed in what precedes that we are dealing with a function 
F(a, p) which is continuous and finite for the whole of some range of 
values of « within which x lies, whatever real value p may have, and that 
the differentiation of F with regard to a is a possible operation ; and 
that these suppositions will not be affected if we change p to p+uq. 
Further, that F, and F, are continuous and finite functions of w for the 
same range, and that differentiation with regard to 2, p or q is a possible 
operation. Under these circumstances we may infer that if 


FoF Ce; B)=Fles D), 
where p is a real constant, we shall also have a result of the same form 
when p is a complex constant. 

If then it be distinctly understood that the definition of integration 
used is that it is the reversal of the operation of differentiation, i.e. the dis- 
covery of a function F(2, p+.g), which upon differentiation with regard 
to « shall give rise to a stated result f(z, p+tq), it will follow under the 


limitations stated above, that if | J(«, p)dx=F (a, p), where p is a real 


constant, we shall also have | S(*, p+q)dx=F (x, p+ig), where p+iq 


is a complex constant, and the integrals being indefinite a real arbitrary 
constant C may be supposed added in the first case, and a complex 
arbitrary constant O,+1C, in the second. 
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1196. As examples of these facts, let us consider 


(1) the differentiation of «?*+4, where p and q are here, as always, real 
We have 


d d d 
qt = y- (a? eg log 2) — 7 [x {cos (¢ log x) ++ sin (¢ log x)}] 
d d ; 
a [a?{cos (¢ log w)}]+e a [v{sin (q log x)}], by Lemma IT., 
= [ pees cos (¢ log x) +20°( - 2) sin (q log 2) | 


+e [ pax? tsin (qlog x) + 2(2 ) eos (qlog 2) | 
= (p+ eg)? [cos (q log x)-+« sin (q log «)]=(p +g) 2°64 loge 
=(p+eg)artan?, 


as might be expected Hoe the principle of permanence of form stated 
above. 


Hence the rule f hang holds whether n be real or complex. 


p+iq 
Conversely, | g?t4-ldy—> _, 
preg 

and therefore the rule for integration, viz. / gn-l d= =, also holds 


whether the index x be real or complex. 


(2) Consider ro Qi Prager 
This is Ze eP* 108 4 (cos (gx log a) ++ sin (qx log a)] 


=t ep 108 4 cos (ga log a) +t ae 108 4 sin (gx log a) 


=(p+uq) log ae? °F [cos (gx log a) + sin (gx log a)] 
=(p+ig) log a. al? +0), 
which is the ordinary rule for differentiating a" when x is real. 


d 
Hence Sa nloga,a"* whether n be real or complex, and conversely 


ne 
for dx = —“— whether n be real or complex. 
nlog a 


(3) Consider # hogy tun 


ad logx 1 


d 
es dx log.(p+q) a dx 


lo r/o a5 ee 
8 ea log. (p +g)’ 


which is again the ordinary rule for —— Pe Oogse, viz. oe ian 


: d pea 
(4) Consider “ ag 
=X -—vY, and therefore tan 


Let tan =X +.F¥. 
oer 
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2px J 2Qqu 
Sh, aad te PM ai NS 
Then 2X =tan ade 2¥=tanh Prete’ 
2 hi nth 
eed aX _ 24 p+ge+e Sk wl! (eae 


dic de (pg — a+ apie “4 (py + a? — Agha? 
But since 
(p* +g? — xt)? + Ap*a? = (p?+g° + 2")? — 4g?a? = (p* — 9g" + a)? + Apa’, 
we have S tan ae ty a Ga tpt eee = 
(p++q) ((p—+g)* +27] p+ 
 p-g+eTptqP+e] (pte ta 
That is, the ordinary rule for differentiating 


aa ee a ee 
tan-=, viz. as tan Pag? 
holds whether a be real or ees 


o = ptant2 holds whether a be real or 


complex. 
(5) Similarly, we might go on to discuss the other standard cases. The 
student may verify these for himself. 


1197. Essential Difference in the Two Definitions of Integration. 

Now the summation definition of integration loses its meaning when 
the integrand becomes infinite or discontinuous between or at the limits 
of integration. Let x=c be a value of x at which the integrand becomes 
infinite or discontinuous. Then, if the integrand be regarded as the 
differential coefficient of some function of x, say y, there isa discontinuity 
in the value of dy/dx for the value x=c. And to interpret the summation 
definition it has been seen in Chapter 1X. how Cauchy has given a new 


summation definition of i ( )da, viz. the limit of the summation 
6 


[CO dare PhO dae 


where ¢ and 1 are to be diminished indefinitely in a ratio of equality, 
obtaining what Cauchy calls the Principal Value of the Integral. In 
this way the discontinwity itself is avoided. It is approached indefinitely 
closely from opposite sides, but the discontinuous element is omitted. 


Thus a geometrical meaning is given to the symbol [ sy )dx, which, from 
6 


the summation definition, would be otherwise meaningless. But regarding 
the integrand as the differential coefficient of the function y, the dis- 
continuity itself 1s an essential characteristic of that function. Hence the. 
two definitions do not agree if such points as the one under consideration 
occur within the range of integration. But it has been seen earlier that 
in the absence of such cases occurring between the limits of integration, 
there is agreement between the two definitions. 
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In the general theory of Definite Integrals, i.e. of those integrals 
between certain specified limits whose values may be sometimes found, 
as has been seen in the last three chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite integral is an 
unknown function of x, generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential or 
Logarithmic, Circular, Hyperbolic or Inverse Functions. 


1198. If then /(x, c) be the known or unknown function of x, whose 
differential coefficient with regard to 2 is F(x, c), we have 


[ ¥@ oae=[7e, 0) | =F, A, = x(@ By 0) say, 


and the two definitions, viz. that of inverse differentiation and that of 
summation, agree except in the case where F(x, c) assumes an infinite 
value or becomes discontinuous between the limits e=a and x=b, and 
this will hold when ¢ is changed to any other value, say c’, so long as 
such change does not make F(a, c’) become infinite or discontinuous for 
any value of x lying between x=a and x=5, or at either limit. 

It will follow that whichever definition may have been used in obtaining 
a specific result such as 


[ Fe, ote=x(@, 6, 0, 


where c is real, that result will still hold wnder certain conditions when a 
complex p+cg is substituted for c, that is, 


[ F(a, p+tg)dx= x(a, b, p+1q), 


that is, provided that none of the stipulutions with regard to F and y have 
been violated by the transformation. 

This entails that F(z, c) shall be finite and continuous for all values of 
« from x=b to r=a inclusive. 

That F(z, p++gq) shall be separable into real and imaginary parts as 


F,(2, p, )++Fs (x, p, 9)- 

That when this separation has been effected both F(z, p, q) and 
F(x, p, q) shall be finite and continuous functions of x for all values of # 
from z=b to r=a inclusive. 

That x(a, b, p+1g) is likewise separable into real and imaginary parts 
X1(4, 6, p, 9) and X2(a, 6, p, 9). ' ; 

That when any convergent infinite series has been used, or its use in 
any way implied in the establishment of the primary result 


[ Fe, ade=x(a, 2, 0) 


or in the separation of F(x, p++q), x(a, 6, p+«q) into their respective real 
and imaginary parts, the convergency shall remain unaffected by the 
substitution of p+cq for the real constant ¢ for all values of « from r=b 
to =a inclusive ; and further, that when this convergency holds only 
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within definite limits of the values of p and q, the truth of the permanence 
of form of the result can only be inferred between such limits. 

That the path of the original integration for values of x from a point 
x=b toa point z=a along the z-axis shall not have been altered in any 
way by the proposed change from a real constant ¢ to a complex constant 
p+ug. 

With such stipulations, we therefore have 


I {F, (2, p, Q++F, (x, p, gy} dx= x(a, 5, p, 9) ++x2(4, 5, P, 9) 


whence |" File, p, )de= nila, b, 7,03 [Fale P, a) de=xu(a, b, P, 9). 


1199. If F(x, c) and x(a, b, c) be such that if F(a, c) dx= (a, b, c) for 
b 


all real values of c, and that F(z, c) is developable as a series of positive 
integral powers of ¢ uniformly and unconditionally convergent between 


specific values of c, for all values of x from 6 to a, so that . ‘ F(x, c)dx is 
6 


capable of term by term integration, and is also developable in a like con- 
vergent series, and if x(a, 6, c) be also developable in a series of positive 
integral powers of ¢ convergent for a specific range of values of c, the 


coefficients of like powers of c in / ; F(x, c)d« and x(a, b, c) are equal for 
6 


all values of ¢ for which each series is convergent. And provided that 
this convergency remains in both series when we substitute a complex 


value p+uq for c, the equality of [Fe pttg)dx and x(a, b, p+uq) will 
6 


still hold good for such values of p and q as do not disturb that con- 
vergency and do not cause F to assume an infinite or discontinuous value 
for any value of 2 between 6 and a. 

If it be proposed to conduct the transition from ¢ to p+tg by a pre- 


liminary change to p+q, we have te F(x, p+q)dx= x(a, 6, p+q); and if 
6 


expansions of F(x, p+q) and x(a, b, p+q) be possible in series of integral 
powers of g, each uniformly convergent between specific limits of g, the 


coefficients of like powers of q in the expansions of if “F (a, p+q)dx and 
6 


X(a, 6, p+q) will be equal, and therefore, provided the convergency of 
these series be maintained when a change from gq to ¢g is made in them, 
and provided also that such changes have not caused F to assume an infinite 
or discontinuous value for any value of x between 2=b and x=a, we 
may infer that the transition to the complex p+uq is legitimate. 


1200. In the use of the method the precautions necessary before the 
results obtained can be accepted as rigorously established, are somewhat 
irksome, and this has caused mathematicians to look askance at the 
process. In fact it has become usual to regard it as a method of 
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suggestion of new integrals to be verified by other methods rather than 
as a mode of investigation. For instance, De Morgan remarks: “It is a 
matter of some difficulty to say how far this practice may be carried, it 
being most certain that there is an extensive class of cases in which it is 
allowable, and as extensive a class in which either the transformation, or 
neglect of some essential modification incident to the manner of doing it, 
leads to positive error. It is also certain that the line which separates 
the first and second class has not been distinctly drawn.” 

De Morgan, after citing several instances of the success of the method, 


gives as oue of failure, the case of I fa [tant] =4. 


By putting y \—1 in place of «, he obtains [+4 — evaif % p-and 


remarks concerning this that it is “an equation which we cannot coe 
affirm or deny, since the subject of integration in the second side becomes 
infinite between the limits.” 

We may, however, note with regard to this, that it apparently escaped 
De Morgan that having put x= /—ly, the range of values of y over 
which the integration is assumed to be conducted is not a range of real 
values, as was the case in the integration for the range of real values of w 


from 0 too. In fact y ranges from 5 to rast corresponding to the 


real range of x from 0 to o, and all the values through which y passes in 
this range are imaginaries, so that y never passes through the value 1 at 
all, and therefore the subject of integration never becomes infinite as De 


Morgan asserts. Asa matter of fact, if we write i for the upper limit, 


ral Ze 
V=1 


va dy vai 1 )a =n l+y 
I rans eee ity I~ 3| 8 Ty Io 


, and when & is « 


L% 


| 
| 
' 


z 
| 
_ 
a 
| 
—_ 


ra 
4 


1 1 ‘ 
=9 log (- 1)=5 log [cos (2n —1)4+esin (2n—1)7] 


(2n—1) 7 
5 log et 2n—l)m = ——’ 


“a 


where n is an integer. 


T where n is 


ay 
Hence V — he a 


an integer. The value »=0 er the particular value = > which we have 


assigned to the left side, viz. [ie wer 
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But if in the formula [re =* tan cx, ¢ be replaced by wc, we have 
pee if a= h tanh cx. Both the right-hand side and the integrand 


become o at 2=c-! during the march of x from 0 to ©. Therefore, with 
those limits, the change proposed is inadmissible. We defer the con- 
sideration of the use of a complex variable to the next chapter. And it 
is to be understood in all the remarks made in course of this discussion, 
that the march of the variable between its limits is not to be interfered 
with by the substitution of a complex constant for a real one, 2.e. that 
the change of c to p+tq is not supposed to be one which can be brought 
about by a change in the vuriable, as is done in the case cited. 


ILLUSTRATIONS. 
n 
1201. (1) Taking forae==, write n=a+1b. 


Then / tly de=a8t/(a4.b) [Art. 1196 (1)], 


te. i x {cos (b log x) ++ sin (b log x)} da 
=[x* cos (b log x) ++2% sin (6 log x)] (a — 1b) /(a? + b) ; 
whence, writing «=e’, 

6 _ aeacosb§+5sin 60 Olas easin 66 —bcosbé 
fe cos b6d0 =e" ie e™ sin b6d6 =e" a 
which are the well-known results proved elsewhere without the use of 
complex values. 


(2) In the integral J= ie —— re=| bos (e+e) |= 


Then pl cee et | w+qe™ ‘* Prien et 
atc x£+qe'* ~ 24 Qga cosa+g? a42grcosatg ” 


<, put c=ge". 


and 
b+ gee . z 
log = 1 oe gee 2bg cosa+q? +¢(tan— gsina 44,17 sina ‘: 
poe abe ac Vaagene on b+qcosa a+qcosa 
Therefore 


} 2 2 
[ : x+q cosa a ee aed 
a x*+29x cosa+q 2 © a*+ 2aq cos a+q? 


b inadxz b+q cos 
and [=f 2d G cote (7 -18e 9 cone 
a 2+ 2x cosa+q? Met qsina Oa qsina ’ 
results which are obviously true otherwise. 


The process is valid, for all the conditions laid down in Art. 1198 are 
fulfilled. 


[) 
(3) In r= e—* cos ba dx= 


write a=ce, 
(a, c both +"*; a, acute), 


___¢(Be* +. c%e~‘*) 
cos ba dax= B84 267c? cos 2a4 ct 


a 
ae 


‘cO 
e— cL C08 a 4— ce sina 
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Equating real and unreal parts, 
= c(b? +0?) cos a 
bt + 26%c? cos 2a+c? 

e(c?— 6?) sina 
BE + 26%c? cos 2a+ ch 

The change from a@ to ce‘ does not affect the path of integration with 
regard to x from 0 to o; the integrands remain finite and continuous 
throughout the range, and though the upper limit is infinite both 
integrands are zero when w is infinite, and the conditions of the validity 
of the process are all satisfied. Hence it will be fair to assume the 
results correct. They may be readily verified otherwise. 


f, -f e~ $F 08 4 cos bx cos (cx sin a) dv = 


=| e~ © 84 cos bx sin (cx sin a)dx= 


(4) In I=[ ede = XE, write a=ce'*, (a and c +"; a, acute). 
0 


= 
Then e702? (cos 20-4 sin 2a) 7, =< 

° 2c 

= 

. T 
Therefore ; e— Pt? 008 2a oos (¢2y2sin 2a) dx = = cos a, 


if e— Or" 008 2a sin (c2x2sin 2a) d= 3" sin a. 
0 


The new integrands satisfy the conditions under which the transition 
is aoa 
Putting a= yp we have Fresnel’s integrals of Art. 1163, viz. 


[coset ede ie 
J Nr 
[sin eatde= 5. 
(5) In te [_ eden, write a=m(1+a), (a, +"). 
Vr 
—m*(1+-a)'2t 7,,_._ 
Then [ie m* ( oo ar eae 


Both sides are capable of expansion in powers of a, convergent for 
values of a which lie between —1 and +1. And both series remain 
convergent when we replace a by an unreal quantity with modulus <1. 
Hence, writing BV —1 for a, where B <1, we obtain 

[i e-ma-P9#* (cos 248.24 — 1 sin 2B 22) pee aS Te 
whence (B<1); 


im —m*(1- 8)2 cos Im? Batda= =v I reac 
& (B<1). 
(a em (1B) sin 2m? Barda =< eae 


[Szrret, Calc. Int., p. 140.] 
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(6) Taking the integral 
pore Va 
is| e? Oe AER ae 
£. 
we observe that cosh 2q7 and eP* can both be developed in ascending 
powers of q which are both convergent series, and that if we write vq for 
q, the convergence will not be affected. 
Hence, we may safely infer that 
Cha 


fs e—P*® cos 2g dam eB 


and as the integrands in these integrals are not affected by changing the 
sign of x in either case, either integral may be taken from 0 to «, and 
the results are still true, provided in that case the right-hand sides be 
halved. 


—e( (2+ ee 


(7) In I= [re =~ e720, write c=ke'*, 
Then [ere — (+5 Dee em e~ 2akt ee, 
0 


—# (22 a ae 2 
: P (= +a) eapers {ee (+5) sin 2a} dz 
0 


ue re 24k? cos 2a aos (a+ 2ak?sin 2a), 


—p (ai @ 2 
ie ‘ k (z +5) conte {1(22+5) sin 2a) dz 


Nz, —2ak* cos 2a 5 (a+ 2ak*sin 2a). 


2k 
[Cf. Cauchy, Mém. des Sav. Etrangers, i., p- 638.] 
(8) Taking Laplace’s integral [re — 02 cog hede= 3" ve write 


ur ir 

—q? as . 9 

2 1c? and e~ U2 =e" — cog c2x? — 0 sin e222. 
— mb) 


Therefore Ae (cos c2;2 — t stn 22:7) cos 2ba: dV ee G -2) 


a= =ce!; then a?=c’?e 


r 2 
whence fe cos 62x? cos 2bx da feels cos G- a) 
0 2c 4 ¢ 


if 2 
ik sin c2z2sin 2b da=~— sin G ss a) 
0 2c Cc 
results due to Fourier.* 


* Traité de la Chaleur, p. 538; Gregory, D.C., p. 485. 
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PROBLEMS. 


1. Show that "eos" x a tt 
0 che 2 (Contxces, 1892.] 


Show also that \ cos” 8 cos (n — 27) 0 d0="C, aa 


k 
positive integer. [Sr. Joun’s, 1892. ] 


2. Evaluate [ (1-3) a-ldz, where » is positive and k a 
0 


9 nm 
2 ¢ 
3. Prove that — =|. ec oS ® sin (¢ sin 2) sin na dx = 7 
Fs ! 
(Maru. Trrpos., 1872.] 


4, If m be a positive integer, prove that 


zr 
| (2 cos x)"—1a sin (m+ 1l)adz= is 
0 4m 
([CoLLEGEs ¢, 1883.] 


5. If n be positive and less than unity, show that 


COSTE 7 gn-l = nar 
> = : ~ T(n) 2 ‘ Om [CoLLEGES B, 1889.] 


6. Show that 
* cos 2s cos py - Se hes ple fl) ers = 2) 
|, cos? p ie s! é 


where p is any negative quantity or any positive proper fraction. 
[CotiraEs y, 1888. ] 


7. Establish the result 
: d. 1 
| cosh (p log 2) log (1 +z) ==3,( ee ) (p<1), 
0 - 


sinpr Dp, 
[Cornecss 6, 1883.] 


Qn in26 d6 
8. Evaluate | = 


> 1-2sinasin@ +sin26@  [CoxincEs f, 1890.] 
9, Show that the product of the two integrals 

T 
4sin a7 


oO oO 
| e-@2n-1dz and | e-Vgl—2n (Iz is 
0 

(CoLiEcEs a, 1890. ] 


0 


10. lf u={ e@ dx, show that w? aly (elsec*@ — }) dO. 
- [CoLLEGEs a, 1890. ] 


6 
11. Show that [ loge ea d0 == log {4(1 — %)}, 
 [Cotizczs, 1892, ete.] 
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12. Show that 


tant ae ee +3 mat i+.) it pe de 
0 1+acosz +5 
(Maru, Tripos, 1882. ] 
13. Prove that 
| cos nc log (1 + 2m cos cO +m?) dO = — —m" or =m", 
0 
according as n is even or odd (1 >m>0). [R. P.] 
in 0 

14. Find the value of sap nO tant ow 

1—acosd 
where —1<a<l1 and nis an integer. [Oxrorp II. P., 1900.] 


15. If m, n being each less than unity, and sinz=nsin (x+y), 
show that i 


esinydy = lo 
o1-—2mcosy+m? 2m 8 T—=mn’ 

(Sr. Joun’s, 1891.] 
16. Show that 


Ge) 2m 
x 2m +1 
eee ee —2(k+1 nia 
|, ( an any {da = Va ) Faia 9 7, 


where m, n and k are all positive integers and m<n, and Q is the 
2m+1—2n 
coefficient of c* in the expansion of (l-c) 2 in ascending 


powers of ¢. [CoLLEGEs a, 1887. ] 


17. Prove that 
a da; ni cea 
\ (1+2%)(I—2acose+a%) 21a) enq (0<@<\)). 
[CoLLEGES y, 1888.] 


18. Prove that |" Lone ad= ee where a>]. 
— cos 0 (a2 —1)# 


[Sr. Joun’s, 1881.] 
19. Prove that ‘ 


I; é+cos 0 oe 7 w Qe?_] 
o (1 +2ecos def “2-8 9 era) 


according as e<1 or e>]., [R. P.] 
x” da 7 sinna 
20. Show that 1S ee i 
i 1+2ecosa+a? sinnz sina’ Where m is not 


an integer and r>a>0. [Sr. Joun’s, 1891.] 
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SF ae : 
21. Show that | er 7 cosec ii if n>1, and thence show that 
P sits 0 +2 n n 
if n be positive, 


bo n 
\, log x log (a ) dx = ra cosec = (log a— = cot = - 1). 
(Matu. Trreos, 1883.] 
22. Expand the definite integral 
ee - g)P-1 
0 (1 — Ux)Y 
in the form of a series of ascending powers of u; and thence or 
otherwise find the relations which must subsist between a, 8, y and 
the indices a’, ’, y’ of a like integral, in order that the two integrals 
may be to each other in a ratio independent of w. 
[SmrrH’s Prize, 1875.] 


23. Prove that 


fe sin? a dx ont a<l)| 
9 (1 — 2acosz +a”)(1— 2bcosa+b?)  2(1 —ab) bali 
[ConLeGcEs y, 1893. ] 


24, Point out the fallacy in the following train of reasoning, 
By putting ax=y, we have 


Ee) ee © ar _ p—bx 00: O o-y 
| ~ar-| oe dy: mt a= “ay -| ody =0. 
o ¥ ag oY 


P x 
Show that the value of the latter integral is log s 


[Trinity ConLecE, 1882. ] 


25. Deduce from the expansion of log (1 +) that if x > 1 


gq? ot gS oS 1 . 
He Bt 9p |, [log ( + 2ec0s0+2%)pas 
Deduce Euler’s series 
took 7) 2 


7 
mir a 


26. Show that if J, -| sin 70 cot 2 a8, then J,=J,-1. 
0 a 


Hence show that J,=7. 
h 


27. By differentiating u={" si dx with regard to a, show that 
0 


du_(*¢'(@) a _ oh), 
a= | op de - #0) loge f 


356 CHAPTER XXVIII. 


Hence deduce 


[ee ae = (a0) [° #O) ae— $0) a log a— bog 5-043] 
0 2 ee 


Ha ote oe) 


h 
on the supposition that ¢ is such that Lt,—., j sa dz vanishes. 


cos aa — con be n= 2 (b- a). 


[BERTRAND, Calc. Int., p. 225.] 
28. Prove that if m, are positive integers whose H.C.F. is iz 


Apply this to show that i 
0 


and m=rp, n=rv, and p, g numerically less than unity, then will 
"4 da Cg 1+p"qe 
fa — 2p cos ma +p) (1 — 2g cosna +g?) (1—p*)(1— —%) l- pg 


™ cos rx Vie es 
29. Show that F efor a) rs he <a 
[CoLLEGEs 5, 1884.] 


7 
30. Evaluate | sin’z log tan z dz. 
0 


31. Prove that if n be a positive integer, 


(i) f cos 2n6 log (sin 0) d@= — (ii) fi Cos na (cos x)"da = 


4n’ sei 


32. Prove that, n being a positive integer, 


. 4 f) ° Tv 
(i) I. cos 2n@ log sin 0d0= — rae 
7 
(ii) | cos 2nO {log (2 sin 8)}2d0=1/2n; 
0 


z ~ 
(iii) |, {log (2 sin 6) }4d0 = 75/288 + Sy 7A n2/n2, 
T 


peak il hd all 1 
here 4,—14=4 244 eee 
WRETS Bn = 1 2p agatha cer rare [Sr. Joun’s, 1891.] 


33. Evaluate recta a<l), 
(1 —acosz)? ( ) [ContEcEs, 1890.] 


34. Prove that if n be a positive integer and 7/2>a>0, then 


” da sin*"—ly w 1.3.5...(2n—8) eae 
on (1 -sin?a sin?z)"~ 9x (n-1)! pit Se 


(St. Joun’s, 1887.] 


| 
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t 
35. Show that 2| sec # log (1 + sin a cos x) dx = ma — a2, 
) 


Hence deduce \ log {2/(L+2*)} ie 
0 1-2 (Trinity, 1884. ] 


36. Prove that ifa<1, 


log = 27 sin“ 


7. l+zcos@ dé 
F 1 —2cos 6 cos 6 “ [ContEGEs a, 1891.] 


37. If u+v=4, wu—v=2sin 0, show that 


a w dO x? 
\, lng Ga —Tlog (2 008° 5). 


38. If m and n are positive integers, prove that 


\, cos (2m + 1)a— cos (22 + 12 
0 


—-™M)T. 
asin 2 als ye 


{Oxrorp II., 1890.] 
39. Prove that 


= 


“ {tana tan x) — tan-1(b tan z)} (tan # + cot x)da =" og ? 
ailir. a and 3 are both positive. [Oxrorp II., 1886.] 


e —be Nees 
40, Show that \, enn sale PONE 7 0 Gf 2-5-0, and 
: 


a and b be positive. [Cuarg, Carus AND K1no’s, 1885.] 


la+my+nz 
41. Prove that le a dxdydz extended over the volume of 


the ellipsoid 22/a?+4?/b? + 2/c?=1 is equal to 4rabc/e, « being equal 
to /@E + bm? + en? and I, m, n being direction cosines. 
[CoLLecszs, 1886.] 


42. Show that 
|, {Ao + (a- 1) lan = b-a- a log“ 
0 


where a and b are positive quantities. (Trinity, 1892.] 


{6 —tan-1(n tan 6)} sin 20 dd ot l+n 
43. Prove that f Timed ie es log oe 5 if m 


be less than unity. 
Determine also the value of the same integral when n is greater 


than unity. [Sr. Joun’s, 1891.] 


358 CHAPTER XXVIII. 


44. Prove that, for any value of n, provided « be between 0 and z, 


es dz Woe 
o (L+2")(1 + 2x cos a +2?) 2 sin a. 
ra} in (1 +.2)dx Dh 
(1 +2")(1 — 22? cos 2a+a4) 4sina 


[St. JoHn’s Cot., 1881.] 


45. Prove that if ¢ be positive and less than unity, 
= 
fi sin angle Tee OO"? Cost ex sin’¢(1 —e¢cos ¢)}dzdp= ame 7 — aye ar 


[Marn. ee 1886. ] 
46. Prove that 


det 2 


pm (Vy 28 2 (x? + 2 + 22) 7 
dz dy dz = —__________. 
rp be (a? + y? + 22 + 4c2)4 eo lege 12000c?/1 + m2 


(Sr. Joun’s, 1885.] 
47. Show that 


w (2r 
| | f(m cos 0 +n sin Osin ¢ +p sin A cos f) sin Odb dd 
o Jo 


+1 Smee = 
= 25 | Sf {a/m? +n? + p?} de. 
-1 


[Potsson. ] 
48. Prove a if n be a positive integer, 


F sin2n42, {sin2*+2y — sin?n +a} 
sin?y — sin? 


dy dz =— 
a JouHN’s, 1888. ] 
49, Prove that 


us Tr 

ol i : eee 

| (1 — sin? sin? 0)2sin"+1 » d@ dw 
oJo 


is a symmetric function of m and n. [Matu. Trip., 1895.] 
50. Prove that 


{" (s en (etary? cos 2a+-y4) dz dy = one = 


oV1-sin2asin20 


[Ox. II. Pus., 1902.] 
51. Prove that 


IE oo BCT) a (- Tee 


—o 


52. If w= (ab! —a’b)a® + (ac’ — a'c) ay + (bc’ — b'c)y*, prove that 


00 i) Tr 
Hy dedy=—=, 
mi u da dy JE 
where E = 4(ab’ — a’b) (be' — b'c) - (ca’ — c'a)®, provided 
4 (0? — ac) (b'? — a’c’) > (2bb' — ac’ — a'c)?. [Sr. Jony’s, 1886.] 
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53. Show that 


00 oO 
\ | : e—aw—2ery—by* dx dy = 


Gat cos-! 
0 2Jab — 2 Jab 


ifa>0 and ab—>0. [I. C. S., 1897.] 
54. Show that 
fifo cosh 2ery e-@**-by* dx dy = En 
oJo 4(ab —c*) 
if a, b, c are positive quantities and ab—c? > 0. [I. C..8., 1897.] 


55. Show that 


TT = 


by 
ae F(1—sin @ cos ¢) sin 0d0dp=}37 he F(w) du. 
0 


[St. Jonn’s, 1891.] 
56. Prove that 


\, \, p (atx? + 1? y?) dx dy= al, (x) dx. 


du dy taken throughout the ellipse 


ye 


57. Calculate the value of \j 


a2 


att a 


where 7, and 1, are the distances of the point 2, y from the foci. 
[CotnecEs a, 1889. ] 


58. If V=sinp,Osin p,9 sin p,9... sin pon419, Where Py, Po ++-P2n+1 
are any positive integers whose sum is odd, prove that 


f Vdo_ fi Vdd 
4 F Jos 60° [Sr. Joun’s, 1892.] 


59. Show, by means of Landen’s Transformation 


tan (0 - ¢) = 4 tan 6, 


T L \r i 
on | } do | dp 


0 (a? cos?6 + b? sin20)* 0 (a,2 cos? + b,? sin? ) ; 
where a, and ), are respectively the arithmetic and the geometric 


means between a and 6. 
Point out the value of this result in the calculation of the 


numerical v>lue of the definite integral. [Maru. Tripos, 1889.] 
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60. If p be the length of the perpendicular from the centre of the 


a ff 28 
ellipsoid peck oh = 1, on an element dS of the surface, prove that 
a 8 


OSs tas ads eae ra} |. a2 My Boe : 
lis shes {ace +7 TUS Jo Nate aye A) (aD) 
[CottuceEs +, 1901.] 


” gin 76 sin nO T 
61. Show that ie Onn Oe 


provided n is an integer and r any quantity >n-1. 
(Mata. Trie., 1873.] 


4 
62. Prove that | loge dxz=0. 
[CLarg, Carus, K1na’s, 1886.] 
63. Prove that 2" 10g (1 + sin 26) dd +r log 2=0. 
nae! 


Hence, or otherwise, find the value of 


types eee 
yA RE aS ee aR ae [Ox. I. P., 1900.] 


64. If u, w’ are essentially positive quadratic functions of x; A, A’ 
their discriminants and H the invariant intermediate to A and A’, 


prove that ii au dx = H+ 2,/AQ’ 
0 = og ——_,——. 
[Nanson, #.7',, 13406.] 
65. If Sana" = (2) and dona” =¥(2), 
2=0 n=0 

show that 

Spada = 5 ("6 (aa) +o (20-*)} {Y(e8) + ¥(6-M)} dB ayhy 

n=O ™J0 


Tf also >) nt” = x(a), show how to express >) anbntnt® by means 
n=0 n=0 


of a double integral. . [SMAASEN. ] 


66. Prove that 


pt Pa — BB 
1+ tral atai ares 


otras 


= =| #08 aggh (vz cos 5) cos (14 sin 8) cos (vz sin >) dé—1. 
0 


[W. H. L. Russext.} 
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67. Show that 


wv 


* 9 sinh — 
. f ear cos?” a dz = . aa Gee . teat 
-5 (a? + 2?) (a? + 4?) ... {a? + (2n)?} a 


Hence prove that 

2 

charley Saeed iat eat Ls naar 
term a2) a4 ee cs 


=5 5 cosech <= 3. owe cosh (V/z cos 6) dé. 


we 


[W. H. L. Russe... ] 


68. Show that [- 


—@ 


see Fin 
e 4 (e*—cosz)dz=4 7 sinh -- 


[W. H. L. Rosse. ] 
69. Establish the results 


(i) |, 7@+ +1\loge © =, 
Gi) [” p(x +3) tante Bat” f(o4 2)%. 


[LIoUVILLE. ] 


70, Establish the results 
Lee ie 1 dt Cadel f= 1\ dz 
) i, i+w eal, Ha+5)o° 


Gi | Ae oe 
(1 +2?)(1 +2”) 4 

i F(sin 26) , ah —. \ 10 
(iii) f T+ tan"d dé =5 |, Fein 6) ae. 


[GuaisHER, Messenger of Math., No. 70.] 


71. If J,,(z) be Bessel’s function, show that 


.(2n+1>0>m> - 1). 
[MatnH. Trrp., 1898.] 


EF Jn(2) 7, a” “e ed 


enn FePT0+9) (a-BH1) 
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VECTORS. THE COMPLEX VARIABLE. 
CONFORMAL REPRESENTATION, 


1202. The Operative Symbol :. 


Let : be defined as an operative symbol which, when applied 
to any straight line of given length, and lying in a given plane, 
has the effect of turning that line in the given plane about one 
of its extremities through a right angle in the positive direction 
of rotation, 7.e. according to the customary convention, counter- 
clockwise. 

Then, if OP be any length measured along the positive 
direction of the z-axis, OP will be an equal line OP, measured 
along the positive direction of the y-axis. 


Fig. 340. 


Now «(:OP), or, as we may write it in analogy with algebraic 
custom, OP, may be interpreted as the result of doing to OP 
what « has done to OP; i.e. OP, has been itself turned counter- 
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clockwise to a position OP, lying along the negative direction 
of the a-axis, the absolute lengths of OP, and OP, being each 
equal to OP. 

Again, ¢{«(:OP)}, i.e. (OP, or 8OP has turned OP, to the 
position OP, lying along the negative direction of the y-axis, 
the absolute lengths of OP, and OP being equal. 

Finally, «{c{«(cOP)}], ae. OP, or “OP, has turned OP, to the 
original position OP. 


1203. Interpretation of /—1. 

Let us next consider for a moment the symbol /—1, or, as 
it is usually called, “the square root of —1,” an expression 
with which the student has grown familiar in algebra, in the 
solution of quadratic equations, factorisation, ete. 

Now all arithmetical quantities are either positive, zero or 
negative. There are no others. Their squares are all either 
positive or zero. There is no arithmetical quantity whose 
square is negative. But the definition of /—1 is that 

J/—1/—1=-1, 
or conforming to the usual notation and language (/—1)?=—1, 
and “the square of /—1” is—1. The logical inference is that 
J—1 is not quantitative. 

But it is customary nevertheless to discuss and use such 
expressions in algebra as they arise there, and as they obey 
the same fundumental laws of algebra as are obeyed by 
ordinary arithmetical and algebraical quantities, viz. (1) the 
associative or distributive law, (2) the commutative law, (3) the 
index law, so long as they are combined with quantities which 
have magnitude only and no directive property. 

Now, according to the usual Cartesian convention of sign to 
denote the relative direction of lines, if OP be regarded as a 
line drawn in the direction of the positive direction of the w-axis 
and OP, an equal line in the opposite direction, OP,=—OP. 

Thus 20P=—OP=(/—1)0P. 

We may therefore properly interpret /—1 as being identical 
with the operator :, and therefore regard J—1, which is not 


quantitative at all, as being operative and having the property 
that it turns any line to which it may be applied through a 


364. CHAPTER XXIX. 


right angle counter-clockwise about one of its extremities. 
It is not therefore commutative as regards such expressions as 
have direction as well as magnitude, 7.e. such expressions as 
are known as “ vectors,” in distinction from those which have 
magnitude only, to which the term “scalar” is applied. 


1204. Definition of the Term “ Vector.” 
The terms “scalar” and “vector” are due to Sir William 
Rowan Hamilton. 

The definition of a “vector” given by Kelland and Tait 
(Quaternions, p. 6) is, “A vector is the representative of 
transference through a given distance in a given direction.” 

In the consideration of such operative symbols and vectors 
we retain, as is usual, the ordinary terms addition, subtraction, 
multiplication, division, though the interpretation of the 
results will differ in some respects from the results of the 
corresponding common processes as applied to scalar quantities. 

If a rigid lamina be displaced without rotation from one 
position to another position in its own plane, points A, B, C,... 
of the lamina are transferred to new positions A’, B’, C’,..., 
such that AA’, BB’, CC’, etc., are all equal and parallel. A 
knowledge of the length and direction of any one of them 
would be enough to fix the second position of the lamina 
relatively to its original position. They are all vector quan- 
tities and equivalent. That is, they are represented by the 
same vector. A vector is completely defined when its magni- 
tude and its direction are known. No account is taken of its 
position. In this respect a vector differs from a force which 
needs further description, viz. a specification of the point of 
application. 

Hence a force is fully defined by (1) its point of application, 

7 (2) its representative vector. 

In the case of the axis of a couple the only elements neces- 
sary for its description are (1) its magnitude, (2) its direction. 
Hence the axis of a couple is a pure vector and needs no 
further description, the vector being specified. 

A vector is therefore represented graphically by drawing 


any straight line in the specific direction of the vector and of 


the specific length indicated in the description of the vector. 
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And all parallel lines of the same length, from whatever points they 
may be drawn, will equally represent the same vector. 

Thus, the force acting at a definite point, a velocity, an 
acceleration, the axis of a couple are familiar examples of 
vector quantities, whilst speeds, moments, energy, horse- 
power, are scalar quantities. 


1205. Laws of Combination of the Operator «. 

The operator « obeys the “associative” or distributive law 
of algebra. For if we apply it to the sum of two lines 0A, AB 
(Fig. 341) which lie in the same direction, say along the x-axis, 
it is immaterial whether we first add the lines together and 
then rotate the sum through a counter-clockwise right angle, 


, 


B 
iN 
oO A B x 


Fig. 341. 


or whether we first rotate OA through a counter-clockwise 
right angle to 0A’ and do the same with AB, bringing it to 
the position AB,, and then transfer the result AB, parallel to 
itself to the new position A’B’. Thus 
((0A+AB)=.0B=O0B'=0A'+ A'B’=0A'+AB,=.0A + AB. 

1206. The same is obviously true if the operator « be 
applied to the difference of two lines or to the algebraic sum 
of any number of lines in the same direction. 


1207. Again, if a line be doubled or trebled or halved, etc., 
and then turned through a right angle counter-clockwise, the 
effect is the same as if we turn through a right angle first 
and then double, treble or halve, etc., i.e. «(pOA)=p2(OA), p 
being numerical, so that « obeys the commutative rule as regards 
numerical, that is scalar, quantities. But it is not commutative 
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with regard to the subject of its operation, 7.e. we cannot write 
‘AB as AB: any more than we can write log x as « log. 
Finally, ¢ satisfies the index law of algebra. For to turn a 
line times in succession through a right angle in a counter- 
clockwise direction brings it into the same position as it would 
have had if turned in the same direction through n right 
angles at a single operation, 
1.€. “OA= 1.1.4... to n operations. OA. 
Thus ¢ satisfies all the fundamental laws of algebraic com- 
bination, except that it is not commutative with regard to any 
vector quantities upon which it is operative. 


1208. The symbol AB, as denoting a line starting from A 
and terminating at B, drawn in a definite direction, may be 
considered as a transference 
B of a point from a position A 
to a position B, and may be 
regarded as a vector, or in fact 
itself as an operative symbol 
which, when applied to a unit 
line, viz. AB(1), extends that 
unit in the specified direction 
Fig. 342. in a numerical ratio of the 
absolute length of AB to unity. 
When « is applied to AB, there is further the rotation 
through a clock-wise right angle to the position AB’. 
If AB be itself unity, then AB’=:.(1)=., say, and 1 may 
itself be regarded as a vector. 


1 


1209. Vector Addition. 

The general idea of a vector being that it is an operator 
which has the effect of transferring a point through a given 
distance in a given direction, we understand that “vector 
_ PQ” means that the point P is to be transferred from P to 
Q through a distance represented by the length of PQ in the 
direction specified by the direction in which the line PQ is 
drawn from P. This being so, it follows that 

vector PQ+ vector QP=0, 
for there is no change in the position of P when the whole 
operation has been completed. 
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But vector PQ-+ vector QR=vector PR, where the second 
transference (Q to R) is not made necessarily in the same 
direction as the first (viz. P to Q). And we must understand 
by the sign of equality in such a relation as this, that it 
stands for the words “are together equivalent to.” 

R 


P Fig. 343. 


Vectors are therefore added by drawing a line from the 
initial position of the point to which the vectors are applied 
to its final position when it has been subjected successively 
to the transference indicated by each vector. The length and 
direction of this line or of any equal and parallel line fully 
represent the resultant vector. 

It is clearly obvious that the order of the several trans- 
ferences of the point is immaterial. 


1210. Vector Subtraction. 
If OP and OQ represent two vectors, complete the parallelo- 
gram OPRQ and joinOR. (See Fig. 344.) R 
Then vector OP-+vector CQ 
=vector OP+ vector PR 
=vector OR. 
It follows that 
vector OP=vector OR—veetor OQ 
=vector OR—vector PR 
=vector OR+ vector RP. O 
And the result of subtraction may 
therefore be obtained in the same way as that of addition, but 
drawing the subtractive vectors in the opposite direction to 
that in which they are drawn for addition. 


Fig. 344. 
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Thus, if there be several vectors, OP, OQ, etc., 
vector OP+vector OQ—vector OR—vector OS+vector OT 
=vector OP-+ vector PQ + vector Q’R’+ vector R’S’ 
+vector S’Z’=vector OT", 
where PQ’, QR’, B'S’, S’T’ are drawn respectively equal and 
parallel to OQ, RO, SO, OT, and in the same sense. (Fig. 345.) 


Fig. 345. 


1211. Let us express the vector OP in terms of the Cartesian 
coordinates x, y of P referred to a pair of rectangular co- 
ordinate axes through 0. 

Let OA be unit length on the z-axis. Then if x units of 
length be laid off on the a-axis (OM), we may regard @ as an 
operator (this time a mere numerical multiplier) which transfers 
a point from O (0, 0) to M (z, 0). 

Similarly y regarded as an operator would transfer O to a 
point on the z-axis y units of length (=ON’) distant from O, 

and .y would be the vector which 
y * would transfer a point from O an 
equal distance along the y-axis to 
N, where ON=ON’. 

Thus, if z represent the complete 
operation x+y (Fig. 346), 
z=x+1y=vector OM+ vector ON 
O MUN’ TER om: =vectorOM-+ vector MP 

Fig. 346, =vector OP, 
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where P is the corner opposite to O of the rectangle, with OM, 
ON as adjacent sides, the coordinates of P being the numerical 
values of # and y. 


1212. If the linear magnitude of OP be r units of length and 
6 the angular displacement of OP from Ox, we have 

e+.y=r(cos@+ sin), or, as we may write it, re. 

This expression therefore, viz. re’, is a vectorial operative 
symbol which has the effect of increasing the unit length OA 
in the ratio r:1 and then rotating it counter-clockwise through 
an angle @ radians, 


Thus r(cos 6+: sin 6) in itself has no quantitative meaning. 
It is an operator. 


1213. The Analytical View of Vector Addition is as follows: 
If, in Fig. 344, 
2=2,+1y,=Vvector OP and z,=2,+1y,=Vvector OQ, 
then 2,+2,=2,+2,+1(y,+y,)=2,, say, and a4, y,+Y, 
are the Cartesian coordinates of the fourth angular point R of 
the parallelogram drawn with OP, OQ with adjacent sides. 
Thus 2,=2,+2,=vector OR, 
and the rule can be extended to any number of vectors 
Man Bgs  Sgycves Say Where 2,—27,-+ ip. 
If Z be the resultant vector of the addition, 
L242, +234 +--+ Z,=De+iry, 
where Ya=a2,+a,4+...4+0,, Ly=yytyot--+Yn- 


aP. 
Zo 3 
e ‘ 
¢ ‘ 
ao ‘ 
Pa 
a ‘ 
ae \ 
- ‘ 
a ‘ 
‘ 
>p’ 
- 2 


oO | 
Fig. 347. 


Clearly the direction of the vector Z passes through C, the 


_ centre of mean position _ , =, of the several points P,, P,, 
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P;, ..., whose coordinates are (2,, ¥;), (@q Yo), (sg, Ys), ete., and 
its length is n times the distance of the centre of mean position 
from O, where n is the number of vectors added. 
Exactly in the same way 
2 —%_,=@— Wo + (Y;—Yo)s 
2 —2y— 2st y= (Hy —Wy— 2+ H,) + (Yj —Yo— Yg+Y,), ete. 


1214, In writing 2=a+:y, where z and y are the coordinates 
of a point P, we regard z as a vector which transfers a point 
from the origin O to P along the line OP. 


84 


O EF 
Fig. 348. 

We may equally regard z as representing a label of the 
point P on the 2-y plane, and it is then referred to asa complex 
variable. And in this sense every point in the plane may be 
represented by a complex variable, and conversely to every 
complex variable there is a corresponding point on the xu-y 
plane. 

When the point P moves in the plane, tracing a continuous 
path upon the plane, the relation between « and y is con- 
tinuous, and the variation in the complex variable z is 
continuous. 


1215. Modulus, Amplitude. 

The letters r, 6 represent the ordinary polar coordinates of 
the point P(a, y), and r=/2?+y?, 6=tan (y/z). 

Ja®+y? is called the modulus of the complex z, and written 
|| or mod. z. 

tan (y/«) is called the amplitude or argument of z, and 
written amp. z or arg. 2. 

The positive sign is always regarded as affixed to the 
modulus /2?+-¥?, which is therefore a single-valued function 
of the real variables # and y, whilst tan-1(y/x) is a many-valued 
function. 
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The expression cos 0+. sin 9 does not change its value when 
any even multiple of z, say 27, is added to 0, A being an 
integer, so we may regard the amplitude as 2\7+06 or 
2A7-+tan-!(y/x), where in this latter form we are to be under- 
stood to mean by tan-!(y/x) the smallest positive value of the 
angle whose tangent is y/x, usually called the “ principal value.” 


1216, Argand Diagram. 

When any relation is assigned between y and a, the Cartesian 
graph of this relation is called the Argand diagram of the 
variation of z, and is the path of the extremity of the vector 
OP, whose changes are defined by the given relation. 


1217. Vector Multiplication. Demoivre’s Theorem. 

We use the term multiplication for want of a better term 
and by analogy with algebraic multiplication. But what we 
are about to discuss is the effect of the operation of one vector 
operator upon another vector operator. 

Let the operators be re and r,e, the original subject of the 
first operation being a line of unit length lying along the a-axis. 

The first operation r,e%.1 
increases OA (a unit line on - 
the #-axis) in the ratio r,:1, and 
turns the resulting line through 1 
an angle 6, into a direction 
indicated in the figure by OP,. b, 

The second operation 1,‘ 
acting upon OP, does to OP, 
what 7, does to unity; viz. Fig. 349. 
it increases OP, in the ratio of 
r,:1 and rotates the increased OP,, which has thus become 
r,.OP,, through a further angle ,, to a position OP,. 

Thus re! [r,e%(1)]=OP,. ° 

The absolute length of OP, is rr. The total angle 2OP, is 
6,+6,. But the operator which would increase OA (=1) toa 
length r,r, and turn it through an angle 0,+0, 18 

é Tater tor), 

So that r,e[r,e%(1)] is identical with r,r,e'@+(1), which 

is analogous to the ordinary rule of multiplication in algebra. 
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Further, it is obvious that the order of the two operations 
upon unity is immaterial, so that the operations are commuta- 
tive with regard to each other. It will be observed that in 
the multiplication of two vectors the modulus of the product 
is the product of their moduli, and that the amplitude of their 
product is the sum of the amplitudes of the original vectors. 

Again we may write the result as 

r,(cos 0,1 sin 8,)r, (cos 8,-+-. sin 6,)(1) 
=r,7, [cos (9,+0,) +¢ sin (8,+4,)](1), 
which accords with what we get by the ordinary process of 
multiplication of r,(cos 6,1 sin 8,) by 7,(cos 6,++: sin 0,). 

If r, and r, be both taken unity, we obtain 

(cos @, +1 8in 0,)(cos 0, ++ sin 6,)=cos(9,+ 6,)-+. sin (8,+6,), 
which means that to rotate a line of unit length through an 
angle 6, and then to rotate the result through a further angle 
0, is identical with rotating the original line through a single 
angle @,+-0,, and this can obviously be generalised for any 
number of angles. Thus 
(cos6,+18in6,)(cos6,+1 sin 8,)(cos,-++ 1 sinO,)...(cos0,+4 sin6,,) 

=cos (9,-++6.+...+6,)+csin (9,+6,+...+6,); 
and if we make the angles 6,, 05, 03, ..., 6, each =6, we get 
Demoivre’s Theorem for a positive integral index, viz. 
(cos +c sin 0)"=cos nO-+1 sin n8, 
and the geometrical meaning of that theorem is thus shown. 


1218. We may proceed to consider Demoivre’s Theorem for 
fractional and negative indices from the same point of view. 
When 1 is not a positive integer but =p/q, say, where p and 


q are both positive integers, (cosPo. sing @) is an operator 
which rotates a line of length unity through q successive 
angles, each 26) counter-clockwise, and therefore through 


an angle p3 counter-clockwise, which is therefore the same as 
if we rotated a line of unit length through p successive angles, 
each equal @ ; and therefore the operators 


(cos? o-+csin? 9)" and (cos 6+: sin 6? 
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are identical in their turning effect. We may therefore, 
consistently with the algebraic notation for indices, write 


p 
cost O+« sin 79 =(cos §+:sin 6), 


Pp 
it being supposed that (cos 6+: sin 6)? represents an operator 
which, when repeated q times, gives the operator 
(cos 0+: sin 0). 

Again, since cosines and sines are not altered if an integral 
multiple of 27 be added to their angle, and since to rotate a 
line through 27 is merely to bring it back into its original 
position, it will be seen that cos(0+2A7)+ sin (0+2A7) is an 
operator which has the same effect as cos 8+ sin 0. 


Hence the operator cos 5 (0+ 2dx) +: sin’ (0+2\7), having 


D 
the same effect as [cos (0+ 2A7)+ sin (0+ 2A7)]f, is the same 


P 
as (cos 0+: sin 6). 
Also, the various angles Fe +2d7) for different values of 2, 


viz. 0, 1, 2, ..., g—1, are such that no two differ by an integral 
multiple of 27, and therefore that no two have the same sine 
and the same cosine. There are therefore g operators, viz. 


cos 9+ esin £8, 


cos (0+2n)-+4 sin f (0-427), 


cos! {0-+2(g—1)™} +4 sin Po+2(q— )r}, 


any of which, after q of its own operations, will have the same 
effect as (cos 9+. sin 6), and there are no more. For if A=q, 


cos 5 (0+ 2q7)+e sin Got 2gn)=cos £O-+4 sin rie 


which is the first of the above operators over again, and so on. 

A=9+1, A=q+2, ete., give the second, third, ete., operators 
over again, so that other values of \ merely repeat one or 
other of the operators already obtained. 
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It is customary in the proof of Demoivre’s Theorem to state 


this result in the form that (cos 0+ sin 9)2 has q values and 
no more, these values being the above-mentioned expressions. 

To complete the ordinary results of Demoivre’s Theorem we 
still have to show that the operator (cos 8+. sin 0)” is the same 
as cos.0+.sin 10, where n is negative. Let n=—™m. 

Then (cos 0+ :sin6)-™ is an operative symbol of inverse 
nature. Call its effect, when applied to unity, X. 

Then 1=(cos 0+ sin 6)"X, which, by what has preceded, is 
the same as (cosm6+ sin m@)X, where m is positive and 
either integral or fractional. 

Now, to turn a line through a counter-clockwise angle m0, 
and then to turn the result clockwise through the same angle, 
restores it to its original position, so that 

[cos (— m9) +. sin (—™m 6)][cos mO+. sin m0] X=X. 

Hence 

[cos (—m6) +c sin (—m6)](1) =X =(cos 0+: sin 6)-™(1), 
ve, (cos 6+ sin 8)"(1)=[cos (—m) 0-4, sin (— m) 6] (1) 
= (cos n8+.sin 28)(1). 
Hence it follows that the operators 
(cos@+ sin 0)" and cosnO+ sin nO 

are identical when vis a negative integer or a negative fraction, 
as well as when it is a positive integer or a positive fraction, 
and therefore their identity has been established for any 
commensurable value of n. 


1219. Vector Division. 

Let 2,=7,(cos 6,+ sin 0), z,=7,(cos 0,41 sin 0). 

Then we have to consider the effect of the operator z,/Z,. 
Let z,=2,23, and let 2,=,',(cos 0,+1 sin 8,). 

Then 2 = 721"; {cos (9,+4,) +c sin (8,4-6,)}, 


and 2, =7,(cos 6,+ sin 0,); 
whence 7,=1,7;, 0,=0,+6,, and 13=7,/T,, 0,=0,—9,. 
Hence Zs =o {cos (0,—9,)+1sin (0,—6,)}, 
2 


we. the “quotient” is a single vector whose modulus is the 
quotient of the moduli of the original vectors, and the amplitude 
of the quotient is the difference of their amplitudes. 
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1220. Geometrical Meaning. 

Geometrically we may represent the result thus: 

Suppose OP,, OP, to be the original vectors z, and z,._ Con- 
P 


1 


Fig. 350. 


struct a triangle OAR similar to OP,P,, with OA=1 lying 
along the x-axis. 

Then 04-08 in magnitude and AOR=P,OP,=6,—6,. 

Hence the vector OR has for modulus r,/r, and for amplitude 
0,—9,, ae. the vector OR represents the “quotient” of the 
vectors OP,, OP,. 

Hence, summing up, it appears that addition, subtraction, 
multiplication, or division of vectors always leads to a single 


vector as the result of the operation. 


1221. Laws of Combination of Vectors. 

From what has been established for the addition, subtraction, 
multiplication and division of vector p 
quantities, we have then the following ‘ 
rules as to the moduli and amplitudes 
of the results of these operations. 

(1) The modulus of the sum, or differ- P 
ence, of two vectors is not greater than 
the sum of the moduli of the original 
vectors. For if OP,, P,P, represent 
two vectors to be added, their vector © =m 
sum is represented by OP, and the 
absolute lengths of these lines are the several moduli of the 


vectors they represent. 
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Hence we have mod. OP, + mod. OP, +mod. P,P,. 

And similarly in the case of subtraction, or of the case when 
more than two vectors are combined into one by the process 
of addition or subtraction. 

We may also see this fact analytically, thus: The modulus of 
Lp(cos 6+ sin 8) is (Tp cos 0)?+ (Lp sin 8), and this is + Lp. 

For if it were, we should have 

Zp’ + 2D p,p,c0s(0,— 0,) > Lp?+ 22 p,p,, 
1.e. 2 p1P2 C08 (9, — 82) > Lp, pe; 
and as all the p’s are essentially positive and the cosines < ], 
this would be impossible. This includes the case when some 
of the vectors are subtracted, for in any such case 7—0 may 
be supposed written instead of 6 and the result treated as 
additive. 

(2) The modulus of a product of complexes 


prep e'pze'%s es pie 
is obviously ,p2p3--.p,, ue. the product of the moduli, and 
the amplitude is 0,+0,+0,+...+0,, ae the sum of the 
amplitudes. 


n? 


10, 
(3) The modulus of a quotient, viz. - ae Le. pelea is i 
2 2 2 
we. the quotient of the moduli; and the amplitude is 0,—@ 


we. the difference of the amplitudes. 


Q 


1222. Revision of Definitions. 

In dealing with the functionality of a complex variable 
z=a-+1y, it will be necessary to revise our ideas of continuity, 
of the nature of the dependence of one function upon another 
and of the assumption as to the existence of a limit as used in 
the formation of a Differential Coefficient. 

Throughout the author’streatise on the Differential Calculus 
and up to the present point in this account of the Integral 
Calculus, there have been but few references to a function of 
a complex variable. 


1223. Functionality. The idea of functionality has been 
that when one real quantity y depends upon another real 
quantity x, or upon a system of real quantities a, x, #3 in 
such a manner as to assume a definite value when a definite 
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value is given to a, or when a definite system of values is 
given to the system of variables a,, v,, 7,,..., the quantity y 
is then said to be a function of a, or of the system @,, %, 5, 
etc., as the case may be. 


1224. Continuity. 

Our idea of the continuity of a function f(x) of a real 
independent variable « between any two assigned values of 2, 
viz. «=a, the smaller, and «=b, the greater, has so far been 
that if « be made to change from «=a to x=, passing at least 
once through all real intermediate values between «=a and 
x=b, whether these intermediate values when expressed by 
means of the ordinary system of numeration be represented by 
integers, fractions or incommensurable numbers, the function in 
question does not, as a passes through any intermediate value, 
suddenly change its value. And in such case its Cartesian 
graph has been regarded as capable of description by the 
motion of a material particle travelling along it from the point 
{a, f(a)} to the point {b, f(6)} without moving off the curve. 

But such continuity does not also imply continuity as regards 
the slope of the tangent to the graph, or of continuity in 
the rate of bend of the curve at intermediate points. 


1225. From a purely analytical point of view we may 
regard a function f(z) as being continuous at a point c=2p, if 
when any infinitesimal change is made in « the consequent change 
in f(x) is itself also an infinitesimal, and of at least as high an 
order. 

1226. We may put this condition into still another form, 
which will be more helpful in enunciating a condition for the 
continuity of a single-valued function of a complex variable 
later, viz. that for any assignable positive infinitesimal «, 
however small, which may be chosen beforehand, it may be 
possible to choose another infinitesimal 6 of no higher order of 
smallness than e, so that if —a, <6, then will f(x) ~f(%) <«. 


1227. To examine the geometrical meaning of this condition, 
imagine two lines AB, CD drawn parallel to the z-axis at an 
arbitrary infinitesimal distance ¢ apart, and let these lines cut 
the graph of the function y=f(a) at points P, Q respectively. 
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Let the coordinates of P and @ be a, f(x,) and a+, f(a +6) 
respectively. Let P, be a point on the graph between P and Q, 
the coordinates of P, being 2, f(x). Let P,N, QM be drawn 
at right angles to AB. Then PN=x—a2, PM=6, MQ=e, 
NP,=f(x)—f (xo). Then if, however small MQ be taken, NP, 
is < MQ for all positions of N from P to M, where PM 
is of no higher a degree of smallness than QM, there cannot 
be a break in the curve at the point P. 


Fig. 352. 


If this be so for all points 2, between a=a, and x=2,, f(2) 
will be continuous for all values of # between these limits. 
The figure is drawn for the case f(x) > f(z). 


1228. Definition of Functionality of a Complex Variable. 

The nature and representation of an independent complex 
variable having been explained, we may proceed as in the 
case of a real variable to explain what is meant by the term 
Function as used in the case of complex variables. When 
one complex variable w is connected with another complex 
variable z in such a manner that for each value that may be 
assigned to z, w will itself take up a definite value, or a system 
of definite values, which can be derived from the value of z 
by some combination of the fundamental arithmetical rules, 
then w will be said to be a function of z, and will be denoted 
by an equation of the form w=/f(z) or f(w, z)=0. Here z 
stands for «+.y, and a, y are themselves supposed to be real 
and may be regarded as the Cartesian coordinates of some 
arbitrary point referred to a given pair of rectangular axes in 
the z-plane. 
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If one value of @ and one value of y give rise always to 
one value of w and no more, then w is said to be a single- 
valued or wniform function of g, i.e, of at ey. Such functions 
as w= Az2"+ B2"-1+....+C, where n is a positive integer, sin 2, 
cos 2, tan z, e”, e? sin 2, ete., are single-valued functions. 

But if several values of w result from one value of # and 
one value of y, then w is said to be a many-valued or multiple- 
valued function of z. 


p 

Thus w= az? is a q-valued function, for there are g separate 
q™ roots of 2? (p and q are supposed positive integers prime 
to each other). So also w=sin-!z, tan-1z, e*tan-'z,... are 
multiple-valued functions of z, as also w= log z, for w may be 
written log (ze”\*)=2:Ar-+ log z, whére is any integer. 


1229. Continuity of a Single-Valued or Uniform Function of z. 

Suppose that the point 2 ranges over a definite region I’ on 
the z-plane, and that z, is a definite point in this region. Let 
w be any single-valued function of z, which takes the value wy 
when z assumes the value z,. Then if, for any positive 
infinitesimal ¢ of however high an order which may be 
arbitrarily chosen, another small positive infinitesimal ¢ be 
assignable, such that if |z—z)|< €, we also have |w—wy|<e; 
then w is a continuous function of z at =z, and if this be 
true for all points z, which lie in the definite region I’ on 
the z-plane, w is said to be continuous for all such points, 
i.e. throughout the region. 


1230. Geometrical Illustration. 

Illustrating this geometrically, let P and P, be the two 
points z and 2 in the z-plane, and let Q and Q, be the two 
corresponding points in the w-plane. Let I and I” be the 
corresponding regions on the two planes for which we are 
to discuss the continuity of the function. Draw a small circle 
with radius ¢ and centre P,, and another small cirele with 
radius ¢ and centre Q,. Then, if § can be so chosen that when 
P lies within the écircle, Q lies within the e-circle for all 
points P within the €-circle, when e¢ is arbitrarily chosen 
smaller than anything that can be conceived beforehand , 
however small; then w is said to be a continuous faction 
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of z at the point z,, and for all points z, which lie within the 
region I‘ for which the same is true. 


If, then, for every small change in the modulus of either 
of two variables, there be a small change of at least the same 


oO’ ut 
w -plane z-plane 
Fig. 353. 


order of smallness in the modulus of the other, the second of 
these variables is a continuous function of the first. 


1231. Positive Integral Powers of a Complex are continuous. 

It follows from the definition of continuity above that all 
positive integral powers of 2 are continuous. Consider for 
instance w=2°*. 

Then if w, and z, be corresponding points and z—z,=p, 

W—Wy=F— 2° =3 p29’ + 3p72+ p* 
Hence 
mod. (w—w,) + 3(mod. p) (mod. z,”) 
+8(mod. p?)(mod. 2,)-+ (mod. p°). 

Now if we take (mod. p) small enough, say € we can make 
the whole of the right;hand side less than any quantity 
assignable beforehand, however small. 

Hence € can be chosen so that when 


(mod. p)<§ mod. (w—w,) <e, 
any assignable quantity, however small, and therefore w is a 
continuous function of z for all values of z in the z-plane. 
Similarly we may show that any other positive integral 
power of z is continuous for all values of z. 
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1232. Continuity of a Finite Series. 


If w, w’, w”,... be a set of one-valued functions of a 
complex variable z, finite in number, and each continuous for 
values of z lying within a given contour on the z-plane, then 
their sum 2w will be continuous for values of z lying in 
that region. 

For if wy, Wy, Wo’; --. be the values of w, w’, w”, ... respec- 
tively, corresponding to z=z,, it is by hypothesis possible to 
determine the positive quantities & &, ¢”, ..., so that for a 
given assigned small positive quantity e, 

when mod. (z—z) << §, we have mod. (w—w,) <<, 

when mod. (z—2,) < ¢’, we have mod. (w’—w,) <e, ete. ; 
and if € say, be the smallest of the quantities ¢ ¢, €”,..., then 
it is possible to find € so that when 

mod. (z— 2) <& we have Y mod. (w—w) < ne, 

where n is the number of functions; and therefore, since the 
modulus of a sum is not greater than the sum of the moduli, 
mod. ([w—Lw,)< ne for all values of ne, however small. 
Hence Sw is a continuous function of z. 


1233. As a case of this result any integral polynomial 

function of z, 
age -a, 2" +- 4,27 "+... Fon, 

is a continuous function of z, n being a positive integer. 

1234. Discontinuity. 

To examine the continuity of the function wa in the 
region near z=a and elsewhere. 

This function becomes «© when z=a, and therefore it is 
impossible to assign an infinitesimal € such that when 

mod. (z—«) << € mod. (—~ -;) 

is less than any assignable quantity e, and the function is 
discontinuous at z=a. 

But at any other point z, in the 2-plane the function is 
continuous. 

For if z= %th, where in 


1 i 
mod. arez a ae a Pence entl 
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which can be made as small as we like by sufficiently 
diminishing mod. h, 2.e. by sufficiently diminishing mod. (z— 2). 


1235. ConrorMaL REPRESENTATION. 

Let us consider the equation w=/(z). 

We have z=a+vy, and if f(z) be separated into its real and 
unreal parts, say f,(z, y)+cf,(z, y), we may write w in the 
form w+.v, where 

u=fi(@,y) and v=fi(a, y) 

If we superimpose a relation y= F(x) between x and y, we 

shall have, by elimination of x between the equations, 


u=fi{z, F(@)}, v=f,{a, F(a)}, 
a resultant relation of the form v=¢(w). 
And to represent this to the eye we shall require two sets 
of rectangular axes, not necessarily in the same plane. Call 
these planes the z-plane and the w-plane. 


Uv 


34 


SS 


; eee 
0 w -plane . 0 Z-plane od 


Fig. 354. 


Then when a point P(a, y) traverses the graph of y= F(a), 
in the z-plane the corresponding point Q(u, v) will traverse 
the graph of v=¢(w) in the w-plane. 

When no such telation as y=F(z) is superimposed con- 
necting the values of # and y, there will be no relation 
between the coordinates u and v of the corresponding point 
in the w-plane. ‘ 

If there be more than one value of w for a single value of z, 
then each value of w is said to constitute a “branch” of yw. 
For instance, in the equation w"=z the function w is many- 
valued, and is said to have m branches. (See Art. 1256.) 

Such a representation by means of the z-plane and the 
w-plane of the associated z and w-loci is generally spoken of 
as a “conform” or “conformal” representation of these loci; 
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and it will be remembered that, w and v being conjugate 
functions of x and y, the curves w=const. and v=const. cut 
each other orthogonally. (Dzff. Cale., Art. 195.) 


1236. Two Important Cases. 
There are two very well-known cases of conformal representation in 
Elementary Conic Sections. 
1. If w=acosz=X+cF say (see Art. 590), 
X+¢¥=acos (x+ty)=a(cos x cosh y —¢ sin vsinh y), 
X=acosxcoshy, Y=-—asinasinhy; 


: Xx? sf X23 y2 
- 2 cosh?y “Tr a@sinh?y —— 4 Ws (a) and 


..(B) 


And for z-loci of the form y=constant we have confocal ellipses in the 
w-plane, whilst for loci of the form 2=constant in the z-plane we have 
confocal hyperbolae in the w-plane ; and the ordinary property of ortho- 
gonalism of these two families of conics manifestly follows. 


Se ee a =1, wees 
a@cos?x a? sin?x 


2. The other case is w=a tan z, 
2.e. a+ty=tan sols and w-w=tan? ae 
2aX 2a Y 
— pee ee ee =t: ao an Se oe 
whence 27—tan Gory? 2y=tanh ert? 
4.6. a?—X2?-Y2%=2aXcot2r and a?+X?+ Y?=2aYcoth 2y, 
1.e. (X¥+a cot 2z)?+ ¥?=a? cosec?2x 
and X?24(Y¥—acoth 2y)?=a? cosech*2y, 


so that for the zloci w=const. and y=const. the w-loci are a pair of 
families of coaxial circles, the two families of course being orthogonal to 
each other. 

Other examples will be discussed in due course. 


1237. Case of Non-Existence of a Limit. 
In the definition of a differential coefficient of a function 


of a real variable as Legh ee it was presupposed 


that such a limit existed, and this supposition was sufficient 


for the time. 
It is possible, however, for a function to exist for which the 


expression in question, viz. a an does not approach 


any determinate limit, finite or infinite, when h is indefinitely 
diminished, although such a function may be continuous. 

For instance, let us consider the case of a function of xz in 
which the infinitesimally close ordinates of the graph term1- 
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nate at points P,, P,, P,, P,, ..., such as shown in the figure, 


the consecutive angles P.P.P,, P.P,P,, P,P.P,, ete., being 
alternately < and > 7, and the nature of the function being 
such that each of the elements of the graph between these 
successive ordinates can again be themselves divided up into 
an infinite number of portions having the same peculiarity, 


Fig. 355. 


the distances between the new subdividing ordinates being 
infinitesimals of a higher order than the infinitesimal dis- 
tances between the first set, and so on with further sub- 
divisions. It will be clear that the direction of the line 
which we please to call the tangent at any point P will 
depend upon the order of the infinitesimal closeness of the 
ordinates, and may or may not have a limiting position. 


1238. Weierstrass’ Example. 
An example is given by Weierstrass, viz. the case of 
y= > b” cos a" 7x, 
where a is an odd ple tie integer, 6 positive and <1, and 
ab > 1450, which, though continuous at every point, has no 


differential coefficient determinable at any point. See Harkness 
and Morley, Theory of Functions, p. 59, or Forsyth, Theory of 
Functions, pp. 133-186, where the student will find the case 
discussed at length. 


1239. Differentiation of a Function of a Complex Variable. 
It has been seen that in order to define a complex variable 
2(=a+1y), the values of « and y must both be separately 
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assigned. They are independent of each other. Any law 
connecting them may be arbitrarily assigned. But so long 
as such law is unassigned z depends upon a doubly infinite 
system of values. But when « and y have once been assigned, 
then z becomes known. That is, to a definite value of z 
corresponds a definite point whose Cartesian coordinates are 
x, y on the v-y plane, and this point it is usual to designate 
as the point z. 

Conversely to any value specified for z, a definite specifica- 
tion of 2 and y is implied. When z changes its value to 2’, 
and in consequence x and y change to 2’ and y’, say, the value 
of 2’ does not depend in any way upon the manner in which 
the point 2, y has travelled to the point 2’, y’, no relation 
having been assigned to hold between a and y. Hence the 
vector 2’—z is independent of any particular law which may 
be arbitrarily assigned, connecting x and y. If w be any 
single-valued function of z, defined as in Art. 1228, and ex- 
pressed as w=f(z), then when z becomes 2’, w becomes w’, 
where w'=f(z’). Thus w'—w=f(z)—f(2), and is independent 
of any particular path by which 2’ is made to approach z on 
the x-y plane. 

Suppose the points z’ and z to be infinitesimally near points 
on the z-plane, and let z’ be written z+6z, and w’ be written 
w+éw. Then dw=f(z+6z)—f(2). 


We shall define paso) when 6z is made inde- 


finitely small, as the differential coefficient of f(z) or w with 
regard to z, provided such lumit exists independent of the way in 
which the point z-+dz is made to approach the point z indefinitely 
closely, that is, independent of any particular path which may 
be assigned to pass through the points 2, y and #-+6a, y+ dy. 


We shall denote this limit by ss or f(z). 


It follows that o is independent of a by definition. 


1240. Before assuming the functional relation w=f(z), but 
assuming that u and v are functions of x and y, and that 
w=u+w and z=z“+1y, we might enquire what relation, if 
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any, must subsist between wu and v in order that Lt e should 
be independent of Lt wv 


Proceeding from this point of view, we have 


pe ae rr hss) oo aiare 7 


_ (Ug+v,) da+i(—uy+0,) dy 
7" da+.dy 


and in order that this should be independent of 2] , we 
must have 


) 


Ug Wp= — Uy+%y, 
1.€. Up=Vy and u,=—02,; 
whence UgatUy=0 and v,.+0,,=0. 


So that wu and v must be conjugate functions of x and y 
2 2 
satisfying the Laplacian equation Sat a0 whose general 


solution is ¢=F, («+ .y)+F,(z—.y), where F, and F, are arbi- 
trary functional forms. It appears therefore that in putting 
w=f(z), te utw=f(z+ry), 


the property of independence of e and oi is implied; and 


further, that Fe tie We or —Uy+,, Le. aL 


Also it is understood in defining - as Hi, (fee Te) 


provided such limit be existent, that the function F(® is con- 
tinuous at all points within a small circle on the x-y plane, 
of which z is the centre, and whose radius is not less than the 
modulus of dz, Also it is presumed that either f(® is a 
single-valued function of z, or if not so, that in passing from 
the point 2+ dz to the point z, we adhere to the same branch 
of w. 

For example, in the case w?=z, so that w=/z or —vz, it is to 
be understood that we keep to the same sign in both cases, viz. 
w=/z and w+ dw=/z2+ 62, or w= —A/z and w+ dbw= —J/z+ 62, 
and that the gradation of values from J/z to /z+éz is a 
continuous gradation. 
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1241. The Standard Forms. 

It will be found that the ordinary “standard forms” of 
differentiation still kold good when the independent variable z 
is a complex. That is, we still have 


—— =n2z"-) Leet heyyy tai gs ete. 
dz ds iat aS ee? 


Also the rules for the differentiation of a product or a 
quotient still hold good, viz. the same for complex variables 
as for real ones. 

And in due course it will be shown that Taylor’s expansion 
of f(z+A) also holds. 


1242. Geometrical Meaning of Differentiation. 

Let OP, OQ represent the vectors z and z+ dz on the z-plane, 
and O’P’, OQ the corresponding vectors w and w+dw, as 
determined from the equation w=f(z) on the w-plane. 


z- plane 


Fig. 356. 


Then PQ and P’Q’ respectively represent the vectors éz 


Then what we search for and represent by the symbol 
EY being Lt “ is the limit of the ratio of the two vectors 
dz’ Z oe 
PQ, PQ, when PQ is indefinitely diminished. This is there- 
fore itself a vector quantity ; and if the tangents to the 2-path 
and the w-path make respectively angles yy and fay the 

dw 


! 
axes Ox and O’u, the modulus of this vector 1s Lt Veal’ and 
the amplitude is y-’—y (Art. 1220). 
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1243. Zeros, Infinities, Singularities of a Function. 

When w=f(z), and a value of z, say z=a, gives w a zero 
value, z=a is said to be a “root” of w=0, or a “ZERO” of the 
function w. 

When z=a gives an infinite value to w, z=a is called an 
INFINITY of the function. 


The equations f(z)=0, rome therefore respectively give 


the ZEROS and the INFINITIES of the function f(z). 

A single-valued or uniform function f(z) which possesses a 
differential coefficient, and which is finite and continuous for 
all values of z for points within and upon the boundary of a 
definite region I’ of the plane of w-y is said to be “SYNECTIC” 
for that region. 


1244. If an infinity of the function be such that at all points 
in the immediate neighbourhood of the infinity the reciprocal of 


the function, viz. Hey is synectic, the point in question is said 


to be a “ POLE” of the function. 

The infinities of a function, whether poles or otherwise, are 
generally referred to as the “singularities” of the function. 
A singularity is classed as “ACCIDENTAL” or “ESSENTIAL” 


according as a has or has not a determinate zero value at 
the point in question, independent of the path by which the 
po zs made to approach the assigned position. Thus, 
was has an accidental singularity, viz. a pole, at z=0; for 


its irony. viz. 2(=x+ cy), becomes zero when @ and y 
become zero independently of any relation which might be 
superimposed between #2 and y. But w= a has an ESSENTIAL 
singularity at z=0, for if ¢ approaches a zero value by a path 
along the positive part of the a-axis, the reciprocal of the 


function, viz. 2 approaches the value — d that is + or 
00 


1 
ets gta’ 
@ 
zero; but if the approach be along the negative portion of 


1 1 ry 
the «-axis, = approaches the value ra 4.€. — or €”, 1.6, 0, 
e~ 
e 
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1245. The term Synectic is due to Caucuy. The terms 
HoLomorPHic or INTEGRAL are also used to denote the 
possession by a function of the same properties. The former 
term is due to Brior and Bouquet, the latter to HALPHEN. 
These terms are applied to describe such functions in 
distinction from functions which the same authors respectively 
term “MEROMORPHIC” or “ FRACTIONAL,’ and which are charac- 
terised by the possession of singularities at a point or at 
points within the contour, viz. poles or ESSENTIAL singularities. 

Thus sin z, cos z, exp 2, are synectic or holomorphic functions 
sin 2 
Z—a 
meromorphic at certain regions of the plane by virtue of the 
existence of the pole at z=a in the first case, or of the poles 
at the zeros of sin z in the second case. 

At points of the region I of the z-plane, for which w takes 
a single definite value as z approaches such a point independent 
of the path of approach, the function is said to behave 
“regularly,” and such points are said to be “ORDINARY” or 
“REGULAR ” points. 


1246. For details as to the tests for the nature of 
singularities and other matters of this nature, we have no 
space, and must refer the student to Forsyth, Theory of 
Functions, pages 16, 17, 53, 66, ete. 


, cot 2, etc., are 


of z for all points of the z-plane; whilst 


1247. Isogonal Property of a Conformal Representation. 
Suppose that the point P, (z), in the 2-plane corresponds to 
the point P’, (w), in the w-plane, and that Q,, Q, (4 and 2»), 


x 


ie) w- plane O z-plane 
Fig. 357. 


are adjacent points to z in the 2-plane, whilst pe, 023 
(w, and w,), are the corresponding points in the w-plane ; 
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then, since the value of oe is to be independent of the 


direction of the differential element dz, we must have 


when the vectors z—z,, 2-2, are infinitesimally small. 


WW, _ 42% 
W—W, Z— By 


Hence It 


Let the moduli and amplitudes of z—z,, z—z,, w-—w,, 


w—w, be respectively (p,, 6,), (p2, 9), (py, 01), (p2's 04). 
Then in the limit 


Pt g(a) 1 g(6:-%), whence £1, 9’ 6,6, 6, 
P2 Po Pz P2 
A A 
Ue, PQ: P'Q/=PQ,: PQ, and 0 P'Q/=Q,PQ. 
Hence, in any such representation, infinitesimal triangles, 
and therefore any other elements, preserve their similarity, 
and angles are unaltered in such a transformation. But the 
moduli of z and w vary with the position of P, and therefore 
the ratio of such infinitesimal elements is not preserved as a 


constant in general throughout any finite regions in the two 
planes. 


1248. It is also to be noted that it has been assumed that 
the ratios (w—w,)/(z—z,), (w—w,)/(z—z,) do not become zero 
or infinite within an infinitesimal distance of the points P, P’ 
considered. That is to say, that the theorem is not to be 
applied at points for which is zero or infinite. 

1249. For the reasons given above a conformal representation 
is said to be Isogonal. If, for instance, any two z-paths cut 
at an angle a the corresponding w-paths also cut at the same 
angle a. To orthogonal curves on the z-plane correspond 
orthogonal curves on the w-plane; and as a particular case 
straight lines parallel to the axes on the one plane correspond 
to curves which cut at right angles on the other plane. To 
two curves which touch one another in the one plane 
correspond curves which touch on the other plane, but 
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as straight lines do not in general correspond to straight 
lines in the conformal representation, linear tangents do not 
become linear tangents, but curvilinear tangents. 


1250. Ratio of Elements of Area. 
Again, the ratio of the infinitesimal areas P’Q,’Q,’, PQ,Q, is 
that of the squares of the moduli of dw and dz, we. if 
z=a+ry and w=u+w=f(e@+ry), 
the w-element of area |dw|?_ |dw+.dv|? 
the 2-element of area |dz|* = |da+idy |*. 
Ueda tly dy+i(v,de+v,dy)|?_ (weda+u,dy)+(v.datv,dy)? 
| dav+e dy |* = dax*+ dy? ; 


and since u,=v, and w,»=—v,, this ratio becomes 


U2+,2 or UZ+V,2 OF UWy2+U,y? OF Vg +U,? OF UWgVy— UyVe; 

2 Uw, Vv - : : 

ae. J oul where J is the Jacobian of w, v with regard to 
’ 


x,y. Or again, it may be written as 
(Wet tVz)(Uz— Wz) We. f(atuy)f (e-ry). 
Thus the ratio of the corresponding elements at u, v and at 
. a, V_ 
x, y is that of I(t wiih 


? 


It follows of course at once that the inverse ratio is 


a 


and therefore that JJ’=1, as is otherwise well known. (Dif, 
Cale. Art. 540.) 
We may, if desirable to use a polar form for the moduli of 
dz and dw, write |dz|?=ds? or dr?+r?d6", and for 
|dw|?=u_?+0,2 or u,?+,7, 


we may write 
2 (Ov)? [ : a ey 1 cay 
jawp= (5) ii = or 72 \ 39) ta lag) > 
1251. Connection of the Curvatures. 
The curvatures of the companion w and z curves may be 


connected as follows. 
Let p and p’ be the radii of curvature at corresponding 


points P, P’. 
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Then |dz| and |dw| are the lengths of the corresponding 
infinitesimal arcs. 

Let y and y be the corresponding angles which the two 
tangents make respectively with the w and u axes, 0 and 0’ 
the polar angular coordinates of the points and ¢, ¢’ the 
angles between the tangents at P and P’ and their respective 
polar radii 7, 7’. 

Then z=re®, w=re"’, Ww=0+¢4, Y'=6'+¢, 


whilst 6=amp. z and 6’=amp. w are the respective amplitudes. 


w Traore z -plane 
Fig. 358. 
Then, since w=f(z), we have re” =f(re'*), 
and dr’e* + ir’e® dd’=f" (re) (dre*+ ure d@), 
Put f’(re’)=Re®, say, R and © being the modulus and 
amplitude of f’ (re), 1.e. @ =amp. f(z). 
Then, since dr’=ds' cos ¢’, 1'd’=ds' sin ¢’, etc., we have 


Jdr?+ 1’? d0’2e' e+ —./dr?-+ 7? d62e%e% Re® : 


that is |dw| e” =|dz| ReW+®) | 
whence 
|dw|=R|dz| or |f’(z)dz| and y’—-y~=O=amp./’(z), 
whence dy’ —dyy=d amp. f(z) ; 
and since oe “and pale , we obtain 
|dw| |dz| ; 
———+1=damp. 
- pei GS 
or Peel lg SPL, (Zien een eee (A) 


In many cases of conformal representation, the z-curve is 
taken as one of simple nature, usually a well-known curve, 
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and the w curve is often one which is of more or less 
complicated nature, and the labour of applying the ordinary 
formulae to obtain »’ in such cases, may generally be avoided 
by the use of this connection between the curvatures. 


1252. Illustrations. 


Ex. 1. Taking aw=2%, where ais real and positive, we have ar’e? =r%e™?, 
whence ar =r*, §’=20. 
Here 


f=", ro=™, amp. f(e)=amp. ~e"=6, damp. f’(z)=d8, 


|de| =Vdr +72 dB, IF @ael=| 2) -del=Z Lael 


20 1 eta {er(S)} 


To verify in the simplest case, take the z-curve as r=a; then 


=a. dr _o. - ae oe , — 
p 7 > «e p’ AS 1.€. p =a, 


2 
: : : . a * 
which is obviously correct. For if r=a, ee and the w-curve 1s 


also a circle of radius a but described twice as fast as the z-circle, since 
6’ =26, and therefore is traced twice over for one tracing of the z-circle. 


Ex. 2. Consider w= +a?+ bz, a and b being both real. We have 
“tan—? br sin 6 
re — Ja2+ bre’ = Nat+ 2abr cos 0 + br? eer bn cone 


te. r4=at+2a%brcos@+6%? and tan 26’=brsin 6/(a*+ br cos 6). 
‘Also du=f'@)de=bde|Wa =e, e- de 


james =e |de|, \del—NdP +d, amp.f'(2)=— 6% 
and ‘= {a% sin 0 dr + br (a? cos 8 + br) dd} /2r’4 ; 


whence 
a5 ft a {0% sin 9 57 + br(a? cos a+br)} [ara] (5) +" wg 4D 


which will be the general formula connecting the curvatures of thez and w 
curves in any transformation by means of w=Na?+ bz. 
For instance, take the z-curve to be the circler=c. Then the w-curve is 
a Cassinian oval. For 1'2e% =a?+ bee, i.e. 
: cos 26’ =a2+becos 0, 1r?sin 26’=besin 0, 
and 74 — Qa’? cos 20’ +at=b%e? [see Diff. Calc. Art. 458], 
that is, if S, H be the foci and P any point on the curve, SP. HP Oc, 
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Putting r=p=c, 0, in Equation (1), and substituting for cos 6, 


b 1 b b 27% cos 26’—a*\ 4 — a+ b2c? 
igi gaa (Bota SE) a, 
2.e. p' =2ber’3/(3r4 + at — 6%"), for the Cassinian. 
If a*=be, we have the case of Bernoulli’s Lemniscate, and p’=2a2/3r’. 
In the case just considered, it will be seen that since 
(w—a)(w+a)=bz, 
we have mod. (w— a) mod.(w+a)=b mod. z ; 
and therefore that if mod. z be constant, #.e. if the z curve be chosen as 
above to be a circle of radius ¢ and centre at the origin, the correspond- 
ing w-curve has the property that the product of its bi-focal radii SP, 
HP is constant, the coordinates of the foci 8, H being (a, 0) and (—a, 0), 
and therefore it is one of the class of the Cassinian ovals ryr,=be. This 
result is therefore obvious as the immediate interpretation of the w-z 
equation without reference to the polar form. 


wy 
hag 


w - plane Z - plane 
Fig. 359. 


Since in the z-curve the loci r=const.=c, §=const.=2a, form a pair of 
loci cutting orthogonally, the corresponding curves on the w-plane cut 
orthogonally. 


The curves corresponding to r=const. have been seen to be Cassinians. 

The curves corresponding to =2a are rectangular hyperbolae. 

For since r2¢"' — a2 = bre® = bre2, 

rcos 26’ —a?=brcos2a, 1?sin 26’=brsin 2a, 

that is, rsin 2(@'—a)+a?sin 2a=0. 

These hyperbolae for a parameter a are therefore the orthogonal 
trajectories of the Cassinians 1,r,=const. 

Further, it may be remarked that in considering the transformation 
w?—a?=bz, we have really considered any transformation of the form 


Aw’ + Bw+C=z; for by putting w=u'- 5, we have 


Aw? 2 40=s, 


which is of the form w?— a@?=bz. 
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Hence the results for Aw?+ Bw+C=z are the same as those considered, 
with a mere transformation of the position of the axes. 


1253. Curvature ; the Form for Cartesians. 
We may put the curvature formula of Art, 1251 into 
another form more particularly useful for a Cartesian z-locus. 


For w=f(z)=f(a+y), dw=f'(z) dz, 
|de|=Va Fay, |dw|=|f'@| de 


d ‘ 
, >+— amp. z 
Poy 1 ae el © 
Sanaa 
a da 
1254. Thus, if the z-locus is a straight line for instance, say y=mr+e, 


" iy en? 
p=0, ay m and -L® —— ; 
’ gone f'() 


whence 


1255. Illustrative Examples. 


(1) For example, in the case w=a cosz considered in Art. 1236, for which 
X=acosxcoshy, Y=—asinzsinhy, so that y=c gives the ellipse 
D4 ‘%G 


mn ote IS —— a h v 
a@cosh?¢ * a®sinh®e ide he 
. F(z)=4a.c0s 2, 
f (®=—asinz= —a(sin xcosh y+t cos « sinh y), 


lf’ | =an/sin® x cosh?y + cos? sinh?y =aN cosh 2y— cos 9a)/2 , 
amp.f’(z)=tan— (cot # tanh 9), 


sin 27 a sinh 2y 
d yee du , 
dx amp. f'@)=~osh 2y—cos2xr ”’ 


d : 
and in our case for y=c, we have p=, a2 =0, m=O, and the radius 


of curvature of the derived curve is 


= fees eat ze oa 2) where cost#= poe. ; 
J2 sinh 2¢ ; acoshc 
which may be readily verified directly for the ellipse. 


2 


” 


(2) (A) In the case w= 7A (a real), we have 


Hence to any z-locus F(r, 6)=9 corresponds a w-locus 


n-1 1 , 


F(a* r, o)=0. 


396 CHAPTER XXIX. 


In this case, since 6’=n6, a z-line through the origin corresponds to a 
w-line through the origin, and in consequence in this case $=q’, t.e. the 
angles which the tangents make with their radii vectores are equal. 

Hence to an equiangular spiral in the z-plane and with pole at the 
origin corresponds another and equal equiangular spiral in the w-plane 
with its pole at the new origin. 

(B) Moreover, since y-6=y/-—6’, we have ¥/-~=6' — 6, whence 

ere ahaa aan ated ani. 2, 
Pp Pp 
which is what the curvature formula of Art. 1251 reduces to, since 


n—1 
i @= Sa e'(™—1)? and amp.f’ (2)=(n—1) 96=amp. w— amp. z. 


(C) In this group of results, if we take the z-locus as the straight 
line rcos =a, we have 


Cre gerne 


which gives the well-known property of all curves of the form 


w -plane 


Fig. 360. 


which include as particular cases the Parabola (n=2), the Rectangular 
Hyperbola (n= }), Bernoulli's Lemniscate (n= — }), the Cardioide (n= — 2), 
the Straight Line (n=1) and the Circle (n= —1). 


(D) To any curve r?=a? cos p@ corresponds the curve 


P o 
(r'a®—1)n = aP cos 22 » %.e. M%=a2cosg@, where 7 — i 


= = 
One cos : 
: k 


the k* pedal is got by substituting for the present index and multiple of 6 


Hence to r @ corresponds its own k* pedal curve, for 


? 


k m-1 . n-l n—-1l 
Eee ee i nae for Tce 


which gives the ratio n: 1 for the indices and multiple of 6 as required. 
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(E) Quasi-Inversion. 


The conformal representation of Pe where & is real, is very 
important. - 

ed ahead se 

We have at once r’e® Sate e~?; whence r'r=k and 6’= — 6. 

Hence, if the same axes be taken for the z and w curves, we have a 
combination of inversion and reflexion in the z-axis. This process is 
known as Quasi-Inversion. The name is due to Cayley. 

Now, retlexion with regard to a straight line makes no difference in 
the nature of a curve. Hence the usual rules of inversion apply, viz. 
a straight line which does not pass through the origin inverts into a 
circle through the origin. If the straight line pass through the origin 
it inverts into a straight line through the origin. To a circle through 
the origin corresponds a straight line not through the origin. To a circle 
which does not pass through the origin corresponds another circle which 
does not pass through the origin. Toa parabola with focus at the origin 
corresponds a Cardioide with pole at the origin. To a conic with focus 
at the origin corresponds a Limagon with pole at the origin, and so on. 

Hence when the z-curve is given, the w-curve is at once known and 
can be constructed by the reflexion of the curve traced by a Peaucellier 
cell linkage arrangement as explained in Diff. Calc., Art. 232. 


(F) The Homographic Relation. 


3 P b 
Consider next the conformal representation of Pd 


cz+d° 
This is. the general linear transformation. It is known as a “Homo- 
graphic” relation between w and z. 


Obviously cwz+dw—az—b=0, 
or (w-2)(2+2)— eos as atic? 
c c ¢ c 
Now this transformation is unaltered by changes in a, }, ¢, d, which 
preserve the ratios. In fact, there are only three constants, namely the 


ratios a:6:c:d. There is therefore no loss of generality in taking 
be -—ad=1. 


This being done, let w= +w, Z= —£ 4.2, which merely shifts the 


origins of w and z, retaining axes parallel to their original directions ; 
for if <=ateB, say, and —tay4 v6, the new seer will be the points 


(4 B) and (y, 8) respectively ; we then have w’z’=-, te. another quasi- 
inversion connection between the z ons w loci. 


(G) Obviously, if when w= — 


ae 4 z is itself connected with a third 
pt+q 
rt+s 


variable t by another PPE relation z= , then upon substi- 


whether the variables and constants 


tuting for 2, w is of the form ant 
: +D 
involved be real or complex. 
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That is, if w be homographic with regard to z and z be homographic 
with regard to t, then w is homographic with regard to ¢, and so on for 
any number of variables. 

The relation may obviously be thrown into the form 

A poe: 
pensar ara Nats! 
where A, , v are constants. This relation is of much use in the theory 
of geometrical optics, in various forms, the quantity A being there 


usually zero. 
az+b 


cz+d 
w—_ (a—dc)z+(b— dd) aed 
w+A (a+Ac)z+(b+Ad) z+p. 

jw-. Al _ =|k Pi p| 

jword| l ee pl 
And if we use bi-focal coordinates in each system, viz. (R, FR’) and 
(r, 7’), the two foci on the two Lene being A, —A in the w-plane and 


The equation w=" may be written further in the form 


» Say ; 


so 


ps, —p in the z-plane, then = ol alee 7 80 that when z describes a circle in 


the z-plane, viz. r:1’ A ES w will describe a circle in the w-plane, 
viz. R: R’'=constant, a result which has been already stated. 


w-a_. af : 
The case waoba 18a case of the above quasi-inversion. 


We have fe = =|z|, and if the z-locus is the fixed circle |z|=constant, 


the w-locus is a fixed circle. 
(H) Consider next the conformal representation of the equation 
w= Az*+ BzP+Cz+..., 
where A, B, C,... anda, B, y,... are all real positive quantities. 


O x“ 
Fig. 361. 
Putting, as in previous cases, z= re? war'e® =X40Y, 
X =A1* cos a6 + Br® cos BO + Cr? cos yO+... 
Y=A)*sin a + Br’ sin BO+Cr" sin yO+... 
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If we take the z-curve to be a circle of radius unity, then for the 
w-curve X=ZA cosaf, Y=~ZA sin ad, and this locus can be constructed as 
the locus of a point carried on one of a set of hinged rods OP, PQ, QR, ... 
of lengths A, B, C, etc., the carried point being considered as the end of 
the last rod and one end of the first rod fixed at a point O, the whole 
system moving in a plane and the several rods rotating with angular 
velocities in the ratio a: B:y:ete.,...; in fact, what is usually known as 
an epicyclic train of linkages. 


(I) Consider the case of two terms w= Az*+ Bez? 


Let Q be a point attached toa circle of centre P and radius b, which 
rolls without sliding upon the outside of the circumference of a fixed 


Fig. 362. 


circle of centre O and radius a, and let PQ=p, and 6,, 6,, the angles 
which OP and PQ have turned through since A’, the extremity of the 
radius which passes through Q of the moving circle, was in contact with the 
fixed circle at A. Let PX’ be parallel to AO. Then the angle X’PA’ 
(marked in the figure as > 7) is 03. 

Then, for pure rolling, 


ab,= b(6. = 61) or (a + b) 6,=663. 
Let 6,=00, 6.=B0, and take A=a+b, B=—p. 
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Then the coordinates of Q are 
X=Acosa§+Bcos B90, Y=Asina§+Bsin BO. 


So w= Az*+ Bz® gives in this case a trochoidal locus for w corresponding 
to the circular locus for z, the trochoid being traced by the motion of a 


point at distance p (= — B) from the centre of a circle of radius b ( = 4) 
rolling upon a fixed circle of radius a ( -8,4 4). If p=, an epicycloid 


is traced by the w-point, supposing b to be positive. 

In the case a=b=p we have 

Ge OR Oe le 
A=2a, B=-a, and BA 2a~ 2? te. B=2a, 

so that the w-z relation is w=2az*— az”. 

And in this case the epitrochoidal curve is a cardioide. 

It is unnecessary to particularise the value of a which is the ratio of 
the rates of angular description of the circle traced by P and the unit circle 
traced by the z-point. If we take a=1 for simplicity, then B=2, and we 


hav 
© w=2az— az. 


The correspondence of the z-curve and the w-curve is shown in the 
adjoining figure, where corresponding points on the two loci are indicated 
by the same letter, unaccented for the z-curve, accented for the w-curve. 


D 


Fig. 363. 


In the figure the w-plane is supposed, for convenience, to be superposed 
upon the z-plane. 
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(J) If b be negative and p=b=—0’, we have a hypocycloid traced, and 


A=a-)’, B=b’, Fal ‘ees 


-a 
a a, 
a-b' 


giving w=(a—b/)+b'2 0” 


Fig. 364. 


And the particular case in which bas gives w=S(er-+2-*). 


And |z|=1 by hypothesis, so z=e', 


Hence w=a cos a6, which is then a real quantity. 

And as w=u-+utv, we have u=acosa, v=0, ze. the diameter of the 
fixed circle is traced by the w-point, as is well known. 

(K) For a three-cusped hypocycloid, 

a 2a AM: 1 
p=b=-,, A=z, B=5: Qa 3? 

And the w-z relation is w=%az*+}az~**, and so on for other cases. 

It should be noted also that the order of the terms Az*, Bz® is imma- 
terial; that is, we might regard w as given by w= Bz? + Az. 

And then the same epicycloid or hypocycloid, or epitrochoid or hypo- 
trochoid, as the case may be, can be traced in another way, viz. by the 


a= 8» 
a 


B= 2a. 


rolling of a circle of radius B B upon a fixed circle of radius 


Ww Zz 
(L) The case qin log aw where a, a’ are real constants. 


This case gives “6 =log (Ze?) =10g “+1(9-+2An) ; 
, / 3 ‘ 
whence log oe ke cos (==, 0+2A0r=— sin fiat. 
a a a a a 


So that to a circle r=const. on the z-plane corresponds a straight line 
parallel to the y-axis on the w-plane ; and to a straight line through the 
origin, @=const., on the z-plane corresponds a family of straight lines 
parallel to the w-axis on the w-plane. 


402 CHAPTER XXIX. 


Corresponding to the Archimedean Spiral r=a@ on the z-plane, we 
have, on the w-plane, a family of logarithmic curves, viz. 


, ot 
LY ~Ir= ew’, 
u. a 
Corresponding to the Equiangular Spiral r=ae® °°? on the z-plane, we 
have, on the w-plane, the family 
iil uf , / 
aea’ = ae (7-2*) cote £¢e, 4—2ir=tan B(S+ log ), 
a, a. a 
viz. a family of parallel straight lines. 
Asa further example of the use of the curvature formula of Art. 1251, viz. 


I’ @de| del yn 

i -+—=d amp. f"(2), 

a) 

let us apply it in the last case. 
We have I’ (2) dz=a’ a and amp. f’(2)=-—8@; 
Jez 
5h al Ol ere 
p p 


In the particular case where the z-curve is the equiangular spiral, 
z=qe? Cobre) e =(cot B+1)d8, dz=re'®(cot B+.) dé 


oe GOED) 7A 
sin B® a8 ; 


dz 


z 


_ dé darts Pa. 
~ sin B’ eS ee and p=. 


Thus the formula reduces to p=rcosec B, which is the well-known 
result for an equiangular spiral. 


1256. Branches and Branch Points. 

In the case of a multiple-valued function, where each value 
of the independent variable z leads to more than one value of 
the dependent variable w, the several values of w are said to 
be branches of the function Thus, if the equation connecting 
w and z be F(w, z)=0, and if upon solution for w we find 


w,=f,(2), W.=f,(2), Wy=fg(z), ete., 
each of these forms being now single-valued, then Wy, Wy, Ws, 
etc., are called the “branches” of w. 

When 2 traces any curve in the (a, y) plane, each of the 
functions w,, w,, Ws, ... traces out a corresponding curve in 
the (w, v) plane, and each curve is a graph of its own branch. 

If for any point z two values of w become equal, such 
point is said to be a “branch point” of w. A line which 


and 
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connects two and only two branch points is called a branch 
line or cross line. 


1257. The simplest example is the case when w?=z. Here 
w is a two-valued function. The function has “branches” 
w,=+/2, w= —Nz. 

At the points z=0 and z= there are “branch points.” 
The positive direction of the a-axis which joins z=0 to z= 
is a branch line. 


1258. To examine the behaviour of w, and w, in the 
immediate neighbourhood of the branch point at z=0, put 
z=re®, and travel round the point along a small circle of 
radius 7; 7 remains constant, 6 increases by 27. 


w,=+v/re® becomes VreORi— en /re®= —J/re*=w,, 

w,=—-/re® becomes —JreOr— —erJreo= Jre8=w,. 

Hence in passing once round the branch point z=0, and 
> 


therefore crossing the branch line, each branch changes into 
the other. 


1259. Similarly for the case w?=z, where q is a positive 
integer. 
Here wis a g-valued function of z, and we have 
1 
w=z2! (cos ee sin =") , where A=1, 2, 3, ... or q. 
Let the g g™ roots of unity be called a, a2, a’, ... af. 
Then the branches of the function may be written 
1 1 1 i 
W,=a22, Wy= a2, We=a°2t, ... Wy=alZ4, 
1 
where by 27 we mean any definite q'" root of z, the same to be 
taken throughout. 
The points z=0 and z=o are branch points, and the 
positive portion of the x-axis is a branch line. 
In passing once round a small circle of radius r encircling 
a branch point, say that at z=0, w, changes from being 


1 1 
a’(re'®)? to being a’[re'@t?”]2, that is to 
ee 1 
ate 2 (re)? or as+t(re')*; 


therefore w, changes to W.41. 
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Thus the system of branches changes from 
Wy, Wa, Wg, v1» Way, We $0 Wy, Wy, Wa, wee Way Wy; 

and a second encircling of this small contour will cause the 
further change to w,, W,, W;,... W,, W,, and so on. So that 
when z has travelled qg times round the branch point at 2=0, 
the original order will have been restored. 

Similarly also for the case w!=z?, where p and q are positive 
integers prime to each other, 


1260. Reverting to the case w?=az, where a is positive and real, put 


i) —7_ otf 
z=re", W=7e%, wWe=Te'%2. 


Then w,=r,e%= +Vare® ) Wy=rpe'2— — J are® =J are Ot") ; 

™=Nar, a=§ 3 %=Nar, =n +8 : 
We show separate w-planes for the separate branches. (Fig. 365.) 
Take as the z-curve the circle r=a. 


w,-plane w,-plane z-plane 


Fig. 365. 


Here, as P, (z), moves round the circumference ABCD of the circle 
r=a, the points P,, (w,), and P,, (w,), respectively describe two semi- 
circles shown in the accompanying figure, viz. the upper half circle 4,B,C, 
for w, and the lower half circle C,D,A, for w,. When P traverses its 
path a second time, P, proceeds to decenibe the lower half circle of w,, 
viz. C,D,A,, whilst P, describes the upper half A,B,C, for wy. 


1261. Sheets, Riemann’ s Surface. 

In order to avoid the inconvenience of the same value of z 
indicating two or more values of w, the following device is 
adopted. 

Imagine the x-y plane upon which the point z travels to 
be split into as many parallel sheets as there are values of w 
to which any one value of z gives rise. Let these sheets still 
carry with them the tracings of the original axes, and let them 
be separated from each other by infinitesimal distances e, the 
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origins lying in a line perpendicular to the several planes 
and the axes remaining parallel, and let the same point z 
be marked upon each plane. Let the several planes be 
designated as No. 1, No. 2, No. 3, ete., and be associated with 
the several functions w=w,, W=Uy, W= Ws, etc., to which the 
value of z vives rise, so that when z travels on plane No. 1, 
the graph of w, is traced on the w-plane, when z travels on 
plane No. 2 the graph of w, is traced on the w-plane, and so on. 
In this way each value of z with its particularising plane 
gives rise only to one value of w, so that w may now be 
looked upon as a single-valued function of z, and z requires 
for its description not only the values of @ and y, but also 
the number or label of its particularising plane. 

Now it will be inferred from the examples considered that 
when 2z in its travel upon the original 2-y plane in continuous 
motion crosses a branch line AB in that plane there is a 
change in the branch of the function, w, to w, say. In order 
to represent the continuous motion of z in our new system of 
sheets from plane (1) to plane (2) it will be necessary to suppose 
the existence of a plane bridge extending from A to B, and 
terminating at these points and leading from plane (1) on which 
A, B lie to plane (2) on which 4’, B’ lie where A’, B’ are the 
new positions of A, B on plane (2), so that in passing from 2, 
on plane (1) to z, on plane (2) the point z passes down the 
bridge of infinitesimal length from the one plane to the other 
without changing its value in so passing. 


Fig. 366. 


And in the case when there are only two branch points and 
one branch line, we shall consider the several z-sheets to be 
nowhere else connected. Thus, as z passes over this bridge 
from plane (1) to plane (2), w, changes to w,, After travelling 
in plane (2) the point z must again cross the bridge to get back 
to its original position z,, for there is no other connection 
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between the planes (2) and (1). The excursion of z from plane 
(1) to plane (2) and back again may be indicated to an eye 
looking endwise along the branch line from B to A, as in the 
diagram No. 367, the bridge being represented in duplicate as 
PQ or P’Q’ for convenience. 


Thus, in the case of w®=z, we have the diagram of the 
change indicated in Fig. 368. 


Plane (1) giving w, 
goers nee eee (2) giving w, 
Fig. 368. 


In the case of w’=z the cyclic order of changes as z passes 
the branch line is indicated in Fig. 369 (taking, for example, 
q=5). 

a) m) 


(2) (2) 

(3) (3) 

(4) (4) 

(5) (5) 
Fig. 369, 


The whole system of sheets thus connected by means of a 
bridge through the branch line is then regarded as forming a 
continuous surface, and is known as a Riemann’s Surface. 


1262. Enough has been said to indicate one method of 
representation by means of which the consideration of a 
multiple-valued function z may be regarded as reduced to the 
consideration of a single‘valued function. And this will 
suffice for our purposes in this book. The whole theory of 
Branch points, Branch lines and Riemann’s representation 
would oceupy far more space than is at our disposal, and we 
must refer the student to treatises on the Theory of Functions, 
e.g. Forsyth, Theory of Functions, Chapter XV., or Harkness 
and Morley, Theory of Functions, Chapter VI., where this 
very interesting matter will be found fully discussed. 
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1263. Any Algebraic Equation of the n*® degree has » roots, 
being a positive integer. 

Let w=F(z)=2"+p,2"-1+ p,2"=+....+p,=0, where z and 
the several coefficients may be real or complex and n is a 
positive integer. 

Whilst z travels over the whole of the z-plane it is obvious 
that w will travel over at any rate some part of the w-plane. 


& 


O' u fe) 
w- plane z-plane 


Fig. 370. 

Let O and O’ be the two origins. Then we shall show that 
w must reach O’ in its travels over the w-plane. For, if there 
were any finite limit of the nearness of approach of w to 0’, 
let p be that limit. Let z) be the value of z for which w 
arrives at its limiting value, w, say, which must lie somewhere 
on the circumference of a circle of radius p in the w-plane and 
having O’ for its centre. 

Consider the vector z=z,+h. 

Then w=(zpth)"+p,(Zoth)*1+ polZo-+hy™ +... +Pns 
which, by multiplying out the several terms and arranging in 
powers of h, we may write as 


: h2 . hn . 
w=F (2) +hF'(2)+ 5; F (Zo) +... F Zo), 


where F(z,), F’(2q), etc., are the several coefficients occurring, 
and are functions of z, alone, finite so long as 2p is finite. 
Then obviously w= F(z), and therefore 


2 n 
W—Wy=hF’ (Zp) ra F’(z)+..-+ = F(z) =hF' (zo) + & say: 


Then, provided F’(z,) does not vanish, we can, by making h 
sufficiently small, make the ratio ¢:hF’(z) less than any 
assignable quantity. 


a4 


Both 
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And even if F’(z) does vanish, as well as 
F(Z), F(a) «.. F(z), say, 
so that  Fe\e,) is the first term which does not vanish, we 
can in the same way, by taking h sufficiently small, make the 
remainder of the series beyond the term ™ FP(29) bear to this 


term a ratio less than any assignable quantity, and therefore 
ultimately, when h is indefinitely small, 


hF' (2) hea 
call oo eae 


W—Wy= 


as the case may be. 

Now let the point z)+h travel in a small circle round Zp as 
its centre. In doing this the amplitude of h is increased by 24 
and that of h" by 2r7, r being a positive integer, whilst that 
of F(z) or F(z) is unaltered. 

Therefore the amplitude of w—w, increases by 24 or by 
2rm, and the point w describes some curve about wy which 
returns into itself after one or 7 complete circuits, as z describes 
a small circle about z. Hence it must penetrate at least once 
into the circle of radius p in its travel about w». And this 
contradicts the hypothesis that there is an inferior limit to 
the closeness of approach of w to O’ 

There must therefore be at least one value of z, say 2=2,, 
for which w coincides with the origin O’ and makes F(z) 
vanish. 

Hence z—z, must be a factor of F(z). 

Dividing out z—z, from F(z) we get an expression of degree 
n—1 in powers of z to which the same process can be applied. 

And, proceeding in this way, it is clear that F(z) must 
have n zeros. F 

And, if 2,, 2, 23,...2, be the values of z for which F(z) 
vanishes, we get w=A (2—2,)(2—2,)(z—2g) ... (2—z,,), where A 
is independent of z, but may be a complex constant. 


Thus mod. w=mod. A ‘TE mod. (z—z,), 
r=1 
r=n 
and amp. w=amp. A+ >) amp. (z—z,). 


r=1 


=o 
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1264. Number of roots within a given Contour. 

We are now in a position to assign the number of roots of 
w=0 which lie within a given contour in the w-plane. 

When z travels in a closed curve once round z, the ampli- 
tude of the vector z—z, is increased by 27, and if the closed 
curve encircles z 7 times before returning to the starting 
point, the amplitude of the vector is increased by 2r7. 


Zz 


Fig. 371. 


When z travels rcund a closed contour which does not 
enclose z, the amplitude of z—z, increases by a certain amount, 
and then decreases again till it assumes its original value 
when the whole circuit of the contour has been traversed, so 
that there is no change in the amplitude. 


& 


Zo 


z, 


Fig. 372. 


If the z-contour passes through % at a point of continuous curvature of the 
contour instead of surrounding it, there isa change of 7 in the amplitude 
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of z—Z. If % be situated at a node of the z-curve, then, when z describes 
a loop starting from the node by one of the branches which passes through 
z and returning to the node by another branch, the change in the ampli- 
tude of z—z is a, where a is the angle between the directions of the two 
tangents at the node between which the loop lies. 


Remembering that if 
w= A (z—2,)(z—2,)(z—2) ... (2—Z,) 
we have amp.w=amp. 4+amp,(z—z,)+...+-amp.(z—z,), 


it obviously follows that if z is made to travel round any 
contour which encloses any r of the m zeros of w, viz. 2,, 25, 
2g, -..2,, and no more, and does not pass through any of them, 
and if the contour be such as to encircle them each once only, 
the change of the amplitude in w will be 2rz. If, however, 
it passes through one of the other zeros at a point of con- 
tinuous curvature of the contour besides encircling the 7 zeros 
considered before, there will be a change of amplitude to the 
extent of (2r+1)7. Conversely, if as z passes along the 
perimeter of any region S it be observed that the change of 
amplitude is 2r7, we infer either that there are r zeros of w 
within that region or r—2p zeros within and 2p upon the 
boundary, and that, if the change of amplitude be (27+ 1)z7, 
there will be r zeros within and one upon the boundary or 
v—2p zeros within and 2p+1 upon the boundary, so that in 
the one case there are 7 roots within or upon the boundary, 
and in the other there are r+1 roots within or upon the 
boundary, and the number upon the boundary is even in the 
first case, odd in the second, and if the change of amplitude be 
an odd multiple of + there must be at least one zero of won 
the boundary of the contour. 


x 
1265. Illustrative Examples. 
1. Consider the equation 
waz —223-724974+10=0. 


Take a contour bounded by a circular are, centre at the origin, and of 
infinite radius R and the positive directions of the x and y-axes, viz. the 
quadrant OAB. 

Then (1) as z travels along the x-axis, y=O and the amplitude of z, and 
therefore also of w is zero, in moving from O to A. 
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(2) As z travels along the quadrantal are AB of the infinite circle, 


3.8 20 
w= Rt (e 9 F _ 42 7 +7R)= Re‘ ultimately, 


and as @ changes from 0 to 3 the increase of amplitude is 4. 5a" 


Ds 
B 


oO <= 
Fig. 373. 


(3) As z travels from z=o at B down the y-axis to O, x=0, and 
z=ly=4, say, and w=1r*+ 2r3+77+4 Qr+10=p(cos P+. sin d), say, where 
Pr 
r+r+10’ annie cajcsile ees ececieeccnnceges (a) 
so that tan ¢ remains positive as r decreases from o to zero, vanishing at 
both limits. To find where it attains its maximum value, we have by 


tan ¢=2 


differentiation 1. ,dp__ 1° 4+2rt— 2972-10 ‘ 
9 8e¢ ar 9s Tittetadoe 2 eee: (d) 

and the equation to find the stationary values of tan ¢ is 
fo Oe 2 NO =I) aca conn , AtonscoenecOaegiaee: (c) 


which being a cubic for r? must have one value of r? real. Moreover, as 
r? =o makes the left-hand member positive, and r?=0 makes it negative, 
a real value of r? must lie between 0 and infinity ; and further, Descartes’ 
rule of signs shows that there cannot be more than one real positive root. 
Let that root be r?=a%, and let the remaining roots, both real or both 
imaginary, be 6? and y*. 
(7? — a2)(r? — B2)(r? — y*) 

(r4#+7?+10)? : 

If both B? and y? be real negative quantities, r?— 8? and r?— y? are both 
positive. 

If 8% and y? be unreal, the product (r?— )(7?—y?) cannot change 
sign as r changes through real values from o to zero, and this product 
is ultimately r* when r is infinite. Hence in either case (r?— (*)(r? — 4?) 
is positive. 


1 dp 
Then 3 sec?p a= 
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Also r is decreasing. Hence 
from r= R to r=a, we have ao _( —)", therefore tan ¢ is increasing, 

and from r=a to r=0, AP (4), therefore tan ¢ is decreasing. 

But at r=R the amplitude ¢ is 27. 

Hence ¢ increases to some value between 27 and n+, and then 
returns to its value 27. 

There is therefore only one root of the equation in the first quadrant. 

If we take the first two quadrants as our contour we get a change of 
amplitude 0+41r+0=4r. 

Hence there are two and only two roots in the first two quadrants. 
That is, there is one root in the second quadrant. 

Similarly there is one in the third quadrant and one in the fourth 


quadrant. As a matter of fact, the four roots are —1+/—1 and 
2++/—1, as may be seen by factorising the original equation as 

(2 + 22+ 2)(2 — 4245), 
and the localities of these roots are shown in Fig. 374. 


PB 
B 
ei x 


Fig. 374. 


2. Consider next the equation 
w=2 — 625 + 1624 — 24234 2522 - 1824+ 10=0. 

Take the same contour as in the last case. 

(1) Along the x-axis from O to A z=, and there is no change in the 
amplitude, which remains zero. 

(2) Along the infinite circle w is ultimately Re, and there is a change 
of amplitude 6 x 5 =e in passing from A to B. 

(3) Down the y-axis from B to 0, z= ur, say. 

Hence w= —16 — Gurd + 1674+ 24ur3 — 25r? — 18ur +10 

=p(cos P+ sin d), say. 


Dien dt 
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6r§ — 2473 +. 18r 6(r?—1)(r? — 3r 

Then tan gry Sa TO FS 

This indicates a peculiarity at r=41, ie. c= +¢; and it will appear 
from w=2*—62+...4+10 that 22+] is a factor and two of the roots are 
z=+0. 

To exclude these roots we draw two small semicircles of radius r’ with 
centres (0, +1) in the first and fourth quadrants as shown in the 
figure, thus amending our contour ; (or we might, having discovered these 
roots, divide 2?+1 out of the expression for w and start again). 

Hence, except at the point (0, +1), we have 


, § r(r?—3) 
tan Cs) =6 r— 15r2+10” Cee vasedecnvesecacnvcccsvee os (a) 
1 dp $+ 6r4+ 1572430 
om 2 = Mile Lin ole aiaiaie eel ifenyaietsean eae 
whence sec? = (F157 F 102 7 (0) 
J 
B 
E ° e 
A 
Fig. 375. 


so that 2 is negative for all positive values of r, and therefore as r 
ir 


decreases along the y-axis ¢ increases, with the exception of in the 
immediate neighbourhood of the point where r=1; and tan ¢ vanishes 


both at r=R=o and at r=0 as well as at r=V3. 
To consider what happens in the neighbourhood of r=1, about which 


the small semicircle is drawn, put z=«+r’e, Then to first powers of 1’, 
w= (—146ur’e) — 6(c + 5r’e'%) + 16(1 — dure!) — 24( — 1 — 3r’e'®) 
+25 (—1+4 2Qu’e”) —18(¢ +1'e) +10 =8(3 —u)r’e'®, 


raga eat 
_ and the variable portion of the amplitude diminishes from @ ee 
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= -F as z traverses the semicircle CHD from C to D; otherwise 


along the y-axis the value of the amplitude is always increasing from 
op=8r at 0, where tand=0 to p=47m at r=%3, where tan ¢ =O again, and 
except for the semicircle CED to p=5mr at r=0, where tan > has again 
become zero, besides the loss of 7 in passing round the small semicircle. 
Hence the change of amplitude round the whole contour is 
OfromOto A, 3rfrom Ato B, zw from B to F, where OF =N3, 
a from F to O except round the semicircle CHD, —za round CED; 
i.e. in all, the change of amplitude is 4, which indicates the existence of 
two roots in the first quadrant, besides the root z=c on the boundary. 
In the same way, it can be shown that there is another root z= —+, and 
two others in the fourth quadrant, but none in the second and third. 
As a matter of fact, the expression when factorised becomes 
(22+ 1) (2 — 22 + 2)(2—42+5), 
and the roots are z= +4, \ and are indicated by dots in the second and 


214, fourth quadrants in the figure and the 
z=2+41, | centres of the semicircles. 
3. Consider w= Ant? +741=0. 


Taking the same contour as before : 

(1) Along the z-axis z=«, and there is no change of amplitude in z or 
in w. 

(2) Along the arc of the infinite circle, radius # say, 

w= Rint2e' (4n+2)6 where FR is very large, 

and the change of amplitude is (4n +2) = (ant 1) 7. 

(3) Along the y-axis put z=er; then 

w= —1nt+24 or4+1=p(cosp+esin d), say, 
r 
and tan d= Te (a) 
—7'nt2) 4 (4n42)08"t? —14(4n+1)74? 
a ae pant baie (1 = qantas 2 

which is positive for all positive values of r. Hence, as r is decreasing 
as z travels from B to O down the y-axis, ¢ is also decreasing, and the 
decrease is from (2x+1)m through (2n+ 1)r-5 at r=1, where tangd=o, 
to (2n+1)r—7 at O. That is, the total change of amplitude in passing 
round this contour is 2x7, which indicates the existence of m roots in 
the first quadrant. ; 

(4) If we take the first two quadrants as contour with an infinite semi- 
circular boundary, the change of amplitude is 

0+ (4n+2) r+0=(4n+2) x. 

Hence there are 2n+1 roots in the first and second quadrants, 7.e. 

(~+1) roots in the second quadrant. 


sec?h = 2. 
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(5) Consider next the behaviour in the fourth quadrant. 
For tbe variation of z down the y-axis, 0B’, put z= -.7, 


w= —r"t+?_ir+ 1 =p’ (cos f’+esin $’), say, B 
n roots 
and there is a loss of 7 in the amplitude. 


In traversing B’A there is, as before, 
an increase of (2n+1)m in the amplitude, i‘? 

z : x F Fig. 376. 
whilst in traversing 40 there is no change. 
This gives a change of 27, which indicates the existence of n roots in 
the fourth quadrant. Similarly there are x+1 roots in the third. 

Hence the localities are : 

m roots in the first and in the fourth quadrants ; 


, r 
tan tay = Anya]? 


ad’ (42 + 1) 744241 
a pit Nee ES 
sec? d ss rs \ 
which is essentially negative; and » is 
increasing, therefore ¢’ is decreasing, and 
g’=0 at O, and again at B’, where r=0, 


n+1 roots in the second and in the third. 


EXAMPLES. 


1. Find the moduli and amplitudes of 
(r+yy)", log(z+yy), att, (wty)t, 
sin(z+y), cos(x++y), sec(x+ry), tan-(x%+ vy). 
2. If z=a+ ty, show that 
log | c? |=xlog|c|—y amp. ¢, 
tan amp. c?=ylog|c|+a amp. ¢. 


3. How are sin 2, log z, tan"! z defined when z=a + 1y? 
Show that if z=2+vy, 


dz 3, asin? Cee A oe ae DF 
pe maa a "aclaeeges aaa aaa Go er 


4. Discuss the locality of the roots of the equations : 
(i) wae — 2234 424+12=0; 
(ii) w= 24+ 228 -424+12=0; 
(iii) w= 24 + 623 + 1622 + 202+ 12=0; 
(iv) w=2t= 625 + 162? - 20z2+12=0; 


stating in each case how many roots lie in each quadrant. 
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5. Find how many roots lie in each quadrant in the following cases: 
(i) w=2+24+1=0; (ii) w=24"+24+1=0; 
(iii) w=28+2+1=0; (iv) w= 2+ +7241=0; 
(v) we2trtty2241=0; (vi) w= etre? 4+224+1=0; 
6. Discuss the localities of the roots of the equations : 
(i) w= 28 + 225 + 724 + 1023 + 1422 + 824+ 8=0; 
(ii) w=2 — 624 + 528 — 302? + 42-24 = (0), 
7. Examine the nature of the conformal representation of the 
equation w?=1 +2 for the cases: 
(i) when z moves on the circle mod. z=c; 
(ii) when z moves on the straight line y=1+2; 
(iil) when 2 moves on the straight line y=c. 
8. Find the radius of curvature of the hyperbola 
x sec? c — y? cosec? c= a? 
by a consideration of the conformal representation of the equation 
w=acosz, taking for the z-path the straight line z=c. 

9. Supposing a*w=z%, and a to be real, show that if z traces 
the curve (x? + y?)§ =a3(a3 — 3zy?), then w traces a circle at three 
times the angular rate. Deduce a formula for the radius of curvature 
of the above z-locus, and verify your result directly. 


10. Taking the equation w+1=(z+1)*, show that the w-path 
corresponding to mod. z=1 is a cardioide. 


11. Examine the w-locus in the case w=cosh log z, when the z-locus 
is mod. z=1. 


12. Taking the relation w®-3w=z, show, by putting watts, 
that if ¢ describes the circle mod. =k: 

(1) the z point describes an ellipse ; 

(2) the three w-points corresponding to any value of #3 describe 
a confocal ellipse and form the angular points of a maximum inscribed 
triangle. [Harkness AND Morzey, Theory of Functions, p. 39.] 


13. Discuss the conformal representations arising from the equation 
w=log z, 


and show that the aperee: at any point of the w-locus is pro- 


portional to the value “ne ~ i at the corresponding point of the 
zlocus, ¢ being the angle between the tangent and the radius 1, 
and ds an element of arc of the z-locus. 
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14. Suppose w to be any rational function of z(=2x+ vy), and that 
w is put into the form p+.iq where p and q are real. Suppose that 
as z travels in the positive direction round any contour F in the 
a-y plane, p/q passes through the value 0 and changes its sign & times 
from + to — and / times from — to +. Show that the number 
of roots of w=0 which lie within the contour is }(k—), it being 
further supposed that the contour is such as not to pass through any 
point for which both p and q vanish, and that when repeated 
imaginary roots of w=0 occur they are counted as many times 
over as they occur. 
[Caucuy. (See TopHuNTER, Theory of Equations, Art. 308.)] 


15. If @ be the longitude and A the latitude of a place on the 
surface of a sphere and @=gd—): 

(i) Show that the coordinates of a point X,, Y, of the stereo- 
graphic projection of ¢, are 

pada ot te. X,+1¥,=aelot), 

(ii) If Xn, Y,, be the coordinates of the same point in a Mercator 

projection defined as 
Ma, Vn — a0, 
express X, and Y, in terms of X;, and Yin. 

(iii) Considering the equation w/a=e*l" (a real), show that w is 
the stereographic projection of a point on the sphere, whose Mercator 
projection is z. 

(iv) Show that the magnification in the stereographic projection 
oc (1 +sin 4)~}, and in the Mercator projection « sec A 

(v) Examine the stereographic and Mercator projections of : 

(a) the meridians; (b) the parallels of latitude ; (c) a rhumb line. 


16. If +e =(x uy), prove that the systems of curves 7” cosnd =a", 
r™ sinn@=6", in the plane & correspond to straight lines parallel 
to the axes in the plane a-y, and find the value of the integral 


2x24 for the rectangular space included between any four of 


them, dA denoting an element of area. [Sr. Jouy’s, 1890.] 


17. In the relation w=csinz, show that the w-curve which cor- 
responds to a rectangle «= +7/2, y= +k on the <-plane is an ellipse 
with two narrow canals extending from the extremities of the major 
axis to the nearer foci, and that the interiors of the respective 
regions correspond. [Forsytu, Th. of F., p. 504.] 
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18. Writing Z=X+¥Y, where X and Y are real, and taking 
4=sinz, determine a simply-connected region of the plane of z 
which is transformed conformally into the half plane Y > 0. 

[Maru. Trip., 1913.] 


19. For the equation /X+:Y=tan (frJ/u+1y), show that we 
have as corresponding areas the area within the circle X?+Y2=1, 
and that within the parabola y2=4(1-—z). Examine also the nature 
of the correspondence as regards 


(i) the points on the circumference of the circle ; (ii) those on the 
diameter Y=0. [Martu. Trre., 1887.] 


20. If z=sin?}Z=sin?4(X + Y), show that the lines X=const., 
Y=const. correspond to a system of confocal conics, and that the 
ratio of the areas of the triangles z,, z,, z, and Z,, Z,, Z, is proportional 
to the product of the distances 2, (or z, or z,) from the common foci 
of the system, the points Z,, Z,, Z, being the vertices of an infini- 
tesimal triangle in the Z-plane and z,, z,, 23 the vertices of the 
corresponding triangle on the z-plane. (Ox. IL) Pl 10134 


21. Show that (=(z+a)?/(z—a)? gives one conformal representa- 
tion of the semi-circular area 22+ y=a*, y=0 on the plane of 
#=@+ ly, upon the upper half 7=0 of the plane (=£+.y. Explain 
how to modify the formula so that z=h, y=0 become £=0, 7=0, 
and =), y= become £=0, »=1 (h? Sa’, a2 +y,2 <a’). 


(Marx. Tri. II., 1919.] 


i —_ 


CHAPTER XXX. 


INTEGRATION. CAUCHY’S THEOREM ON CONTOUR 
INTEGRATION. TAYLOR'S THEOREM. 


1266. Definition of Integration for a Function of a Complex 
Variable. 

Let f(z) be any single-valued function of z, and let any path 
of z on the z-plane be selected which does not pass through a 
point which makes f(z) infinite, and along which the change 
in f(z) is continuous. 


(e) 7 
: Fig. 377. 


Let 2, 21) 29) ++» Zn» 2n41 (=2) be an infinitesimally close array 
of points on this path from an initial point Po, (z), to another 
point P, (2). 

Then the limit (provided a limit exists) of the sum when 
n is infinite of the series 

(2,—20)f (20) + (2.—%) f(%)+ (23— 22) f (Z) +--+» (2—2n) f (2n); 
when the moduli 


|z,—9l, \Z—%|, |z3—2] «-- |2—2nl 
419 
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are each indefinitely decreased, so that the successive elements 
of the z-path are all infinitesimally small, is called the integral 
of f(z) dz for the selected path, and is denoted by 


ib (2 dz. 


1267. Obviously, the last term of the series, having an 
infinitesimal modulus, the series may, if desired, be supposed to 
stop at the term (2,—2Zn_;)f(Z,-1), a8 in the case of a function 
of a real variable (Arts. 11 and 12). 


1268. This definition clearly includes that of functions of 
a real variable (Art. 11) as a particular case, the “selected 
path” for the variation of z in that case lying upon the 
X-axis. 

1269. General Properties of an Integral. 

Properties of the integral, corresponding to those of Articles 
322, etc., for a real variable, may be established. Let w,=f(z,). 


Then, in the first place, it is immaterial whether we consider 
the limit, when n is «, of 


(2, — 2) Wot (2,— 2) W + (Zg— 2p) Wo+ «0+ (Znt1—Zn)Wn ++» = (A), 
or of 
(2, — 2p) W, + (%,—%) Wy + (23 — 2y) Wg+ .»- + (Zn41—Zn) Wngy +++ = (B). 
For the difference of these expressions, viz. (B)—(A), is 
(2 —2q) (Wy — Wo) + (2,— 21) (Wy— Wy) + «+ (Zn —2n) (Wn41— Wn); 
in which the number of terms is n+1, which is ultimately 


infinite, but an infinity “of the first order,” if we regard 
1 


n+1 
Let the greatest of the moduli of the several terms be 


as an infinitesimal of the first order. 


|2,—Z,-4| x |w,—w,4|, 
which is finite, as the path of z has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the z-points are taken infinitely close to each other, and the 
function w is continuous for variations of z along the path, 
|2-—Z,4| is an infinitesimal of at least the first order, and 
|w,—w,_,| is also an infinitesimal of at least the first order, 
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Hence the difference of the (A) and (B) series cannot exceed 
the value of the product of 


(an infinity of the first order) x(an infinitesimal of the first 
order) X(an infinitesimal of the first order), 
.e. a finite quantity multiplied by an infinitesimal, and must 
therefore vanish in the limit. 


1270. It follows that if w=f(z), 
z z r=n+1 n+l 
{2 d= fe) d2=S\ (2, — 2-2) f @ra)= Sr — Aa) fr) 
r=1 1 


n+l fy és 
=—SG@a—-2)f@)= a fle) de=—|"wde 
1 z 2 
1271. Again, since the sum of the series 


(2, — 20) f (20) + (22-41) f (1) + (2s — 22) F (22) + «+ + (2-20) f En) 
may be divided into any number of portions which together 
make up the whole series, we have 


a fos fe 


where ¢,, &, &,--- are the values of z at any points taken 
in order upon the selected path from 2p to z. 


1272. Again, consider it [ f(z) +F (2)] dz. 


Provided we follow the same z-path of integration in both 
cases, and that both f and F are finite and continuous between 
the points z, and z on this path, 


ff fede LS az len 


f F de=t >) (ear %) F(a) 


Hence 


ff fedex’ Fe de—HD Cros AdL fed +F Go 
=[ f+ Fela. 


And the same is true if there be any finite number of 
functions. 
Also, somewhat more generally, if DA, f;, (2) stand for 


A, fi ()+Asfo(@)+-: 
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for a finite number of functions, where A,, A,,..., are all 
independent of z, then 


| LAz fe (2) de=X) Ar fel) dz, 
% 2) 


so long as the same z-path is followed in each integration, and 
the conditions as to being finite and continuous from 2, to z 
are satisfied by each of the functions. 

The coefficients A, may be any whatever, provided they are 
not functions of z, and the number of terms in the summation 
is finite. 

And further, in these results each function has been sup- 
posed single-valued, or if not, that the same branch is adhered 
to throughout the integration in each case. 


1273. So long as the path of integration from 2, to @ is 
finite, and passes through no critical points of f(z), ve. points 
for which f(z) becomes infinite, and is a continuous path so 


far as variations of f(z) are concerned, the integral [ F(z) dz 
must be finite. = 

For this integral is, by definition, 
Lt[ (21-20) f (20) + (221) F(&) + (23— 22) F (Ze) +. -» +(2— 2n) f (2nd) 
and, by supposition, none of the expressions f(2,), f(2,), --- f(Zn) 
have an infinite modulus. 

If mod. /f(z,)=K, say, be the greatest of their moduli, the 


modulus of the integral | F(z) dz, which is 
2 


> Lt X mod. (z,,,—2,) mod. f(z,), 
is > Lt KY mod. (z,,,—z,), 
and Lt > mod. (2141-21) = the arc of the selected path from 
2 to z, =S, say, which, by supposition, is finite. 
Hence the modulus of the integral is not greater than K.S, 


and is therefore finite. Hence the integral itself, iE I (2) dz, is 
finite. a 


1274. When the number of functions f,(2), f(z), f,(z), --- fa(2) 
is infinite, the functions being each single valued, or if multiple 
valued, the same branch being adhered to throughout the 
integration, the same theorem as that of Art. 1272 is true for 
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a sum, provided that the sum forms a series which is 
nifor iti te : 
uniformly and unconditionally convergent,* and provided the 
z-path of the integrations lies entirely within the circle of con- 
vergence and is finite; for if we write w,, w,, Us, ... for 
thes i = 
these functions, let Fay Hg +s to. +Un th, where R,, 
is the remainder after n terms; and let the series 
U,+UgtUgt+... tO 2 
be uniformly and unconditionally convergent for all points 
within the region bounded by a circle of radius p, then, when 
m is indefinitely increased, |R,,| vanishes. 


Zz n 
But | | f-> u, | ae=|" R,, dz, 
PAN 1 Zo 
and if |R’| be the greatest value of |R,| along the path of 
integration, which is finite, and which lies within and does not 
cut the circle of convergence, then 
z Zz Zz 
Jf; Race is >| [Rdz|, te. + |B || rae 
Zo a) 
+|R’| x the length of the path of integration 
+|R’| x a finite quantity, 
and |R’| is zero, by supposition, when 7 is made infinite ; 


\. R,, dz 
2 


whence [ f(z) dz=>) | w, az, 
Z 1 


Zo 


* Bt 


=0, and therefore ft R,,dz=0, 


ri) 


where the path of integration is the same for each term of the 
series and the conditions of the series are as stated. 


1275. Caucuy’s THEOREM. 

It was shown in Chapter XV. that if @ and y be any two 
functions of z and y which are single valued, finite, and con- 
tinuous at all points 2, y which lie within or upon a given 
closed contour I of the a-y plane, then 


[[Ce Ze nar f(odernde) a 


* A knowledge of the general theory of infinite series and tests for con- 
vergency will be assumed here. The necessary information will be found in 
Professor Hobson’s Plane Trigonometry, Chapter XIV., or in the Treatise on 
the Theory of Functions, by Harkness and Morley, Chapter ITI. 
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the surface integral being taken over the area bounded by the 
contour and the line integral being taken round the perimeter, 
the direction of the integration being such that in travelling 
along the arc in the direction of increase of s, the ares bounded 
by the contour is always on the left-hand side. 
Consider the function w=f(z)=f(x+ 1y)=u+v, say. 
Then wu and v being conjugate functions of « and y (Diff. 
Cale. Art. 190), we have 
Ou =v. ow ow 
ey Oe Be Oy 
Now, from the above theorem, we have, by two applications, 


fiw dx—v dy)= (|e be +e) da dy =0 


and |(vdotudy)= ile (= 5) a a dy=0. 
Hence | f(2)dz= [ute dete) 


fw da—v dy)+ ftw dx+u dy) 
==() 

and the assumption in this theorem is that f(z) is synectic 
within and upon the boundary of I'.along which the integra- 
tion is conducted. That is, that f(z) is a single-valued, con- 
tinuous function which has no infinities, whether pole or 
essential singularity, within or upon the boundary of the 
contour. This extremely important theorem is due to Cauchy 
(Comptes Rendus de U Acad. des Sciences, 1846). 

1276. Deformation of a Path. 

When w is a synectic function for a definite region I’ of the 
2-plane, let ACB, ADB be two z-paths which lie entirely within 
that region. Then it follows from Cauchy’s theorem that 


B 
| w dz (along ADB) +( w dz (along BCA)=0, 
A B 
as there are no singularities in the region between the two paths. 
B B 
Hence | w dz (along A DB) =| w dz (along ACB). 
A A 


Hence, as far as the value of the integral is concerned, either 
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path from A to B is deformable into the other without alter- 
ing the value of w dz along it. When one of these paths is 
the straight line AB itself, the other path is said to be “re- 


y B 


Oo x“ 
Fig. 378. 

eoncilable with” a straight-line path of integration; and it 
will appear that such deformation of the path from A to B 
can be carried to any extent, provided that this deformation 
does not carry any part of the path of integration outside the 
boundary of the region I on the a-y plane, for which the 
function f(z) is synectic. 


1277. Differentiation of this Integral. 

Writing € for z and taking f(§) as synectic throughout the 
singly connected region I’ of the z-plane, and starting from 
any selected point z,, viz. A in Fig. 378, and travelling along 
any path to z, viz. the point B, both terminals and path lying 
entirely within the boundary of I’, we see that the integral 


[. f(& dé is independent of the path of approach of ¢ to the 
2 


terminal z. Let F(z) stand for this integral. Then it follows 
that F(z) is a single-valued function of z; and it has been 
shown to be finite in Art. 1273. Let z+éz be another point 
within the region I infinitesimally close to z. Then F(z+ 62), 


6 
which is [. ¢ f(€) dé, is also independent of the path of approach 


of ¢ to 2+ éz. We may therefore select the same path as before 
from z, as far as the point z, together with any additional 
elementary path from z to z+ éz lying within the region I, and 
along this f(¢) remains finite and continuous by supposition. 
The difference between f(¢) and f(z) for any point of this 
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elementary path is therefore infinitesimal, and therefore we 
z+8z 
may write | S(6 dé as {f(2)+e}6z, where the modulus of e 


is infinitesimally small, ultimately vanishing with that of éz. 

Wherefore F(z-+-dz)—F(z)={f(z)+e}6z, and therefore the 

moduli of F(z+6z)—F(z) and 6éz are of the same order of 

smallness. Hence F(z) is continuous at the point z, 1. at any 

F (z+ 6z)—F( 
6z 


point within the region’. Also ?) has a limiting 


value independent of the direction of approach of z+ éz to z, 
viz. f(z), when |6z| is made indefinitely small. That is F(z) 
possesses a differential coefficient. F(z) is therefore a synectic 
function of z for all points within the region I’. 


1278. Definition of Integration regarded as a Solution of the 
Differential Equation ay =p (a) 
i z 
It now appears that the integral | f(§) dé defined in Art. 
2 


1266 as the limit of a summation from a definite starting 
point z, to a definite terminal point z along any selected path, 
both path and terminals lying within the region I’, and the 
terminals being not within an infinitesimal distance of its 
boundary, throughout which region f(z) is synectic, is a 


solution of the differential equation oF (0), whatever the 


starting point z, may be. And supposing z to have been 
specifically selected, we may write the general solution of 
z 
this equation as y=C | f(§) d§, where C is the integral from 
any arbitrary point of the region IT along any path lying 
within I to the selected point z. In fact, we might regard 
the notation y=C sal f(Q dg as only another way of writing 
20 
the differential equation, but one which emphasizes the interro- 


gative character of the investigation it is proposed to conduct. 


1279, Extension of Former Definitions of Integration. Re- 
moval of Limitations. 

So long then as T is a singly connected region in the 
z-plane in which f(z) has no singularities, whether poles, 
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essential singularities or branch-points and the path of 
the integration lies entirely within the contour of I’ and the 
terminals do not lie within an infinitesimal distance of the 
boundary, the identity of the summation definition with that of 


a solution of the differential equation oy f(z) is established. 


Seeing that we have a mode of considering any multiple- 
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Riemann’s Surface, 
and under the understanding specified as to the nature of the 
function, the path of the integration and the existence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified in Art. 17, Vol. L, 
as to the reality of the variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with. We may therefore regard the functions 
which have been subsequently treated as subjects of integra- 
tion, as functions of a complex variable with such alterations 
in the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
_ consonance with such as they possess when functions of a real 
variable. 

The proofs of general propositions as to integration given in 
Chapter IX. (Art. 321 onwards), which were there established 
under the understanding as to reality of the variable and 
single-valuedness of the function, are now superseded for the 
wider conception of the nature of the variable and the function 
by the general propositions of Arts. 1269 to 1274. 


1280. Loops. 

As the property presupposed for the function w may cease to 
hold and the function become meromorphic at certain points of 
the plane by virtue of the existence of Poles, Branch Points 
or other singularities, it is necessary to consider, in case the 
specific region I. should include such points, what paths there 
are in this region which are deformable into a straight-line 
path from any one point O, which may be considered the 
origin, to any other point P of the region. Also we shall have 


P 
_ to consider how the integral | w dz is affected when the path 
0) 
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from O to P is not one which can be deformed into the straight 

path OP without passing through one of these singular points. 

Imagine an infinitely extensible and contractible inelastic 

thread attached at the points O and P to the plane and lying 

in the plane. Imagine a pin stuck 

perpendicularly into the plane at 

a point A. It will be obvious that 

the thread might pass on either side 

the pin, or it might loop round it 

ee one or more times as in the paths 

in the diagram OXP, OSP (which 

is straight), OYP or OZP. In the 

case OXP the thread path can be 

deformed into the straight path 

Y OSP without moving the pin from 

the point A. But neither of the 

fe) paths OY P, OZP can be so deformed 

ee whilst the thread lies in the plane 

without removing the pin. The path OXP is said to be 

“reconcilable with” a straight-line path. But the paths OY P, 
OZP are not so reconcilable. 


x 


1281. The path OYP is “reconcilable with” a loop round A 
consisting of a straight line OB, a portion BCD of a small 
circle with centre at A, a straight line DO’ parallel and equal 
to OB, and O’P, and the thread OYP may be deformed into 
this “loop and line” without crossing the pin at A. 

The radius of the small circle may be regarded as any 
infifiitesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the circle, so that the 
angle BAD is evanescent; the circle BCD may then be 
regarded as complete and the banks of the canal OB, O'D as 
coincident. Thus B coincides with D and O’ with O, and the 
figure will be as shown in diagram, No. 381. The portion of 
the deformation consisting of the small circle and the two banks 
of the narrow canal starting from O and terminating at O 
after passing once round the point A is technically known as 


a “Loop,” and the integral fu dz taken round the circuit — 
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OBCDO will be called (A), and if U, be the integral along OP 
the whole integral for the path will be (4)-+-U, the suffix in 
such cases denoting the number of loops that have been 
traversed before starting upon the portion of the path 
indicated hy the letter to which the suffix is attached. 


P 


Fig. 380. 


© 


Y 
Fig. 381. 


O 


If A be an ordinary point of the plane the region within 
the small circle is synectic, as also along the canal, and (4)=0. 
The value of w on the return journey DO is the same as that 
of w on the outward path OB, and the integrations are of 


opposite sign and cancel ; and 
the integral round the small 
circle separately vanishes. 

No “Joop” passes twice 
round the same point A 
without first returning to the 
starting point. The canal 
of the loop is usually but 
not necessarily taken straight 
(see Fig. 399, Art. 1294). 


1282. If the thread ini- 
tially lies as in the path Z 


P 


S\R0 


Fig. 382. 


of Fig. 379, passing round the pin twice before arriving at 
P, a deformation is possible into two loops + a straight path 
OP, as shown in Fig. 382, the points O, 0’, O” being ultimately 
coincident. The value of the integration round this path we 
shall denote by 1=(A4A)+U, or (A?)+U;. 


430 CHAPTER XXX. 


If the thread passes round the pin n times before reaching 
P, the thread-path will in the same way be reconcilable 
with  A-loops + a linear path, and the value of the integral 


fu dz along it will be denoted by J=(A")+U,,. 


In the case of a single-valued function the suffixes used 
are of no account. But in the case of a multiple-valued 
function the return value after traversing a loop is not the 
same function as that with which we start encircling the 
loop. Hence it is necessary to keep count throughout of the 
number of loops passed before starting upon the next in order. 


1283. Next suppose there are two pins stuck perpendicu- 
larly into the plane at A and at B. There are many varieties 
of thread paths along which the thread may lie from O to P. 


0” 0 
Fig. 383. Fig. 384. 


(1) It may be deformable without crossing a pin (as OXP) 
into the straight line OP. 

(2) It may, if in position such as OYP, be deformable as 
before into an A-loop + a straight-line path OP. I=(A)+U,. 

(3) It may, if in a position such as OZP, be deformable 
into several A-loops + a straight-line path OP. I=(A")+U,,. 
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(4) It may, if in such a position as OTP, be deformable into 
a B-loop or into several B-loops + a straight-line path OP. 
I=(B")+U,,. 
(5) It may be that the thread path surrounds both pins several 
times, and then the system is deformable into a set of A-loops 
and a set of B-loops together with a straight path OP, in 
hich B ircled as 
which case B may be encire ed as I=(AB)+U, 
many times as A, making each time 
{roe or (AB)"+U,,, 
a double circuit, or there may be 
. . (AB)"+ (Ab,)+ Uonrp 
more surroundings of one pin than : (ABY+(BL)+U 
of the other. or (AB) + (Bh) + Vana: 


The notation for the integrals will explain itself. 


1284. A loop round A and then round B will be called 
a “double loop.” This 
term is often confined 
to the case when O lies 
between the points in 
question. 

A double loop is de- 
formable as shown in 
Figs. 385, 386, and 

I=(AB)+ U.. Fig. 385. 


In the same way, if there be several pins A, B,C, D, say four, 
any thread path such as OX P may be deformed into four loops 
and a straight path, and the integration will be represented by 


I=(A)+(B,)+(C,)+(D,)+U, (Figs. 387, 388), 


Fig. 386. 


or if the thread encircles a pair of pins as in Fig. 389, the 
deformation and its integration will be represented by 


: I=(A)+(B,)+(A_)+(Bs)+(C,)+ (D5) + Ue 
or (AB)+(AB),+(C,)+(D,)+ Ue 
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If the thread encircles three pins ABC, as shown in Fig. 391, 
the deformation and the integration will be indicated by 
I=(A)+(By)+(C,)+(A3)+ (By) +(C,)+ (De) + Uz, 


and similarly in any other case. 


Oo _s 
Fig. 387. Fig. 388. 


It will appear in general then that any thread path may be 
deformed into a system of loops + a straight-line path, 
however many pins there may be. 

P 


Fig. 389. Fig. 390. 


1285. Method of Exclusion of Poles. 
When a pole exists within a contour [' at a point z=a and 
not within an infinitesimal distance of the boundary, it may — 


EXCLUSION OF POLES. 433 


be excluded from the integration by the artifice of altering 
the boundary, as indicated in Fig. 392, by the introduction of 
a loop so as to exclude the pole from the new contour I, 


P 
A 
H 
B 6 D 
re) C 
Fig. 391. Fig. 392. 


A small circle EFG is drawn with centre at the pole O (viz. 

=«), and two adjacent points of it HG are connected with 
two adjacent points DH of the original contour forming a 
narrow canal. We then regard the boundary of the contour 
I’ as the curve ABCDEFGHA, and integrate round the 
amended contour. 


@ 


Fig. 393. 


The breadth of the channel DEGH may be taken as zero 
throughout its length, and it may be taken as straight, so 
that the portions of the integration of a single-valued function 
along DE and GH cancel each other, and it leaves us with 


434 CHAPTER XXX. 


the theorem that [fe dz, round the outer boundary in the 
sense of the arrow at A, +[7/(@)de round HFG in the sense 
of the arrow at I’, vanishes, it being supposed that f(z) 


possesses no singularities other than that at z=a, which lie 
within the region [. That is, the value of [7@) dz, taken 
round the outer boundary in the positive sense, 2.¢. leaving 
the region always to the left-hand, is equal to Ho dz, taken 
round the inner boundary in the same sense relatively to 


the region bounded by and lying within the inner contour, 
as indicated in Fig. 393. 


1286. The Integral |22@ 2) 4 
ole z) 


Suppose then that foal ow , where ¢(z) has no factor z—a, 


so that there is a pole of f(z) at z=a, at which f(z) becomes 
infinite, and that the point @ is not within an infinitesimal 
distance of the nearest point of the boundary. 


To consider the value of | ferae, taken round a small 


circular contour with centre z=a and small radius p, which 
will not cut the boundary, put z=a+ pe’. 


Then Sn, dé, and if p be infinitesimally small we may 


put o(z)=$(a). 
Henee | # ae #2) Ge=[p(a) do=cp(a|” d0=27mi¢d(a). 


This then is the value of the integral conducted round the 
small circle, which is therefore, by the previous article, the value 
of the integration round the outer boundary of the contour. 


Thus Pe dz, taken round the outer boundary of the 


contour I’, =27i¢(a). 

Supposing, however, that the point a ties upon the contour 
along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and 
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lying within the bounded region, cutting the contour at 
P and Q. Then after putting, as before, z=a+ pe”, the limits 
for @ will now be from —e to —(e+7r), where —e is the value 
of @ at commencing the small semicircular path at P, and 
—(e+7r) is the value when the contour is recommenced at Q. 
We then have 
P #(z) ,. (taken round the whole contour res 

| : Lae the infinitesimal are Bt. pu) dO=0, 


Qez— a 
that is, Prin. Val. of hee dz= mip (a). 
2-4 
- 2) dz 
1287. The Integral | (2) : 
(z—a,)(z—a,) ... (z—@,) 


Similarly, if there be several poles of f(z) lying within the 
contour I and none of them within an infinitesimal distance 
of the boundary. 

Suppose z=, 2=dq, ... 2=,, to be these poles. 

Let fO=—rayecaa Rey where ¢(z) is of degree n, 
say, in z, and possesses no factors z—d,, 2—@g, ... OF 2—Gy. 

By the rules of partial fractions, we have a result of 
the form 

f(2)=K,,2° 74+ Ey at + --- + 2+ Ko 
St $(4s) 1 
+24 (a,—@,Ka,—G,) ... (4,—Gy) Z— Ay 
where the factor a,—a, is omitted from the denominator 
and n is supposed not less than 7, or if n be less than r the 
integral polynomial part is absent. 

The first part of this expression, down to Kp, constitutes a 
function of z with no poles within the contour T, and therefore 
its integral taken round the boundary of I contributes nothing 
to the whole integral. We may construct a loop for each of 
the infinities and proceed as in the case of a single infinity. 


The term involving — taken round a small circular 


contour with centre a,, contributes to the integral 
(4s) 
(4,—)(s—Mq) «+ (ad,—4,) 
this small circle being taken of so small a radius as to exclude 
all the other poles and not to cut the boundary. 


. 278, 
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Hence the whole integral taken round the contour, viz. 
| J(z) dz, being equal to the sum of the integrals round the 


small circles which surround the several infinities, 


p(s) 


s— Az) Or (a,—4a,) ' 


. 
=2m>>; Z 
m2) (a,—a,)(a 


Fig. 394. 


Tr 
the factor a,—a, being omitted, =27:>) A,, say, where the 


1 
value of X, may be reproduced as [itso df(a,+6), v2. 
ls, p(4,+6) : 
~ (a@,+6—a,)(4,+6—a,)... (4,+d—4,) 
and similarly for \,, A3, ete.; or by the ordinary rules of 
partial fractions. 
The effect of pole-clusters within a contour will be discussed 
in Art. 1317. 
1288. Effect of a Branch Point. 
If the function w be multiple-valued, say two-valued, but each 
branch being continuous and finite and possessing a differential 
coefficient at all points of a certain region T' of the z-plane, 


Cauchy’s theorem as to the integral of fu dz from a point A toa 


point B of this region along a path which does not pass beyond 
the boundary of I’ is still true, provided that the paths from A 
to B belong to the same branch of w; and as long as the paths 
ACB, ADB of Fig. 378 are both finite paths of the variation 
of w, lying entirely in the region I, or both finite paths of the 
variation of w,, the theorem stated is still true, viz. that 


foe dz along ACB=(w, dz along ADB 


and fen dz along ACB=|w, dz along ADB. 
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When, however, the z-path encircles a branch point in one of 
these paths from A to B, the functions w, and w, interchange 


values, and the integrals of | dz along two such paths may 
differ. 


1289. For instance, in the case of the two-valued function w defined 
by the equation w?=1+2, we have two branches 


=+V14+z, w.=-VJI1+z, 


and there is a branch point at z= —1, and, as will be seen later, one also 
at oo. 

To examine this case, put z= —1+ re“, and let z travel round a small 
circle of radius r with centre at z= —1, and let us start with the branch 


w= +N142= +0 re, 


> 


fags = 


ae 
esas 


ai or. Stan 


Fig. 395. 


Then, in encircling the point —1, @ increases to +27 and e® becomes 
e (6+2m) 
Hence w has changed from n/re® to /ret OF2"), 7.6. to e'"/re'’, and has 


become —V/re, i.e. wa. 


Now, any path from O to P will be reconcilable with (1) a number of 
loops round —1, &@) a straight-line path, and the integral will be 
I=(A")+u4,. 
Now, (1) in case of a path such as OXP, which is reconcilable with the 
straight line OP (Fig. 395), we have 


=f w, dz=Up. 
0 


(2) In case of a single encirclement of the branch point 


=i 
(4)= w,de+ [wy de+ | weds 
0 ec -~ 


where i represeuts the value of the integration round the infinitesimal 
ec 


circle; and this= Sie wre (ure'®) dQ, and vanishes when r is indefinitely 


small. 
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= ey 
The third integral if We dz = -f ww de= | w, dz, for we= — UW ; 


iS (4)=2 | ande, 


We thus arrive back at O with the value w=w,, and with this value 
must continue along the line OP. 


Zz 
Thus, m= W,dz= — Uo, 


where w is the contribution of the path OP after one encirclement of A- 


The whole integral is therefore 
= 
[=2 b Wy AZ — Up. 


(3) If there be two circuits of the loop before reaching P, we have 


= 
T=(A)+(4)+u=[ wo, de + [wy d+ | toede 


=] = 
+ : wade+ [aade+ f° wide | w, dz, 


which is evidently =u, and we note that (A,)= —(A). 
(4) It will thus appear that if there be n circuits round the branch point, 


Talia 1") [ wde+(—1)" a, 


et 
The value of the integral i Vi+adz is [2(1+.2)'], = —%. 
Hence the values of the integral for the different paths are : 
(1) direct path, U5 
(2) one loop+direct path, -4-—w; 
(3) two loops+direct path, up ; 
(4) three loops+ direct path, —4—u); 
and so on, alternating in value. 


Hence, if u=[ N1+zdz, and z is thence regarded as a function of u, 
say z=¢$(u), we have z=(u)=¢(—4$—), indicating that two values 
of the argument lead to one and the same value of z. 

1290. In the case of any branch point at a point z=a of a 
function w=f(z—a), which is such that Ltz=a|f(z—a) dz| is 
zero, aS in the case considered in Art. 1289, the contribution 
due to the circular portion of the loop is zero, being 


2a 
| FS (re) wre® dé, 
0 


and vanishing with 7, since Lt,—|rf(re®)| vanishes; and the 
only contribution from the loop is that due to the two banks 
of the canal portion of the loop. 
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If the function w be two-valued, it has been seen that in 
passing round the branch point w, and w, interchange values, 
and the contribution of the loop is 


‘a 0 
1={ w,d-+| w,dz+| w, dz ; A 
0 e a 
and in the case considered, viz. a 
Lt,=q|w, dz|=0, 
| w, dz=0, Fig. 396. 
c 
0 ‘a ‘a 
whilst | W, a—| w,dz and 1=2 w,dz=(A). 
a 0 0 


1291. More generally, if the function be n-valued, such as 
w'=2—re"", 
1 1 
so that w=r"[cos (0+ 2A7)+ 1 sin (0+ 2A7)]", 
1.6 
where \=0, 1, 2, ... »—1, each branch w,= acre", where a=one 
of the n™ roots of unity, changes into 
1 A 
Wei = astlyne”, 
and there is a cyclical interchange of the value of w as we 
pass round successive branch points, so that w,=aW,, W3=aW,, 
and so on, and a"=1. (See Art. 1259.) 
a 
So in this case, i=| Ww, a+] w, dz 
a 


0 
becomes I=(1— a)| w, dz. 
0 


1292. To return to the case of a two-valued function, if 
after a description of the A-loop, starting from the origin 
with value w=w,, we pass along a second loop round another 
branch point B, we start off along the second loop with the 
value w, and return with the value w,, and for the two loops 


a 0 
1={ w, dz+| w,de+{ Wy dz 
0 ¢ a 
b 0 
+| w,d-+| w,de+ | dz 

0 ¢ 

° b 
=2| w, d2—2 w, dz 

0 0 
=(A)—(B), say, 
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and this we shall call (AB) for shortness, so that 
(AB)=(A)—(B). 
Similarly (ABC) =(A)—(B)+(C), 
(ABCD)=(A)—(B)+(C)—(P), 
and so on. 
It also appears that in a double looping of the same branch 
point A, we have 
(44)=(4)—(A)=0. 
In a triple looping of A, 
(444)=(4)—(A)+(A)=(A). 
These peculiarities are indicated in the notation 
(A**)==0, (AA). 
So we have 
(AB)=(A)—(B), (BA)=(B)—(A), (A4B)+(BA)=0, 
(ABC) =(A)—(B)+(C)=(AB)+ (C)=(AB)+ (C)—(A)+(A) 
(4B) +(CA)+(A), 
(4*BO) =(4ABC)=(4)—(A)+(B)—(C)=(BC) =(40)+ (BA), 
(4*BO)=(4)— (4) +(4)—(B)+(C)=(4B)-+(C) or (A)—(BC) 
or (A)+(CB). 
For a double looping of any pair, 
(ABAB)=(A)—(B)+(A)—(B)=2(A)—2(B). 
For n-encirclings of A and B we may write 
(AB)"=n(A—B). 
Again, (B)=(B)—(A)+(4)=(BA)+ (A), 
(BCD) =(B)—(C)+(D)=(B)—(C)+(D)—(A)+(A) 
=(BC)+(DA)-+ (A). 


1293, It appears then that to integrate round any com- 
bination of these branch points, the whole can be expressed 
linearly in terms of integration round any one loop, say the 
A-loop, together with an integration round a combination of 
double loops round pairs of others; and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue from integrating round each of the 
separate branch points of the pair. And further, that for a 
two-valued function the value of the function on final arrival 
at O, and before starting on the straight part of the path 
from O to P, depends upon how many times the path has 
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surrounded a branch point, and the final integration along the 
straight path adds +) if an even number of circlings has 
been effected, and —w, if the number be odd. 

Thus, if O be the origin, and there be branch points at 
A, B,C, D, EF, F, G, H, a path in which B, C, A, D, E, F, A, H 
are successively looped before returning to O, and then passing 
to P, will give the integral of a two-branched function 


(B)—(C)+-(A)—(D)+ (B)—(F)+ (4)— (A) + (—1)*u, 
and integration for a path for the loops round B, C, A, D, E 
will give 
(B)—(C)+(A)—(D)+(B)—(A4)+ (4) +(-1)"%, 

and these may be respectively written 
(BC) -+(AD)-+(EF)+(4H)+%, 
(BC)+(AD)+(EA)+(4)—wo. 

Now, if there be n critical points A, B,C, D,..., there are 


n(n—1) sets of differences (we omit the brackets for short), 


A—B, A-—C, A-—D, A-E,.... 
B-—C, B—D, B-H, «<<, 
C=D, C-E, ..., 
Die Paerer 
and only n—1 of them are independent, say 
A—B, B—O, C—D, D—-HE....; 
for any other, such as B—E, may be expressed as 
(B—C)+(C—D)+(D—#). 
Hence the value of fu dz taken along any path from O to P 
must take one or other of the following forms: 
d (AB)+ pu (BC)+yv (CD)+...+«(EF)+ Uo; 
or \’ (AB)+ u’(BC)+y' (CD) -+...+«(EF)+(A)—%o, 
where X, u,v) ---, A, mM, V+, are integers, positive or negative. 
1294. If there be no branch point at infinity, and if w 
remains finite and continuous for all other points of the z-plane, 


an infinite circle, with centre at the origin, will contain all the 
branch points, and can be deformed into a system of loops, 
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each passing round a branch point once, as in Fig. 398; or in 
case they lie in a straight line, as in Fig. 399; and the region 


Fig. 398. 
between this circle and the loop system being synectic, we have 
[v dz,taken round the infinite circle, =(4)—(B)+(C) —(D)-+..., 
and fv dz round the infinite circle will be a definite quantity 


which, in such cases as 
1 


(2—a,) (2—4,) (2—a,) (@—a,) 

1 
(2—a,)(2—a,) (2—ag) (2—a,) (2—a,) (e—a,) 
will vanish. For, taking the first of these, and putting 


z=Re*® (R=0), e_, dé ; 


w= 


or w= 


1 Qar dé 
vA fv de=| de : Rea when R=; 


and similarly in the second expression. 
x 


Fig. 399. 


Thus in such cases there is a relation amongst these differ- 
ences, viz. (A)—(B)+(C)—(D)+...=0. 

In the case of four branch points, the independent differences 
will reduce from three, {(A)—(B), (B)—(C), (C)—(D)}, to two, 
say (A)—(B), (B)—(C). 
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And the forms possible for the value of the integration 

along paths from O to P will be comprised in 
I=) (AB)+ u (BC)+%, 
1=N(AB)+u'(BC)-+(A)—t. 

1295. Representation for Large Values of z; Branch Points at 

' Infinity. 

To represent the nature of the function for values of 2 at an 
infinite distance from the origin, take a third variable 2’, such 
that z2’=1, and represent the travels of 2’ on a plane of its 
own. Then, for points z on the z-plane which are at great 
distance from the origin O, the points z’ on the 2’-plane are 
near the new origin O’ on the 2’-plane. 

Taking the function 

1 
i Ve—a,)(e- ay )(2—a,) (e—ay) .. aie a a 
which is a branch of a two-valued function, let us find the 
branch points. 

Let O be the origin on the 2-plane A,, Ag, ... A, the several 

points z=a,, z=a,, Z=dz, ..., and let P be the point z. 


Let 2=G, 47 e%=de+71,¢%=a,+7,6%=... 
3 1 
MP irgfhg one COG B HA)” 

Let P describe a small circle round any one of the points, 
say a,. Then, after the completion of this circle, 7,, 7, 73, »-- 
and 6,, 03, 0,, ... have resumed their original values, but 6, has 
become 0,+ 27. 


Then aD, = 


W, 
Hence the function w, has become — at i.e, —W, Or W,, and 


therefore there is a change of branch at 4,. Similarly at 
A,, Az, -.-. Now consider the case when z= 


1 
Using the other representation we have, writing @,= a? 


1 
ad,=—, ete., 
2 


eee ‘7/3 
so J ee 
ea an IR 


and we have to consider the behaviour of this function for 
values of z’ near the origin O’ on the 2’-plane. 
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Putting z’=re’, we have ultimately, when r is very small, 
Sane. ‘ 
w=r'e 2, and when 2’ is made to describe a small circle of 


radius r about the 2’-origin O’, 6’ has changed by 27, and the 
function becomes multiplied by e, i.e. by 
(cosnu7+.isinn7) or cos. 
Hence if n be even, w, remains unchanged, but if n be odd 
w, changes into —w,, i.e. there is a change from branch w, to 


branch w,. 
1296, Thus, in the cases 
= gaia) elves a w= Lil pds 68 ie See 
/(@—a,) (2— a9) Vz —d,) (2— Gy) (z— a3) (2—a,) 


there are respectively two and four branch points, viz. z=a, 
and z=a, in the first, and Z=,, Z=A,, Z=A,, 2=a, in the 
second, but none at oo. 
But in the cases 
Hi 2 nd w,= 1 
: a J(z—a,) (2—a,) (z—a,) (z—a,)(z—a,) 


= a 
J(@=a,) (@— a4) (2— a4) 
there are branch points at @,, My, d, In the first, and at 
@,, Uy, Ag, G,, a, in the second, and in both these cases there is 
also a branch point at oo. 

In the latter cases the loop system, when represented on 
the 2’-plane, will be as discussed previously, the origin being 
also a branch point. But if represented by loops on the 
z-plane, we have (taking the case of three factors) a, g5 Mig 00 
as branch points at A, B, O, D respectively, the latter at infinity, 
and, as in Art. 1294, there are apparently three independent 
pairs of differences, which we may take as (AD), (BD), (CD). 
But writing w={(z—a,)(z—a,) (z—a,)}"2, we have 


(AD)=2 { ae (BD) =2{ ee (0D) =2 we 
ay ag a3 
and we shall show that (BD) =(AD)-+(CD), which reduces the 
three apparently independent pairs to two really independent 
ones. For | wdz taken round any finite contour in the finite 


part of the z-plane, which does not include A, B or C and 
cannot include D, vanishes; and such a contour is deformable 
into an infinite contour, such as indicated in Fig. 400, with 
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loops excluding the branch points. Therefore |wdz round this 


deformed contour also vanishes. For convenience this defor- 
mation may be taken as a circle of 
infinite radius centred at the-origin, 
with four loops excluding the branch 
points, the canals of A, B,C being of 
infinite length and that of D finite. 
The contribution to the integral 


| wae which accrues from these 


loops amounts to (A)—(B)+(C)-(D), 
a.e. to (AD)—(BD)+(CD). The re- 
mainder of the contour, which 
consists of infinite circular ares, 
along each of which the same 
branch of w is adhered to, and which Bigs oN. 

each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral. For taking any of 
these ares, say from 0=a to 0=8, where z—Re® and a<B<2r, 
we have [w dz=1 t: zw d@, and therefore 


a 


D 
mod. | w dz=mod. ‘ zw d0 + | mod. (zw) dé. 


But mod. (zw) tends continually to a limit zero as mod. z is in- 
definitely increased, and if K be its greatest value for points 


B 
on the are from 6=a to 0=B, | mod. (zw) d@ is positive and 


a 


<K(8—a), and therefore also tends to a zero limit. Hence 
the whole integral for the deformed contour is that due to 
the four loops only, viz. (AD)—(BD)+(CD), which therefore 
vanishes. It follows that the only possible values of the integral 


w=" es are of one or other of the forms 
2 Jz ae a,) = Gy) (z—az) 

p(AD)+q(BD)+r (CD)+u%, 
or p(AD)+q(BD)+1(CD)+(4)—%, 


where 7, q, etc., are integers, and that by virtue of the relation 
(BD)=(AD)-+(CD) these further reduce to 


\(AD)+mu(OD)-+u, or (AD)+m'(CD)+(A)—u%, 
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where X, yw, r’, um’ are integers, and up is the value of | w dz by 


any straight-line path from z to « , which does not pass through 
A, B, or C. 
1297. From these considerations it will follow that, if a 
quantity z be defined as #(w), and given by 
=|- 1 “ee = [wae say 
ov (z—a,)(2—a,) Jo { 
the possible forms of the result being limited to 
w=)(AB)+uy, or w=Xr(AB)+(A)—U%, 
and the same point z being attained for either of these values 
of u, we must have, when we regard z as being expressed in 
terms of u, 2=¢$(u)=$[A(AB)+ ug], 
or =[\(AB)+(A)— up]. 
¢@ must therefore be a periodic function such that an addition 
of (AB), v.e. (A)—(B), to the argument any number of times 
makes no difference, and also that, if (A) be added to any 
number of sets of integrals round double loops (4B), the same 
will be true if the sign of uy be changed. 
In the cases 


e ma dz a, d A z dz 

oy [Siericances a "| Jeo =as 
since w=A(AB)+ u(BC)+ up, 
or \’(AB)-+(BC)-+(A)—u, 


in both cases, for A, B, C are any three of the four branch 
points, we have 


p(u)=9[ (AB) + u (BC)+ U9], 
or = p[\(AB) + u(BC)+ (A)— up], 
and a double periodicity of,z=¢(w) is established. 


1298. Period Parallelograms. 

A geometrical illustration of this double periodicity may be 
given. 

Let $(z) be a doubly periodic function of a single complex 
variable z with independent periods , w’, viz. 


o=a+iB, w=a'+.8, 
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sothat ¢(z)=¢(z+)=¢(z+20)=... 
=$(2+0')=$(2-+20)=... 
=$(2+0+0)=...=¢(2+pot+quw)=..., 
where p and @ are any integers, positive or negative. 
Referred to any set of rectangular axes in the 2-plane, the 


points (0, 0), (a, B), (a+a’, 84-8’), (a’, B’) are the four corners 
of a parallelogram (Fig. 401). 


Fig. 401. 


The adjacent sides of this parallelogram make angles 


, 


ba Cae , 
a a 
with the z-axis. It is called a period parallelogram. 

The four points, pa+iq8, (p+1)a+e(¢+)8, 
{(ptlat+a}+i{(qt+)B+B}, (pata)+e(9g8+8), 
will equally form the angular points of a parallelogram of the 
same size and shape as before. The whole z-plane may be 
regarded as mapped out into a network of such equal parallelo- 
grams by giving to p and q all integral values. As z travels 
over the region bounded by any one of these parallelograms, 
(z) ranges through all the values it is capable of assuming. 
If z travels into other parallelograms on the z-plane the values 
of (z) are merely repetitions of the values it attained at 
corresponding points within the first parallelogram. Thus 
points similarly situated with regard to any elementary 

parallelogram of the network give the same value of $(2). 
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1299. If (xz) be Synectic throughout I’, so also are its 
Differential Coefficients. 

We shall next show that when ¢(z) is synectic within and 
upon the boundary of a given region bounded by a closed 
finite contour T, all its differential coefficients are synectic 
within that region. 

We have seen that if a be a point within the region and 
not within an infinitesimal ee of the boundary, 


p(ay=sr (22) az 


i 
taken round the boundary of I, aes z=da is not a zero of 
(2). 
Let z=a+éa be an adjacent point to z=a within the 
contour and not infinitesimally near its boundary. 
(zen dz 


Imi Jz—a—da 


Then o(a+da)= 
taken round the boundary of I’, and pee 
1 
w(a+6a)—$(a)=s—-[9){ } ae 


2—a—éa 2—a@ 


Now, by division, 
1 1 oa (da)? 
iO 60h Ba rome ay’ (e—a)’(e—a—da) 
Therefore 


o(a+6a)—¢(a)= mle {es se Ba 


Ea a)?(z—a—6a) 


round the boundary; and the Hee of a differential 
coefficient is that it is the limit, if there be one, of 
pla+ 6a) — (a) (Art. 1239) 
oa Veper' 

when |éa| is made indefinitely small. Hence we may put 

p(a+ da)— p(a)={%' (a) +e} da, 
where ¢ is something whose modulus ultimately vanishes with 
[da]. 

We may therefore write 


ie 0a 
p (4)+e= | Olecateoaeacaa} & 


Tove oe $(z) dz 
Peale srl eee tom (erate 
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and therefore the moduli of the two sides of this equation are 
equal. And since the modulus-of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have 


. mod. da $(z) 
mod.[right-hand side] < mod. e+—3—— on mod. leer cam Wes caa} dz 
Let K be the greatest of the moduli of the values of the 
integrand as we travel round the boundary, which is a finite 
quantity since ¢(z) is finite and z—a, z—a—da are not 
infinitesimally small. Then the modulus of the integral in this 
expression is less than K x Perimeter of Contour, which is a 
finite quantity, the perimeter being supposed of finite length ; 


*, mod. | sya PE), de :| 


= mod. da X Perimeter of Contour. 


Hence diminishing mod. da ores 


mod. |e) (a)—5— ~ | fhe 2|=0. 


Therefore ¢ (4) =5—, ~ | oo dz, 


the integration being in all cases taken round the boundary 
of the contour. 
In the same way we may prove 


$¢ (a)=s— | es mae dz, ete. 


For if z=a+éa be a point within the contour and not 
within an infinitesimal distance of the boundary, we have 


1 
# (at 8a)= 5 | —OE de, 


+6a)—$ (a) _ ee 
a # an os areata aap lie 


=, [oe gap] eo+4 
where mod. @ vanishes fe mod. 6a, 


$(2) dz+0. 


=F; (z—a)? 
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It appears therefore 
A) thas #0 8)— 8" 
oa 


approaches to and ultimately differs 


by less than any conceivable quantity from ~ (ee oon 


when mod. da is made to diminish indefinitely without oe 
ence to the way in which the indefinite approach of the point 
a+déa to the point a is conducted. Hence ¢(a) is a function 
of a which possesses a differential coefficient ; 


(2) since ¢(a) and ¢(a+ 6a) are by supposition single-valued, 
$(a+6a)—$(a) 
6a 


the expression is also single-valued, and also 


its limit; so ¢/(a) is single-valued ; 


Sra ee hi ; 3 1 (2) : 
(3) ¢'(a) is finite; for its equivalent mle dz is such 


that the integrand is finite for all points upon the contour, 
since the point a is not at an infinitesimal distance from the 
boundary, and the boundary itself is of finite length by 
supposition ; 


(4) for any positive infinitesimal nafs in |da| there is a 


han 
change ie = | eet} 


of the same order as |da| in |¢‘(a)|. Hence ¢’(a) is con- 
tinuous. 

Hence ¢’(a) has a deferential coefficient at the point a, is 
single-valued, is finite and is continuous. It is therefore 


synectic at any point @ within the specified region for which 
(a) is synectic. 


Also ¢”(a)= om alee Ge) ae 


z—a)? 


I{p’(at+du)—¢'(a)}| + | da| 


the integration pecan as before, round the boundary. 
And the argument may now be repeated with this result to 
establish the successive equations, 


” n n! (2) 
6 O=5— (eee. ee le 


all of which functions are synectic in the region for which 
#(a) 1s synectie. 
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1300. Taylor's and Maclaurin’s Theorem. 

We may now proceed to establish Taylor's Theorem for the 
expansion of f(a+h). Let f(z) be any function of 2 which is 
synectic within and upon a given 
circle C with centre at z=w and 
radius p, and suppose z=« not 
to be a zero of f(z). Let w+h be 
another point within this contour 
and not within an infinitesimal 
distance of the boundary. 

Then 

f(a+h)= a B |“ dz, , Fig. 402. 7 


—a—h 


= 


the integration being conducted round the boundary. 
Now, by division, 
1 1 h 
— 


z—a—h z—a' (2—a) 


“= 


2 fet+l)=3— [fo 


me 
fr het dias 
(e— ae (2— ay z—a—h’ 


tecapt ena 
a hrtt 1 
TE aye t (g— a)"tt z—a—h 


=| | dzh{ £0) F(2) pete f(z) - Besa 


Z— (z— 


pof £0) ae] jade 


ae +50, (z—a)"+!(z—a—h) 


dz 


=O +E +. +2 P+ Ry, 

n+1 a . 
where 2, = lea £ —— h) dz taken round the circle ; 
and putting z=a+ pe’, we have 


parent al f(2) e-%49 dQ, 
27 es a th 


n 


Let the greatest value of pea oe uo be K, which is finite 


since | f(z) | is finite at all points es the circle, and the point 
z=a-+h is not within an infinitesimal distance of the boundary. 
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1 hynt+i ‘20 
Then | R,,| > on ane | K dé, 
Ty Pp {+0 
re: [Ral [EP], 


and |h|< p, so this may be made less than any assignable 
quantity, however small, by increasing n indefinitely. 

Hence the convergency within the circle of radius p is 
established, and the usual form of Taylor’s theorem still 
holds for a complex, viz. 


fla+h)=fla) thf +," (a+... to % 


for all points within a circle of centre a and radius > |(a+h)|, 
provided /(z) is synectic for all points within this region. 

If the origin be at the point z=a, i.e. a=0, we have the 
same result as for Maclaurin’s theorem for a real variable, viz. 


7 h? wu) 
FW) =fO)+RF O)4 Sf" O)F 
with the same limitations as before. 


1301. Definite Integrals obtained by Contour Integration. 


Cauchy’s Theorem of Art. 1275 is of great use in establish- 
ing in a rigorous manner many results in definite integrals 
and in furnishing new results. In such investigations the 
form of w as a function of z is at our choice, and the particular 
contour of integration is also at our choice. 


Consider the integration of | — round any closed contour, a being 
supposed real. 
B It follows from Arts. 1275 and 1286, 
that the result of this integration is 
(1) 24, (2) me or (3) 0, 

according as 

s (1) the contour encloses the point 
&) IX” & Z=@; 

(2) the contour passes through z=a 
with continuous curvature at 
the point ; 

(8) the contour is such that z=a lies 
outside it. 
Take as contour a circle of radius R (drawn as > a in the figure) and 
centred at the origin. 
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Put 2=Re'®; then dz=cRe' dé ; 
: I 2 Re? «dQ 
* Jo 


Rtg tm or 0's R>a, =a or <a; 


2r Re (Re — 
whence | onda dd= om, mw or 0 in the three cases ; 

Qn R—acos@ Qe 7 
whence I T—aReos 61a? = R (Rk = a), R (R= a), O(R < a), 
and sg ain 9 ,d0=0 


» &?-—2ah cos 6+a* 
in any of the cases, results which may be readily verified by direct 
integration. 

ukz 

1302. Consider the integration of wee, where k is real and positive, 
round a contour bounded by (1) an infinite semicircle BOD, centre at the 
origin of the «-y axes, radius R (=a), (2) a small semicircle EFA, centre 
at the origin and radius r, concave in the same direction as the former, and 
(3) the two intercepted portions of the x-axis, viz. DE and AB. 

w has a pole at the origin. The small semicircle excludes this pole. 
Examine the behaviour of the function when z is infinite. 


ck Red —kRsin@ . 
e e cos (&R cos 6) +e sin(&R cos 0 
Let z=Re®. Then w= re ee 


and therefore vanishes in the limit when FR is increased indefinitely, 
so long as sin is not negative; that is from @=0 to §=7 inclusive. 
There is no pole in the region described, and w is synectic throughout 


the region. The total integral / wdz taken round this perimeter therefore 


vanishes. To estimate this we consider Cc 
the integrations : 
(1) from r to 2 (=a) along the z-axis ; 
(2) from 6=0 to 6=m7 round the great 
semicircle BCD ; 
(3) from — to —r along the z-axis ; 
(4) from §=7 to 6=0 round the small 
semicircle BPA. 


(1) Along AB, y=0 and dz=dz, and the corresponding contribution 


wo ke 


to the whole integral is i = dx. 
Tr 


EQOA B 
Fig. 404. 


(2) Along BCD, R=constant, z= Re, 448, and the contribution 
to the whole is 


kz T us F 
| ere ee I gkRe®, qg— [ ve FR iN 8 feos (kR cos 6) +4 8in (ER cos 6)} dd, 
Zz 0 


which ultimately vanishes when /? increases indefinitely. Therefore 
there is no contribution from this part of the integration. 
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at gh A : ; 
=| —— dz, and as « is negative we write —& 
—n @ 


0 eka 
=- [ dx, 
ia H 1 


which is the contribution for this portion DH of the integration. 


(3) Along DE, 
for 2, 


0 
ey ae Lae 8 
(4) Round the small semicircle the contribution is ‘: etkre’, dg, and r 


wT 


being infinitesimally small this becomes -[ cd@=—m 


Hence, summing up, 
2 oka 0 9— ike 
[Ss dz+0 [Ss dx—7t=0, 
ki 


ze. in the limit when r is indefinitely pauiees 


© ike — e—tke Doin kee AG 
| ———dx=ir or i diz=—, 
0 x 0 x 2 


k being supposed positive, which is in accord with the result of Art. 993. 


hz 
1303. Consider J —%, where k is a real positive quantity and a is a 


complex, viz. a+tB, in which B is positive. 
We take as contour the x-axis, an infinite semicircle whose centre is 
B at the origin and radius R (=o), and an 
infinitesimal circle of radius r, and centre 
at the real point (a, 8), which, since B is 
positive, lies within the great semicircle. 
There is a pole at z=a, which is excluded 


by the small circle. Examine the behaviour 
Cc O A etkz 
Fig. 405. of ee when z is infinite. Put z= Re. 


e—*Rsin 6 (oos(kR cos 9) +e sin (kA sin 6)} 
Re?—a 
the last case, ultimately vanishes when A is indefinitely increased, 
provided @ lies between 0 and z inclusive. 
There is no pole in the region between the two circles, and w is synectic 


Then w= 


, and therefore, as in 


throughout it ; and ij wdz=0 when taken round the boundaries in opposite 
directions. 


(1) Along the a-axis z=x, and we have as the part contributed by 
integrating from C to A,7e. —2 to o, 


fhe evkx =[ (a —a+13)(cos ka +e sin ke) 1, 
jae ery (x —a)?+ 2? 
” {(a—a) cos ka — B sin ka} (w—a)sin ka+ B cos kx 
=|. (w—a)?+ 3? de +f (%—a)?+ B? es 
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(2) Round the infinite semicircle, we have a contribution 


en ER ag kA at ‘ 
(x gtkRe Re do =/ e—FRsin soos (kR cos 8) +t sin (ki cos 6)} 
i) > 
9 Re —a 0 Re —a 


which, by virtue of the ultimately zero factor e~*®8'"® adds nothing, 
F being absolutely infinite and sin 6 positive. 


Re. dé, 


(3) Round the infinitesimal circle DEF, put z=a+re". 
The integration round the perimeter must give Qrie*@+'®), according 
to the general result of Art. 1286, ce. =2z (t cos ka — sin ka)e—*? ; whence, 


as [re dz round the outer boundary ABOCOA is equal to that round 
DEF in the same sense, we have by equating real and imaginary parts, 

* (#—a) cos ka — 8 sin kx 
pe (w—a)?+ /3? oe 
fi (w—a)sin kx+ B cos kx 

ats (x—a)?+ 2? 


which may be written 


cos (te +tan AL: ) 
ee ee 


—n V(a—a)?+ 6 


fe sin (i2+tan 
J-0 J(e-aP +h 


1304. In the case where B=O0, the centre of the small circle lies on the 
z-axis and a semicircular arc DEF, of radius r and centre at a, 0, 
replaces the complete small circle before B 
considered. 

To consider the effect of this, we integrate : 

(1) from C to D, (2) round DEF, 
(3) from F to A, (4) round ABC. 
For (1) and (3), we have 


a—T PD eka Cc 
( =a [ ) di Fig. 406. 
—20 atr/t—Ga 


i.e. when r is infinitesimally small, viz. the Principal Value of 


7a) ka 
é 
dx. 
—o t-@4 


For (2), putting z=atre, om d6, and the contribution is 


—2Qare—* sin ka, 


da= 2Qre—** cos ka, 


= —2re—** sin ka, 


dx= 2ne—*P cos ka. 


0 
i etk(atre®), a= — que, 


w 


r being infinitesimal. 
For (4) we have, as before, a contribution nil. 
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Hence ultimately, r being indefinitely small, 


< : 
i) gos as inky ee a(t cos ka —sin ka)=0, 


—n t2—@ 
is) 
: cos kx , 
1.e. [ dz=-—7sin ka, pos, . f 
J-0 &£-a Principal Values being taken in 
* sin kx each case. 
dz= mcoska, 
—«o f= 


Laz ethz 


1305. Consider the integration J —— 


positive, taken round a contour consisting of 


dz, a and b being real and 


(1) the positive portion of the x-axis ; 


f (2) an infinite quadrantal arc, centre at the origin 
S and radius R (=o); 
(3) the positive portion of the y-axis ; 
As in the last two cases, the function vanishes 
in the limit when |z|=oo, and it will be clear that 
O ae there is no pole in the region round which it is 


proposed to integrate. 
We have then 


Tv 
Rat _ pba = aRe? _.bRet? —ay _,—by 
ed® _ @ e —e (re —e 
i east | Saag Les R Sp ae 


We (cos ax — cos bx) ++(sin az —sin bt) ae 
0 x ; 


Fig. 407. 


The first integral = 


us 
The second integral = [ [e—aR sin @ gaR cos@ _ ——bRein 6 cbR cos0), 49 which 
Jo 


vanishes when R=o by virtue of the exponential factors e—?%sin@ 
e PRsin?® for sin 6 is positive. 


The third integral = ~log? by Frullani’s Theorem, or by the summa- 


tion definition of an integration as in Ex. 1, Art. 16, 
Hence we obtain in the limit, when R=o0, 


© cos ax —cos bx b /® sinaz—sin ba 
| —_—-dr=log-, a 
0 x “a 0 x 
results previously established. 
‘ 


a1 
1306. Consider the integral i: = dz, where a is real and <1 and >0, 


where by 24~) we understand that particular one of its values whose amplitude 
4s (a —1) times that of z. 

There are two poles, z=0 and z=—1. There are also branch points at 
the origin and at o. 

Take as contour an infinitely large semicircle, radiusR (=o ) and centre 
at O, the origin ; an infinitesimally small semicircle of radius p and centre 
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O ; an infinitesimally sinall semicircle with centre at z= —1 and radius p> 
the concavities of the circles all being in the same direction; and the 
remaining portions of the boundary being the intercepted por ens of the 
a-axis ; the whole making the figure ABCDEFGHIJA (Fig. 408), within 
which, with the meaning indicated for 2*—', the function is synectic. 


Cc E 


\O_, ExrnG 
A a Oo H 


Fig. 408. 


The poles are then excluded from the contour, and the integration is to 


be conducted along the six parts AB, BCD, DE, EFG, GH, HIJA 
indicated in the figure. 


a 


a—1 
(1) Along AB the integral is L - 


Pigs 


ee dx, or changing x to —2, 


1+p(_1)@-1,a-1 a AS 
— | (1) dx or —e4 oe dx. 
R a lt+pl—2# 
(2) Along the semicircle BCD, put z= —1+pe; -. aa =tdé. 


The contribution is then Pert pete d@, or since p is infini- 
tesimally small, ‘ 


(- yet d@ =(—1)*tr=tre'™, 
(3) Along the straight line DE the portion of the integral is 
= =1 
/ oe ate dz, or changing x to —2, 


-l+pl+z 
a—1 gil 'p a—1 
-f tent sit. 1) ——d2 or ae eS TS. 
1—p See 1-pl-a 


(4) Along the semicircle HFG we have, putting z= pe’, 
[ (pe'®)*—1 pe? dB a dé 
1+ pe? 
which vanishes, p being an infinitesimal and 1>a>0. 
Seok 
(5) The contribution from GH is | 7—— dx. 


? 


(6) For the semicircle HIJA we fen putting z= Re, 
IE (Ret?)4—1 eRe? Re? 7 do 

Re 41 
which vanishes, since R is infinite and 1>a>0. 
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ro ,a—1 


x? ; 
Let J, and J, be the Principal Values of Hie _—— — di and H8 ine ™ 1.€. 


D yl 1 1—p a pt 1 tivel 
“ 7 3 a i nial 7 ; 
Lty=o | inet and Itp=0[ [ Py i — respectively 


we then have, summing up the six portions, 


fo gl rp gl 
Lar a tar 
=O sree Te 7 dat ure "Le ay ies Fe ee a de $0= 0 
Pp —1 1—p ,a-—1 
and ai axe= -| Aa 7 
1-pl-z p 1-2 
oO a1 Pt 1l—p ra) gA-l 
hee oe [ ete: ay Ps -(f \— dx, 
so that Pes pee: i<ploge® ; + ies tes 
and in the limit, when p is indefinitely diminished, becomes = —I2; 
4 CAE ip +tre'?" + T,=0, 
1.e, —(cosam+tsinar)I,+7(t cosar—sinar)+1,=0 
whence I, -—cosarl,=r sin ar, 


—I,sinar+7 cosar=0 ; 
therefore I,=7 cosecam and I,=7 cot ar. 
These are the results of Articles 871 and 1103. 


1307. Consider lime 7 ede for real and positive values of a and 6. 
There are poles at z= +1; and when |z|=o the integrand vanishes. 


B 


Cc ce) A 
Fig. 409. 

Integrate round an infinite semicircle with centre at the origin 0 and 
radius 2(=o ), and round a cir cle of infinitesimal radius p with centre at 
the pole cd. 

Then the integral taken round the outer boundary =the integral taken 
in the same sense round the inner boundary, and the latter is 

Pa) a 


2 eb, . 
hr we i Zo (Art. 1286.) 


Over.the outer eg we have 


etaRe'9 ; 
i i ade [faa ot [oa tet 8. 
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Writing —~ for x in the first integral, it wee 


eae 
> apa * «| 3 ma 2 


and the first two integrals combine to give 7 zee oe da, 
0 


Bat v2 


hs 


; : wp aR sin é aR cose 
The third integral is [ ie 
Jo B24 R2e2? 
virtue of the factor e~@25" when R is infinite, sin @ being positive. 
Thus, summing up, we have 


tRe’d6, and vanishes by 


cos ax Re 
I 624 x2 da =55, 
the result of Art. 1048. 


Laz 
1308. Consider the integration of w=T = Baw for real and positive values of 
aand b. 
The poles are at z= +b; and when |z|=o the integrand vanishes. 
Take the same contour as in the last example. 
The integral round the small circle, whose centre is tb, 


theta (ed) 
wee; ery ne x 
Over the outer eee we have 


—ab- 


eat wr RpOpraRe9 
re apr es if: ie Re'“e 
+o P+ a +h BR 


Writing — —a for in the first integral, it becomes 


0 


cRe dé. 


ae a2 ‘20 xe ae 
ed bt ae 
Sl oe o OF +a 


dx, 


which combines with the second integral to give rade. 
0 ‘ 


The third integral, as in the last case, contains the factor eeRsing in 
the integrand, and therefore vanishes when /? is 0, sin @ being positive. 
Hence, as the integral round the outer boundary is equal to that 
round the inner in the same sense, 
er 
xsin ar 7 
———_ ¢¢t—=—e—ab 
0 b+ 4? 2 : 


eit 

1309. Consider the integration of w= ae +2) -— for real and positive values 
of a and b. 

There are poles at z=0 and z=+tb; and when |z|=< the integrand 
vanishes. 

Take the same contour as in the last two cases, with the addition of a 
small semicircle of radius p, with centre at the origin, to exclude the pole 
at z=0. 

Integrate, as before, round the boundary CDEFABCO, and equate to 
the integral round the small circle encircling z=+b in the same sense. 
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Thus 
—P gtx, eiape'? t ped eX dy take? t Re® do 
ig Pa)" J, pel (B+ pre) ofp (FH) Sy Re*(+ Ree) 
et 4 (+b) i n 
orig — Be 
B 
C DOF A # 
Fig. 410. 
Then writing —x for x in the first integral, it combines with the third 
re “sin ax 
o give | x(a") 
0 
Since p is infinitesimal the second integral = [ 72 48= -F 
wv 
The fourth integral vanishes for the same reason as in the last two cases. 


sin ax ty fee 
Hence Ul ain e-F0 e— 2), 


1310. Consider | dz, a and b being real and positive. 


e az 
§2n + gen 


The poles are given by 


=n-1 
an 4 pen" iat (#- 2bz cos the +0)=0 , 
8=0 
28+1 
7. 2=b(cos thw tesin St 9) =be* 2n tas 
2n Qn 


and lie upon a circle of radius 6 at equal angular intervals = the 2-axis 


being an axis of symmetry with regard to the poles “fi a passing 
through any of them. Also if Jz|=o the integrand ultimately vanishes. 

We take the same contour as before, viz. an infinite semicircle of radius 
h (=) and centre at the z-origin O, the x-axis and infinitesimal circles 
of radius p drawn round each pole as centre. 


1 s=n-1 1 1 
Now = 2 st al 7ST 
ae 2n (pet 2n *) (ape on *) 
s=n-1 1 
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the poles of the second group lying outside the contour of integration, 


2s+1 
and therefore contributing nothing. The pole z=be 2” " contributes 
2s+1 
t 2 w 
eitbe *” 
Quer eT 
Ca 
on (be an ) 
Hence the poles within the contour contribute in the aggregate 
2st+1 
s=n—-lyq —_gtabe 2n 

“a nf eetl \n-i? 

ae. 

s=0 ( pe! oe *) 

2s+1 
. sais ett \abe 27 
2.6. oS 6 
noni 
2s+1 
n-1l our eat asf Q2s+1 9s+1 ) 
ee 2n 0! 
~ ppmaie cos ( = wr+ab cos Seas 
+ 


For the outer contour we have 


Lax O Laz . etaRe', Re’® ae 
r jan eet [ papa tet | pm 4. Rin,iand * 
-« +x Jo 5% + 2° 0 bh. Rane 


Cree) 


Fig. 411. 


—lar 


e 
The first integral, by putting —2 for x, becomes ’ Feng gin and 


: : : 2 cos ax d 
combines with the second integral to make | ah Hip 


The third integral vanishes when R=«, as it contains the vanishing 
factor e~?2*8 , and since the integral round the outer boundary of the 
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contour is equal to the sum of the integrals round the small circles which 
contain the poles which lie within the great semicircle, 
1 
r) |, (2) 

which is the result established in Art. 1067. 

It will be noted that in the summation above in equation (1), that the 
imaginary portion vanishes, the poles being symmetrically situated about 
the y-axis. 


The arrangement of the poles in the cases n=1, n=2, n=3, n=4, n=5, 
is shown in Fig. 411. 


iD COS ax 7 ash —ab sin ett : [# + 
= a = —— e ‘ 
ono ee PY Meter! 2n 


E a +ab cos ( 
Qn 


, inh aa 
1311. Consider w= = a real, positive and <r. 


Since the limit of this expression when |z|=0 is 5, there will be no pole 


at the origin; and when |z|=o the integrand ultimately becomes zero, 
since @<T. 


2 
Since sinh me=me(1+5)(1 +53) there are poles at z= 41, z= +21, 
z= +31, ..., which are all situated on the y-axis in the z-plane. 


Take for the contour round which the integration if wdz is to be 
conducted : 


(1) the complete z-axis ; 

(2) the ordinates = + R, where RF is infinitely great ; 

(3) the portions CD ; WG of the line y=1 shown in Fig. 412; 

(4) the semicircular are, convex to the origin, centre at z= and of 
infinitesimal radius p, viz. DEF as shown. 

Then all poles are excluded from the region thus bounded, and the 
function is synectic in this region. 


The contribution to the integral for the x-axis is Sake da for 


ha” sinh rx 
z= and dz=drz ; or, what is the same thing, 2 in sinh ay dx. 
sinh 7.x 
oy 
G FID C 
t ' 
1 1 
! ' 
4 ' 
' ' 
x' A fe) B # 
Fig, 412. 


The ordinates BC, GA at infinity yield no contribution. 
: 5 a sinh a(2+1y) 
For, along BC, we have ; sinh r(R-+ty) i dy, 
and # being large, sinh af and cosh al may be written te%®, and sinha 
and cosh r# may be written de®, 
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1 aR, vay 


Hence the integration along BC reduces to : pi dy, ve. 
en Ryery oer 


o e 


p ean mR oa- my idly, 
/0 


which vanishes by virtue of the zero factor e(¢-”)¥ in the integrand, since 
a—r is negative and # is infinite. Similarly for the portion @A. 
For the portions CD and F@ we have respectively 
re sink ee 
sinh a(t +2) <a [ sinh a(t +.) ne 
co Sinh w(e+. = p sinh r(e+.) 
Considering the first of these integrals, 


sinh a(¢+.)=¢ sin a cosh az + cos a sinh ax, 
sinh r(t+2)= ~ sinh ra ; 


ane 


: ™ esina cosh ax+cosa sinh av 
*. the integral becomes : 
p sinh rev 


and writing —.w for x in the second integral, it becomes 


da, 


r sinh a(t — #) | aoa tsin a cosh av — cos a sinh aa 
p sinha(e— 2) Jp sinh rx 
© sinh ax : 

sinhaz 


and CD, F@ together yield 2 cos a [ 


To eee the contribution of the infinitesimal semicircle DEF, put 
z=t+pe, and integrate from 6=0 to O=—7. 


Thus sinh az=sinh a(. + pe’)=1 sin a, p being infinitesimal, 
sinh rz=sinh (+ pe”) = pe” cosh mt = — rpe"*. 
The yield from this part is therefore 


-rysina sina f-™ : 

af (pe'*t d= | d@=—sina. 

i) T 
0 Tr pe 0 


Hence, as the total integral round the contour vanishes, 


af Sahat pond cos af See ate + (sin ay=0; 
0 p 


sinh rx inh ra 


and p being ultimately zero, 
. sinhax 5. eas tan$, ne fi sinh aw ) 1 =tan 2 


sinh rx » sinh 7x raise Q 


1312. Wow iis p= Sena cco a being real, positive and <r. 
422 422 
Since cosh rz=(1 +429(14+ 5 += }(1+>5 Br , the poles of w are at 
Be Bo 
z= £51 a Q” £9” etc. 


. ‘eee 
If we take a contour consisting of the x-axis and a parallel, y= 5? with 
bounding ordinates x= + F at infinity, and a small semicircle, convex to 


the origin and radius p, described about 25 ; the region thus defined 
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excludes the poles, and w is a synectic within it, so that [wde=o when 


the integration is conducted along the contour of this region. 
The points B, C, shown in the figure, are supposed at o, and A, @ 


at —o,and DEF is the infinitesimal semicircle about => (Fig. 413). 


cosh ax 
cosh 1x 


© coshaxr 
cosh 1a 


The x-axis contributes he — dx, that is, 2 if 


Dh--------70 


(e) 
Wh --<----- 
3 


Fig. 413. 


The ordinates at infinity contribute 
h t 0 t 
(ERE ay a [ROBE ay, 
and, as in the former case, 
coshaR, sinhaR, coshrfR, sinhaR 
may be replaced by $e*”, Je%%, de7®, de®, respectively, 
since R is infinitely large ; and we may write 
cosh a(R+ty)=se% e', cosh r(R+ty)=he7* e'7, 
cosh a(—R+ty)=fe™%e—' and coshr(—R+ty)=hfe™*e—'™ ; 
and the two integrals become 


A ela—m)R ola—m)y dy and af g(t—™)R g—(a—m)y , dy, 
0 0 


which both vanish when R is infinite by virtue of the ultimately zero 
factor e?—")* in the integrands, a being <m. Hence the yield from the 
two ordinates is nil. 

The parts CD and FG respectively contribute 


° cosh a(w+ x) ~* cosh a(e+5) 
2 2 
oan de, 
h a pps cosh 7+ 2+5) 
« oe a 2 =p 2 
and cosh a( + 3)= cosh ax cos te sinh ax sin & 5 
cosh 7 (2+ 5)= tsinh ra, 


a ‘ ana 
cosh ax cos 3 +c sinh ax sin 3 
tsinh rv 


and the first integral becomes a dx ; 
p 
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and similarly writing —.w for x in the second integral, it becomes 


nan wa} 
‘ a : piel 
cosh a(5 - «) cosh av cos 97! sinh aw sin 3 
— — dx= Saas fee cane am dx. 
us ; 
: cosh (4 - x) Pp sie ha 


eet 

: : . @ [” sinh ax 

Hence, in the aggregate, these two terms yield —2sin | : dx 
QJp sinh wx 


To find what accrues from the semicircle DEF, we put z=5 + pe, and 
integrate with regard to @ from 6=0 to 0=—m. 
Thus, since cosh a (5+ pet?) cos 5 to the first term, p being infinitesi- 


t 
mal, and cosh 7 (5 + pe) =rpue", 


oe 
cos= 
cosh az ake a 
dz round the semicircle = es tpe® d@=—cos 2? 
cosh rz 0 mpre® 


and the total integral round the contour=0, since w is synectic 
throughout the region bounded ; hence 


sinh ax a 
: dx —cos==0; 
sinh rx 2 H 


L; cosh ax 


ee 
Jo cosh 22 de+0-2sin'§ | 


and p being ultimately zero, 


h : : 
3) = OF nn 2 oe Peat eee 


Jo cosh rx 2 2 2 2 

cosh ax 1 a cosh ax a 

and therefore I ee i= 9 SC 5) and pen dx=sec 7 
Laz 
1313. Consider ome, where ais a complex constant =a+tB, in 
cosh 12 
which B is not negative. 
3u 5e 


t ° Arig . 
The poles are, as before, z= tg. tg7 292 etc., and in addition, since 


ellat+cp)(z+y) en Pa—ay ei(aa— By) 


the function becomes infinite if Bxtay=—«. Hence we must take a 
contour which excludes all such points. 


yr 
i Y= 05 B 
ost 
E(D 
fe) Ce 
Fig. 414. 


The region bounded by the positive direction of the x-axis, an ordinate 
r=R where R=o, the straight line y=}, the quadrant of a circle of 


(oa) 
[re 
0 
a) 
[re 
0 
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centre 2=5 and infinitesimal radius p, viz. CDE and the portion HO of 


the y-axis, contains no pole and the function w is synectic throughout it 
(Fig. 414). 
ie e Bx piax ae 


The w-axis coutributes ear ees 
0 cosh rx 


The ordinate AB at infinity contributes nothing, for the integrand 
contains the factor e~®*, which vanishes when r=o. 
The path y=4 from r=R to x=p contributes 


prectecmele?) 


: dz, for cosha ste )= sinh ra. 
m tsinh ra 2 


For the infinitesimal quadrantal are with centre Le ut z=~+pe and 
2° P grP 


integrate from 9=0 to = = : 


= lateB)( 5+0e) 


This yields ; rpe db, 
OC) 
Jo cosh (5+ pe 
i.e. p being infinitesimal, 
—F o—ble 
i aa do = —4e-ta+ +8), 
0 a ; 


The portion HO of the y-axis contributes 


i eV e— “BY ri—p e~ 2% p—t Px 
y= ep 


b da. 
t-p cosh wry 0 COs Tx 


Hence, as the total integral ‘A w dz vanishes, 


-5 mal -8) : ( agp 
*e— PA cos aa +t sin ax) Ge cos (ax 5 )tesin( an — 5 
0 da — de 


cosh rx 0 ¢sinh ra 


e "(cos es sin B\ gee pe mee dz—0; 
2 2 2 0 cos TL 
Hence, equating to zero the real and imaginary parts and proceeding to 
the limit when p=0, 


ao 


sin( av — = Z 
—p7 COS ax == ms ( a) t sin G2 i ees 
Ba Sie.) e Bu —— 17 — e ag Sin Bax dz= =@ cos 

cosh 7x 0 sinh rx 0 cos Tax 2 

‘ B 
; cos (ae - 4) 
a 9 $ , il a 

—pe SIN Ow ya e—Pe deo | = C08 Ca7 ae oe 

cosh 7x 0 sinh rv 0 cos Tx p} ea 
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If we put B=0 in the first, we have 


2) 


fe COS at 9 e?| sin av eu ro-8 
Jo coshra ~ Jo sinhra : 


and changing the sign of a, 


"? cos ac sf Snax Ke 
——— d+ ——— dv=}e*, 
Jo cosh re Jo sinh wa 


and solving these equations, 


na 2] -} 
cos ar 1 a SID aa 1 a 
——_ dx == sech = [ ———— dx== tanh = 
I eosh mu 2 2? Jo sinhare Ge aa Oo 


é : g? 
1314. Consider w= 3) Where 1>p>0, a real and 
2*— 2azcosa+a> 
rT>a>0. 

There are poles at z=ae**=acosatvtasina. Take as contour an 
infinite semicircle, radius R (=o) and centre at the origin 0; the 
wv-axis ; and a small circle, radius p and centre at z=ae'’, ve. (a cosa, asin a) 
(Fig. 405). 

The contribution from integrating along the w-axis is 


ha yP d 0 a xP dl 
1. a? —2ax cosa+a* a=( | fe \ sue s 


and putting —2 for x in the first integral, 


Cy ee aP if —1)Px? 
Jo 


w+ oe oe 
a? —2Jaxr sororities 2?+2azx cos at a* 


Round the infinite semicircle we have 
- Reer? 
| Re?9 — 2a Re cosa+a? 


which vanishes, since p <1. 


Re’ ..dé, 


For the infinitesimal circle put z=ae'*+ pe’. The result is, by Art. 1286 
(ae'* + pe”)? 
ae‘ + pe’? —ae~” 
and p being infinitesimal, this becomes 
; are? 


Qqrt 


ate ipa ; 


Qa. —————— = 
a(e et e%) ‘sin a 


and since the integral round the outer contour is equal to that round 
the inner in the same sense, 


yD 
xP wv oy etPa, 
ss et et” mes PEE vem len santiinte 
|, u*—2ax cosa+a i: “?+2axv cosa+a s 


and equating real and imaginary parts, 


: p = a? dau T 
Eek COs pr [ 5 5==— a? cos pa, 
—2ax cos a+ a? Jo a? +2axcosata? sina 


2 Dp 
sin pr | eee 3= 7 qP-sin pa. 
0 w7+2axcosa+a* sina 


4 
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Hence 
foo] 
[ wP da pesaey 1 Sin pa Pa 
0 #*+4+2arcosa+a*® sina sin pr’ l>p>0, 
fe xP? dx RRs sin p(r—-a) | r>a>0, 
) «*—Qaxcosat+a® sina sinpr ” 


the latter of which follows also from the former by writing 7—a for a. 


et@ 


1315. Consider w= —.————,, where a and b are real. (0<b<rm.) 
cosh z—cos b 


The poles are given by coshz=cos 6, that is 

e*—2cosbe+1=0, e’=cosbtusinb, 2=1(2nr+b), 
where 7 is any integer. 

These poles are all situated upon the y-axis at distances from the origin 
+6, +2r+b, ete. 

Take as contour the entire x-axis, the ordinates z= +R (R=o), the 
straight line y=7, and an infinitesimal circle, radius p and centre z=tb. 
Then the function w is synectic in the region thus bounded, the only pole 
(z=-b) which lies within the outer boundary being excluded by the inner. 


\y 


C 
Y 


>}-- ------->---19 


Fig. 415. 


The contributions from the various parts are : 
eth 
(1) From the x axis DA ue soak eas 


(2) From the ordinate AB, 
7 ett(R+ey) é e_*(cosaR+uesin aR) d 
i 
0 


ekty 4 -k-y Pi Ae: ekty 4 e—R-Y _ 9 cog b ay 

2 

where R=; therefore AB contributes nothing. Similarly CD gives 
no contribution. 


(3) From BO, viz. y=7, we have 


—cosb 


z=x+tmr, dz=dx, coshz=—cosha and e?=e—74, gar 
Hence BC renders 
on] 1H Ue "00 Lax 
[ ee ere i wo SOs 
/o —cosha—cosb -» cosha+cosb 
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(4) The integration round the small circle gives 
eta (vd) ead 
te ae ee ve, ——— 
ainhib? “® 27 709 
and the integration round the outer contour is equal to that round the 
small circle in the same sense. Hence 
«x LAS oy on ax 5 
[ ef" dx serra e4@X dy 27 ead 
—x cosh «—cos b —ecosha+cosb sind : 


© 


2 ak ~» = 
IS Sg ee jaf hatin 


R) or 
/— cosh w—cosb ~’ —o cosha—cosb ~’ 


a) co . 
cos ax sin av 
in ee eS or i 


/—x cosh x+ cos b J—« cosh 2+cos 6 
Ir 
Then I,+1hje-**(1y +th/)=s5e7 ab 


Qar 


and therefore ft+e"l'=—e and = J,+e~"*J,/=0. 


Also, if we write +—b for 6, the accented and unaccented letters are 
interchanged. Hence 


dy be MSE, ar a lee ea and Dytete “= Ol; 


and solving these four equations, 


cos ax 2r sinh a(mr—b) 
ql = [> cosh xz—cosb eA sinh ar BP A sietereisiale/aleweletets (1) 
pies Pee cos ax Qr sinhab 
I, a oh cosh 2 -+cos b ath Sine aera: (2) 


and J,=TI,’=0, as is indeed obvious beforehand, since, in integrating from 
—a to elements of the integrands for which « only differs in sign cancel 
each other. 

Obviously other results may be deduced from these by various selections 
of a and 6, combined with addition or subtraction of the results. 

For instance, in the formulae for J, and J,’, the integrands are not 
affected if the sign of x be changed, so that 


S| COn ae ___ sinha(r—6) 
[ =a ae pe = sn bh sinham 2 (3) 
af cos ax __m_ sinhadb (4) 
0 cosh z+ cos b a ~ sin b sinh or: Pn me meee eee eae eee 
Changing b to a3 6 in (3) and (4), 
sinh a(5 +?) 
hs COS AL T 2 (5) 
0 


pede ag, Pe : Aatle. ae eae ete: 
cosh w—sin b cosb sinha 


; T 
= sinh a( ~— b) 
Lao eae as Sater () 
9 cosh #+sin b cosb sinh am 
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Putting a=1 in (3) and (4), 
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eo cos v __w_ sinli(r—5) 7 
[ ooshe~cosb” sins aninh ge oe ee “ 
rel lars Shekels eee (8) 


le cos @ 
a 
Jo cosh #+eos b 


Adding (8) and (4), 


sin 6 sinhz’ 


am sinh a(7—6)+sinh ab 


[ ” cos ax cosh v ; 
0 cosh 2%—cos 2b ~ 


Subtracting (4) from (8), 


COS Gx 


[ cosh 2.7 — cos 26°” 


~4sin b 
c 


~ 4sinb sinh ar 


cosh a(5- 0) 


osh > 


sinh a(S — 2) 
2 sin 2b sinh 


et eee et (9) 


Writing :- b for b in (9) and (10), 


"oO 


cos ax cosh x 


7 coshab 


if cosh 20+ cos 2h ©” — 


4cos bh ar 


T sinh ab 


[ ie COS ax 


C= 
Jo cosh 2+ cos 2b 


and so on with other. cases. 


Urs 


1316. Consider w= ; : 


2sin2b ., ar 
sinh = 


>> # being real and 1>a>0. 
e 


Here there are poles wherever e?=1, ve. 2=log (e?")=2Am for any 


integral value of X. 


Take as contour a rectangle of infinite length, one side along the 


v-axis and extending from w=—o to r= 00 ; 


two ordinates, one at a, 


one at —w ; the line y=7 and an inaniectnal semicircle excluding the 


origin. 


Then, integrating round this contour, no pole being in the region 


surrounded, we have, with the notation of pr oe cases, 


—p pile P ett ape’? ae (eee 
te Ee) Hires sc 3 tpe db + 


&) ee (a+ur) 
= (ttm) 


T et(R+1y) 


mee Se 


‘ z+ | eine 


gael Mae er ert al 


In the limit, when p is indefinitely small and R infinitely great, the 


first and third integrals together give the Principal Value of ly 


et® 


dx. 


= 


The second integral [7 (—+)d@ when p becomes indefinitely small, =cr. 
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The fourth vanishes, since it is ultimately 


~ Litas | e@-DR+WM dy and a<l. 
0 


The fifth integral ={” See ae 
pe 1+e a. 
The sixth integral ultimately vanishes when RF increases without limit. 
x; 
‘ 
' 
i 
O x 
Fig. 416. 
rR 
Thus, Prin. Val. of ve Soi bes 0. 
J—«2 ]— eer C7 
px 7 
Hence a ee, dx =m cosec ar, 
J—n e 


and the Principal Value of 
rao ett 
(6 —— ae v= cot ar. 
ie 


This-result is, however, only a Seb ete of that of Art. 1306. 


1317. Effect of Pole-Clusters within a Contour. 

If several poles, say n, be clustered together at one point of 
the z-plane, the point is said to be a pole of multiplicity n, or 
to possess polarity of the n™ order at the point z=a. 

It is useful to note that in applying the theorem 

g") (a)= (n— = ( te 


a)” 


to the case in which 


w=f( (=e ee aaay 


where n is a positive integer, we have #(2)=1, and all its 
differential coefficients with regard to 2 are zero. 


Hence | 


cy round the multiple pole z=« is zero for all 
positive integral values of n except n=1, and when n=1 we 


have { dz 


=r. 
Z2—@ 
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It follows that if w be of the form 
$(2) 


(z—u)y(z—b)"(z—c)"...’ 


where ¢(z) does not contain any of the factors z—a, z—b, 
z—c,..., but is rational and algebraic, there is polarity of 
order p, q, 7, etc., at the respective points z=a, z=b, z=c, etc., 
and in putting w into partial fractions to prepare for integra- 
tion round closed infinitesimal contours surrounding these poles 
it will only be necessary to retain those partial fractions in 
which z—a, z—b, ete., occur to the first power. 

And supposing that the result of putting into partial 
fractions is 


A B C 
w= Kye Ky 9... Rye Kot + + aes 


r=p AC r=q 1B? 
a 24@—ay t 24G—by t vey 


then, in integrating round any closed contour which encloses 
all these critical points and no others, 


|v de=2mi(A+B4O+...) 


1318. Moreover, when the numerator of w, supposed rational 
and algebraic, is of degree in z at least two lower than the 
degree of the denominator, A+B+O+...=0 (Art. 149), and 


therefore in such cases | wdz=0, however many critical points 


may be enclosed within the contour, and whatever the degree 
of their polarity, provided the contour of integration contains 
all the poles. 
It is worth notice that if 
Gy, Gy, Gg, ... be the zeros, of multiplicity p, q, 7, ete., 
and ay’, a,’, a,’,... be the poles, of multiplicity p,’, q)’, ry, ete., 
of a function f(z), so that ; 
{= (2—a,)?(z—a,)?(z—a,)’... 


(2a, (z—a4')" (z—a4,)”...” 


we have £@)_y P —> p 
a Zz 
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whence, if ¢(z) be any other function of 2 which has none of 
the factors z—a,’, z—a,’, etc., then 


1 "(z 
oer) OG) d2=[E po) EP’) 


the integral being taken round a contour which contains all 
the poles without ae through any of them ; 


= Sg eee =p’). 
1319. If, for instance, 


F()= (2 &)? (21g)? (2 Ag)" 
a ct eS Rae 


aa z— ay 2a, 2—O, 


or if ¢(z) be unity, 5 


ee y 


and if we integrate round any contour which contains some 
or all of the roots, 


ml TO © =5,[7|-=.+ +9) +...} 


for all the roots within the contour 
=p+q-... 


=the number of roots within the contour, 


counting each root as many times over as it occurs in f(z). 


1320. Again, if in integrating round the perimeter of a closed 
curve which possesses no singularities and lies entirely in a 
region of the z-plane in which w is a synectic function, then if 
w be constant along the boundary of this curve it is constant 
for all points lying in the region thus bounded ; for if z=¢ be 
any point of this bounded region, then if f(¢) be the value 
of w at the point ¢ then 


IQ= é dz, 


where z is a point on the boundary; and if f(z)=const.=4, 
say, at all points of the boundary, 


A 
fiG= a a =F as ‘(A .Im=A, 


for € is a pole of the function * Ite oe 


so [4 


Qa 
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Hence, for all points ¢ which lie within the boundary, the 
function w=/(¢) has the same value as when ¢ lies on the 
boundary. 


1321. Further, if we are given the value of wat all points of 
the contour of a region within Di w is to be assumed synectic, 


the equation 
Koz [ae 


may be used to find the value of €) at all points within the 
contour For if f(z) takes the form y(z) at the boundary, the 
value of f(¢) for a point within the boundary is 


1 (z) 
Ce | < dz. 


1322. Ex. Supposing that at all points of the circular contour r=1 a 
certain function known to be synectic within the circle takes the value 
cos 30 — a? cos 8+1(sin 39— asin 6), what is the function ? 


Putting this into the form e*” 4 dz=ve, 


bite 


5 


—ae, and writing z=e' 


he SEA 
Qart Jo ec —¢ 


niall [erect 


~ Ore nieey 3 4S Hy (?-a yee + ¢(¢? — a*) log ( (e? = “| 
] 


One 


1 Qa e3t8 2 08 
———— ve" dé 


((?—a@*) log 1 ; 


and log 1 being log e*", where 2 is an integer, we have f(z)=AC(C— a), 
where the proper integral value of A is to be chosen; and putting 
ES ue we have the contour value )(e*’—ae'*), Hence X=1 and 
J (2)=2(2 — a?) for any point z within the contour r=1. 


1323. (1) Consider w=, n ee greater than 0 and less than 1, and a 
real and positive. 

Here there is a pole at z=0. We may avoid this pole by taking a 
contour consisting of the portion of the z-axis from z=p to r=R, a 
quadrant with centre at the origin and radius R; the portion of the y-axis 
from y= RF to y=p, and a quadrant with centre at the origin and radius 
p. And we shall choose R to be w and p to be infinitesimal. Then w is 
synectic in the region thus bounded, and we have 


[ R ett bs etaRe'? 46 P o-ay d rapes? 
a a 0+ | is 2 at 
In a ae], (Rem Ie GET Iu (pea ee O 


ee eee 


The -second integral contains the factor yr 
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—aR sin 0 
=—, in which sin @ is 


positive, and vanishes when R is infinite. 


I 


I, 


The fourth integral vanishes when p is infinitesimal since »<1 


Hence, proceeding to the limit R= and p=0, 


f* etar e- ay 
ed Mee : —— dy = 1-n —n e—4y qd, 
yn ' Y x ¥ “dy 

COS GY +t SIN ax ye 

E oars ge [eon +esin(1—n)3 | |”, em Ndy. 

sin ™ 

COS AP 7 60 nee? Po-s)_ - 2 1 one T 1 
Oe the "2 qin ~ T(n) a" sinnxr 20 (nal nr’ 

cos — 
ewe, ; 

sin ar me a ['(1—n) -2 il i T 
ie Saosin ( n) 5 Bo LR) we sinner 2(na" = > 

sin > 


giving the well-known integrals of Fresnel (Art. 1166) 
F 1 
1324. (2) Consider w=By Bye 
Here there are poles of the n+1" order at z=vb and at z= —wb 
Taking the contour to be the infinite semicircle, the w-axis, and the 
small circle about z=cb and radius p, as before, we have 
PZ) 


w=f(2)= ~ (g—1b)n4)? 


1)" (m+1)(n +2)... (2m) 
where d(2= araer and p™ (z 2)= (= (2+.byen ’ 
é 2n)! 1 Ln)! 1 
ie, $b) =(—1)"! te (2dpFi eu (ny! (2b 
Hence @ aR eH a i round the multiple pole cd. 
: da geal dx 


The integration along the z-axis is A 2 bya 
mc ™ Re? dé ; Z 
Round the infinite semicircle we have i! (ee oye which obviously 


vanishes if R be made infinite. 
T (2n)! 


sy dx: 
Hence 9 (a®+b2)" (2b)7"+ (n!)? 
The result is oe, verified by putting =b tan 6, when the integral 
becomes © 
] 6: 
paca |, cost” 6dé. 


oO te -¢ Dee as above, 


1325. Instead of using the formula te 
we might follow the method of Art. 1317, and put Gaye Ey 


into Partial fractions so far as is required to find the Partial fraction of 
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We then proceed thus (Art. 144): put z=ub+y. We 


the form = 


tb 
then have 
1 {els Leg i y 
yl b+ yy Mtl (Qib)h [2 —(n+1) abt 


pet Ee 2m) (Z)'+... |; 


Le 
et (41X42)... (Bn) 1 
whence A = iby citi a ee oe (2ub)" 
1 1 (Qn)! 


~~ (2b (nt)? 
and the value required is A. 27, z.e. round the multiple pole at z=vb the 


Qr (Qn)! 


integral is @oyenr (ni? as before. 


1326. Consider w= f(z) = ;, « real and positive. 


et iz 
There is polarity of the (a+ An order at the points z= +10. 
Take the contour as before, viz. an infinite semicircle centred at the 
origin, the x-axis and an infinitesimal circle round td. 


We have, putting J@= Gop aaa 0= pa 


ry, Cars n ee Ce 8) n(n— = 2 (n+1)(n+2) 
and = (")(z)=(va)” Git a 1ef4 @+ebyat i (ta)" te ep eb)re 


_a(n—1)(n- 2) a 
ee eae (e+ ub)nrt 


ng e (n+ 1) (n+2)(n+3 “se n(2+1)(n+2)... (2 
seM(n+1) (W+2)(M +3) eazy _qyn (” Nestle 


And -since / was round a multiple pole of the x order, 


oe at O(a), we have, putting cb for a, 


(2) Qrre wes me aby +1) 
[f@a= ae iby =P a) aan (2) ae 


a mM nD (ia)n-te ~ap (2+1)(n+2) ben) (2x)! | 


(216) "+3 n! (206) 20+1_ 
are! F a (at neat 4 @+2)(n+])n(n-1) ar 
nt La@eent ype 21 —~ Gayest 
(2n) ! 1 ] 
nm! (20) ]" 


Round the outer contour we have 


£ eat eat v etak (cos 6+ sin 6) > 
(a2) dw+ |" (24 a2)rH d+ [ (a Ree) cRe dé. 
Putting — for x in the first and combining the result with the second, 


we get 2 i Paani e The third integral vanishes as the integrand 


a 
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contains the factor e~**%™@ which vanishes when R=, sin @ never 
becoming negative. Hence we obtain 
r= cos ar 3 ead [ n,_(vt])n 3 


+ (2+ cea ile 1) (2ab)"-24....4 tk 


which agrees with the result of Art. 1057, writing x for n+1 in the 
present result. 


’ 


1327. Consider the case w=2"—e-**, where k is a complex constant 
=a—tb, in which a is positive, b positive and not both zero, and 1>n>0. 

Since n <1, there isa pole at the origin. Writing z=re'’, k=pe7‘®, where 
Bis > 7/2, we have w=r%1e!("— 108 ¢—pr cos (8-8) o— wr sin (9-8), which cannot 
become infinite, except at z=0, unless cos(@—f) be negative, ze. 
@>B+5, or <B-3, in which case an infinite value of 7 would make w 
infinite. 

We shall avoid these poles if we take a contour consisting of a sectorial 
area bounded by 6=0, 6=a(<7/2) and by ares r=R,, r= Ry, where R, is 
infinitely large and 2, infinitesimally small. The region thus bounded 
is such that w is synectic within it, and we have 


it gtle-(a-W)2gy 4 f° (Rye!?)e~ (a Rie"* dg 
R: Jo 


+ Bi (ret®)P—Te— Pe Brett pea dy 4 P° (Rye!) re (aD) Rae? d9=0. 
1 -a@a 


B 


6D A * 
Fig. 417. 

The second and fourth integrals contribute nothing, for in the second 
the integrand contains the factor Ryte—PRi 088-8), which vanishes when 
R, is infinite, since we are supposing a<7/2, and therefore, 6 being 
<a, 0-8 <7x/2; and in the fourth, the integrand contains the factor 
R,pe—PR2 008 (8-8), which vanishes when 2, is infinitesimally small. 

Herice, proceeding to the limit when 2, > ©, 2,0, we have 
‘bs gle At ght d gp = eM [ gig OO de. acicives (1) 

0 


0 
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‘ , b 
If now we choose the angle of the sector, viz. a, to be f, Ze. tan} wwe 


have 
I ahem ats = oP [ gM—le— PF dy, where p=Nai +b, 
0 0 
= eB ae p being real, 
1.8. :: gn-le—(a—b) €&g yp — T'(2) 
0 (a—wb)” 


co 


which shows that the theorem attenhtgy TM) is true for a complex 
f 


constant k=a—vbas well as for a real one, « being positive (see Art. 1159). 


(a? + b?)? 
[ eee simioa, dag = (» — i) 
/0 . 


(a? + b?)? 
1328. Equation (1) of the previous article gives 


Also | x1 e—- 2% cos ba dx a4 Te cos (n tan—! a) | 
I 
Oe ice (2) 


co co 
[ yn ena gibt Jy — | ant e—(acos a+b sin a)& t{na—zx(a sin a—6 cos ®)!dp ; 
0 Jo 


whence 


co ro 
i gh-le— (a cos a+b sin a) gos (nq — x(a sin a—b cos a)}da= | a™1e— cos br da | 
0 /0 f 


and i. gn-le—(a cos a+b sina)t sin fra —x(asina—bcosa)}de= 
0 


[-o} 
[ ae sin bx as,| 
0 


and therefore taking the case when b=0, 


= fie T(x) 
f GN1e— AW C84 Cos (na —axsin a)\dv= I Bn eT dg = | 
i a 


co 
: gnTe— A 84 sin (na — av sin a)dx=0. | 


If we multiply by cos zu and sin na and add, 
and by sin xa and cos na and subtract, 


(x) 


ad i, 
we obtain i anle—@€ O84 aos (ax sin a)dv= qn 008 nas | 
0 


I gre 8 sin (axv-sin a)dz= re) sin 7A 
[Cf. Briot and Bouquet.] 
If y be any other angle, we have upon multiplication by cos y, sin y 
and subtracting, and by sin y, cosy and adding, 
T(x) 


a” 


[ Mle 4 8 cos (ax sin a+ y)de= cos(na+y), 


<0 


i gre FOS“ sin (axsin a+ y)de= ay sin (na. +¥). 


(a <1/2, 1>n>0, a +¥.) 
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PROBLEMS. 


. 4 
1. If w?=z-1, examine the value of | w dz, 
0 


(i) va the branch w=/z-1 by any path which does not encircle 
the branch-point at z=1 ; 

(ii) via a path starting with the same branch and encircling the 
branch-point once. 


2. Find the values of 
sin 2 sin2 sin 2 
—— dz, , dz, dz, 
2-a@ (g-a) (2 -a)8 
taken round a small circle whose centre is at z=a. 


3. Find the laa of 


taken round a small circle whose centre is at z=a. 

4, Show that the values of the integral laser taken 
round the circles |z|=1, |z|=3, |z|=5, are respectively 

0, —m and 0. 
dz 
=B)@-He-6)’ 
taken round the circles |z|=1, |z|=3,|z|=5, |2|=7, are respectively 
Tt —7tl 


| Cater 


5. Show that the values of the integral | - 


0. 


: dz 
6. Show that the values of the integral Feeney 


taken round the circles |z|=1, |z|=3, |z|=5, |z|=7, are respectively 
0, mt, —Trt, Qe. 
7. Show that the value of the integral lace taken round 
a contour ree of the z-axis, the y-axis and the are of the 
circle |z|=2, which lies in the first quadrant, is 7. 


27d. 
8. Show that the value of the integral | =—iaaraty’ taken 


round a contour consisting of a semicircle of radius greater than 
unity, with centre at the origin and its diameter the y-axis and 


lying towards the positive side of the «x-axis, is re and the 
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same integral, taken round the entire circumference of the circle 
Wt 


a +472 +24=0, is 94 Show also that the same integral, taken round 
2 
the rectangle bounded by e=0, =0°75, y= +1, is — oe 


9. Show that the integral | taken round a contour 


dz 
(23 + 1)?’ 
which consists of the y-axis and that part of any semicircle |z| > 1, 


which lies on the positive side of the y-axis, is — 47. 


[Forsytu, 7'h. Funct., p. 42.] 
Z-P 
— dz 

1+274 
round the perimeter of a semicircle of radius a (supposed > 1), 
having its diameter coincident with the axis of « and its centre at 
the origin, that 


10. If p and q be positive integers, show by integrating | 


‘a 72? d  q2p+1 e(2p+1) 6 T 
———. 1 -E t a ee 
-al +274 o 1 +ardern8 i pt 
qd sIn—>-— T, 


and deduce that if 1 >a>0, 


gel Js 
9 l-2 7 = sin ar [Maru. Trip., 1887.] 


11. When is a function said to have a pole? Distinguish between 
a pole and an essential singularity ; show that a function which is 


everywhere regular is a constant. 


tz 
From consideration of the integral | Se where a and b 


are real positive quantities, taken round a suitable boundary, show 
that = 2 —! 
coe ae = ay dy 008 e 
o (x — a)? 4- b? o (a? + b? — y*)? + 4u2y? be? 
~ . sine oa © €¥(at+b—y*)dy msina 
o (v—a)? +B o (a? +0? — 97)? + day? bed” 
[I. C. 8., 1908.] 
12. Determine a function which shall be regular within the circle 
|z|=1, and shall have at the circumference of this circle the value 
(a? — 1) cos 8 +1(a? + 1)sin 6 
at — 2a? cos 26+1 


d 


where a?> 1, 6 denoting the vectorial angle. [I. C. S., 1909.] 
13. Establish by contour integration the result 
| e x? da Die 
b being positive. “[1. C. S., 1910.] 
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14. By considering the contour integral 
ene 
je (0<a — 1), 


round a rectangle of infinite length (t= — to +0), and finite 
breadth (y=0 to 7) with a small semicircle excluding the origin, 


prove that [" Cal 
du =m cosec 7a. 
-olt+é [I. C. S., 1903.] 


15. If a, 6 be two quantities each of the form a+, explain the 
. * . b 
meaning of the integration | $(z)dz, and point out in what cases 
a 


the value of the integral is dependent on the path chosen between 
the limits. [Sr. Joun’s Cotx., 1881.] 


16. Prove that, a being positive, 


2 oo 
| e202 cos 27 da = | sin (a’? — a?) da’ ; 
0 0 


ft e~ 22 sin 2? dz = I cos (a? — a?) da’. 
: ; (Smiru’s Prize, 1876.] 
17. Evaluate the integral | _ dz, taken round the unit circle 
in the counter-clockwise sense, where a is any real number other 
than + 1. [Matu. Trip., Pr. II., 1920.] 
18. Evaluate the integral pee dz, taken round the unit 


circle in the counter-clockwise sense, where a is any real number 


other than +1, and the logarithm has its principal value. 
(Marta. Trirv., Pr. II., 1920.] 


19. Explain what is meant by a period of an integral of a 
function, and investigate the periods of the integrals 


|r fa - 2) td, fa - 2) dz. 
(Maru. Trip., Pr. II., 1913.] 


20. Show, by contour integration round an infinite semicircle and 
its diameter, that 


= ob da ee a 
o@tatl 3’ ee 
= atde dew (°_abde 4m i Oe 
o@teti 8° 9 Jost 3 a 
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21. Discuss, by contour integration round an infinite semicircle 


yp A 

and its diameter, see hI where p lies between +1 and 
224+2zcosa +1 

O<a<z, 


wa 


22. Prove that “log cos 6d0=" log 5, by consideration of the 
0 a 


integral J }0e AG +9 taken round a suitable contour. 


23. By consideration of the integration | e—2dz round the peri- 


meter of an infinite rectangle of breadth }/a?, establish Laplace’s 
integral of Art. 1041, a being real. 


24. By consideration of | dz round an infinite rectangle of 


breadth 0, a being real and positive, prove that 


[oo) Ape 
| e—atee009 eos {4atbe (x? —b2))} dr=F— T(4), 
0 
evkz 
244+ dat 
a and k are real and positive, show that 


25. By integration of | dz round an infinite quadrant, where 


“G08 be ug : 
iF dz = Bai e-ka (sin ka + cos ka) ; 


a*+ 4a4 
@ sin ka — e-ke T : 
j, ere da ==, e*4(sin ka - cos ka). 


Oe ee ee 
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ELLIPTIC INTEGRALS AND FUNCTIONS. 


1329. The Legendrian Standard Integrals and the Jacobian 
Functions, 

In proceeding to the further consideration of the Jacobian 
Elliptic Functions snw, enu, dnw already introduced in 
Chapter XI., we shall adopt the same order of discussion as 
that followed in the description of the ordinary circular 
functions and of their inverses in Trigonometry ; viz. 

(1) The nature of their Periodicity; (2) The establishment 
of their Addition Formulae; (3) The examination of formulae 
arising therefrom. 

We have defined sn(w,k) as the value of z, which makes 

Zz 
eer where k <1, and en(w, k), dn(u, k) are 
defined as /1—z2? and /1—k?2 respectively. 


1330. Periodicity of the Extended Circular Functions. 


Let us examine first the simpler integral u=[- tess the function 
—Z 


sin being considered as not hitherto known, but now defined by the 
: , : , dz 
equation z=sinw, so that the inverse function sin~*z is f Meer and 


z is not restricted to real values, but may be a complex variable. 


1331, If we write w=; _ w is a two-branched function, its two 


1 1 alte Se 
i = - and w,= — and individually charac- 
branches being w,= + Fra and w, ers y 


terised as assuming the respective values +1 and —1 at the origin. 
The branch-points are at z=1 and at z=—1. These points are also 


- poles of the function, There are no other singularities. 
483 
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The region between an infinite circle whose centre is the origin O, and 
a double loop enclosing the two branch-points, is synectic, and the infinite 
circle is therefore deformable into and reconcilable with the double loop. 


Hence, considering either branch, say w,, fu dz taken round the inf :'te 


circle has the same value as fu dz taken in the same sense round the 
double loop. 


Fig. 418. 
Now round the infinite circle, along which we may put z= Re’ and 
dz/z=.d6, where RF is infinite, we have 
dz 


1 fdz : 
i dz= aan |z| being very large, 


1 Qa 
=7/ td@=2r. 
tJo 


Hence | w, dz, taken round the double loop, is also=2z7. 


Again, in integrating round an infinitesimal circle whose centre is at 
the branch-point z=1, put z=1+re". 


@ 
lr 6 Qn a) 
Then [aa=[ qa ef oe. 
9 /2+re%/ — re? 0 /2+re® 
when r is indefinitely diminished. Similarly the integral round the 
infinitesimal circle with centre at z= —1 also vanishes. 
Hence the integral for the loop round z=1 is in the limit 


1 
={ w,de+ [, w,dz+ |” wd, 


where |, w,dz indicates the integration for the circuit round z=1; and 


w, has changed into w, after performing the circuit once (Fig. 419) ; and 
since w,= —w,, this reduces to 


1 meet Cope ea 
=2 w,de=2 | Frail Bay 
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Similarly, the value of the integral | w, dz for the loop round z= —1 is 


—1 
=| wo, de+ [, w,de+ |, W, dz, 


where c’ refers to the circuit of the infinitesimal circle round z= -—1 


and [ w,dz vanishes. Hence, for this loop, we have 


ss = de 
w, dz+ w,dz=2 w, de=2 | See 
z 0 b V1l-2# 
1 dz 
=a | J1-2 pehend 
Thus _£,4+L1=0 
and L,—L_,=integral for the whole loop=2r ; } 
1 +1 
3 dz T dz 
i tea fee <a: ss eae pe gt 
AT A Pie or ie ce i i; par gre 


the direction of travel in each case being the “positive” direction as 
defined earlier. 


— 


Fig. 419. Fig. 420. 


Now, if one of the branch-points, say z=1, be encircled twice, the path 
starting from the origin and returning to it after two encirclings, may be 
deformed into two loops round the point, and the integral, leaving out 
the integrals for the two infinitesimal circuits about the branch-point, 


1 ro 1 0 
which vanish, is = [ w, dz+ I, w, dz+ , w, dz+ I w, dz, which is zero, 


and w, has changed to w, and back to w, in the double circuit, 2.e. to its 
original value at the origin. 

Thus, for a loop with an even number of circuits round one pole, we 
have a zero contribution with no aggregate change of branch, but for a 
loop with an odd number of circuits round one pole, the equivalent is 


1 
obviously a single loop, =2 [ w,dz=7, accompanied by a change of 
. 40 


branch from w, to wz on arriving back at the origin. 
The same thing happens for several encirclements of z= —1, starting 
from the origin with value ,, except that for an odd number we have 


ari 
a contribution 2 [ w,dz=—7 ; and w, has become w, or w, according as 
0 
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there have been an odd or an even number of encirclings of the branch- 
point. 

When both branch-points are encircled m times in the positive direction, 

the integral will be n.2m with no change of branch, or if the pair be 

s encircled p times in the 

a positive direction and qg 

Oo times in the negative direc- 

tion, the contribution will 


Zz 
be (p~q) 24r=2n.7, where 
a n is the excess of the 


number of positive encircle- 


Z ments over the number of 
negative ones. And such 

ros an encircling of both points 
2 will result in w, being 


restored as the final branch 
of the function when z has 


.e) returned to the starting 
Z point. 

Now any path from O 

rs to z is reconcilable with a 

. linear direct path, together 


with such loops as have 
= been described above or 
some combination of them. 
z 
Z And it [ w,dz along the 
0 


straight path be called wp, 
the contribution to the 

total integral from O to z 

ote ae by any other path deform- 

able into the straight line 

S OP with a system of loops 

Ne will be +) or —%, ac- 
C——.. =— cording as z, after having 
4 : : described its loop system 
Fig. 421. and before commencing the 

portion OP, has returned 

to the origin with a value w, or a value w, for the function, and the 
total for any path will be wu or —w, as the case may be, together 


with whatever may accrue from the several encirclings of the branch- 
points. 


z 
Thus the total values of the integral i w, dz are: 
0 


z 
(1) for the direct path alone, i W, dz=U ; 
0 
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(2) for an odd number of circuits of one \ =D, — Uo 
loop + a direct path, 
(3) for an even number of encirclements | 
of one branch-point + a direct 
path, 
(4) for n encirclements of both branch- 
points + a direct path, } 
(5) for n complete encirclements of both 
branch-points combined with an =n(L,—D_3)+L,—U 
odd number of encirclements of | or =n(Z,—L_1)+L4—-; 
one of them + a direct path, 
(6) for n complete encirclements of both 
branch-points with an even num- 
ber of encirclements of one + a 
direct path, 
and seeing that Z,—D_, would be repiaced by —Z,+ L_, if the description 
were in the opposite direction, these results are all of one or other of the 
forms Qpr+u, or (2p+1)r—uUM, 1.€e. pr+(—1)Pu, 
p being some integer positive or negative. 
If then, in the equation u=[" aces 
o 1-2 
appears that as all these paths lead finally to the same point z, we must 
have $(u) the same for all the paths 
= (Uo), 1. (Uo) => {pr +(—1)?uo}, 
and the general solution of the equation $(u)=(uo) is w=pm+(—1)Puo. 
This is the ordinary result of trigonometry, and for a real variable it is 
a well-known theorem that sin u=sin {pr +(—1)?u}. 


1332. Let us next put J1—z= (u), and enquire which of the above 
values of w lead to the same value of V1—z*. 


or =L_1—%UW; 
| =Uo; 


=n(L,— D4) +% : 


=n(L,— D_1)+% ; 


, we express z as 2=¢/(u), it 


Fig. 422. 


Clearly the function J1—2 has the same value at P’, (—2), as it has 
at P, (z) (Fig. 422). 

ance, besides the various paths which lead from 0 to P must be 
considered those which lead from 0 to P’. And it is not all the paths 
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which have been considered from 0 to P thus restoring the value z at P, 
which also restore the value of N1—z. For after a description of an odd 
number of single loops, 41—z has become —V1—z. Hence, in order to 
arrive at P or at P’ with the value +V1—z%, we can only take the cases 
of description of an even number of single loops; also a double loop 
traversed any number of times will restore the value +V1—24. 

We therefore have the following cases : 

(1) for a direct path from O to P, uo ; 

(2) for a direct path from 0 to P’, 


[viz 4 iced 
) 1-2dz=— jvi-2 z= — Up ; 


(3) for an even number of loops round either branch-point } cy 
+ a direct path OP, 

(4) for an even number of loops round either branch-point \ aie 
+ a direct path OP’, . 

(5) for any number of double loops + direct path OP, Qn + Uo 5 

(6) for any number of double loops + direct path OP’, Qn — Uo ; 

(7) for any number of double loops + any even number of } 2 F 
‘ : NIT + Up 5 
single loops + a direct path OP, 

(8) for any number of double loops + any even number of 
single loops + a direct path OP’, 

Hence it appears that the values of w which lead to the same value of 


} Qn — Up. 


J1-2 are exactly comprised in and expressed by 2nr +4, Ze. 
if J1-2= y(u), then y(u)= x(2Qnr+u), 
and the general solution of the equation y(w)= (uo) is u=2n7s Up. 


——= Zz 
Thus, defining cosu as +NV1—2%, where u= we have 


dz 
cosu=cos(2n7+u), and the solution of cosw=cosu is w=2nT+Up, 
which for real values of w is the well-known trigonometrical result. 
1333. Further, in the case when on the whole an odd number of single 
loops have been described, V1—z* has on the return of z to the origin 
become -V1-—2’, and along the direct path to P we have 


ie dz 
1 Ljiee = —U, 
and along the direct path to P’ we have 


SEs 
Mere ape 
So that on the whole we have, for the double loops, 2m; for an odd 
number of single loops, +7; for the final path OP or OP’, +u, giving 
the general value of w as (2n41)r+Up @.e. (2QA+1)r+u. And these 
values will give —/1—2’ at the final position, ze. y(u)= — y{(2A+1)r+4}, 
which is the same as the corresponding result of trigonometry, viz., 
X being an integer, cosu= — cos {((2A+1)r+u} 
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Zz 
1334, From the integral w= [ 5 it is also directly obvious by 
expansion and integration that u is an odd function of z, in which the 
first term of the expansion in powers of z is 2; and, therefore, by 
reversion of series, that z is an odd function of u, in which the first term 
of the expansion in powers of wu is w. Hence it appears, from this 
consideration also, that if z=¢(w), then $(u)=—(-u). And further, 
since /I1—z is an even function of u, we have x(u)=x(—w). Also 


Zz S sin u 
Lity=07 = Le 1.e. Eko waa =], 


1335. Periodicity of the Elliptic Functions. 
We now turn to the consideration on similar lines of 


a : dz 
aa oV(1—22)(1— 222)’ 
where k is a real quantity <1. This may also be written as 


@ dé 
u=| Rae 
where z=sin 0. 
dz 1 dz 
Let K=| ——= and K’=| "st 
i oV(1—2)1— ee) oJ —2) (1h) 


’ where k?+42—1, 
The function defined by 
1 
ee ass 
oe) (1 — 2) 
is a two-branched function, viz. 


1 1 
a >= - —) -- = —, 
sah, Ji—2)\(i—kay J/(1—2) (1— Iz?) 
having four branch-points A, B, C, D, viz. 


1 1 
Spi aL, te t= —l, 


symmetrically situated about the origin on the a-axis. 


Let P be the point z. 
Ae 


c D O B A*« 
Fig. 423, 


There are no branch-points other than A, B, C, D (Art. 1296). 
These branch-points are also poles of the function, and there 
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are no other singularities of any kind. We shall first consider 
1 


the integration if a 


—_-,, the path of the integra- 
tion being : o/(1—2?)(1— kz”) 


(1) along the x-axis from w=0 to e=1—p, viz. O to LZ in 
Fig. 424; 


x“ 


cS) 
6 aps N RO 
eee 
B A 
Fig. 424, 


(2) round the small semicircle LMN, centre at z=1 and 
radius p; 


(3) along the w-axis from e=1+ to iP viz. NR in the 
figure ; 

(4) along a quadrantal arc, centre at 27 and radius p, 
viz. RS. 

In this integration which passes the point B, where z=1, 
the sign of 1—z changes at B and the integrand becomes 
imaginary. We have then to examine the behaviour of the 


factor /1—z as we pass round the semicircle LMN, but do 
not complete the circuit, about the branch-point. Put 


z=1-+ pe, 

Then /1—z=/—pe®, and in passing round the semicircle 
LMN above B, @ decreases from 0=7 to 6=0, and /1—z 
changes from the value /—pe'* at L to the value /—pe® at 
N; that is, its value has been multiplied by Pat or —t in 
passing round the semicircle. 

Therefore w, becomes cw, in passing over B. 

If we pass wnder B, we have a change in /1—z from the 
value /—pe'* at L to the value /—pe'" at N, and therefore 
the value at ZL would be multiplied by e2 in passing to NV; 
that is, w, would become — 11. 

Since the value of /1—z at L may be written as Vp, where 
p is 1—a, x being the abscissa of L, it becomes —ww/p at N, 


—p 


that is, 


PERIODICITY; 491 


where p=a—1, 2 being now the abscissa of N, and along 


NR there is no further change of amplitude. Hence 


From OtoL V1—z=/1—2,« increasing from 0 to 1— p. 


From I to N es Le i 

wand LMN } V1—z=/—pe®, @ decreasing from 7 to 0. 

From N to A) J1=z=—.Jx—I, « increasing from 1+ to i: 
The factor /1—kz=J/1—kz from 0 to R. But A being in 

this case a branch-point, we take a quadrantal are with centre 

A and small radius p, avoiding the branch-point. 


Put 2=7+ pe? Then /1—kz=/ —kpe®,in which 6 decreases 
from O=7 to 0= 3 . We thus have as the contributions 
from OL, LMN, N Rand RS respectively, 

=p dx - : Mona ipe® dO 
0 J(1—a?)(1—k22?) — pe* (2+ pe*)[1—k2(1 + pe*)?] 


wpe? ou 


bel 


dx 


pp —tV (a? 1) (1— Fea Nd —ea) * 


and when p is indefinitely small the second and fourth vanish 
and the first is ultimately K. Transform the third by writing 
ka? + kx’? —=1; whence 


1 Reda’ a 
wk A Pe and J2 7 VI-2” ie 
Hence the third becomes (1) 
\'— i da *) kia" da’ k 1 
J (a?—1)(1—h -7) J1— kx k’/1— a0? ke’ce’ 


a da 
cos — Kee 
2 o/(1—x?) (1 —k?a"?) 
k daz 
ov (1—ax?) (1— Kx?) 
and - =K— Kk’, via a path below B. 


=K+ Kh’, via a path above b, 


mare aed 
It follows that sn(K+ :K HE 


ae + pe), — 1 (— kpe'’) (2+ lipe) 
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Now, noting that : is the value of « when «’=0, and that 


a — =p VI-a we have 


[tee ena a 1k, 
l 1—-G=, 1.€. 1-G= i? 


ae en(KiK)=— 4; also dn(K+iK’)= /1—1# =o. 


1336. Remembering that when 


wi dé re ts da 
u=| FE ate |, J (1 — 2) (1 — 2x)’ 
Li f d6 ate f dx 
~ Jo JT—ke sin? Jo /(1—2®)(1— kx”) 
and w=sin@=snu, also observing that =0 gives u=0, 
we have sn0=0, whence cn0=1 and dn0=1; also sn K=1, 
whence en K=0 and dn K=J/1—F?=K. 

1337. Again, if we write —@ for @, 

| : dé i dé 
U= 5 —————— =: 


eas Ce o J1—ksin2@’ 


to} 


= dé 
w= J1i—Psin?6 
Therefore —@=am (—u); sn(—u)=—sin 0=—snwu; 
also cn (—w)=cn wu; and dn (—u)=dnu. 


1338. It also appears directly from the integral 


i dz 

— : 

ov (1—z?) (1—/22?) 

by expansion, that w is an odd function of z whose first term 
is z, and therefore, by reversion of series, that z is an odd 


function of u, the first term of the expansion being w, and 


therefore also that Lt,-o = ue 


Also that, since cnw=/1—sn?w and dnu=J1—k? sn? u, 
enw and dnw are both even functions of z (=sn w), the first 
terms of the expansions being in each case unity. These 
facts also show that 

sn(—u)=—snu, en(—w)=enu, dn(—w)=dnu, 
as seen before. 
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1339. The Elliptic Functions of 0, K, K+ .K’. Collected 
Results. 
We thus have 


sn 0=0, en 0=1], dn 0=1, 
sn K=7, en K=0, dn K=k', 
1 uk’ 


sn(K+iK’)=7, en(K+1K’)=— 


1340. General Values. 
We shall now consider the variety of values of u which will 
accrue from the integral 


“» dn(K+iK’)=0. 


u=[ Ba 2A A Ge 
o V(1L—2?)(1— 2?) 
in integrating from the origin to the point P, viz. z, along the 
different paths which may occur, as was done in Art. 1331, for 


f dz 
oV1—-2 

There are four branch-points A, B, C, D, and four loops 
and it has been seen in Art. 1294 that for such a system any 


fe) 
Fig. 425. 


“Ve 


path starting from O and terminating at P is deformable into 
and reconcilable with 
(1) a straight line from O to P 
or (2) a straight-line path from O to P, together with a com- 
bination of loops, 
and that in any system of loops about four branch-points 
there are two and only two groups which give different values 
to the integral taken from O to P; viz. 
(i) those which consist of the integrations for sets of double loops + a 
direct path 
er (ii) those which consist of the integrations for sets of double loops + a 
single loop + a direct-path. 
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Moreover, resuming the notation of Art. 1292, any two of 
the six possible double-loop systems may be selected as inde- 
pendent. This time we shall take these two double-loop systems 
as (AB) and (BD), and (B) as the principal single loop; and 
remembering that after every travel round a loop the branches 
of the function interchange, we have 

u=)(4B)+n(BD)+%q or u=N(AB)+y'(BD)+(B)—up 
as the only possible forms of the result, where wu, denotes, as 
before, integration along the straight-line path OP starting 
with the branch 1,, 7.¢. the same branch with which the whole 
integration was started from 0. 


1 
b 0 
Now (4)=|" W, de+| w, de+|) w, dz, where | w,dz refers 
k 


to the integration round an infinitesimal circle with centre 
at A, which vanishes ; 


1 
és (4)=2 [! w, dz=2(K+:K’), 
0 
the + or the — according as we pass over or under B in 
arriving at A; 


1 
(B)=2 w, dz=2K ; 


Cd i 
> Nad 


(c)=2| w,de=—2 [" w,dz=—2(K+.K’)); 


(D)=2 [», dz=—2 | ~, dz=—2K ; 
and (AB)=(A)—(B)=+2.K’; (BD)=(B)—(D)=4K. 


Hence the general values of the integral which accrue are 
U=2 1K’ +4uK +9 where X, pw, A’, w’ are 
or U=20'K'+ 4’K+2K—Uu,J integers; 
that is, u=2pKk’+2q¢K+(—1)u5, where p, g are integers. 
If we write z=(u)=¢(u), it follows that 
(Ug) = {2pK’ +-2gK + (—1)"u9}; 
and taking q an even integer =2r, 
(Up) = $ (2pc_K’+ 4rK +-up), 
so that 2:K’ and 4K are independent periods of this function. 
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Conversely, it follows that the general solution of the 
equation $(u)=(u») is U=2mK' + 2qK + (—1)%u, and (u) is 
the Jacobian function sn u. 

Hence 8N Up=sn (2p.K’ + 2qK + (— 1)%u9) 
or, which is the same thing, putting (— 1)"u =», 

sn (2p.K’+ 2qK + v)=sn(—1)*v=(—1)"sn v, 

As particular cases of this double periodicity, we have 

$(u)=$ (4K +u)= (2K —u)=p(4K + UK’ + u) = (6K -u) = (UK’ +u) 

= $[4(K+:K’)+u] =ete. 

1341, Having defined z as a function of u, =¢(u), by the 
equation 2 dz 

=| o V(1—22) (1— 22)’ 
let us examine the periodicity of the expressions 
J1l—2?=y (u)=x(v) and Jl—R2=y-(u)=W (uy) 
regarded as functions of wu. 

Let P and P’ be the points z and —z respectively. Then, as 

z travels from O along any path which terminates either at P 


or at P’, starting with the respective branches for which 
x(0)=1 and y-(0)=1, we are to arrive at P or at P’ with the 


Fig. 426. 


values +/1—2 and +/1—## respectively. And this will 
be effected, provided that either no change has occurred in the 
branches of the functions in the paths followed, or provided 
that in either case an even number of such changes have 
occurred. Such changes of branch occur 
in x(u) at each looping of B or of D, but not of A or C; 
in y(u) at each looping of A or of C, but not of B or D. 
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Hence in the case of x(w) the number of times a single loop 
has been formed about B or about D must be even, but a double 
loop round B and D may occur any number of times. A double 
loop about A and B counts as a single loop about B. 

In the case of y(u) the number of times a single loop has 
been formed about A or about C must be even, but a double 
loop round A and C may occur any number of times. A double 
loop about A and B counts as a single loop about A. 

Again, if the integral for the direct linear path OP be 
denoted as before by up, that for OP’ is 


—Upg- 


—z dz = © dz Peers 
j, J(1—2) (1— kz?) {, Jdi—2)(1—P2) - 
It has been seen that for the variety of paths from O to P 
the general value of the integral w is 
u==(AB)+m(BD)+u, or u=d(AB)+u(BD)+(B)—%. 
It follows that the general value of the integral from O to 
P’ will be expressed by 
u=)(AB)+pu(BD)—u_ or u=)(AB)+p(BD)+(B)+%; 
that is, for those which terminate at an unspecified one of the 
two points P or P’, 
u=)(AB)+u(BD)+uy or u=d(AB)+p(BD)+(B)+X%. 
Now amongst those solutions which restore to the inde- 
pendent variable either the value z or the value —z, some 
arrive at P or at P’ with the value +./1—z and some with 
the value —J/1—z? for y(w), and similarly with the values 
+J/1—k®2? or —/1—k*2? for W(u); and those solutions which 
arrive with the values —/1—2?, —/1—k?2? must be removed. 
To do this in the case y(u)=/1—2* it is only necessary to 
select those cases in which the number of single loopings of 
B or of D must be even; that is, \ must be even and )’ must 
be odd. And in the case of y/(u)=/1—#2 we must select 
those cases in which the number of single loopings of A or of 
C must be even; that is, and )’ must both be even. 
Thus for /1—z? the form of w is 
U=2m(2:K’)+ p4K uy or u=(2m’+1)(2cK’)+ v'4K+2K +, 
in which the coefficients of 2.K’ and 2K are both even or both 
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odd, i.e. in one expression u=p(2:K’4+2K)+q4K +up, where p 
and q are integers ; and for /1—s?z? the form of w is 

U=2m(2UK')+ u4K+uy or u=2m'(UK’)+w4K+2K+ Up, 
i.é., in one expression, u=4pcK’+2qK+Uo, where p and q are 
integers. 

Thus JI 28= x (u)= x {p(2cK’ +-2K)+94K + uo} 
and V1— P= (u)=y (4p K+ 2qK + up). 

The functions ¢, x, are plainly sn, en and dn respec- 
tively. Thus 

sn v=sn (2p.K’+-2qgK+(—1)2v), with periods 2K’, 4K, 
en v=en(p(2:K’42K)+q4+K +»), with periods 2.h'’+2K, 4K, 
dn v=dn (4p: K’+ 2¢K +), with periods 4K’, 2K. 

Each function will have returned to its original value when 
the ‘argument’ has been increased by any multiple of 4:4" or 
of 4K, which are therefore the whole periods for the group of 
functions, though individuals of the group will each have twice 
performed the whole cycle of their values in these intervals. 


1342, We may examine this periodicity of enw and dn wu from a some- 
what different point of view. Defining cnw as +N1-—2 and dnw as 
4+J1—2, and noting that z= +1 are the only branch-points of N1-2 


and z= Ne are the only branch-points of 11 — 2’, so that an odd number 


of loopings of B or D would change the branch of V1-2, whilst an odd 
number of loopings of A or C would change the branch of J1-2, and 
remembering that 


(A)=2(K+:K’), (B)=2K, (C)=-2(K+4K’), (D)=-2K, 


we have en[w+(A)]=cnu, ecn[w+(B)]= -cnu, 
and -. cn (u+2(K++K’)]=cnu ; and en(wu+2K)=-—cnw; 
whence en(u+4K)=—cn(u+2K)=cnu, 


Therefore 2(K ++K’) and 4K are periods of cn u, and 
en [u+2A(K +K’)+4pK]=cn u, 
en [w+2A(K+tK’)+2uK]=—cnu (p odd); 
ie. en [u+2AtK’+2(A+p)K]=—enu (p odd), 
on [w+2AcK’+2(A+p)K]= cnu (yp even). 
Similarly dn(u+(A)J=—dnu, dn[u+(B)]=dnw, 
4.€. dn(u+2K)=dnu; and dn [u+2(K+¢K’)]= —dnw; 
whence dn [u+4(K+1K’))=—dn (u+2(K+tK’)|=dn u, 
E.I.C, IL. 21 
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Further, dn(u+2K’)= dn(w+2K+2K’)=—dnu, 
dn (w+ 41K’) = —dn (w+ 2tK’) = dnz4, etc., 
i.e. dn(w+2AK +4uK’)=dnw ; dn(w+2AK + 2K’) = —dn wif p be odd, 
We may sum up these results concisely thus : 
sn (w+ 2p.K’+2qK)=(-—1)%snu, 
cn (w+ 2p-K’ + 2gK) =(—1)?+%en u, 
dn (u+2p.K’ + 2qgK)=(—1)? dn u. J 
1343. Values of sn wv, cn iv, dn cu. 
: dd 
o/1—k?sin26’ 
transformation. Then cos@d0= :sec?¢dg@ and cos 0=sec p; 


Let w= and put sin 9=, tan ¢, an imaginary 


then +f r sec’ dd fi d¢ 
\, sec oV1+tan2¢ oVv1—k*sin? 


sn (u, k’), 

en(u, k’)’ 

dn (u, k’) 

en (u, k’)” 

These relations are true for all values of wu real or complex. 


., g=am(u, kK); .. sn (cu, k)=r 


whence en (:u, = Sab} dn (cu, k)= 


1344. Tue Appition FoRMULAE FoR LEGENDRE’S First 
INTEGRAL. EuLER’s EQUATION. 
ua dz 

—, U= 
te ae 


Then %,=SNU,, T.=SN Uy. 


2 lz 
Let =| | NA where Z=(1—z*)(1—k2?). 
0 


Consider the differential equation 
dz, , dx, 
OFAN 

where X,=(1—2,’)(l—I’x’), X,=(1—a,2)(1—Iea,2). 
Let w, and x, be regarded as functions of a third variable ¢, 


such that | dx, ae 
Oa pe ie Ge 


230, eal. tee eee (A) 


. 


, Obe 
then #,= 9; =—vV42, 
and #=1—(?+1)a2+Ra,t; #2=1— (k? +1) 22+ ka, !; 
whence, differentiating and dividing by 2¢, and 2a, respec- 
tively, #=—(+1)e,+2ke3; #—=—(+1)a, + 2ke; 
Thus #2, —#,0, =2h?(42—2,°)a,a,, } 


whilst 9? — hy? xP = — (2,2 — a”) (1—k?x,2a,2) 
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ELo— Gr, 2h’a,2, ad 


Hence — : 
£ly— bX, 1—k*a,°a,? dt 


(a9) 5 
whence log (#,x,—a#,v,)=log (1—k*w,2x,?)+ const., 


‘ yV Xi +a,VX, 


LX — LoL, 


V.€. 1 a aPa,? C; and i Rx 20,2 C. 
Another form of the Integral of (A) is obviously 
dx dx 
Ub, +U.= —h | 2 =const.=C’. 
, , \, VX, 0 SX, 
It appears therefore that when w,-+u, is constant, so also is 
2) X,+0,V Ky a constant. 
1—kx,*x,? 


One of these constants must therefore be a function of the 
other, say, C=¢(C’). 
tyr! X, tax, 
‘ py pee ’ 1 dz dz. 
be readily identified. For, since | Ti and =| —, it 
is clear that, ovZ oNZ 


if z,=0 and therefore .Y,=1, we have u,=0, 


Hence 


=¢(u,+u,), and the form of ¢ may 


and if x,=0 and therefore X,=1, we have u,=0. 
Putting u,=0, we have ¢(u,)=x,=snu,. Hence the form 

of the function ¢ is identified as the elliptic function sn. 

Thus we have 

aWV1—o#2/1—e?+2,/1—2,2/1 — ha? 


sn(u,+U,)= 
( 2+ 2) 1—Kx,*2,? 

ee nite ae u, cen U, dn w,.-+sn u, en uw, dn Uw, 
ts ae 1—k? sn? wu, sn?w, 

Remembering that 

‘ gt = d d en’u,=—snu, dnu 
sn’ w,, 1. 7 -sn%, =cn¥,dnu, an i : by 

1 


this formula may be written as 
y , 
$n 2, 8N W,-+-SN UW, SN Uv 
en(w,-+U,)=—s > 2 *. 
1—f’ sn’u, sn’ u, 
For shortness write sn v,=8,, SN U,=8,, CN U,=C,, CN Uy=Cy, 
dn u,=d,, dn u,=d, and 1—k? sn?u, sn’u,=D. 


Then sn(2,-+-2#,)=(8,¢,4,+8,¢,d,)/D or = (8,8, + 828; )/D. 
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[Compare the ordinary addition formula of trigonometry, 
sin(u,+u,)=sin wu, cos u,+sin u,cos u,, which may be similarly 
written =s,c,+8,c, or =8,8,/+8,8,, viz. the case of the above 
elliptic function formula when k=0.] 

1345. To obtain cn(w,-+2,), we have 

en*(w, + Uy) = 1—sn?(u, + Uy) 
= {(1—?s,7s,")?— (8,24, + 8,0,4,)?}/D? 
= (047? — 28,89 C10, dyd,+8,789" d,"d,?)/ D* ; 
*, en(#,+U,)=(¢,C2—8,8,4,d,)/D, the positive sign being 
taken because, when u,=0(, each side must become ¢,. This 
may be also written 


en (w, + %,) =(¢,¢,—¢, C2 )/D. 

[Compare with the trigonometrical formula for cos (u,+4u,), 
which may be written ¢,c,—s,8, or ¢,¢,—¢,'¢,, where c,=cos Uy, 
etc. | 

1346. To obtain dn (0, + 2%), we have 

dn?(w,+u,)=1—k? sn?(u,+ up) 
= {(1—K’s,?8,?)?— I? (8,0, + 8,¢,4,)?}/D? 
= (d,2d,? — 2k?s,8, ¢,c, d,d,+ I 8,78," c,2c,")/D?, 
and dn(w,+,)=(d,d,—k*s,¢, 8,¢.)/D, the positive sign being 
taken because, when u,=0, each side must become d,. This 
may be written as 


an (14,414) =(dhyd,— Uh ‘a,’) [D. 


1347. Derived Results. , 


From the three formulae 


sn (u, + Uy) =(s,Cod,+ 8,¢,4,)/D, 
en (u,+U,)=(6,¢,—$,84,d.)/D, (I), we obtain, by changing 
dn (u,+u,)=(d,d,—k’s,s,¢,¢,)/D, the sign of u,, 


SN (Uy— Up) = (8,0,4.—84C,4,)/D, 
en (u,;—U,) =(¢,¢,+8,8,4,d,)/D, + (II). 
dni (4, — Up) = (d,d,+ k’s,8,0,0,)/D, 
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The addition and subtraction of formulae (I) and (II) in 
pairs gives 
sn (u,+U.)+sn (uy—u,)= 28, ¢,d,/D, 
sn (u,+U,)—sn (u,—u,)= 2s,¢,d,/D, 
en (u,+4%,)+en (u,—u.)=  2c¢,¢,/D, 
en (u,+U,) —en (wu, —u,) = — 2s,8,d,d,/D, 
dn (u,+U.)+dn (u;—u,)=  2d,d,/D, 
dn (u,+“,)—dn (u, —u,) = — 2k’s,s,¢,¢,/D, 
Replacing u,+u, and u,—w, by U,, U, respectively and writing D’ for 
1 — kan? tO ons — 


(III). 


» we have 


PRO OSG Gey 
sn U,+sn U,= 2 sn —5—"en ee 7 */Dy, 


ty 


on Zt Us gy Vit Us |p, 


sn U,-sn U,= 2sn 5 
U, = 2/p, 


en U,+en U,= 2en 


‘ig ier ae 0,- DB 4,2 cea Ee ee) 


dn U,+dn = 2dn te an Usp 


dn U,—dn U,= — 2k’ sn De 


U,+U, U,- Ue on U,+ Ue on U,-U, 
2 2 2 2 

Again, by division of corresponding formulae from groups (I) and (II), 
and writing ¢, or tn wm for tanam 4, and ctn u, for cotam u,, etc., 

_ 810d $800, _ td, + td, 
tn (uy $a) = o£ 8,6d,d, 1 bb dd,’ 

C10, F 8,802, _ctn uw, ctn uF dn wu, dn uy 
81Cyd,+80ed, ctnu,dnu,+ctn u, dn wu," 


ctn (uy + U2) = 


1348. Following Cayley’s notation (Elliptic Functions, p. 62), with a 
slight modification, let us write 
8,82 = Aj, ¢,¢,=B,, d,d,=C,, 
1 —k?s,*s,?= D 

8:8'= Ay, — CC =Br, - ats ‘do! =C2, eee 
P=s,!—8%=c,?—¢,’, 
Q=1-8,2—8,7+ Ks,28,? =c,? — 829d,” =, — 8,°d,, 
R=1—K?s,?— sq? + k*3,28o" =d,? — k?s9%c,?=d,? — k*s,°c,", 

833=8;, — C04=T,, 8,0,4,=U,, 

~K%s,8.=S8,, 40x, =T2, 820d = 
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A number of identical relations immediately arise amongst the 
capital letters. We have 

(1) A,?—A,?=8,2s,'2 — 8,%s,'*=8,7(1 — 8,”)(1 — k?s,") — 8,2(1 —8,”)(1 — k's’) 
= (8,7 — 8,2)(1 — k*s,78,7)=PD. 

(2) By® — By? =c,'c,? — ¢,/%c_’*=(1 —8,”)(1 — 8”) — 8,78 2(1 — k*s,”)(1 — k*8,”) 
=(1—8,?—8,?+ k?s,?8,")(1 — k*s,78.7)=QD. 

(3) O,2—C,?=d,"d,? — Ks,?s,7c,2c.2 = (1 — k*s,”)(1 — k*s,*) — 4s,2s,7(1 — 8,”) (1 — 89° 
= (1 —*s,? — ks, + k’s,2s,")(1 — k*s,28,7)= RD. 


; A,'-—A,? B,?—BY Ci7-C,? 
Hence is 0 eee =) 0} 


Again, 
(4) 8,3-S8,?=(1 —8,°)(1 — 8.?)(1 — k*s,*)(1 — k2sq”) — (1 — k*)?8 1789? 
=(1—8,?— 82+ %s,2s,%)(1 — k?s,?— ks,?+ ks,%s,2)=QR. 
(5) T\8— T',2=s8,?(1 — £7s,?)(1 — 82”) — 82°(1 — £?8,?)(1 — 8?) 
= (5,2 —s,7)(1 — k2s,?— b2s.?+ £28, 28,2) = RP. 
(6) Uy?—U,?=8,7(1—8,?)(1 — £78") — 8,7 (1 —8,?)(1 — ks") 
= (81? —8,?)(1 — $1? — 8,2 + k?8,78,7) = PQ. 
Hence PS 2 S83) =0 (A=) — Oo) — Ok 
Also, 
(7) (By +Bz)(C, — C2) = (C102 — 83824,d2)(d dq + £28 1890C2) 
=C,C,4,d, + k?3,8(1 — 8,7 — 82+ 81732?) 
— 88, (1 —k*s,?— k?s,2+ 43,28.) — k78,78,7c,C.d,dq 
= (4,4 ,d, — k’*s,82) D=(S,+8,)D, 
and similarly, or changing the sign of s., 
(B, - B,)(C, F C2) PS (S, ae S2)D. 
(8) (C,+C2)(Ay— A2)= (did, — 78,8 26,Cy)(8,C9¢ — 89¢,4)) 
= 8,0, (1 — k*s,) — 8,¢,d,(1 — h8,”) 
— 8178 0,k7d,(1 — 8.) +8,8,2c,k*d,(1 —8,?) 
= (81Cy/4d, — 82C,d_)(1 — 8,78.) = (7, + 7,)D, 
and similarly, or changing the sign of sq, 
(C, = C,)(A,+A2) =a (T, -T,)D. 
(9) (A, +A2)(B, — Bz) =(8:Cod2 +826,4,)(C,C, + 81320,d2) 
= 80,4, (1 — 89) +8224, (1 —8,”) 
+8 7820.0, (1 — 285") +. 8,592c\d. (1 — ks,2) 
= (81C,d_ + 82C,d,)(1 — k?s,2s,3) =(U, + Uy)D, 
and similarly, or changing the sign of s,, 


(A, —A,)(B, +B,) = ( U, ae U,)D. 
Thus 
(B,+.B,)(C,FC2)_(Cy+Cx)(AiFA,) _(Ay+As)(B, F Bz) 


8,48, OEP pipe ae 


THE ADDITION FORMULAE, 


With this notation, it follows at once that 


tnd Ee Bh 
mien nAighing Py pet Hh, 
en (uy +a) =F At = Oe =a asa 
DUNO ieee ee agra “Aiea 
bh a ACEC ure A ae Si 


1349. A number of identities immediately appear. 
For example, since 


and 


we have 


2.e. 
and 


(B, + B:)(A,—- 


A,)=D(U,- U2) 
(B,— B,)(A,+A2)=D(U,+ Us), 
and B,A,—B,4,=DU,, 


BA, =B,A.— DU, 


Aer 
$8¢ . CyCy 8958, . C1 C2 =8,0,0.(1 — K%s,8," 


’ , , , 
S951". CyCo +848 Cy Ce = SoCo, 


(1 — ks,28,2). 


1350. More important however than such, are the following : 


2 
$n (+s) +sn (wy — Ug) = 


2B 
en (uy +2) +en (wy = t)=5*s 


dn(uy +142)-+dn (uy 04) ="5! » dn(w,+u,)—dn(uy ~u,)= 72, 
which are the formulae of Group (III) in Cayley’s notation. 
1(U, + Ug) SN (Uw, — Ue) wets: : a = ea or (8,2—8,°)/D, 
1 (2 + uq) cn (u, — U2) = eae 3 =2? — ane or (¢,? — 8,2d,2)/D, 
(u,+u,) dn (wu, —u%_) = a 3 =#? = f_ = ae E aa or (dy? — k?s,2c,2)/D ; 
1+sn(w,+U,) sn (wy — %_)=1+ mts = (c,?+8,7d,”)/D, 
a. (wy + Uz) sn (uy — Ug) =1— as =(c,?+38,7d,”)/D, 


— ksn (uy +u2) sn (Ww, — Uy) = 1- ee 


ae > sn(wy+%2)—sn (wy — U2) = 


eae 
D ? 


2B 
en (+2) — en (wy — U2) = Sit : 


2 
+ k2sn (uw, +U,) sn (u, —U_)=1+ 2 ats = (d,? + k’s,2c,2)/D, 


= (dy + Hey’s:)/D, 
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2_ 22, 
1+en (uy +49) cn (ty ~ uy) =1 +5 ee =(c;?+c¢,")/D, 
1+4dn(w, +) dn (uw, —w)=1 +r = (dt +ayyD, 
(1 +sn(w,+%,)][1 +sn (wu, — u,)]=sn(u, + U2) +8 (uy — Ue) +[1 +8n (uy + We) Sn (u 
= (28,0,d_ +0,” +8,°d,")/D=(¢e.+ 8,d,)"/D. 
: B;+B, 0,-C, 8,48 
Again, cn(u,+%) dn (u,—U)= - 2. =) 2 = “D 2 


= (51'89' — k’s,82)/D=(c1e.d,d, — 
A,-A, T,4+T; 
=D 


Cr+ Cs | 


dn (uw, +.) sn (u, —U_) = D 


D 


= (¢,8,d, — €,824.)/D, 


Ay+Ay By- 
D 


sn(u,+U,) en (uy — U2) = 


and so on for other cases. 


D 


= Bed ab 
FI 


k'*s,82)/D, 


= (€4C9" = C2, )/D 


=(8,0,d_+82C2d)/D, 


1— Ua)I 


Jacobi gives a list of 33 such results (Fundamenta Nova, pp. 32-34). 
These are quoted by Cayley (Elliptic Functions, pp. 65 and 66) and by 
Greenhill (Elliptic Functions, pp. 138, 139). 

Several have been worked above as illustrative of the method to be 
followed. They are too numerous to remember, but any one of them 


may be readily obtained if wanted. This list we append as Examples. 


EXAMPLES. 


1351. In each case the denominator D=1— 
previous notation is adhered to, viz. sn u,=S,, sn U,=S,, ete. 


Establish the results following : 


(J ACOBI.) 


1, sn(éy+Ue)+sn(u,—Ue) = 284C2d5/D. 


2. sn(ty+U,)—sn(Uy—Us) = 28¢,d,/D. 

3. cn (uy +U2)+en(Uy—Uz) =  2CyC9/ D. 

4, en(u,+ Ue) —en (uy — U2) = — 28,82d,d2/D. 

5. dn(u,+u2)+dn(uy—Ue)=  2dyd,/D. 

6. dn (wu; +2) — dn (w, — Ua) = — 2h2s)820,62/D. 

7. sn (&,+ Ug) sn (&, — Uy) = (s;" — 8,”)/D. 

8. 1+sn(uj+U2) sn (uy—Uy) =(C,?+8,2d,?)/D. ; 

9. 1—sn(u+Ug)sn(u,—Uz) =(c1?+8,%d?)/D. 
10. 1+k?sn (wu, + ug) sn (wy — U2) =(d2” + h?s,2c,?)/D. 
11. 1—k’sn (wu; +2) sn (wy — Ue) = (dy? + k?s,2c,”)/D. 
12. 1+en(uy+Uz) cn (&y— Ue) =(C,2+C,")/D. 
13. L—en(uy+ U2) en(u,— Ue) =(8,2dy?+ 8,?d,?)/D. 


k’s,?s,?, and the 


and putting w=, ua=K, we have, since sn K=1, cn K=0, dn K=k, 
sn(u+K)=(snuen K dnK+snK enw dnu)/D, 


JACOBY?S THIRTY-THREE FORMULAE. 


~ 1+ din (uy +49) dn (uy — Wg) = (d,? + dy)/D. 
» L~dn (uy + tg) dn (44 — ry) = h?(5y2ey? + 8°e,2)/D. 


» {L+sn (vy +z) }{l4+sn(w,—wy)}  =(ce+8dy)*/D. 

» {(Ltsn (uy 42) }{1 F sn (y—u2)} = =(e, + 8ed,)2/D. 

~ (Lk sn (uy + uz)} (Lt ksn (wy — w2)} = (de+ ksyc2)?/D. 

~ (LAksn (uy + vq) } (1k gn (wy — We) } = (dy + ks 2¢;)2/D. 

» {Aen (wy, +u2)} {Ltcn(uy—uy)}  =(e,+¢2)2/D. 

- {Lben (w+ u2)} {1 Fen(uy—us)} =(81de7F syd)?/D. 

- (Ldn (uy, +w)} (Lidn(u,—s)} =(d,+d,)/D. 

3. {lidn(u,+uz)} {1Fdn(uy—w,)} =H (8,¢9F 89¢1)?/D. 
- 8N (Uy + Ug) Cn (%y — Ug) = (810,09 + 89C2d,)/ D. 

25. 
- SN (Uy + Uz) An (uy — Ug) = (8,d4C2 + 8249¢)/D. 

- 8n (ty — Ug) dn (Uy + Ug) = (8,44C2 — $242¢;)/D. 

» CD (Uy + Uz) dn (Uy — Ug) =(CyC2d dy — k’*3y82)/D. 
. Cn (Uy — Uy) An (wy + We) =(C1C2d dg + k'3,52)/D. 


SN (wy — Ug) CN (Wy + Wz) =(81Cydq — SyCad,)/D. 


. Sin {am (wu + U2) +am (uy — Ue) } =28,C,d,/D. 
. sin {am (w+ Ug) — am (uy — Ug) } = 2s yCgd,/D. 
. cos {am (Uy + U2) +am (uy — Ue) } =(,? — 817d,*)/D. 
. cos {am (uy + U2) — am (Uy — U2) } = (C2? — 82°d,”)/D. 


To the above list it is convenient to add for reference : 


(a) en(uy +e) en (ay — Ug) = (C2? — 812d 2”)/ D = (¢,? — 827d,")/D. 
(6) dn (wy + %2) dn (ee, — 2) =(d,” — K?s,"c,”)/ D = (d.? — k*s,°c,”)/ D. 
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(c) {dn (uy +u2) ten (uy + Ue)} {An (wy — U2) en (Uy — Ua) } = (yd_+C2d,)*/D. 
(@) {dn (wy +2) en (tt +9) } {An (m4, — Ug) F cn (us — Ue) } =k? (81 F82)?/D. 
[(c) and (d) are given by Greenhill, H.F., p. 262.] 


1352. Periodicity of the Functions considered by aid of the 
Addition Theorem. 


Starting with the addition formulae in which D=1 — k’s,"s,?, 
sn (uy + Uz) = (8Cod, + 82C,d,)/D > en (uy + Uy) = (€1C, +- $1821,d)/D 4 


An (ty + Ue) = (dda h8182C1C2)/D ; 


where D=1 —k*sn*u=dn?u=d’, 


1.e. 


a k’ 
sn(w+ K)= > en (w+ K)= —*8, dn(ut+K)=7, 


/ k’ 
en(u—K)=—<, cen(u—K)= ae dn (u-K)=<. 


506 CHAPTER XXXI. 


Putting w+X in these formulae in place of w, 


sn (u4+2K)= eet) =-s, cn(u+2K)=-—c, dn(u+2K)=d, 


_en(@u+2K)  ¢ _ ks ee 
sn(w+3K) an(ukoky oa en(u+3K)= 7” dn(u+3K)=—, 
, ~__cn(u+3K) _ 
ent A ae 
Hence the functions have all returned to their original values with 
period 4K. It will be noted that dnw was restored with two additions 
of K, and that snw and enw took the same value but the opposite sign 
after two additions of K. 
In the same way, since 


sn(K+.K’ =h, en (Kuk) =~, dn(K+:K’)=0, 


8, cn(u+4K)= co, dn(u+4K)=d. 


we have sn (u+-K 41K") =>. ed[D, where D=1-ks. b=e; 


uk’ tk’s 


. sn(u+K+4tK’) = = en(u+K +1K’) Te dn(u+K+tK’) = 
sn(w+2K+4+2:K")=—s, cn(u+2K+4+2K’)= c, dn(u+2K+2K’)=-—d, 


> 


en (u+3K+3.K’)=— 2, en(u+3K+3K’)=—%, dn(u+3K-+3K’) = — ES, 


sn(u+4K+4tK")= 8s, cn(w+4K+4:K’)= ¢, dn(u+4K+4K’)= d, 
and all the original values are again acquired after an addition of 
4(K+ cK’), and it will be noted that after two additions of K+ cK’, 
cn u resumed its original value, but sn wu and dnw resumed their original 


values with the opposite sign. 
Writing w—XK for wu in the several cases of the last form, 


j dn(u-K) 1 ¥ te 5 EN Ske 
sn(w+K’) TLia@enin ees en(w+ cK’) mic ios dn(w+iK’) =e 
sn(wu+K+2K’) =-sn(u-K) = 5 en(u+K+2K’) = ae dn(w+ K+2:K’) 24 
sn (w+2K + 3K’) =-E on(ut 2K +2K')= —"4, dn (w+ 2K +3K")= £, 
sn(u+3K+4K’)= sn(uw-K) = -<, en(u+3K +4:K’)= a dn(w+3K4+4K’)= a 

.Y 
the last three being the same results as for the functions of u+3K. 
Again, writing u—K for u, 
. en(u—- K - : r 
sn (u+2:K’) =m =s, en(u+2K’) =-c, dn(w+2K’) =-d, 
, d ; tk’ z tk’s 
sn(u+K+3.K’) ea en(w+K+3:K’)= = dn(ut+ K+3:K’)= - ra 
h _Idn(u—K)_1 . ad n — 
sn(u+ 3K’) aap es ee en(u+3cK’) = dn(wu+ 3K’) =e 
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Writing u+X for w in the functions of u+K 41K’, 


7 ldn(w+K) ] 
w+ 2K = = ae 2K +iK) = @ é y= 
(® +1) ken(u+K) ks’ Sate SCL ae 5 ene nak hth p< 
- 1 1 ld f 
+3K ag a te , tk Set 
(uw +tK’) Valet Miecis en(wt+3K +¢K’)= pes dn(u+3K +¢K’)= 


Writing w+ K for win the functions of w+2K+2:K’, 


(w+3K +2:K’)=-sn(u+ K) =-5, en (u+3K42K") =—", dn(u+3K 42k’) = 


1353. We exhibit these results for arguments of form u+pK+quK’, in 
tabular form for reference. 


If A stand for the word denominator we have, tabulating the numera- 
tors only and indicating the several denominators, 


+0.K +K +2K +3K +4K 
8 c —s —Cc an 
OER | ¢ —h3 —C k’s Cc 
d k’ d k’ d 
A=1 A=d N= A=d| A=1 
1 d = —d 1 
+K’ | —td —wk’ ud uk’ —wd 
—.ke tkk’e = Eee tkk’s =the 
A=ks A=ke A=aks A=ke| A=ks 
8 c =e} —C¢ 8 
+2.K’ | —¢ k's Cc —k’s =¢ 
—d —k’ —d —k’ =) 
A=") A=d A=1 A=d| A=1 
1 d =i +d it 
+3.K’ id uk’ = fyi! — wk’ id 
tke —.kk’s tke —.kk’s tke 
A=ks A=ke A=ks =ke| A=ks 
8 c —§ —¢ 8 
AK’ | © —k’s —¢ k's c 
d ‘ d is d 
i=) A=d Jaresi| A=d| A=1 


If, for instance, dn(w+2K +3:K’) be required, we look in the group of 
the third column and fourth row and find numerator =tke, denominator 
=ks, and the result is ecn u/sn wu. 

The vertical order in each square is sn( ), en( ), dn( ), A 

The fifth column and fifth row exhibit the fact, that after an addition 
of 4K or of 4:K’ to the argument, each of the functions returns to its 
original value, and shows their double periodicity. The value of any 
function of the forms 


sn(u+pK+qK’), en(w +pK+qK’), dn(u+pK+qK), 
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where p and q are integral, can now be written down ; eg. 
en(w+5K +11.K’)=cn(u+K + 3K’) =ck' jhe. 


The tabulation is given by Cayley (Z.F., p. 77) with a slightly different 
notation. 


1354. Putting w=0, all the functions in the table for which A=ks 
become infinite. 

There are four such groups, i.e. twelve of the functions. Cayley points 
out the importance of their ratios even when themselves infinite, and 
writing J for the infinite factor 1/4sn0 we have, remembering that ¢=1 
and d=1, in this case 


sn vK’ _cn tK’ dneK’ _sn(2K+eK’) _en(2K+eK’) _ dn (2K +1K’) 


1 —t —tk —1 t —wk 
_sn 3K’ _cn 3K’ _dn 3K’ _sn(2K+3:K")_en(2K + 3K’) _dn(2K+3K’) an 
A Geos t ee -1 —0 tk 


1355. Formula for sin2u, etc. Duplication Formulae. 
Putting w,=u,=u in the addition formulae and writing s, ¢, d, D 
respectively for sin w, cos u, dnwu and 1—k’sntu, 
(1) sn 2u=2sed/D, (2) cn 2u=(c? — s*d?)/D=(1 — 2s? + k’s*)/D, 
(3) dn 2u=(d? — k*s*c?)/D =(1 — 2k*s? + hs*)/D. 


Hence we deduce, writing ¢=tn w=sn u/cn wu, 


(4) 1+en 2u=2c?/D, (5) 1—en 2u=2s"d?/D, 
len Queers Dole 
(6) 1l+en2u — sar St (7) ont 
(8) 1+dn2u=2d?/D, (9) 1—dn 2u = 2k*s*c?/D, 
1—dn2u_k’s*c? d? — k?s%c? 
(2) I+dn2u ad? Ou? 20 Kes%c2? 
Idan 2u 506 acet 2.9 cn 2u+dn 2u 
a a rer het phgier ne SS l+en2u ’ 
l+en2u_¢ ,l+en2u , Bek? 
©) Tyan dua mamearr c 7S 
. k?4+dn2u—Kcn2u_k? 
1+dn 2u Be 
_piten2u_) pee ge -, B?+dn2u+Men2u_ 4 
(15) 1-k elon 1-F’s*=d?, i.e. perry ae. 
(16) cn 2u+dn2u=2c?d?/D and Ces 
1+dn 2u 


(17) From (15) and (16), 
Oe dn?u we! 
l—cen2u cn2u+dn2u k?4+dn2u+kh?en24 1+4+dn2u° 


8. 


uu 
n? 
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1356. Dimidiation Formulae. 
By writing 5 for u, we have 


en2t—l-cn en? Yon tdn u nth? +dn ut Bon w 
2 14+dnw 2 Il+dnu’ 2 l+dnu 


1357. Again, since 
dn 2u— cn 2u=2k"s?/D, 1+cn2u=2c?/D, 1+dn2u=2d?/D, 
k?+dn 2u—k cn 2u=2k?/D, 
ks? 2 a ke? 


we have = = = : 
dn2u—en2u l+en2u 1l+dn2u k?+dn2u—Ken 2u’ 
Ag ; uU u Uae. 
and putting 3 for u, we obtain further formulae for sn 5B cD 5s dn 9 Viz. 


dnu-—enu eats : eM {i+ens) dn? “= k?(1+dn u) 
2 k®+dnu-kKenw 2 k?4+dnu-Reow 


2 k?+dnu—-Fenw’ 


1358. Triplication Formulae. 
Writing u,;=u4, u,=2u in the addition formula for sn(w, + u,), 
sn 3w=(sn ucn 2u dn 2u+sn 2u cn u dn u)(1—k’sn?u sn?2u), 


and substituting for sn2u, cn2u, dn2u their values from (1), (2), (3) of 
Art. 1355, we obtain, after a little reduction, 


sn 3u/sn u={3—4 (1+k*)s?+ 642s! — k4s8}/D’, 
and similarly en 3u/en u= {1 -— 4s? + 6k?st — 4k4s8 + k4s*} /D’, 
dn 3u/dn w= {1 — 4k’s? + 6k?st — 4k?s° + k's°}/D’, 


where D’=1 — 6k'st + 4k?(1 + k*)s8 -- 3h48°. 

Cayley gives also the following results, which may be verified without 
difficulty : 
1—sn3u 1+sn 3u 


D’=(1—284+ 2k*s? — ks)? ; T D’=(14 28 — 2k? 83 — ksty? ; 


l+snu~ —snu- 


l-ksn3u ,,_ rs tache eee sad 
[4k a L/ =(1—2ks + 2ks — k?s*) ; a | Sp ART oe Fo a =(1+2ks -2ks? — ks »} ‘ 

The formulae for sn Aw, cn Au, dn Aw for the cases \=4, 5, 6 and 7 are 
also given by Cayley (ZU. F., pp 78 and 81 onwards), but these formulae 
rapidly become more and more complicated. According to Cayley the 
cases A=6 and A=7 are due to Baehr (Grunert’s Archiv, xxxvi. pp. 125 
to 176). 


1359. Dimidiation Formulae for the Periods. 
u_1—cnu gu_cnu+dnw 4 ,¥_ k?4+dnu+ken u 


a ie eae ee epee 
sn" 9” 1+dnw’ mo. tednw 2 l+dnu 


b) 


give many results for the functions of u+p = +q ve , pand q being integers. 
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Putting w=0 in the formulae of the table, and therefore s=0, c=1, d=1, 
bath kT en, . K Np ete EE se. Jk 


sn 


2 TN i-tdn Ke ieee Pie Wink 
dig =) ta eS EVE 
oo ay ee N=) pase 
Op Naa eee 2», 
any = ee oii fet o)y=NI+k. 


en kttK’_ [T= en(KFiK) _ Vk 
~ Vigdn(K+eKR) VE = 


ee (K+1K’) 
eS 1+dn(K +:K’) 
apne Loe 
= -F= VF (cos +csin =) = 5 (-1+03 

ETL N EN SST en(K +tK’) 
oe 1+dn(K 4K’) Me. 

=Ve JP === [VTFR - WTF 
The reader will find no difficulty in completing for himself and 


tabulating the various results for the cases p=O, 1, 2, 3; g=0, 1, 2, 3. 
Such a table is given by Cayley (#.F., p. 74). 


(VI+k+tN1-&) ;5W 


cn 


dn 


1360. We now have 


k’ = 1 
8 oN eee d 
_ Vo Sige Ones 


sn[{ w+ — j= = Fe 2 
( ? 1— ks? : ; eee CEE. 
1+k 
Kk J te 
—sd / ee 
(u+%)- Ny WET ROE ees 
a 2s 1 Bs? cada ~ NUFK ck + k's?’ 
a 14k 
pe ee ile or he 
Ky) _ ieee ey: ER Mad =(V= Rac 
2; 1 kes? 1 c+ k's? 
1+k 


with many similar results, and such results may be thrown into other 
forms. For example, we may show that 


K 1 d+sc(1+k’) *)= kK K's? 
an(u+5 iS Nive ¢ebea ” en(u+5 ~ NItK ced ~ 
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1361. Other formulae may be obtained by direct application of the 
dimidiary formulae to the results for 2u+pK+quK’, eg. 


en 2u sn Qu 
dn 2w’ en(2u+K)=—F dn 2w’ 


aie dn 2u+k' sn Qu 
2/ > 1+dn(2Qu+K)  dn2u+k’ 


sn(2u+ K)= 


k’ 
dn(2u+ K)= 75, Da? 


whence sn*(u + , ete., 


and many other formulae are similarly obtainable. 


1362. A General Proposition. 
Let U be a function of three variables ¢,, ¢,, ¢3, between 
which there is a connecting relation, viz. 


dp,/AP,+dp,/Ap,+ dgp,/Ap,=0, 
and suppose the function U to be such that when any one of 
the three, say ¢,, is regarded as a constant, then U vanishes in 


one of the two cases (¢,= a i 0) or (d,.=¢3, =), and 


provided also that ne A¢,= 


always. ob 
For if ¢,=const., dg,=0 and d¢,/Ag¢,+d¢,/A¢,=0, 
d¢,/A¢,= —d¢,/A¢,=X, say, and this would have been deters 


true if the connecting equation were 
dp,/Ad, +d¢,/Ag,—d¢3/Ap,=0 
oU oU oU oU 
WU =F d+ 55 Ut se bs =)| 2° 55 Ab 55-Ate|=0; 


*, U=const.=C, say. But in the case act os, $2=9), 
U=0; .«. C=0. Therefore U vanishes. 


Le then U must be zero 


But 


1363. Case I. Let 


#40 $2 dQ $3 dQ 
u,= : Ae’ U,= F Ae’ U,= , AO and U=u,+u,— us. 
oU oU Ou 1 Ou 1 
» —_ = ———|, 1 _ > 2 ’ 
igs Ou, ”* OU, 0p, Ad, 2, Ady 
oU oU 
—_— —_ = —]=0) 

and a6, Ag, orm Ag,=1 


Also, if ¢,=¢, and ¢,=0, we have u,=u, and u,=0, te. 
u,+u,—U,=0. Hence the conditions of the general theorem 
are satisfied, and u,+u,—u,=0 always, ze. according to 
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Legendre’s notation F¢,+F¢,=F¢;, which is the addition 
formula for the first Legendrian Integral. 
That is, F(am u,)+ F (am u,)=F (am u,). 
Another mode of treatment (Art. 1342) of the equation 
d¢,/Ap,+d¢,/Ag¢,=9 led to the result that 
sn u, cn u, dn u,+sn U, Cn Uy 


dn u, ae aie 
See 2 se 
1—F’ sn?u, sn?u, 


when ¢,=const., so that u,=const.; and as (u,=uU;, U.=0) 
satisfies this, the constant is sn u,, so that 
8,6, aa 


1—Fs,2s,2 ’ 


as before. 


Uu,+u,=sn-} 


1364. Case II. With the same definition of u,, u,, u,, and 
taking bs be bs 
=] Ab dé, »=| A dé, =| Ao d9, 
0 0 0 


and U=v,+v,—v,—k’ sin ¢, sin ¢, Sin ¢;, then, proceeding as 
riggs 


A¢,— a Ag,=A¢g,[Ag, —# cos ¢, sin ¢, sin 5] 
—A¢,[Ad,—’ cos f, sin ¢, sin $5] 
=(A¢g,)’—(A¢,)?—F sin $,[Ag, cos $, sin $,—Ag, cos g, sin ,] 


=(1—Fs,2)—(1—#’s,2)— epee (s,¢,d,—8,¢,d5) 


=i?[(s.?—s,?)(1—’s,’s,?) + s,?(1—s,?)(1—#?’s,”) 
— s.°(1—s,’)(1—K’s,”)]/(1— F’s,?s,”) 


3a 


=0. 

Also, if ¢,=0, v,=0 and if ¢,=¢5, ¥,=03, and .. U=0 in 

this case; ... U=0 always, and 
*, U,+0,—-0,=F sin ¢, sin ¢, sin Ps ; 

and writing v,=H,, ,*H¢,, V,3=E¢s, viz. the Legendrian 
notation, E¢,+E¢,—E¢,=F sin ¢, sin ¢, sin 4; ; 
and since ¢,=amu,, d,=amU,, d,=am Uz=—ain (U,+U,), We 
have 

Eamu,+ FE am u,— EF am(u,+u,)=F? sn u, sn u,sn(u,+4,), 
which constitutes the addition formula for the second class of 
Legendrian Elliptic Integrals. 
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1365. Case III. Let 


id onl 
“=f, Tica enka. es Soe 


where ¢,=am u,, etc. Then, putting 
dR 
Uw, +1,—0y— | oe an=(n-+ 1)(n-+’), 


nsin ¢, Sin ¢, Sin ds 
1+n—ncos ¢, COS Py COS Py" 


we may verify as before by the general theorem that U=0, we. 


R= 


Ig, +1g.—Ilg,= = tan" RV or ro ~RJ=a, 


which is the addition formula for a Legendrian Integral of 
the third class (see Cayley, E.F., pp. 104 to 106). 

The work of this verification is necessarily somewhat 
cumbrous, and it is found best to proceed to discuss the Third 
Legendrian Integral II(9, , ’) after a modification of its form. 


; ww dete 2 af oes 
Taking 9=am wu as before, Sea T Banat Let n= —* sn’a, 


a being not necessarily real; then the transformed integral is 
du 
T1(6, », k)= ip 1—F sn’asn?u 


But instead of considering the original function II(@, n, k), it 
is convenient to consider a somewhat different form II(u, a), 


“}2snacnadnasn*udu 
defined as = — 
1— k? sn2a sn*u 


The connexion between II(u, a) and II(6, n, &) is then 


@  sin?9d0 
II(u, a)=h snacnadn a (+ nsin®0)A6 
ke §(1+nsin?0)—1 
ae snacnadn af (1-Fnsin®0)A@ dé 


=~ snacnadna{F(6, k)—I1(9, », k)}; 


and the new function is proportional to the difference of the 
first and third Legendrian forms. 
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1366. Jacobian Zeta, Eta, Theta Functions. Introductory. 
These functions, denoted respectively by Z(u), H(u), O(w), 
are defined as 
x Ey Q’(u) H(u) _ 
Z(u) =| (dn%u—73) du, OM zu —Jksnu 
(oe) (eae 
with a constant of integration in the second case, such that 


2k'K ,and k being the modulus in each case. Also 
T 


6(0)= 


E, in the first of these Jacobian Elliptic Functions is the 
complete Legendrian Integral of the second kind with limits 
0 and 7/2 (Art. 375). 


1367. Obvious Elementary Properties. 
Clearly Z(0)=0 and Z(—u)=—Z(u). 


u ) 
Also Z(w) +5u=| dntudu=| Aé d0@=H(6)=E(am wu) 
0 0 


iV 
] 


in the Legendrian notation, «7e. Z(u)=E(am Fu in that 
notation. 
Again 


@(u)= 2hK AK TO age H (uw) =n EK en wel om 
Also se ale — my Caate ele ee —w) 
T 


=f EE (ou, 
H(—u)=Jk sn(—u)0(—u) = — Ve sn u O(u)=— Hu). 
Also H(0)=0 and iy ees 


Thus Z(u) and H(u) are odd functions of u, and @(u) is an 
even function of wu. 


XN 


1368. Properties of the Second Legendrian Integral. 
: = ¢ 
(i) E(-9)=|. Aede——{ Ax dx, (@=—x), =—E(¢). 
0 


(iy) eee =| a0 ao=( I. +) Ae dé 


T +¢ 
=(| + ) Ax dy, (6=7+ xin second), =2E,+E¢. 
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(iii) H(Q7+ )=28,+ E(r7+¢)=4E,+ E(¢), and generally 
E(nr+$)=2nH,+E(¢), ie. E(nx+am u)=2nE, + E(am wu). 


: * do : 
(iv) Again, with u=| —, v=| A¢ d¢, 
o Ad 0 
é=amu, v=H(amvw), 
and if €=0, w=0 and v=0, ze. H(am 0)=0; whilst if 0=5, 
u=F,=K, v=E,, ve. E(am K)=E,. 
(v) Moreover #(am u)+# (am K)—E am(u+ 4) 


snwucnwu, 
dnu ’ 


=h’snu sin 5 sn(u-+K)=h 


sn uenu 
dn wu 


-, Eam(u+K)= E(am u)+£,—k 


Also —Eam(u—K)=—E(am u) +B, +R eT, 


1369. Addition Formula for the Zeta Function, etc. 
The formulae for dn(u-+-v), dn(w—v) of Art. 1347 give 
snucnudnusnvenvdny, 
(1—k?sn?u sn?v)? : 
and integrating with regard to v from v=a to v=u, 
E v=Uu E v=uU 
[Zcu-+e)+ K (u+e) | +[Z(u—v)+ K (u—v)| 


2 ee 
sn2uL1—ksn?u sn?v 


dn?(u-+-v)—dn?(u—v) = — 4° 


A {200u + Q2u—Z(uta Buta 


£ {2+ 0-Z(u—a)—4 (ua) 


2snuenudnu 1 —- 1 ) 
a sn?u 1—kesntu. 1—k?sn?asn?u 


snuenu dn u sn?u—sn?a 
1—k2sn2u °1—k’sn*asn?u 


——2sn2usn(u-+a)sn(u—a) (Arts. 1351 and 1355) ; 
7 Z(u+a)-+Z(u—a)—Z (2u)==h? sn 2u sn (w+ a) sn (u— a). (1) 


=—2h? 
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Putting a=0, we have 


Z(2u)—2Z(u)==—Hsn Qu sn? .......eeceeeee (II) 
Adding 


24,— 2 
Z(u+a)+Z(u—a)—2Z(u)=k’sn Qu \ pater sntu} 


1—k?sn?u sn?a 


y sn?a(1—k*sn‘tw) 


= — fi sn 24 —— 
1—?sn?usn2a ’ 


; snuenudnwusn? 

ie, Z(uta)+Z(u—a)—22 (u)= — 2s on aS ¢. (III) 

and writing ut+a=w,, U—a=U,, 2u=u,+u,, Eq. (I) becomes 
Z(UWy+U,y)=Z (U3) +Z(u,)—Ksn uw, sn U,sn(u,+u,), (IV) 


which constitutes an addition formula for the Zeta Function. 


1370. Substituting for Z(u) its value Z(am w) 2s, u, we have 


E(am u,)+ E (am u,)—E(am u,+u,)=Ksn u, sn uy sn (u,+U,), 


viz. the addition formula of the Second Legendrian Integral. 
If in (IV) we write w,4- U,+u,=0, we have the symmetrical 
form 


Z(u,)+Z(u,)+Z(u,)= —k’sn u, sn Uy SN Us. 
1371. From (III), we have at once 


Oluta) , O(u— a) 5 O'(u) _9j2Snu enw dn u sn?a 
O(u+a) © O(u—a) O(u) 1—k’sn?usn2q ’ 

, (9) O(u—a) |“ i 

1.€. [log (u +4) on ay — [tog (1 —Kk’sn?a sntu) | , 

1.€. ae on #) ©?(0)= 1—Ksin2asn?u. ...... (V) 


1372. If we integrate with regard to a, instead of with 
regard to u, from 0 to a, 


log oC 24 Z(u)==2II (a, t), .......2000. (VI) 
and interchanging wu and a, 
log Sf} —2uz (a)=— 211, 5 ghana mer (VII) 
1 
. uZ (a ae 
pa Z (a) 
Le. II(u, a)=log e easy , 
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which expresses the Legendrian Integral of the Third Kind in 
terms of the Jacobian Zeta and Theta functions. 

There are in this form two arguments only, viz. wu and a, 
instead of the three, 6, k, u, in the Legendrian form (see 
Greenhill, #.F., p. 192). 


1373. From (VI) and (VII), 


IL(u, a)—II (a, u)=uZ(a)—aZ(u). so... (VIII) 
re nde ae 
and = [1 (u,+%, a)=(%,+U,) Z(a)+3 eat 4a 


O(u,+u,t+a)’ 

we have II(u,, a)+I(u,, a)—I1(u,+u,, a)=} log Q, 
O(u,—a) O(u,—a) O(u,+uU,+ a) (IX) 
O(u, +a) O(u,+a) O(u,+u,—a)’ 

which is a form of the addition formula for the Third 
Legendrian Integral. Various forms of the function Q will 
be found in Cayley, E.F., pages 157, etc., and The Messenger of 
Math., vol. x. (Glaisher). 


where Q= 


1374. In this brief notice of these important functions, we 
have in the main followed the course suggested by Dr. 
Glaisher in his note in the Proceedings of the Lond. Math. Soc., 
vol. xvii. 

1375. Integration of Expressions involving the Jacobian Func- 
tions. 

[We shall write s, c,d for snu, enu, dnwu respectively when desirable 
for abridgment. ] 


dcnu dcenu ples kenu 
= — | = - = —; sinh-!—,— 
(1) Jonudu V1—Ksn?u | ae SB k 
== -7) — plo og Ls , or other forms. 
(2) fenudu = aaah =}si in2(ksn u)=5 cos~}(dn u), or other forms. 
(3) fanu du = [ao=0=am u. 


1 1 E 
(4) [ sn? du = ja{ (1 antu) du=z (u- Ham w=p{u-(Zure w)}. 
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E 
(5) fentu du = | (dntu—b) du= fy (Bam u—hu)= fp { (Zur Zu) Ka), 


(6) [ dntudu= Hamu=Zu+ "Pu, 


d(cn u) (1 —c?)de 
3 = Big Nd ray ees 
(7) f sn udu = fo Lae ta Ba 
1 de 1 ST 1+h? ke, 1 
oa a — |] } 2de— -1 sed 
Bie pl ve Mite 2k — ar) 


(8) f en?u du = (6 - 2 bf (Via 8-7 Fis ny, 


= a obo 1 in(ks). 
(9) i dn?u du= fa — k? sin? 6) do=” a O+ Mein y = am ute sn wu cn u, 
ete. 
(10) apr yl ce -| cae which suggests putting y=5; whence 
dy =~ {y du, P=1 (H+ y2), C= (y= h(E + 9°) 5 
snu athe es baa ae cosh (t)= nek s (eae 
(Ql 1) [ &. Putting y= = » dy=h?- 5 du, 8 te c= a 
a. ihre else > pp cosh y= F pcosh3(S 4) 
Clr berry jesse peor som —poot te, 
1376. Again 2 log sn u = - a —d?— wer SF eet S, 
# log enu= = oom -@ sie ets 
fplogdnu=* oo a= — Wet + bs? — ke oa a 
Hence (13 is 7 Paci 2: u. 
az) nu poe p(B am u- hice). 


du k? snucnu. 1 
(5) f sg — pe get eB ame. 
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1377. Other positive or negative mtegral powers of snu, enw, dnw 
may be integrated with regard to uw by the reduction formulae 
of Examples 24, 25, 26 at the end of the chapter, which can be 
verified at once by putting respectively P=s"-tcd, c™—‘sd, dsc 
and differentiating. 


1378. Again, by aid of the Period formulae of Art. 1352, viz. 


c z 8 i 7 

qa sn(u+k), qn Tp Rut B) i= pan(u+R), 

1 : d k ; 1 

aa esn(uteK ye 7 —sen(u+tk’), < = -Fdn(u+sK’), 

d ae k e : 1 
f=ksn(u+K+iK), 5=-Gen(ut+K+ik’), = pdn(u+-K+.K’), 


we may readily deduce the integrals of integral powers of 
od sade s 
ae vor dF aiete? “6: 
Thus, for example, 
en? u 
dn?u 


du= | sn*(u+K) du= jp {(ut K)-Bam(u+K)} 
snwcn wu 


rE s 
gD ae gon eCne j 
ale EFEamut+k ae } +const, 


1379. Again, since 


“}2sn2usnacnadna cnadna [“ 1 
Ts, a)= | ~1—Fsn2a sn?u ole cname (earn 1) 
; “ du sna 
hid i Tieseee ofa dae a) +4, 
=e du [" [ sna ] 
a tho es ———— — ee EL 
ie [ a erred) l+ksnasnu enadna (tt, a)+% 
whilst 
“ du f du -{" 2kenasnu 
ii l-kenasnu Jol+ksnasnw Jo 1—ksn?asn?u 
= sna |*(enutatsnu—a)du 
enadnaJo 


which is integrable by (1), Art. 1375 ; whence by addition and subtraction 
the two integrals 


[ ho deka I . oe. Ee are determined. 
Jo 1—ksnasnu o 1+ksnesnu 
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PROBLEMS. 


ad snu 2 


1. Show that Ju enwdnu~cn2u+dn2u' (Ox. II. P., 1903.] 


2. Prove that 
(a) J —ksntu)(k + dn 2u)/J/1 +h =1-(1-k) sn? u; 
(0) J(en 20+’ sn 2u)(1 — k? sn4u) = ck’ snu+cnudn wv. 
3. Prove that the equation of the osculating plane at the point w 
on the curve a=asnu, y=benu, z=cdnw is 


CTD er Bian 2 12 ons ae Ane 
qe sn? wu Aa cn w+—dn u=k’2, (Ox. IL. P., 1902.] 


ae 
4, If u -| {(a2 + 2) (b2 +.22)}-4 a dz, show that 
0 
x=btnu, (mod. Ja? -0?/a),a>b. [Ox. II. P., 1902.) 
5. If the functions sn u, cn u, dnw be defined by means of 


# snu=enudn, # enu=—snudny, # anu= -Bsnuenw, 
su —O cn —) an —-, 
prove that (i) dn?’w=1-Psn?u=1-K? + en? u; 


y ShUCNY+CNUSNDY. : 
(ii) ——__—_ is a function of uz. 
dnu+dnv 


[Ox. II. P., 1901.] 
= dx 
oe = i i aS 
6. If aV2-J/3=cos ae the differential “77 /s_e 8 
Seo dhs Sa find the values of a and a. 
/1 — sin? a sin? co) 


[Catus, 1885.] 


transformed into 


7. Prove the following results : 


id K 3K K+%K’ |\3K42K’| cK’ | 2K4eK’ 
2 2 Z 2 2 2 
ae 1 1 1 1 t mh 
JI1+k | VI4k Np —k’ J/1-k Jk Vk 
P BK’ | 2K+3:K’| K4tK’ | 3K4cK’ | K+3:K’ | 3K43.K’ 
y yy) 2 3 2 2 
= a k+ck’ k—ck’ k —ck’ k+ctk’ 
eile SCE Nk V k V k Ren V k 


and find the values of cn u, dn wu in each case. 
[See Table in Caytuy, E.F., p. 74.] 
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8. If tani sin d=sin Y=aJ/1 —a//1 42°, prove that 


es ee ae Se ee db oe aint w dy 
Weieer Al, Dea : A ies tan? La sin?y 
(Matx Trip., 1896.] 
9, Prove that en 1:K’ dn 3cK’ + sn cK'= —c(L+ Jk) V1 +k 
and dn ick’ + sn 2K’ on pK’ = —{1+J1 +h} Jk. 
(Maru. Trip., 1896.] 
10. If tnu,=7,dnu,, tnu,=7,dnu., dnu,=D,, dnu,=D-, 
show that 


a) 15 be 2tnudn wu 
= past Wat es 9 =, 
(i) tn (wu, + Ug) = D,D,-1,F, and (ii) tn 2u Frain data 
11. Prove sin [am (w+v)+am(u—v)]=2snuenudne/D, - 
1+dn (u+v) dn (u—v) =(dn?u + dn?v)/D, 
where D=1 —k? sn?wsn?v. 
Prove that 


12. on(u+5) 1 Kst+ed 1d + (1 +’) a0 


2) ~Ji+k1-(1-k)s V4 ctsd 


ae : d+(1+k)sc [dn 2w+k'sn Qu 
~ Jl +k Ndt+(l—k)sc K+dn2Qu ° 


= (CAyLEy. ] 
K kK c—sd 
13. yee = piel Ks 
Crue oa Qu 
rm eer k+dn2u 
K —d—(l-k)se ,; cd+k's 
14. dn(u+5) =Jih T-(-F)2 xs al he nae 
— /1+k dn2u—k sn 2u 
mt N— Peduae > o 
iy | (L+hk)stucd 1 (1+k)s + cd 
15. sn(u+y-)=7 Tae ye Ve Bs eed 
- ksn2u+edn 2u 
~ Je N sn 2u-ven 2u [Cavuey. ] 


K\ [l+ke-isd _ 1+k1—ks® 
Us Gare & Tsk Nb c+esd 
14k [t—ks? c-wd 1 dn 2u+ken 2u 
hk Nth? c+usd Je Ven 2u+csn Qu 
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uKt ee - piece 
ey dn(w+S-)=VI+h ee aaNith MS ae 


k’2 sn 2u—cen 2u—ck dn Qu 
sn 2u—cen 2u i 


18 sn (w+ iS ai \= — k's + cd 
: 1 —k(k + ch’)? 
oR c+(k—uk’)sd ae uk! aS + (k—1k’)sd 
d+ ksc c+(k+uk')sd 
To] ken Qu+ck’ 
= en 2u+ ck’ sn Qu [CaYLEy. ] 


19. Show that 


: d d ad d 
2 —s oss — ees a oO — 
(i) s - logs= —¢? ia log ¢ Bde log d= sed, 


(ii) eo — etd = cd? —¢? + d?, 


20. Show that sn?(w, + v,)) — sn? (u, — uy) = 
21. Show that 


. (" /l—en2u 
(i) \ Tease —log enw, 


. {° /l—dn2u 1 
(ii) \ fran ~ zlog dn U, 


ah ba 1 +en 2u 1 
(iii) | sn UN i> dn Qu du= — RB log dn u, 


(iv) {, nN dum Sane log ls /1 +k sn (w+ 5) i 
22. Find the values of 
(i) fen udu, (i) [2%au, Gai eee Md 
23. If I,=|(n u)"du, show that 
(+1) RL p49 — (1 +k?) I, + (mn - 1)L,-g= 8" hed. 
24. If I,= [(en u)"du, show that 
(n+ 1)K Int, — n(k — kb?) 1, — (n — 1) 7D, = "1d. 
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26. lf F,= -(\ (dn u)"du, show that 
(n+1)Inte— (1 +k) I, + (mn - 1) KL yy = hd" se 


26. If I,= \(G5y Fe chow that 


n—1 
(u+ 1) Zgyg—m (L422) Iq + (0-1) g= — hs 

and obtain reduction formulae for (=) du and eo ha similarly. 
dn w (dn w)” 


27. Prove that 


(i) 1+dn(w+v)_,,snwenv—snvenw 
sn (w+?) dnv—dnwu 


[M. Trip. IT., 1915.] 
dn(w—v)-—en(w—v) dnuweny—enudne 
sn (wu — v) % snut+sne ; 

(Sir J. J. Toomson. ] 


(ii) 


28. Show that sn (7, + w,) 
Sylofly + $3¢, t, 816g t+ Sy6oh, S40, +S. ty 8,7 - 8" 
1 -- 23,282 ely + 8,89d,dq  dydg + 475484646, SyColy — 86,0," 
[M. Trip. IT., 1889.] 


29. If w,, wg, Us, wy be any arguments, and #, y, @ respectively 
denote 
sn (uy —U,)SN(ty— Us) SN (Uy — Uy)SN(Ug— 2%) 8 (uw — Ug) $n (W, — Uy) 
SN (tty + U)SN (Uy + Ug)” SU(Uy + My)SN(Uy + Uy)? 8M (eg + Ug)8N (Wy + Uo) ‘ 
prove that etyt+2e+a2yz=0. [M. Trip. III., 1885.] 


30. If x, denote the function 
sn (ua — Up) on (ua + Uy) /en (ua — U,)8N (Ua + Ux), 
then ep, % yo y3% oP og%qy + Tqy%yg + Tyo" + yg 120. [M. Terr, IT, 1889.] 


du {enw 
—— du 


sn vw 


31. Find the values of an udu, jae 
nu 


; [M. Trip. II., 1888.] 
32. Prove the formulae 


3fantu du=2(1+k?)eznw+k?snwenudn wu —k?u, 


d 
(ii) ral beens! ps ezn(u+ K+cK’) + — 


(iii) an sn udu= : log es 


where eznu= ae +znu, and znu is Jacobi’s Zeta function Z(u). 
{[M. Trip. IT., 1888.] 
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33. Show that sn(a+K)= 3, sn(#+2K)= —s, sn(u) =ctn(z, ’). 


(M. Trip., 1876.] 


5 
Prove that, if D=1 — k’s,*s,?, 


34, (i) cm(w, + tg) em (ty — tg) = (64? — 8,7d,?)/D = (¢,? - 8,7dQ%)/D 5 
(ii) din (uy + Wy) din (4 — ty) = (d,? — 18,2c,2)/D = (d — h?s;?c,)/D. 
35. (i) en(u, +%,) en (1, — Uy) + sn (vy + Uy) sn (U, — Uy) 
= (62? — 8.?d,*)/D ; 
(ii) cn (u, + ty) en (W, — Uy) — sn (Uy + Uy) SN (U, — Ue) 
= (¢,? — 8,2d,”)/D ; 
(iii) dn (uw, + u,) dn(u, — uy) + kn (uw, + Wy) sn (UW, — ty) 
= (dg? — k?s,?c,?)/D ; 
(iv) dn(w, + uv.) dn (w, — uy) — k?sn (uy + Uy) sn (uy — Uy) 
= (d,? — k?s,°c,?)/D. 
36. —sn(w—a) 1—sn(w+a)_ (sn(K—a)-snw)\? 
(i) +sn(w—a) 1+sn(u+a) \|sn(K—a)+snu ; 
e l+ksn(w-a) 1-ksn(wt+a) {1—ksnasn(w+K)\? 
B 1—ksn(u—a) 1+ksn(u+a) |1+ksnasn(u+K){ * 


2snucnudna | 
en?a — dn2asn2w’ 


37. (i) tn(w+a)+tn(u—a)= 


2snacnadnwu 
en?a —dn?asn?u° 
38. Verify the identity k°k’2S—k?C + D—-—k*=0, where S denotes 
the product of the four sn functions with arguments wtv, wtw, 
C denotes the product of the four cn functions and D the product of 
the four dn functions with the same arguments. [M. Trip. II., 1914.] 


(ii) tn(w+a)—tn(w-a)= 


39. Prove that the length of the curve of intersection of two 
right circular cylinders, whose axes are at right angles and radii 


Say We Tar Ne 
a, b (a<b), is 80 | Gs) dd, where k?=a?/b?; and verify 
ees 


the result when a=). [Sr. Jonn’s, 1886.] 
40, Prove that the relation 
M dy = dx 
{(L=y2)(1-2y2)}® {(1 22) (1 - 24)} 


where JM is a constant, can be satisfied by an equation of the form 
yV =U, in which U, V are integral polynomials. 
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41. Show that the envelope of 


y(cnudnw+ksn?u) -2(dnw—kenw) snw=aksnw 


| A 3 ky? 
is kP+Q+ 7 %=0, where Pi + (5) =1, a+ (7) a 


[This is St. Laurent’s result for the caustic by refraction for 
parallel rays falling upon a circle. See Heath’s Optics, Art. 108.] 


42. Show that the envelope of the straight line 
k@2snu+(enu+kdnu) y=ksnu(dnu+ken uv) 


? k2 F F $43 Sats 
is e-#|1-(f) | +4[ 1 - Gy] ; 
[CayLEy on Caustics, PA. T'r., 1856.] 


43. A particle under the action of a central attraction 


moves from an apse at distance J/(1+e) with velocity Jp(1 +e)/e; 
show that the orbit described is J/r=1+ecn 4, mod. 1//2. 

[Tarr AND STEELE, Dyn. of a Particle, p. 393.) 

44. Show that Euler’s Equations of motion of a body about a fixed 

point under the action of no forces, viz. 4 — (B-C) 0, =0, 

‘B = — (C— A) ww, =0, oe (4 - B)w,,=0, are satisfied by 

w, =asnA(t—7), o,=LbenA(t—7), w,=cdn A(t -7), provided the six 

constants a, b, ¢, A, 7, k be suitably chosen 

[Kircuorr. See Rourn, Rig. Dyn.) 

[For the treatment of these equations by aid of the Weierstrassian 

functions, the reader is referred to Greenhill, Ell. F., Arts. 104-114.] 


45. Prove that 
4 eh -v(1+k)s_ 1 +ks? _d—-sksc_ c-wsd 
tine gl 1+ks? cdti(l+h)s ct+ud ad+cksc’ 
[M. Trip., 1888.] 


46. Prove that 
Pee. Dames Ox C-kD-k?S = D-kC 
— ken? (ut 3K’) = = Dakss Dake} =«O-kD ake” 


where 8, C, D denote sn 2m, en 2u, dn 2u respectively. 
: [M. Trip., 1888.] 


x dn 2u+en 2u 5 1 


pide Senate =—lo sn u, 
x Vdn 2u—-cn 2u K°8 


47. Prove that | 
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48. Show how snmu may be expressed in terms of snwu, where 
m is an integer; and if m be odd, prove that the numerator of 
1 —sn mw when so expressed consists of a perfect square multiplied 


by the factor 1 —(- ive sn [Cayuey, H.F., p. 90.] 
49. If k?= —o, where w is an imaginary cube root of unity, 


prove that 1—sn(w—w*)w _ 1—snu G — sn “y 
1+sn(o— o)u 1+snu\l+osnu 


50. Prove that 

( 1 pe E(w +2) on? (u - 2) 2 

| E Yael w+) dn? ~ a} ue 
1 — kK? sn? (w+ v) sn?(u — v) 


1 —k?sn?2u sn2v 
1 —#?sn2u — k2sn2v + k?sn?2u sn2v" 
(Matu. Trie., 1878.] 


51. Prove that 
snu  enzudniu.cnjudnin.cniudn iw. 
uw (l- Banthuy( (1 — k’sn*#4w) (1 - qe 
(Maru. Tu 1878. ] 


52. Prove that 


1-snw_ 1 cn?}(w+K) dn?Z(u+ K) 
l+snu &? sn? (w+ K) 


(Matu. Trip., 1878.] 


53, Show that if U=sn(u+a,)sn(w+a,)sn(2u+a,+a,), then 
| vau= - = log [1 — #?sn?(u + a,) sn?(w + a,)]. 


54. Show that 
O? (x +a) OF (y+a) O(a+y—2a) 1 -k*sn?(x — a) sn?(y - a) 
O?(%—a) @(y-a) O(e@+y+2a) 1—ksn?(x+ a) sn2(y+a)’ 


[GLAISHER. | 


55. Show that 


“enw—snwdnwu 1 —— L& 
j, cnw+snwudn tage {vi ese (u+5) }. 
56. Prove that in a spherical triangle 4 BC, obtuse angled at C, 


we may replace cos a, cos}, cosc, cos A, cos B, cos C respectively by 
enu, cnv, cn(w+v), dnu, dnv, —dn(w+v), and then 


cos?p = 1 — k? sn? wu sn?v, 
where p is the perpendicular arc from C on AB, and point out any 
other analogies between elliptic functions and spherical trigono- 
metry. [Maru. Trip. III., 1884.] 
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57. Prove that 


i) ©(2u) = ae (1 —k2sntu) ; 
(ii) @(8u) = Ser (u) (1 —k2sn2u sn22u). 


58. Prove that Z(u) = = beh hae +1Z (vu, k’), 


59. Solve completely the differential val 


du 
(i) ap tut au? = 0 ; (i1) ate 2u+ Bui =0. 


(Matu. Trir., 1878.] 


Show that in case (i) w is of the form 


¥ . =(a-—m)? +n?, 
l-en ibe) oe A a—m 
dab, with #=3(1+°5") 
1+ en 7 (¢-7) R 29 
qn = 50, 
P- 3 
K 
or u= —a—(a—6) tn’, (¢—-7), [Sar te 
- with 


Fa= gut) 


7. 


and in case e 


or " u=c on? (¢ —t)-)b ont (t —7), 


ae: 
t= acn p(t—7), with (a2+%) =a’, pax Blat +B). 


T? 
(Sou. S.H. PRosiems, 1878. ] 
60. Prove that if a uniform chain fixed at two points rotate in 
relative equilibrium with constart angular velocity about an axis 
in the same plane with the line joining the two points and free 
from the action of gravity, the form of the curve assumed by the 


chain will be given by y=dsn K =, the axis of rotation being the 


axis of 2. [Greennitt, M. Trie., 1878.] 


61. Differentiations being denoted by accents, show that 


en’w sn’ % 2 dn’ wu _ ent eer sn’u dn’ u 


nile. dha ow. * ane dow is 
oT as SS + dy 4 = 9, obtain the relation between x and y 
JI-z Jl-y 


in an integral form. [Martu. Trip., 1876.] 
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63. Transform the differential da//(1 — 2?)(1 —/z®) into a like 
expression having, instead of &, the modulus 2/é/(1 + 4). 


64. Accents denoting differentiations, prove that 


(i) |snu, sn’'u, sn”u)= —k?; (ii) |snu, sn’u, sn”’u |=0 
enw, cn’'u, en’ enw, en'u, en” w 
dnu, dn’u, dn’u dnwu, dn’u, dn’ w 


65. Show that 


{iy |'s*) 38, s8 |= Aged 


ct, cc, c¢c2| [Matuews. See GreenuiLt, 4.F., 


d?, dd’, d? p. 349.] 


(Ne, TNR Cir Hayy 
cnw, dnu, enu, cnu 


u 
8k'Sen w sn°5 


enw, cnu, dn, cnu (1 ‘t lasnt5) 
cnu, cnwu, cnu, dnw 2 


a 


66. Show that for four arguments u,, wv, 1, V2, if differentiations 
of the elliptic functions with regard to their respective arguments 
be denoted by accents, 


dn2u,, dn2u,, cen2u,, en2u, 
‘ 9 
en2u,, en2uv,, dn2u,, dn2u, 
9 
dn 2,, dn2v,, cn2v,, cn 2, 
en2v,, cn2v,, dn2v,, dn2v, 
= ee ogi; V,sn’?u, sn’v, — U,V, sn’2u, sn’?v, ] 
U2U2V 2021") 2 1 me ae 2 1 
2 2 2 2 
x [U,V sn?u, sn?v, - U,V, sn? u, sn? v5], 


Us V; V, 


1 
where =- z- = ; = 5 = 
1-k’sntu, 1—ksntu, 1-k’sntv, 1-—ksntv, 


67. Show that 


1, enw, dnu l= - 42021 sn 2" sn 2 
1, cnv, dnv 
1, cnw, dnw 


v Ww 
— [2 5n2— sn2— 
1 —#*sn 9 8 5) 


u 
1- sn* 5 
[Ox. II. P., 1914.] 
68. Prove that 
sn2(u+v), sn(w+v)sn(u—v),  sn?(w—2) 
en*(u+v), cn(w+v)en(w—v), en?(w—2) 
dn?(u+v), dn(w+v)dn(u—v), dn?(w—2) 
(Matn, Trip. II., 1913.] 


_ 8ks,8,3¢,¢.d,do 
iS. 
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69. If m?+n?=1, prove that 


j f costOsin?g dOdp 
0 (1 — m@sin2 0)? (1 — n2sin?)* 


0 


: i i _ sin? @ cos? d0 db 


0 (1 -m?®sin? 6)? (1 - n2sin2?$)* 


0 
canes 200s? Zags? 

70. If u-{ | S oo a — ‘a dédd, then du _ 6, 
o Jo Vi — min? 6/1 — 22sin?d dm 


{y, 1891.] 

71. P and Q are points one on each of two circles in parallel 
planes with a common axis through the centres C, C’ at right angles 
to the planes; CC’=b and the radii are A and a, PQ=7 and the 
angle between the planes C’CP and CC’Qis«. Evaluate the integral 


COS € : A . : z 
M =|] E ds ds’, the integrations extending round each circle, and 


throw the result into the form 
M=40JAa | (« 2 x) P,- cB, | 


where F, and £, are complete Elliptic Integrals. 
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ELLIPTIC INTEGRALS (continued), THE 
WEIERSTRASSIAN FORMS. 


1380. It was stated in Chapter XI. that the integration of 
re where Q is a rational quartic function of z, could be made 


to depend by a suitable homographic substitution upon the 
E dz 
» iad Be) 
and the properties of z when expressed as a function of wu, as 
also those of /1— 22 and /1—k2z?, have been discussed in the 
last chapter. This is the Legendrian and Jacobian mode of 
procedure. 

A more modern method is due to Weierstrass. In this 


where k is real and <1, 


integration u={ 


F : die. 
method the same integral, viz. ly is shown to be also 
NV 


reducible by a suitable homographic transformation to the 
form v= [—S — 

2V48—Iz—J’ 
viz. functions of the coefficients of Q, and of the constants of 
the homographic transformation formulae. The function uw, 
regarded as dependent upon z, is considered as the inverse 
function, and z expressed as a function of w as the direct 
function. It is usual to write z=(u), or e(u, I, J) if it be 
desired to put into evidence the values of J and J. (uw) is 
called the Weierstrassian Function. 

The letters g,, g, are very commonly used instead of I and 
J, but as powers of these letters occur very frequently there 
appears to be less risk of error in practice if we use the J, J 
notation. 


where J, J are certain constants, 
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1381. ‘The modes of reduction of the general integral I5 
to the respective Legendrian and Weierstrassian forms will 
be discussed at length in the next chapter. For the present 
we shall be occupied with an examination of the nature and 
properties of the function g(u) and the allied functions ¢(u) 
and o(u), respectively defined by the equations 


¢(u)=— fe (u)du= - log a (u). 


These are respectively referred to as the Weierstrassian Zeta 
and Sigma functions. 


1382. Preliminary Remarks. 
The general binary quartic 
Q=agrt+ 4a,0%y + 6a,a?y?+ 4a,cy>+ ayyt 
possesses two invariants for a linear transformation 
e=1X+m,Y, y=lX+mY, 
viz. I= aya,—4a,0,+ 3a,’, 
the quadratic invariant, or quadrinvariant, 
J = Apt, + 24,44, — Ap,” — 4,0,"— 4° 
=| Mo, G,, ay, |, the cubic invariant, or cubin- 
Dy Me, Gs variant. 
Vig, Bg, £0; 
If a transformation of this kind has reduced the original 
quartic to the form 
0. X!4+-4X°9Y+6. 0X? Y?+ 4a,’X Y3+ a, Y4, 


then for this new form 


'=0.a/—4. lag+3.0?=—4a, and J’=| 0, 1, 0 |=—ay; 
byt, 
Oerbapthr, 


and the form has become 

Y (4X8—I’X Y*—J’Y’), 
or if Y be unity, 4X°—1X—ZJ, the accents being dropped as 
the meanings of I and J will be obvious. 


1383. If e,, &, &; be the roots of the equation 42*—Iz—J=0, 
so that 422—Iz—J=4(z—e,)(z—e,)(z—e,), we shall lose no 
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generality in assuming for the present that e,, e,, e, are all real. 
For it will be shown that if two of these quantities be 
complementary imaginaries, say e,, és, then a substitution of 
the form ¢—1,=(z-—e,)(z—e,)/(z—e,) will reduce the integration 


| - dz 
2 /4(2—e,)(2—e,)(2—e,) 
to the similar form 
a 
¢ J4(C—m)(G= na) (E15) 
where 7, 42, 73 are all real constants such that »,+7.+7,=0 


(Art. 1456). We therefore assume for the present that e,, é,, 
e, are all real, e,+e,-+e,=0 and e, >e, >e,. We also have 


I 
-=>-- (ee; + €3€, ale €,€,) 


4 
ey +6," + es" 
9 


a 


Se a — 
€,” — €,€, = €” — €,€, = €,”— €,€, 


ry = €)€,€3 . 

1384, The Differential Coefficients of ¢(z). 
dz 

/48—Iz—J 


the upper limit, the integrand vanishing when z is infinite. 


The integral p()=ue| is made definite at 


Differentiating, & . ~V48-Iz-J, ie. 9 (u) = —/493(u) —Te(u) — J; 
ze. 9'*(u)=403(u) —Ie@(u)—J. Hence also 
69" (u) = 6?(u)— 31 =62— 37, 9"(u) = 120(u) eo’ (w) = 1222’, 
9* (w) =12['(u) + E(u)" (w)]=12 [ 1028 - as o as 
@ (w) =[360¢2(w) — 181]{o' (w) = (36022 — 181) z’, ete. ; 
whence it appears that the successive differential coefficients 
of g(w) with regard to wu are alternately irrational and 
rational functions of @(w). 
1385. Periodicity of ¢(v). 
It has already been seen that the function w defined by 
w*=1/4(z—e,)(z—e,)(z—e) is a two-branched function having 
branch-points at z=e,, z=e,, 2=e,, and at z=oo (Art. 1295), 
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9 


and that in consequence | ee ee OS thr 
a cileceMaceieca) 


periods 2w,, 2w,, 2w3, Where 


n 0 aD 
=| w dz, a= | w dz, w=] w dz, 
eg 


ey e3 
these periods being not independent but connected by a 
linear relation, viz. w,—w,+#,=0. Of the three we shall 
consider 2, and 2, to be the independent periods. 
We have also shown that if uv) be any definite value of the 


integral | w dz, say that obtained by integrating along any 
z 


straight-line path extending from z to , which does not pass 
through any of the points z=e,, z=e,, =e, then all other 
values are comprised in the system, 


U=2rew,+-2u0,+ Up, 

Uu=2X‘o, +2u'w3+ 20, — Up, 

In consequence we have ¢(2mw,+2nw,+w)=e(u), where 
m, n are integers, an equation which expresses the double 
periodicity of the function. And this is equivalent to the 
statement that the most general solution of the equation 


} where X, pu, \’, w’ are integers. 


(u)=E(Us) is uU=2mw, + 2nw,+ Ug, Mm, n being integers. 
Further, it follows that 
g (2mw,+2nwo,tuj=~ (wv), 9 (2ma,+2nw,—u)=—¢" (wu), 
9” (2me, + 2nw, + U)=e" (w), 
9 (2mw,+2nw,+uj=e"(U), — 9" (2m, +2nw,—U)= — 9" (u), 
and so on. 
And in the special cases when m=n=0, we get 
e (—u=¢ (vu), 9» (—Y=—¢#" (u), 
ep’ (—u)=9"(u), 9” (—u)=— 9" (u), ete. 
1386. These results are obvious from another consideration ; viz. if we 
consider (423 -Iz-Jy* as expanded in a convergent series of negative 
powers of z, that expansion will begin with the term a .... Integrat- 


; 1 d 1 
ing between z and w, we have tasty ; and squaring, w=—+...,and 
Z 


: : 1 2 : 
therefore by reversion of series z=75+even powers of u, i.e. @(u) is an 
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even function of w. [This expansion will be found carried out in Art. 
1416.] 

Thus @’(u), @(u), @’’(u)... are alternately odd and even functions of 
u, whence @(—u)=(u), 0’( —u)= — 9'(w), 0” (—w)=0’(u), etc., as stated. 

Further, since these series for (uw), @’(u), @’’(u),... all start with a 
negative power of wu, it will be clear that (0), @’(0), ’’(0),... are all 
infinite, and the orders of these infinities are respectively those of 
i a! 


a us? yar» 89 that, for instance, 


1387. THe ADDITION FoRMULA FOR THE ne (wu). 


Consider the solution of the Eulerian Equation a ot 

for the case when VX 

X=40—Ix—J, Y=4y3—lIy—J. 
* de 
aX 
dit) lyse dy . v. stds MW) 
ion Tae =—/Y and du+dv=—( TXT UY 0. 
Thus, one form of the integral is u+-v=C, a constant. ...(1) 
We can obtain another form of the integral as follows: 
Introduce another variable ¢ such that 

dx dy dt 


i Naima 4 geasceeirg 


0 


Let u=| v=| cae 1e. c=¢(u), y=e(v). Then 
y VY 


and let «+ y=P. 


dP si 0 edt gt patel baeeee 
Then iM ae a 1.€. Ot eae 


Differentiating with regard to ¢, 

CP at el [ bodS =X) Mig You 

di? a—ylo/xX de xy 2/¥ dy x—y 

oo Sed pe ES 
(B--Y) yh BS Ye y Tony 


“pla eta) aay | 


-- 
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cr 


Now 
dX dY ; X—Y 
a a *+y*)—27, and rari 4(a?+-ay+y?)— 
: OP _2(x°—2ay+y")_o ae 9 @P dP 4h 
a. ey ate sir ear: eaten 
: adP\* ; i /dP ; 
ive. (=) =4(P+0') Zor P=i(a) = (7 
ROMEO 30 MG RIOEEEI, (eau crdbrtetch os. 0o 2 was adie swensaonwads (2) 
Now this RR having been obtained on the supposition 
that ane ria ae. that u+-v=a constant C, it appears that 


C’ is a constant, provided that C is a constant; ie, 0’ is a 
function of C, say ¢(C). We thus have the equation 


1/dP\? 
P= (Gq) — out) 
and we have to identify the form of the function ¢.. 


Now jeje kd BF 
© ie ION ra regen) 


dad euto= [emo | e-Y 


=[9?(u)— 29" (u) g(x) +97 (v)—4 (x+y) (z—y)?]/4 (ey? 
=[97(u) +29" (u)/4y5—Iy—J —Iy—J —42 

+ 4a?y + 4ary"]/4(a—y). 
Now let v diminish indefinitely. Then g(v) or y becomes 


a =c=(u), and the 


infinitely great, and we have ¢(u)= 


form of ¢ is now identified as that of the Weierstrassian 
function ¢. 


Hence P=i(G) —e(u+v). 


That is elu+v)+eu)+eW@=y[oo— er | 


which, as it expresses g(w+v) in terms of g(u), @(v) and their 
differential coefficients, forms the addition formula for this 
function. 
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1388. Symmetrical Form. 
Taking a third function w, such that u-++-v-+w=0, then 
9 (u+v)=9(—w)=¢e(u). 


Therefore we have the symmetrical form 


/ , 


Ir e'(u)—e' (ry P 
eW)+e(r)+9(w)=; [Ee 
AU a _lfe'(w)—¢'(u)? 
=a ae (v) Sera aiberers nit 
by symmetry, and therefore 
ge’ (u)—9'(v)_9'(v)—@'(w)__'(w)—@'(u) 
e(u)—e(v) e(r)—e(w) e(w)—ge(u)’ 


whence 
() [e’(v)— 9" (w)]+ 9 (v) [9 (w) — 9’ (u)]+e(~) [9 (ue) —¢'(v)]=0, 
and we have the symmetrical relation 
1, g(u), (wu) |=0. 
1, g(r), g(r) 
1, g(w), gw) 
1389. Various Results derived. 
In the formula 


Put )+eu)+p)=} aescal 


change the sign of v. Then, remembering that g(—v)=@(v) 
and g’(—v)= —¢'(v) (Art. 1885), we have 


e(u—v)+p(u)+(0)=} ney 
whence 


pute)+e(u—e)+29(u)+29()—= 9 te 


Bary pri, : ___ &(u) (vr) 
sowie feu)—#(o)}® 


1390. Take a function of a, y, viz. F(x, y), such that 


F(x, y)=2ay(v+y)—17F4_y, 


so that F(a, «)=4e—Ixz—J=¢"*(u), 
and Fy, y)=4y?—Iy—J=¢2(). 
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Then 
ay pe ey Pees 
p(u+0)+p(u—0)=5 se ET ety 
= {ay (x+y)—41(x+y)—J}/(e@—yP=F (a, y)/(a—y)? ; 
whence e(u—v)+-e(u+r)= “ie ro 
got (u), @ ee ) 
ES ae (pu—e@ye 


1391. In the Rate 


pluto+omtew=j [S207 


let v approach to ultimate coincidence with u. Then 


g(2u) + 2e(u)=7 j bee [Ee 22 ernie ie “(u) i 


ee i{galoges)} 
1 


_ 1 {692(u)—31}? 
Be “44 ip) — Ip(u)—J" 


1392. Hence 
_1 {6e(u)—3]}? _ {9?(u)+21}?+ 2Je(u) 
POM 4 Tu) —Ip—I apa) —Tp(—F 
which is a rational function of g(w). 


1393. Moreover 


@,  dg’(u)_e(u)p'u)—9'*(u) 
rl Pay gu) ——«p*(u) 


=[12¢7(u) e(u)—4e? (u){@ (2u) + 2 (u)}]/e?(u)=49 (u)— 40(2u) ; 
< p(2u)=9(u)— 5 Le log g’(u). 
1394. Another form is 


_ 3@H(u) - $19*(u)- 30 (u) Pl? 
9(2u) = a(u) = e 493 (w) Be J 
F 5) PU) + B19? (u) + 20 (w) + Pol? 
Since @(2u)= 493(u) —Ip(u)—J 
P a 31g? (u)+9Je(u) +42? 
49(2u)— (4) = To (u)— e P(w) — en} (@(%) — a} 
SS ee 
~ P(u)—e,  P(u)—e, ° P(u)— es’ 


, we have 
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where A=(3le,?+9Je, + 11*)/4(e; — e,) (e1 — 3) 
=[ -- 3 (e,¢3 — e,”) ey? + 9e12en@5 + (€2€3 — €1”)”]/(1 — e2) (€1 — €3) 
=[(e2€3 — €1”) (€2€g — 4€17) + 9ey7e x5 |/(€1 — en) (€1 — es) 
= (€2@, + 2e1*)*/(€x€3 + 201”) = €€ + 2e)? = (€; — ep) (€, — es) 5 
(e1 = C2) (e — 3) | (€2— 6s) (€,— 1) , (es — &)(€3— 2) 
(9 (u) — & (9(U) — ey 9(u) — es 
1395. Put v=2u in the formula 


_ Fi{g(2u), e(u)} 
{9(2u)—e(u) 3” 


expressed rationally in terms of g(u). 


. 40(2w) —@(u) = 


Then ¢(3u)+¢(u) so that e(3u) can be 


1396. Now put v=nu. Then e 
_ie(nu), (u)} 

which expresses g(n-+1)u in terms of g(nu), g(n—1)u and 

g(u) in rational form, whence g(n+1)u is a rational function 

of g(u). Thus it appears that e(2u), @(3u), e(4u), ete. can all 

be expressed as rational algebraic functions of g(u). But the 

expressions for these successive forms rapidly increase in 


complexity. 
1397. Again, using the formula 
@ (v) 9’ (u) 
o+u)—e(vo—e)=— 
Pet wy) 9C—9=— ee)—e@a)y 


and putting v=2u, 3u, etc., 


pi 
PON 9) =~ eau) 
1959.) ae Gales 
Pe eC — Feu) PU 
o' (nu) 9'(w) 


@(n+1)u—e(n—1)u= ~ {e(nu)—e(u)}?’ 


from which g(8u), e(4u),... may be successively calculated ; 
and it is noticeable that 


p'(2u) p'(u), e(3u) eu), (Au) '(u), 
are all rational algebraic functions of g(u). 
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1398. General Value of a(nw)— (wu). ScHWARZ. 
We shall show later that the general form of (nw) is given 
by the formula 
9 (nu) — e(u)=— Megan 


where vy, is expressed in terms of Sigma Functions. 
Schwarz has shown that 


1 @ 
e(nu)—e(u)= a log Wn, 


(— Le A. 


WHEES Yn=TH19131... (@—1)HF 


minant 


and A, stands for the deter- 


"(u), eu), P'"(u), --- "—Y (u) | 
e’(u); 9"(u), P"(u), — «.- "(u) 


ga") (aw), g'") (w), gat) (w), a a (22-3) (w) . 


The method of establishing this result is pointed out by 
Greenhill (Z.F., p. 300, ete.), but the proof lies outside the 
scope of the present account. 

For immediate purposes we may establish a difference 
equation which will suffice to give us the values of the 
function g(nu)—g(u) in terms of g(u) for low values of 1, 
such as n=3, 4, 5, 6, etc., which is all that we shall require. 


1399. A Difference Equation. 
From the formula 
e(v-+u)+e(v—u)= {2ay(e+y)— 31 (e+y)—F}/(e@—yP, 
where z=¢(u), y==¢(v), we have, by putting 
v=nu and g(nu)—e(u)=—R,, 
2w(2-+R,)(20+R,)—W22+R,)—I 9 
te 


iL 


Ryaytha= 
_ (408—Ia—J)+ (6029-3) R,+20R," _ 9, 
= R2 
={9?(u) +R," (u)}/Rn®, 


2 7 
OE AS i eee ee (I) 
Putting yy. =9’(u)=62°-U, x,=97(u)= 423 —Iu—J, 

Xa = Bat — 9 Ln? — 8x — hy 1? =30(u) (uw) — 197 (u) 
= Hew) 9’) — 9'(u)}, 


2.€. Raw= 
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where the suffixes of x denote the degree in w in each case, the difference 


equation is Bupa + By y= Xan, with the starting equations R,=0, 
n 


R,= - XA whence , Say, where Xg= Xo X4— X3" 


X3 
The suffix notation will suffice until the case of R,, when a second 


factor of degree 12 occurs after X,. has been used. We may denote this 
second factor by dy. 


Re Xa (Xs? — X2Xs)_ _ XaXe 
- : xe” 


1400. Other forms of thé difference equation may be convenient, and 
may be used, now we have found R,, for we may eliminate xX» or X3, or 
both of them. 


Since 
Riv R,, ap R, Rua =Xet x and Riz. Rati + Rit R, =Xet ie ’ 
1 1 
we have Rute Rigi— By Raa=— Xz = rae 
A os Ro X3 1 1 “ 
ie. Beta= Ro Be ( Phi En)! ee. (II) 
or again, (Rae a R,) Rani = (Bata = R,-1) Ry? =Xa2 (Ba = R,,). ongeae (IIT) 


From either of these equations or by another application of (1), R, can 
be found ; after which we may eliminate both x, and x3, and form an 
equation connecting the R’s of any five consecutive suffixes, viz. 

Nees (R,+PBn+2), Beers 1}=0 ; 
Rk? (Rit Rn41), R,, 1 
Ya (sas +R,), Rous 1 


(Rn4s = 1D) (Rata on Rigas) (Rata => Tees) 
n+l 


(Rua — Bn )(Bna = Rats)(Baa~ Ruts) 9 | (ty) 


n—1 


whence 


+ 
in which a factor has been inserted for symmetry. 
Now, putting »=2 in (II), we may readily show that 
Ba Xs Xp, where Xi2= Xs” Xe— X¢ 
X3 Xe 
putting »=3 in (IV), we similarly get 
7 
jae XaXaXe fa 


and putting n=4, ; 
Vi aE pos 
. X3 Xe Piz” 


= aa 2. 
» where i2= X12— Xe" 


where $o4= X3" X6 Piz — Xi 
and so on. 
From the several connecting equations, 
Xo= X2Xa— Xs. Xi2=X37Xe— Xa Pr2= Xi2— Xe 
$os= X3" Xe Pi2— Xv”, ete., 
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we can readily express x5, Xj2) Py, etc., in terms of the original quan- 
tities X2, Xs, X4, 80 that the successive values of @(nw)— Q(u) may be 
obtained in terms of x. Collecting the results, we have 


Pn) —(u)=—*, GEBu)—e(u)=—XBX, (Au) — ou) = — XX, 
4 X3 Xe 


(5u)—P(u) = - exe, 9 (6u)—(u) = — eR etc., 
and the notation shows the nature of the factorisation of the several 
numerators and denominators. 

If we change the notation, and write 


Xs=¥o, Xa=Yar Xe=Va/o, Xx=Vs Pe=VolYovs, du=vz, 


etc., with y,=1, we get 


Q(2u) —(u)= — ne, (3u) —(u)= ~ Hes, 
9 (4u)—-—(u)= — rts, Q(5u)—@(u) = — res, 


9 (6u)—@(u)= — <5 etc. 


1401. Factorisation of y/,, etc. 

If we consider the solution of e(2u)=(u), we may infer 
the factorisation of y,, i.e. Ws. 

The equation gives 2u=2mw,+2no,+u. Therefore 


un w+ a, or 2mw,+2nw,. 
The principal solutions are 


20, 2w,, 


20, 20, 20, ts a 
ee See 

and any other solutions, such for instance as 
4o, 20, 40,  6w 
2a oe a 
are merely such that when added to one or other of the four 
principal solutions we obtain a complete period. Hence the 


factors of x, are 
2 2w, 
x=.=3 ow —0(-) || eew—e(79) 


x| (uw) p(t") [ow—e(25-") |, 


and since y,=39*(u)— #1¢?(u)— 3Je(u)— 517, we have various 


203 etc., 
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results from the consideration of various symmetrical functions 
of the roots of the quartic y,=0; for instance 


(721) +9 (202) + p( Sart tes) 4 g( Ber Bee) 0, 
9 1 ZU. —9 4 
o(2)-e( 2) (24%) 52a 0 te, 


and similar results will follow from a consideration of the equations 
Q(3u)=(u), (4) =—(w), ete. 
1402. Let @,=4(v—e,)(v—e)(x—e,), v= 0(u), y=(v), z=E(w). Then 
[Vy =e, N (ze) (2 @3) -Nz—e Vy —e)(y — 65) 2 
=(y—e)(2? + 042+ ey¢s) + (2— &) (y+ ery + exes) — EN Oy NOs 
=yyt2)— HW (yt+2)-3I—e(y -22 -4NQ, 0, 


F(y, 2 ae N@; 
= MFC, )-VG,VG)—ely 2 =(y-29{ 5 ay 


= {9(v) - 9(w)P"{9(vt+w)—e}. That is 
V9 (0+) — ef (v) - E(w} = Vy =e N (z= &) (2 — 3) - V2 — (y= e2)(¥ ~ es) 


with two similar equations. 


1403. It will be noted that @(v+w)—e, @(w+u)—e, Q(u+v)—e, are 
perfect squares. 


1404. In the same way 


/@(v— wv) — €{9(v) — @(w)} =Ny—e, V(z— en) (2 — 3) + Vz —, Vy — 63) (y —) 
with two similar equations. 


1405. If 2w,, 2@,, 2, be the three periods, then 
—@,+o3=0 and e(w,)=e:, P(w2)= C2, P(ws)=es, 
and since e,+¢,+e,=0, we have @(w,)+¢(,.)+(w3)=0. 
Also 
_@(M+tHe? (w+ Jet? _ 
ga (2u) —9(@,) @’?(u) a= G8 (u) > say, 
where ‘ 
Q=* (u) — 4e,97 (wu) + 319? (u) + (2F + 1) p(w) + (gsl?+e,J). 
Then this quartic function @ 7s a perfect square. For the 
solutions of g(2u)=¢(w,) are given by 2u=2\,+2u0,+ ,. 
That is w=an odd multiple of 4w,+a multiple of ,. 


Now 3 and a w, are the only independent solutions, 


for any others are merely such that, with one or other of 
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these, they make a complete period. Therefore the only 
different factors of Q are the two 


e(u)—e (3) and (u)—e (i +w Hf 


which must therefore be repeated. It is therefore indicated 
that 


(2) —(w,)=| om) —0($') || ew —e(S'+ «) | /p%. 


no coefficient being required, because in @(2u) the coefficient 
of e*(u) is to be 1/e?(u), which is so. 

The actual factorisation is given in the next article, which 
will show that the repetition could not be such that one 
factor is repeated thrice. 

1406. Since 

T= -4(0,¢3— 0,7) ; 27 +e = 4e,(e,€5 + €,”) 5 Pol? +e, T= (exes +e)", 
(2) —e, 
= [9* (ee) — de, (we) - 2 (€,€3 — 4°)? (xt) + 4€,(€,€5 + €1°) P (u) + (Ces + &,”)"1/9(e) 
= [P°(w) — 2e,9(u) — (€,€3 + €x”)]?/0’(u) 
= [1 (4) — e:}” — (€n¢3 + 2€,7) 7 /(9%(w), 
which shows the actual factorisation of Q. 


1407. The values of (S$!) (a + 0s) are therefore 
e+ Vee, +2e,%, te. e,+/3e?—H, 
and since o(%) lies between e, and © we take the positive sign for (2). 
[See Art. 1410.] 
1408. We have also the relations 
(2) +9(2'+0,)=24=29(u); o( 3) .e(S'+0,)=4-2°%0) 


with other results. For instance 


Ve @u) = @,=-[ or) -9(%) |[ee-0(2'+ 04) |/o'm, 


where the negative sign is chosen, because when w is very small 


? 2 
P(2u)= py PW=Ay wu)=-Z 


1409. Putting z=e,, e or é, in 
9’2(u) = 49%(w) — Ie(u) —J = 4 (2 — e) (2— &,) (2 es); 
(04) = 9'(w2) ="(3) = 0. 
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@’*(u) 2 Lc geeae 
Ppp POPC) 


eel Es 4 {9(u) + 20(m)H(w) — P(e}? 
{9 (u) — P(w)}? 
ae 24/4 (z—e,)? 
= {(12e,?— I)z—(J + 8e,*)}/4(z—e,)", 
and 12e,?- T=4(e,—e,)(e,-—€,), J +8e,3=4e, (e, —e,)(e, — e,). 
Hence (+ wy) — (1) = (€ — &y) (0, — €3)/(Z— 01), cere eesreereceenes (1) 
1.€. {9(w+ 01) — P(w1)} 19 (u) — P(@,)} = {P(1) — P(2)} {9 (1) — P(ws)}, ---(2) 


with two similar results by a cyclical change of suffixes. 


Then Q(u+,)= 


* P(U+ ,)—-9(w,)= 


1410. We may therefore write the result of Art. 1394 as 

40 (2u)=9(u)+(w+o,)+ 0(u+w.)+@(u+w;). [M. Trip., 1888.] ...(3) 
Other identities may be established. Thus, since 

(€, = €2)(@ — es) 


P(w+o,)= e+ 
zZ—-e 


zo exe 9(u+ 0) = SME Yo, 
i.e. Ge= {@(w3) — @(@,)} {9 (@;) = (09) ory 


{9(u) — P(w)}? 
If in (1) we put w= —43u,, 


2=9(%) and (2) = 2V@—a)e 4). (See Art. 1407.) 


Now 2w,=2 iE ae ej and is real; and as z increases from e, to 0, 
wu decreases from w, to 0 and passes the value w,/2 in the interval. 
Hence the value of z corresponding to oe that is (3 , lies between 
e, and o, and is therefore >e,. Hence we take the positive sign, and 

o($')= & +(e — 2)(@ — 6). 

Also, since ¢'(w)= —./4(z—e,)(z —e,)(z—es), we have 


o($)= ~a/4 (v(e,- e)(2 — €5)} {€y.— Cp + Ve — €2) (€, — €3)} {ey — 3 +W/(e, — €o)(€; — €s)} 
= —2V(e, — &)(e, — &s)[Ve, — &, + Ve, — es}, 
1411. It may also be shown that 


o($ 5) = Cae N(e,— €3)(€ — €3), (3) Cy - neq — €2) (C2 — es), 
o(3) = ~ 2V(e,— €3)(€, — €3) [ve — e+e, — 3], 
e(3)= BN/(e — 2) (2, — 5) [Ney — &y + orien — ey). 
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1412. Again 
9 (w+ 0,) EL MEE SD (u), Q (U+ws \= (een) 9 ‘(u). 
. a5 
Therefore 
(2! () 2" (+ 1)’ (U + wg)’ (U + ws) = 16(2, — €5)”(€3 — &)?(€, — C2)”, 
ae _ 9% (u) Pwo) P(e.) | "(w+ 9) 
Qu) * P(u+a,) © (w+ oy)” E"(W+Os) — 
(w+) e, (€, — es) 
"(w+ a) (€—e3)(@; — &)(@, — & he 


1413. Also @'(w) 7 —e,)?—(z-e,), with 


two similar results. 


* adding ow) {reds + b= —2=-(u); 


(uu), P(U+a,) , P(U+s) , P(UW+us) _ 
Q'(u) O(U+o)  E(Ute)  —'(U+es) — 
1414. WerERSTRASSIAN PERIODS IN TERMS OF LEGENDRIAN, 
We have now to examine the relationship between the 
Legendrian and Weierstrassian systems. Taking 4, ¢,, €, as 
the roots of 423—Iz—J=0, and supposing them all real and 
€; > &, > e3, the period 2, is defined as 
{. dz 
2 = , 
a, V4(z—e,)(z—e,)(z—€) 
and is a real period (2 > e, > e, > €3). 
es 


Let _- 2—e,=(e,—e,)cot?0 and Je 2 “a, 
€,—e, 


whence 


which is positive and <1. 
Then z—e,=e,—¢,+(e,—e,) cot?O=(e,—eg) cosec”O — (¢,— eg) 
=(e,—es)(1—F* sin? @)/sin’6, 
and z—c,=(e,—e,)/sin20; also dz= —2(e,—es) cosec?6 cot 6 dé. 
Again z=e, gives §=7/2 and z= gives 0=0; 
ee Lf 2(e,—es) sorec'e cot 6 sin?6 dé 
: 23, (e,—e,)” ? cot ev1— k? sin’ 
a f dd 2K 
le €— 370 J1—F# sin?0 Nee, 
Again (z real, and passing below 2=¢,, see Art. 1335), 


a dz 
uw, =|) J/4 (z—e,)(z—e,)(2— es) 


-2{\"+ |) mesa 


; ie dz 
. Yu -o)=; | =A OeLa (6, > 2 > > és) 
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Let z2=e, cos”6+-e, sin?@. 
Then e,—z=(e,—e,)sin?0, z—e,=(e,—e,) cos?0, 
and 2Z—€,=(e,—e,)(1—k? sin?6), 
where K%— fay _ o_o 
ates a 


k’ being positive and <1. Also dz=—2(e,—e,) sin 0 cos 0 dd. 


. . WG . 
Again z=e, gives 0=>; z=e, gives 02=0; 


2 
Spe ae? We f dO + & 2K 
dee SF. t Je;—e340 J1—k* sin? w/e, —e, 
< dz 


Finall 2, =| 
sts Paieauh? a aged o O @ at a 


td a dz 
a i). “ln } /4(z—e,)(z—e,)(z—e,) ; 
“ 2(005—w,)=2)" ee ee 
es t's/4(€,—2z)(e.—z)(z—e,) 
Let z=e, sin®?@-+ e, cos?6 ; 
". &—2=e,—e, sin?0—e,(1— sin?@)=(e, —e,)(1—k? sin?6), 
€,—Z=(€,— eg) cos?0, 2—€,=(€,—e,) sin?0, 
dz=2(e,—e,) sin 6 cos 0 dé; 


z=e, gives 0=0, z2=€, gives O=5; 
z 
cA 2(0,—w,) == — | gt rare eee 
Pale, — 3 Jo /1—K? sin? Je,—e; 
Hence w,=— K _ KK’ = 


— ®W, , @®3—= ? 
Ve,—e, Ve,—e, Je,—e, 
and w,—w,+w,=0, as it should be. 


1415. CoNNECTION BETWEEN THE JACOBIAN AND WEIER- 
STRASSIAN ELLIPric Functions, 
In general, taking 
u=| Re een jm oo (e > é > é. ) 
z ~/4(2—e,)(z—e,) (z—e,) t : eo 


Put z=e,+(e,—e,) cot?@, and we have 


1 [ dé €,—e 
 ————— ee ie 3 
Ve, —e, Jo /1—K* sin?” mhere ss €,—e5 
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Then d=am Ve, —e,u, 

u)=e ee t?@= en e, _ e; — @,—€, . 
plu)=e,+ (4-4) cba + Sat ag (1-2 sin®@), 
1.€. e(u)=e, +(e, —e,) en’Ve, —@,& 


sn2/e,—e,u 

dn2/e,—e,u 

9 (u)=e,+ (e,—es) = 

sn?J/e,—e,U 
1 


»? 


(u)=es+ (ees) —| (A) 
sn®/e,— est 
which may also be written as 
ee ce oe oe _ e(u)—e 
sn®,/e, — eu ee on Je, ener 
Dibdeceu (B) 


@(u)—e,” 
which show the connection between the Jacobian and Weier- 
strassian systems. 


1416. eee. of a(w) in Powers of 2. 


Taking = = and z>e, >, >€3, we have 


Wada J ) a 


w= [SL 1-4(4+ 4th dz, and a convergent expansion, 


r.3 jh ih 
fale 2 al +S)tea asta) td 


Fee ae | 
“heb 223 + 4 Fria aoe eo 
tag ap! Poe La 


+ +04 + + 
Sh. 84.5 2 2.4.14 234 


We have to reverse this series, and expand z in powers of wv, Squaring, 
we notice that ? is a rational function of z, viz. 
1 LAG iat 
p= TUT eg Ship ee 


eee ee Fedde alga! 
u 20 w222' 28 wz 
Daa ah 
50 + a8” +... to the first three terms. 
As z is obviously an even function of wu, we may conclude that the 
expansion is of the form 
+045 w+ 55 a ces a4 48 Aes 20 wot... 
where A,, Ag,... remain to S found. As ite work of reversion of series 


SPN c 


Then +. 
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is somewhat laborious, we may now use the differential equation 2” =12z2' 
(Art. 1384) to determine the coefficients from this point. 


Now jay 2404 ut eats Ae 4 At 4 Aw ee 
10 i iW ! 
wn LO 2 BT Ate) Ae Aa 
zZ scammers Beers UE oo. - Utayu Sin ae Ui + ee 5 
Teele TE Ag_ 15/645 a), 
eae si 2( Fi +300) 51 (ar * 20 )” 


Ay, oS /BAueee A; Sa) 
7 =19(Tf 5) eta, gp ete» 

ia ousA amar A 31. As 1 B 3/2 
giving Gimagc BI RB TD’ —em mr) ete, 


Hence 
he iS a Aad 317 
P(u)= +0455 +984 +g te 


1 3 3/2 
+5343 ° (a Bat 73 eee 


oom 
1417. It appears that (uy 4 vanishes eg u. That is, for very 


we 
. P(u)-= | 

small values of wu, @(u)=—. Also Lt, +0 —*- , ete. 
uw 20 


Again P(ue'(u) +> vanishes with w. 


Moreover the expansions of @'(u), 9” (uw), @’"(u), etc. are now all 
known to several terms. 
1418. The Expansions of the Weierstrassian Zeta and Sigma 
Functions. 
Since ¢(«) = - [9(w)du=2 tog o(w, we have 
eee Ore | é "$a ae [2 F Tiagt 4 
0)= 4 0- ma 5 ora ee sible 8G sanstnlt 


aJ2\ 
~ 383, 7 mice Bat oe == (A) 


i fi rP 
s = = Lee c= 8 
aia [ead log u+0— aa a-5 2.3.5.7"  9F.3.63.7 " 
J is 
os _— I 
. 2.3.5%.7. 11 si 


whence 
J (udu Iu Ju Put IJu? 
o(u)=e =u.¢ 23-5 ¢ 2.8.5.7 ¢ P8557  F8.60711 


Tut P48 Jus 
=u[1- 243.51 9,32 52 ..|[1- 2.3.5.7" 


Pus IJu 
x[1- 7.3.52.7"° ..J[- 2.3.5%,7.11°° =. 


Tu 5 Jui I2y9 TIuyt 
G6. 0 (U) =) +O eae ashes 7 2.3.6.7 27.32.6271 °77* (B) 
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Equations (A) and (B) give the expansions of the Zeta and Sigma 
functions. 
The constants of integration are in both cases taken zero. That is, 


1 eas ‘ 
E(x) 7 and log 7) are taken as vanishing with w. 


1419. We note that both €(u) and o(u) are odd functions of 
u, and that in consequence ¢(—u)== — €(u), ¢(—u) = —a(u). 
Also that ¢€(0)=0, ((O)=x, &"(0)=o, ete, 
o(0)=0, o (O)=1, o’(0)=0, o”(0)=0, o*(0)= 
a (0)=—3I, ete., 


and for small values of w, E(w) =2, o(u)=u. 


1420. ApprTtIon ForMULA FOR THE ZETA FUNCTION. 
Integrating the equation 


__ @ (u)e'(r) 
ete) Pe oth 
with respect to v, Guo suty=— 5 +c; 


and putting v=0, g(v)=2»; .. 2¢(u)=C; 
. *, E(u—v)+ E(u+ 0) —2¢(w) =a fy ot cascgal) 
Also €(u) being an odd function, ¢(u—v)=—{(v—u). 


Hence, interchanging wu and v in equation (1), 


— f(u—v) + (u4-0) 26) = — ery 
Hence adding, 
§(ut+r)— ¢(u)—¢(r) =} ene sina cneitee aie (3) 
={o(u+v)+9(u)+9(0)}*, 
or writing u-+1=—w and remembering that 


e(—w)=e(w), ¢(—w)=—¢(w) 
E(u) + €(v) + €(w) +V 0 (u) +9 (0) +9 (w)= 
where ut+-v+w=0. [See Greenhill, #.F., p. 205.] 
Changing the sign of v in (3), 


E(u—v)— Eu) +0) =5 a eetoy dnle den naattee (A) 
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1421. By differentiating (3) and (4) with regard to u, 


d d.,._1d g’(u)—g'(v) 
oe du e(u)—e(v) 


‘ Ld pw) +9'(0) 
and qys Y—%)— du * €(u) 2 du g(u)—ge(v)’ 
whence e(u)—e(uto)=5 — du peace 


ibd Aili i. 


1422. AppiTION ForMULA FoR THE Sigma FUNCTION. 


Fe (u) 
Integrating ¢(u—v)+¢(u+v)—2€(u) = Fe with re- 
eee p(u)—9() 
log o(u—v) + log o (u+v)—2 log o (u)=log {9 (u)—e(v)}+C; 
and since, when w is indefinitely small, 


a(u)=u and e()=3, 


log «(—0)-+log o(v)=Lty +o log u® {2-9} +e=0; 
whence 
log OT + Nog 2 OEY 9 10g o(u)=log {9(u)—9(0)}, (1) 


we. Oe e (u) —e(v) 


and Men g(o)—@(u). “Aecte cee (2) 


Putting v=nu, we have 


e(nu)—e(u)= _o(n—luo(n+))u 


o* (nu) o*(u) 


1423. If we integrate with regard to v instead of with 
regard to u, we have 


—Hog o(u— 0) +log a (uta) —206 (a) =|" a; 


-20¢(uy T(U+2)__(? __@'(u) 
whence log e- 205 («) = |, AGG einai aha (3) 
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1424, Starting with 


~e(u— =i eet Ae 
' a A) 280) 5) — PO 
and integrating with regard to wu, 
—log (vu) + log o (u-+0)—2ug (= =f" 5 
sug (oy (+4) (*_—@() 
whence log e—2ué (») Tt eee =-| ie Hiei beste ceste) 


1425. Since —g(u), we have 


alow a(u)_dé(u) _ 
du 


a ee Ta 08 7“) —F # jog 6(D). Saenss (5) 


1426. In the result 
a(u—v)a(u+v) 
a (u) o*(v) 
make v approach indefinitely closely to wu. Then 
o(2u) _ e(v)—e(u) _ ple). wy, 
ote) tere tame) a umay 
for o(0)=1 (Art. 1419). Hence - 
o (2u)= —a*(u) 9’ (u)=(— a o® (u) @'(u). 


1427. CEifferentiating e(2u) — e(u)= he * log ‘(w), we have 


29" (2u) - 9 (u)= -4 anal p(w), ete, 


= (v) —(u), 


me 
2” (") (2u) — ei” (u)= = dunt2 * log 7’ (u). 
Integrating the same equation, 


~4¢(2u) + ¢(u)+0= =} 5 log g" (u)= 12. 
and taking w indefinitely small, we have in the limit 
On Derk 
Bt ip 108 ao5 
"2 oubut 4 Au’ me 
 e 
whence —4¢(2u)+¢(w)= ot 


Again integrating —}logo(2u)+ log o(u)+ CO’ = —} log 9’(u), 
and diminishing w indefinitely, 
—}log 2Qu+logu+C’= —} log ( ~ =)=3 log u—} log 2-}log(—]); 
Om =L1og (—1); 


. log 9 = log Fie’ ie. o (Qu)= —o4(u) @’ (u), as found before. 
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1428. Putting n=2 in the formula 


(nu) - (uw) = Rar me 


a (3u) 7 (uz) 


we have (Qu) o?(u) 


1 @ 7 
=9(u)- p(2u) =F Te log 9’(u) ; 


a? : im 1 2 ob? , \, uw 
+ eB) = 10 (0) 9) slg = rar” | BAS Best | 


1429. To find o(4u), we have 
o (4u) = — 4 (2x) 9’ (2u)= —[ot(u) 9'(u)}* — (2u) 
= —o(u). 94 (u) @’ (2u), 
and by aid of these results we might proceed to find o{5u), 7 (6u), ete. 
1480. Corresponding to Euler’s Theorem, 
cos 8 cos 26 cos 2? ... cos 2"-1 9 = sin 2"9/2" sin 8, 


gn gn-1 ; i 
we have Gt — 9’ (2"2 4), aay —@'(2"* u), os 
o (220); ieee 
o*(2u) — 9 (2u), ou) PU ; 
whence oaee — 9'(2"-1u).94(2"-2u), o' (2N-3y) |, 8" (u). 
1431. Writing v,, for oiey we have 
(ou)” 
WVn-1 nti _o(n—1)u _o(nt+l1)u ; {ier 2 o(n—1)uo(n4+1)u 
Yn? (ou) (1 (ou) eH? a(nu)J ~ — G?(nu) o2(u) 


=9(u)—9(nu) ; 
*. (nu) -——(u)= — Yaa Bt, 
n 
The value of W,(u) found by Schwarz has been shown in Art. 1398, 
expressed in terms of differential coefficients of Q(u). 
Supposing the functions R, to have been found in terms of Q(u) as 
explained in Art. 1399, etc., yy, can also be expressed in the same manner. 
For 


25 


i — = lions Yn Pras _ — ne, ah a a 4 a = 


n—1 n-2 2 


‘ 
ie (% onl ( Yn Vens\'(Hice Pans) (% Yo me (43 ey 
Yoo Vies Wis aves Ye 
(n=2) (n= 1) 
=(-1) 2 Rip Ra. 2, gare eee 


and Yes ee at 
(u 


o 
Yn 


y 1 


9’(u), ¥,=1; whence (n>2) 


(n=2) (n=1) 


(=) 2 Ria Ris eee R3~* Re? 3 
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: n(m—1) 
+ Yn=(—1)" F {9"(u)y Ry Ria Rng. RE? BE, 


a (nu) A 


ie. ayy (— 1 uy" (Pu -G2u)"(Pu-P3u)" ... (Qu—Pn—T uy. 


14.32. General Form of the Differential Coefficients of e(w) with 
regard to w. 


Writing P, P,, P,, etc., for e(u), e’(u), e”(u), ete., for short, 


we have P?=4P3—IP—J, 
P,=6P?—4I, P,=12PP,, 
P,=12P2+12PP, 

=aP3+bP-+e, say, P;=(8aP?+5)P,, 


P,=6aPP,?+(3uP?+b)P, 
=a,P!+b,P?+¢,P+d,, say, P,=(4a,P?+2b,P+e,)P,, 
P,=(12a,P2+2b,) P2+ (4a,P+2b,P+¢,) P, 
=a,P°+b,P?+ ¢,P?+d,P+e,, say, 
P,=(5a,P!+ 3b, P?+ 2¢,P+d,)P,, 
ete. ; 
whence it appears 
that P,, P,, P,, ... are all rational functions of P 
and that P,, P;, P,, ... contain an irrational factor P,. 


If we suppose these equations solved to express the various 
powers of P in terms of P, P,, Py, ..., we have 


P=4(P,+}D),  P*=2(P,—bP—o), 


1 
ergs Oi al) a 


pod. {p,—bsp, bP —)—2(P, +11) a, P44}, aan 
ay a 6 
whence it appears that any positive integral power of P 
can be expressed linearly in terms of P and its differential 
coefficients, and that the general result will be of the form 
P®°=AP op -o+BPon-et+CPon-et--+KPg+LP+M, 
in which no differential coefficient of an odd order occurs, and 


the coefficients are all functions of J and J not involving the 
variable and readily calculable in the early cases. 
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1433, Integration of Rational Integral Algebraic Functions of 
(wu) with regard to w. 
It follows from the last article that 


[Pe du= AP py 4+ BPaq yt CPonot-+ 
+KP,+L¢(u)+Mu-+a const., 
in which the Zeta function appears from the integration of 
the term LP. 

Any rational integral algebraic function of g(u) and ¢g’(u), 
ae. of P and P,, can now be integrated. For if it be 
separated into two parts, the first containing all the even 
powers of g’(u) and the second all the odd powers, then 
after substitution of 4P3—IP—J for P,?, we have a result of 
the form ¢(P)+ x(P)P,, ¢@ and y being rational integral 
algebraic functions of P. And when ¢(P) has been expressed 
as explained above as a linear function of P and its differential 
coefficients, each term is directly integrable. And if y(P) be 
expressed in powers of P each term of y(P)P, is directly 


integrable, for tee du=P™ /(r+1). 
wir 
~ dw \r+1 


f (AP,,+...+M)=AP2,4:4+.. ’ 


it appears that P’P, can be expressed as a linear function 
of P and its differential coefficients, and that the same is true 
of x(P)P,, x being rational and integral. Thus, whatever 
rational algebraic functions of P, ¢ and y may be, the integral 
part of ¢(P)+ x(P)P, is expressible in the form 
A+ A,P+A,P,+A,P,4+..., 
and is integrable with respect to wu and expressible in the form 
C+ Au+ Ay f(u)+A,e(u)+4,e(u)+A,o"(u)+.... 

1434. Thus, for example, to integrate {@(u)+'(u)}? with 
regard to u, we have 
(P+P,)?=P?+ P?24+2PP,=4P3+ P?—IP—J+2PP, 

= rfo(PeF18IP+12))+-4(Py+31)—IP—I-+2PP, 

= go P,+¢P.—fIP4+ (geI—2J5)+2PP, ; 


» [e+ wy du= C+(ayI—3J)u+ 31&(u) 
+40 (u)+4e"(u) +350 (u). 


Moreover, since P'P, = 


= which is of form 
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1435. If we differentiate equation (1) of Art. 1420 with 
regard to wu, 
e*(u) 


ee oe —9etyy— 2 4) = 
USTs Ot) 20 = pte) ewe 


and an interchange of u and v, or a differentiation of (2) of 
the same article with regard to v, gives 


ia 5 ae A er 
Bi hf be) — ea) pe 


a further differentiation with regard to v gives 
—C"(u—v)+ &"(u+v)—2€'(v) 
_— er) 8 g(r) ev) 2.8(0) 
e(u)—e(r) [e(u)—e~P [e(u)—e() 


ete. 


Thus we can form fractions containing [e(u)—(v)]*, 
[e(u)—e(v)}§, ete. in the denominators with no functions 
of uw in the numerators, and this will presently be found 
useful (Art. 1443); and since €(u)=—g(u), we have 


se seta 1 = €(u—v)— C(u+v)+2¢(v), 
BOT ast. eS Ae 
[et Oe Four) 290) FT — pu)’ 
263(v) OPS aia, OO he | 
fPm@—p@me PD Tete) 20) oy 60a) 


3e(v)er(v) 
[o(u)—(v)P 


ete. 
Integrating with regard tou, 
ev) laos" log « (u—v)—log o (u+v)+ 2ug(v)+ const., 
90) | as appa lu Se 29) 
(v) du 
SAO om 0} 
290) | sa sey PO eu 0) Bue) 
i du du 
#0 sa —oey 2°" | toed =oOF 


ete. 
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Each such integral is therefore expressible by means of 
those which have preceded it, the first being completely 
integrated. So that all such functions as 

1 1 1 
p(u)—a’ [e(u)—a?” [p(u)—a}” 
are integrable and expressible in terms of g, ¢ or o functions. 

In the case where g(v)=e,, e, or es, we have v=a,, wy OF ws 
and ¢’(v)=0. 

We now have from the second result, 


9"(w) | p= — Cua) (uo) —2eu, 


with corresponding suffixes for e and w, replacing the fitst 
integration above, and so on for the other cases. 
And 9” (w,)= 6e,?—1 = 2¢,¢,-++ 4e,?, ete. 


C., 


1436. As a particular case, if we put g(v)=0, v is a constant 


a dz 
defined by v= = A 
efined by v I. Fe po nd 
e>(v)=4¢"(v)—Ip(v)-J=—J, 9" (v) =6p?(v) -L=—H, 
e””’ (v) =12¢(v) e'(v)=0, hea ete. ; 


du 
g(u)’ ae fee 


whence the successive integrals 
may be at once expressed. 


1437. The integration of the function eee (a-e,, & OF és) 
may now be effected. ely8 
Let a=g(v), which defines v as a certain constant, viz. 
Kg dz 
ae a /43— Iz—J’ 
ge feiee We i a 
P(u)—a 29'(v) Lp(u)—e(r) E(u) — (2) 


=F [{eu—v) — E(u) + &(0)} — (E(w 0) — E(u) — (0) }] 


and g’(v)=—-,/4a3—Ia—J. Then 


=s@ste v)—€(u+v)+2€(v)] (or by Art. 1435); 
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whence 
du 
Jiao pe) B08 (42) log o (u-+ 0) +26 (0) eons 


1 
=——~ log e?us(v) — i vr const. 


9 (v) o(u+v) 
1438. Art. 1435 shows that we also have 


ev ON oe gpa — Sue) — fu 0) —2u po) 


i du 
~p | 


ae d 
29900) | ogy gy = P(e) + (ut 0) —2u 9'(0) 


and so on. 


1439. Integrals of form | e'(w) du, Vest are of 
p(u)—a {e(u)—a}" 
course directly integrable as 
1 1 
m1 [p(u)—ap 
1440. Integrals of form [ee an, where F is a rational 
integral algebraic function, can be integrated by expressing 
F in a series of form 
Ag"(u)+ Be" (u)+...+ Ke(u)+Z, 
and then dividing by g(u)—a, thus reducing the integrand 
to the form 


A’gr Ber wb RK’ ; 
pr '(u) + Be t(u)4.. K+ 
and each of the terms of form Ag’(u) may be treated as in 


Art. 1433, whilst the integration of the last term is effected 
above. 


log[g(u)—a] and 


1441. Integrals of form 
| Fle (u)] du 
[e(u)—a][e (u)—9] ... [e(u)—K] 
follow the ordinary rules of Partial Fractions in the first 
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place with an integration of the several terms of the form 
Dre" (u) +z 


above. 


_ _ which accrue, following the rules described 
@(u)—a 
1442, Ex. Thus 
Q?(u) du a aa 
(O(a) — a] [(w) — B}[P(u)—e] 2G —6b)(a—c) ro a 
a 1 Que (u,) 7% — Wa) 
mal CEL CE) ACP o(w+%)’ 


dz 
where i air ag Pb U,=etc., U,=etc., and 


9’ (uw) = —N4a3— Ia — J, ete. 


1443. GENERAL Summine Up. CoMPLETION OF THE METHOD. 

We can now consider the general case of the integration 
of a function of form (A+ BV/Q)/(C+ DQ), where A, B, C, D 
are rational algebraic functions of x and Q is a rational 
integral algebraic function of a of degree 3 or 4, thus extend- 
ing the result of Art. 318. By exactly the same process as 
in Art. ee the function may be thrown into the form 


--, where U, V, M, N are rational integral algebraic 

functions of x The transformation t= a+ —— may be 
=i 

applied to both parts, or to the second part only, for |\pe 


is directly integrable in terms of x by the rules of the first 
seven chapters. But for the sake of uniformity in the result, 
let us suppose the same transformation is appled to both 
parts. Then, having determined « and y so as to reduce 
iad to the Weierstrassian form oe 
JQ /48—Iz—J 
Art. 1432, g(u)=P, e{u)=P,, etc, where u is g-1(z). Then 
U/V and M/N, which are functions of «, take the forms U’/V’ 
and M’/N’ respectively, where U’, V’, M’, N’are rational integral 
algebraic functions of P, or what is the same thing, z; and 


IG eT Flat es ls 


U’ 
=|F P dus |igrd 


let us put, as in 
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where U’/V" replaces —U’u/V’(z—n)?, and U", V” are rational 
integral algebraic functions of z, i.e. of e(u) or P, and M’, N’ 
are also rational integral algebraic functions of P. 

Now U"/V" and M’/N’ can both be expressed partly as an 
algebraic series of powers of P and partly as a series of Partial 
Fractions. 


Suppose 
Sb M' eBivs Ww 
pr=raPr 42 (P—By = By and yr=2\'P" +2 a, (P— “Bi (P— By” 


which are the most general forms. 


: Prey Pek ak 1 Leeree 
Then [PP du= tee Bo ral apt 2d 


=log(P—8), so that all the terms of |p? du can be 


P, du 
[Pes 
integrated in terms of P, i.e. of e(u). 


Also [Pra has been shown in Art. 1432 capable of integra- 
tion, and the method to be followed has been there described. 


ae the integration of terms of the form [= P—p or 


ley Pe ®) ~ has been discussed in Art. 1435, The total result 
is therefore expressible by aid of the Weierstrassian function 
g(u) and its associated Zeta and Sigma functions, and the 
addition formula for each has been established. 

This therefore completes the theory of the integration of the 
most general algebraic function of nature (A+ BJ Q)(C+ DJ Q), 
where Q is of degree 3 or 4, the cases of Q being of degree 1 or 
2 having been completed in Art. 318. 


1444, ILLUSTRATIVE EXAMPLE. 


Consider the integration 


=|. Oe cee an 
z (2—1)?(z—2)/4(2+1) 
Let z=e(u, 0, —4), we. Weta —du; and let a, B be 


two constants defined by g(a)=2, e(6)=1. 
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Then ¢?(a)=36, g?(8)=8, e’(a)=6. 2?= 24, o’(8)=6. P=6, 
and we have 
Um (1+ 5-ea : o} du 


0 


Hence, by Art. 1437, 


Zs Lae oug(a) 7 (U—«) J ougia) 7M —8) 
U=u+8. = log e re —4., mk mre) 


—; {—¢(u—B)—E(u+B)— —20— log e245) ce} +6, 


and C is to be determined so that U=0 if u=0. Simplifying, 


ougayT(U—@) 13 1, eug a) 7 (¢— B) 
(Os ws log e Fee) PU tas ge = (ut B) 


+5 (2 +2 420} +40; 


and when w is diminished indefinitely, 


) 
_4 13 Les Al ieee | 
Og 8 eg ea ee ies) tie 
om 
4 13 
= ge go 


Therefore subtracting, 


eee ou T(a—¥) 18 goug(a) 2 (B—%) 
Uaguhg loge capaye eee eee 


1 1 gu) 


where u=¢-1(z,0,—4), a=e7(2), B=e*(1). 


1445. For further development of this part of the Theory of Elliptic 
Functions, the reader must be referred to some book expressly dealing 
with this section of the subject, such as Professor Sir George Greenhill’s 
treatise, where he will find a large number of very elegant applications of 
their use to the problems of higher Applied Mathematics, and a much 
more extensive account of them than space admits here. 


eT 
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PROBLEMS. 
1. Reduce the integral 
=(' a (2<7<2.5) 
a/4 (x — 2) (a — 3) (2a — 5) (8x — 5) 


to the Weierstrassian form, by putting z= 24s. Show that the 
moduli of the integral are 2//5 and yt, and vas %=@-1{1/(v— 2)}. 
Show also that w= ~- ait, / 85% a= 


a 
re dz 

z /423 — 202 — 
2>e,>¢,> 6, 


——, show that if 


2. In the integral u-| 


(i) @(u)= Step ut ye Su + et 


1 1 
(ii) ¢(u)= esta ate m3 
(ili) o(u) =u “ae nels - 
- 30 
me dx : 
3. If 2u= - , show by putting 
1 V (4a? + 17x + 4) (227 — 32 +1) 
a=y/(y - 5) 


that the integral is reduced to Weierstrassian form. Prove 
also that 


agi sf Ome rte +( 1 441 
sia i (=) 84, - 80) == gdn-"( BI]? 3) 


4. Show that 
320'3(u) g'(2u) = 64¢9°(u) — 80] 94(u) — 320.7 9°(u) 
— 20176?(u) — 16 LJ @(u) + (13 — 327?). 


Also show that if au=[_ vat * @'(2u) contains (wv) as a 
factor. 


, the roots of the 


5. Show that for the integral au=| oar 


equation g(2u)=0 are given by (wu) =a( (V3 +1), aw(/3 +1), 
aw*(V3 + 1), where w is one of the pel cube roots of unity. 


— 4a8 
Show also that @(2u) — (wu) = — yee, Be? and that 
@"" (u) = 24 {59% * ~ “2, 
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: Aldi Gs 0b _1 f%— 2as/2 cos 15° 
6. If n= Sree show that u = 273q@° frre 


Mod. sin 15°. 


7. For any Weierstrassian Integral, show that 


(i) Lio (mot =25. Gi U7, base = 5 ar 


uw (u) — u 


8. If u=g-(z, 84, - 80), show that the values of o(3) and 
o(F ap 0) are 4+3,/3, and that 
9'(u) V@2u — 4 + p(w) — 8e(u) - 11 =0. 
Show also that 
p(w + w) = — 279'(u)/{e(u) — 4}%, 
put) = 189'(w)/{o(u) - 1}, 
(w+ ws) = — 54¢'(u)/{e(u) + 5}. 


Oak uel’ ‘s 3, transform the integral by the 
1 {(w — €,) (# — &)) (a - €,)} 8 


substitution pa Oe , and show that 
& — Cy 


eC —— 4e@,€, — e,” 
y=P (3G) G4) 0 G— te). 


10. Prove the relations, 
(i) 0%(u)o(v +.20)0(v— 1) +0%(v)o(w + u)o-(w—u) 
+ o?(w)o(u+1)o(u—v)=0. 
(il) g(u)o?(u)o(v+ w)o(v — w) + e(v)o2(v)o (w+ u)o(w —w) 
+ 9(w)o*(w)o(w+v)o(u—v)=0. 
(ili) 9?(u)o?(u)o(v+ w)o(v — w) + (vr) 62(v) (w+ u)o (w —u) 
+ 9?(w)o?(w)o (w+ v)o (wv) 
= o7(u)o%(v)o%(w){ (2) — 9(w)} {@(w) — e(u)} {@(u) - p(o)}. 
(iv) o(v+w)o(v-w)o(u+2)o(u—2) 
; +o(w+ujo(w—u)o(v+2)o(v—-2) 
+o(u+0)o(u—v)o(w + a)o(w- 2x) =0. 
[GREENHILL, Z.F,, p. 208.) 
(v) o8(u)o9(v + w)o3(v — w) + 06(v) o3(w + u)08(w — u) 
mI tg 7 + 09(w)o3(u + v)o5(u — v) 
= 30°(u) 0?(v) o°(w) o (v + w)o(v — w)o (w+ u)o'(w — u) o(u+v)o(u—2). 
11. If w=e-(z, I, J), find the values of 


‘ US (u) ~ 126%(u) — I 
Jor [erate Joa Re orsaceras 
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12. Find the values of 


, du du du 
for du, |e (u) du, foro |e \emup jaar 


13. Prove that 


E (gu — ¢) (gv — gw)?[9(v+w) ~ e]}[p(v-~ w) - e]=0, 
where the sign of summation refers to any three arguments 4, », 2, 
and e is any one of the usual quantities e,, ¢,, és. 
[Matu. Trre., 1896.] 
14. Prove that 
Bp’ (u)p'(2u) = p(w) — 3Zo(u) — 18g — 43 (= 22) Cer = 6s)” 
P MP § § eu) —e, 
15. Prove that 
Je(2u) — e, + /e(2u) — e, + Ve(2u) — e; = {129?(u) - I} /49"(u). 


16. Show that 


fone du = 1¢0?(u) + log (gu — e,)4(~u — e,)%2(u — 5), 


where — a, =(e, —@)(@,—@3), %=etc, a,=ete. 
17. If p(w, ») SOHC e—%S(), show that 


(i) H(, v) $(u, -%) =e(u) - er); 

(ii) $(u, o,)=P(u, — ©) =Ve(u) - 4. 

18. Putting TEA ousted =0,(0), etc., etc., show that 
y 


o (2u) = 20 (uw) o,(u) o,(u) o4(w). 
[GreenHiny, L.F., p. 208.] 


19. If the function $(m, v) be defined by the equation 


log }(u, v) =4 Siena os a du, 


show that (i) ue 0) (% —») =e(u) - (0); 
Gi) 5a — (w+) ~ CC) — £0) 


(ii) 5 55 —20(0) +00, 


Hence give the general solution of the following case of Lamé’s 
Equation, viz. sab ee y 
y due = 29(u) + (2). [Greenuitt, #.F., p. 210.) 
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20. Prove the results 


P(u—v) + o(u+2)} 5 


(i) “2pay pony Mert) E 19 
(ii) EE = : ‘oot - 29(u) ov) © im fe 0) os 29((w-0) 5 
(i) ee cpeye =O) -eCleu—0) 

~ {9'(0) +9'(w)}p'(u +0). 


21. Obtain from the definition of the function g(u) the formulae 


om 
(a) g(w+e) ue +e(r)=m?; (1) plu)-e(ut+v)=—, 
where 2m= {¢'(u) — @'(v)}/{e@(u) — e(v)}- [Maru. Trip. IT, 1918.] 


22. Prove that 


du 1 1 (uw) } 
lemcen ” Coeg + 26,2 sf haa ai Be ga(w) — e 
23, Prove that o(2u) + o,(2u) = 20,?(u)o,?(u), where A, » are any 


two of the integers 1, 2, 3. [Maru. Trip., 1890.] 
24. If $(u)=(u+@)+(u)-—e, c=e'-e", prove that 
o e—eé Ge 
S(u)+2e” plu)—e pu) 6" 
and [S(u) }? = 4 (Su — £,) (Su - £,) (Su - £5), 


where L,, E,, H, are respectively e + (9e? — v2)? and — 2e. 
(Mata. Trip. II:, 1919.] 
25. Show that the function {@(u)—e,}4 is a single-valued 
function of u, and obtain its periods and its addition equation. 
[Martu. Trip. II., 1918.] 
dp 


$ 

I. {(sin ¢ - sin a)(1 —sin B sin $)}?’ 

expressible as a single-valued function of w in the form 
(sin ¢ — sin «)/(sin ¢ + 1)=4(1 —sin a) sin?(pu, h), 


26. If w= 


verify that sin¢ is 


where 
y?=4(1 -sinasin B), =4(1 —sina)(1+sin 8)/(1 —sinasin B). 
(Maru. Trip. II., 1918.] 
27. State the properties of the elliptic function @(u), which prove 
that there is a single-valued function a(u), such that a?(u) =¢(u) —e, 
and ua(u)=1 when u=0. 
Defining similarly b(u) = {(u) — ¢,}4, c(w) = {@(w) - e,} 4, prove that 
a(u) b(v) c(v) — a(v) b(u) e(w) 
a?(v) — a*(u) 
(Maru. Trip. II., 1916.] 


a(u+v)= 
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28. With the notation of the last question, show that if 
1, _ da(u) 
beh sgh ae 


(i) a(w+) a(u)=a'(o) = — a?($0) ; 
(ii) 2a(w) b(u) e(u) a(2u) = a4(w) — a4 (he) ; 


(iii) fe {i - a(n} dw =log [4u{b(w) + c(u)}}. 


(Matn. Trip. IT, 1916. ] 
29. Prove that 


(i) e($e) + e(fo + w’) =2e, ; 
(ii) e($e) —e(ho +o’) =2 {(e, —e,) (e, -e5)}?; 
(iii) e'(}) = — 2 {(e, —e) (ey — eg) fee ape 1— 6) 4}. 


{Matu. rien. IT., 1913.] 
30. Prove the formulae 


enacenB-—en(a+f) dnadnB-dn (a+) 
dn (a+ £) k? en (a + B) 5 
and hence verify Cayley’s theorem, that if a+ B+y+6=0, then 


snasn B= 


k?-Kk?snasn Bsnysnd+k?enaenBenyensd 
—dnadnfdnydné=0. 

Prove independently that with Weierstrass’ notation the addition 

theorem may be expressed in the form 
(€) ~ €,) 04.048 ayy + (€5 — €)) 7,4 728 ogy + (, — €2)034 7,8 ozy =0, 
where a+8+y=0; and show that the equivalent of Cayley’s 
Theorem is 
(¢) —€,)7,4.0,B oy 7,8 + (€3 — ) 74 798 oxy 7,5 + (2, — &)) T,00,B ogy 048 
+ (¢, — &) (3 — &) (2, ~ &) va cB oy 05 =0, 

where a+B+y+65=0. (Maru. Trier. II., 1890.] 


31. Show that ae ( nite L{o'(u) 9" (u) - 9'(uy} 
: (Maru. Trip. II., 1889.] 
Show further that this result when expressed as a function of ¢(w) is 


3e%(u) — Z1"(u) — 3Je(u) — Fe 


32. Evaluate (i) [fo —(v)}?du; (il) [fo — @(v)}?du. 
(Maru. Trip. II., 1889.] 
33. If one straight line cut the cubic curve y?=aa*+be+e in 
(21, %)> (%o Yo)s (@gr Ys)» and a consecutive straight line cut the 
curve in (*,+dz,, y,+4y,), ete., prove that 
dx,/y, + dity/Yy + dxy/y,=0. (Maru. Trip, I., 1914.) 
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34. If a variable straight line cut. the cubic y= ax’ + ba? + ca+d 
at the points (#,, 4), (2, Yo), (#3, Ys), and a contiguous straight line 
cut the curve in (2, +dz,, y,+dy,), ete., prove that 

(1) YrYoYs = At, Laihy + D (steps + Wg + Wyle) + C(L, + +25) +d ; 
(ii) da,/y,? + dx,/yq? + dxs/yq2 = 0. [GReeNuILL, E.F., p. 170.] 


35. Show that [@(w, — u) — e, ][gu —e,] = (e, — €,) (¢, — és). 


36. If u -|" (2? + a?)-2(a? +02)" 4dz, express 2 as a single-valued 
0 


function of u. (Maru. Trip. II., 1919.] 

37. Prove that : ORs Meal a where 1, m, n are the 
gu-—e (61 — &m) (41 — en) 

numbers 1, 2, 3, taken in some order. [Maru. Trip. II., 1913.] 


then z and 


: « dt 
38. Develop a proof that if “= aa 


J1—2? are single-valued functions of uw. Explain clearly what 
conditions the path of integration must satisfy and how you fix the 
value of the integrand at every point of the path. 

Express « as a single-valued function of wu when 


. dt 
u={" wl = ot #2) [Maru. Trip. IT., 1916.] 


39. If 2w, and 2, be a pair of primitive periods of the elliptic 


functions, 5 (2) ota 2 
, @'(u+o,) _ a EP lee p< } 
() Bhow that ew) ~~ pt =Ble) 


(i) Itz= ER) 
(3) — 9() 
ae o(s Gt 0) pete 9 (wg) + 20 € se 01) 
(3) #(0,) +20(%) 


Hence show how to express the coordinates of a point on the 
quintic y= «(24 — 1) as elliptic functions of a single parameter. 
[Burnsipx, Proc. L.M. Soc., 1892.] 
40. Show that 
8h?s8c8q3 
HUSH) BE) meas 4 (2414) 8 — 3h 
(Maru. Trip, II., 1913.] 
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ELLIPTIC FUNCTIONS (Continwed). REDUCTION 
TO STANDARD FORMS. 


1446. Preliminary Considerations. 
Taking the general integral | hs , where P is any rational 


Ni 
algebraic function of a, and Q the ae function 
ayx*+ 4a, x°+ 6a,27+ 4a,7+a,, 
we now proceed to show how it may be reduced either to the 
Legendrian form or to the Weierstrassian form, as may be 
desired. 


1447. We shall assume that the several coefficients occurring, 
VIZ. My, G,, Ay, Az, a, are all real constants. 

The roots of a biquadratic Q=0 with real coefficients must 
be either (1) all real, (2) two real, two imaginary, or (8) all 
imaginary. 

The roots of a cubic equation with real coefficients must be 
either (1) all real, or (2) one real, two imaginary. 

Further imaginary roots occur “ in pairs,” and are conjugate, 
i.e. of form a+.8, where a, f are real and w=J—1. 

Hence when a,0, Q must factorise, at the least, into two 
real quadratic factors, and it may further factorise into two 
linear factors and one irreducible quadratic factor, or into 
four linear factors, the coefficients of such factors being all 
real. 

And when a,=0, Q must factorise, at the least, into one 
real linear factor and one irreducible quadratic factor, or it 
may be into three real linear factors. 


For the present we shall consider a)#0. 
567 
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1448. The Invariants. 
Now when any binary quartic 
Qaayat+ dao y + 64,0°y?+ 44,0y> + ay'=(do, dy dy, dy, 44) (2,9)! 
is subjected to a linear transformation 
a=IX+m,Y, y=l,X+m,Y, 
so that the modulus of the transformation being 


NEES 


L,, m, |=lm,—I,m,, 


I, Ms 
Q takes the form 
Q =a, X'+ 4a, X*Y + 6a, X?Y*?4+ 4a,/X VY%+a/¥* 
=(dy', a,', ay’, ag, a,')(X, Y)*, 
the quadrinvariant [=a,a,—4a,a,+3a,? is of order 2 and 
weight 4; 
the cubinvariant J=a,)a,a,+2a,a,a,—da)a,?—a,a,?—a,? is 
of order 3 and weight 6; 


and if I’, J’ be the same functions of the new coefficients in 
Q, we have I’=A‘I, J'=A%J, so that I’3/J’2—J*/J?; and this 
is an absolute invariant, being independent of the letters of 
the transformation formulae. 

Now amongst the four letters 1,, m,, 1,, m,, there are three 
ratios at our choice, and sufficient, if they can be determined, 
to make either a,’ and a,’ both vanish, or a)’ and a,’ both 
vanish, and in either case we shall have a third choice 
between the three ratios still available for any other purpose 
of simplification which we may desire. The choice making 
a,’ and a, vanish is the Legendrian plan of attacking the 
problem of reduction. The choice making ag and a,’ vanish 
is the Weierstrassian method. The latter is the more modern 
and the simpler. We shall therefore consider it first. 


1449. RepDucTION TO THE WEIERSTRASSIAN Form. 
If a, =a,/=0, the invariants become 


=—4a/6,, J'==a,7a,, 
Q’ becomes Me (10x Xx Y?— a ¥?), 
ay ay 


and a,’ still remains at our disposal. 
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We could make it unity by a proper final choice amongst 
the transformation letters. For the moment we reserve the 


choice. In any case we have seen that it is possible to trans- 
form Q to the form 


QV=KY (4X8—g, X Y?—g, Y3), 
where K, g,, gs are certain constants which are functions of 
Mg, Gy, Ag, Ug, Ay; 1, my, 1g, Me. 
1450. Now let 
f(x) =a! + 4a,2°+4 6a,x2?+ 4a,2+4,, 
and let the roots of f(z)=0 be ag, a,, ay, ag, so that 
f(#)=4o(a— a9) (x—a,) (wx—a,) (way). 
From what precedes it appears that by a proper choice 
amongst the letters 1,, m,,1,, m,, in the homographie sub- 


stitution x=(l,z+m,)/(1,z-+-m,), f(x) may be reduced to a form 
in which the term in 2 is absent in the numerator. 


i _ (= agl,)z-+(m,— agm,) 
Now L— Ag ce , 


and if we make our first choice amongst the three disposable ratios 
I, : m,:1,:m, to be l,=agl,, we shall have 
m a m 
oe hg ee A 
lLzt+m, I,z+m, 
and the two quantities yu, y are still at our disposal. 
We now have 


I,— a i 
@—a,=a9—a, + ---= (z-n+ } 


: Me 
L—dag= 9 eC. sal me, say, 


2—n 2—yn Ag— a, 
ag ao tad ) 
— = = 2— ae 
L— ay er f LT pas ? 
ag— a, Mh ) 
— = = 2 
L—asy —_ ( Ee Gaas , 
and 
(ao— a) (ag— ay) (a9— as) 
xz =a SSS ST ee tee, 
f(a) = a9 (z—n)! 
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In order to arrange that the term in z* in this numerator 
shall be absent, we shall make the choice of a relation between 
and wu, viz. that 

1 il 1 
Gary ere seein) 


16 5 On Oia Uy a0 mag 


and we still have one chovce left amongst the constants at our 


disposal. 
Moreover, since dx=—y dz/(z —n)?, we have 
dx a SE dz 
Vf (2) Saou (49 ~ a4) (4 ~ 43) (4o— a) 


1 


a 
{eat siege Gare 


Let us now make our final choice amongst the disposable trans- 
formation constants, such that 


[k= 4g (aq — ay) (@9—ay) (ag— ag). 


Then, since f(x)=a9(%—ay)(—a,)(x—a,)(a— as), we have 


= Sf’ (x)=(# -a,)(w—a,) (x —a,)++ terms containing (~—ap) ; 
0 


whence 
be #2 te ite? 
ral, (a9) =(ao a) (ag—ay)(ag = a3)= Pie oe b= if (ap). 
0 0 
Again, 
1 


2a, “"(&) = (%— ag) (Z—a,) + (& — ag) (G— ag) + (% ag) (4— a) 
+(#—a,)(%—a,)+ (v—ay) (x—as) 
+ (%— az) (4—as) ; 


whence : 

(ers y 
2a (a9) =(ag— ay) (ag— as) + (ag— as) (ag— a,)+ (ao— ay) (ag—ay); 
and since n=3( i se ee ), 

Oo \G,—Gy Gg = Gs | Ope ee 
4 . t 5) F(a) : 
thisgives  9=4.4/"(m) 40, ne, nate f(a) 
=f (ao) 
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Thus ~ and y are now found, viz. u=}/"(a), n=" (ao); 
dx —dz 
d ——=-________., 
Vfla) V4e'—g.2—9, 
And seeing that the relation @=ag+- 5 an eo gives an infinite 
value to z when aay, we have 


a dz 
\ ee ik J/428—9,2— 7 =91(2, Jo, Js) 3 


and if this integral be called u, we have z=e(u). 


where gy, Js remain to be expressed. 


1451. If ¢,, e,, es be the roots of 428—g,z—g,=0, we have 
€+6,+e,=0, €,¢,+ 03+ €,¢,= —2, €1%5¢= 2. 


Moreover, regarding 42’—g,z—g, as the form assumed by 
the transformed quartic function (i, a,, a, dg, ,)(a, y)*, viz. 
0.24 4a,'2+6.0.2?+4a,'z+a,, we have a,’=1, a,,.=—lg,, 
a,=—g,; so that I’=g,, J’=gs. 

Also we have 


Me my —2 1 1 ) 
— —— 
nor ag—a, 3 rae area tae or 


=i @[ — 2 (ag—4,) (4p— a3)+ (g— @,)(ag— ay) 
+ (ao— a)(to— a2), 


: a 
Ve. “=T5 [(ag— a.) (ag—a,)—(ag—a3)(a,—a)]. 


Similarly 
“=33 [(@9— ag) (a, — ay) — (a9 — a) (a2— ag), 


ac) 
= 28 F(ag—a;)(ay— 4s) —(ag—a,)(ay~ a,)} 


thus expressing the roots of the cubic 4z*—g,z—g,=0 in 
terms of the roots of the quartic Q=0; and therefore g,, g5 
or what is the same thing, /’ and J’, are now known in terms 
of ap, a;, dg, ag and dy. 

We shall now for convenience drop the accents from J and 
J as being no longer necessary, and these letters will therefore 
be for the future understood to refer to the new form of the 
quartic function 0.2*+42°+6 .0z?—Jz—J, and henceforth use 
I and J, as in the previous chapter, instead of the letters 
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go and gs, respectively as may be desirable, and the accents 
can be restored whenever we wish to institute a comparison 
with the corresponding symbols belonging to the original 
quartic Q. 


1452. Our transformation is now complete, and we have 


w= da “1p dz 
ay V (Ag, Ay, Uy, hg, A4)(@, y)t Jz V4229—Iz—J 
z dz ‘ 
aa a NCS i, J ; 
\ Ricmers rmrayrmmra fa 8 


the transformation to effect the reduction being 


1 (a0) 
“= 2 bel Jha 
age a (a) 


1453. To find the Legendrian Moduli, the Roots of @=O being 
known. 


The transformation formula may be written 


M_. 
A 
1 oe ie 
. = K 
we have also é:=nt+ , 
a, — ao 
aZ— 
anda Ba Ore ot, 


L— Ag a,— ao Ag— Gy L— Ao 
7 
e __ si (ao) C— ay. 
= 
4 Ag— ay L— Ag 


_% f(a) @--a, ee F(a) a, 
4 Gg—Gy F—ay. 5 4 ag—az L—ay 


V0. Z— 


similarly z—e, 


Also the Legendrian moduli k, k’ may be readily expressed 
in terms of ao, a,, ag, a3. For since (Art. 1414) 


k?=(€,—€s)/(@,—¢3), k®=(e,—e,)/(e,—es), 


we have 
1 ‘: 1 ‘ 
j2— 0% to dy _ (49 4) (4g ary) __ . 
| el) (as9;)(es—e,) {ag, 4%, 43, ao}, 
Ag a3 Ag — Ay 
ase 
[2 WO 2_ Fo _ (A= Gg) (4, = Gy) __ 
ole ean (@g—a,) (a, —as) {aq, a3, @, A} 
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1454. Cubic to find the Legendrian Moduli, available when the 
Roots of Q=0 are unknown. 

We may obtain an equation for the determination of the 
moduli k and k’ for the case in which none of the roots of 
Q=0 are known and are not readily obtainable. 

Since k?=(e,—e,)/(e,—e,) and k2=1—k?, we have 


ke, —e,+k7e,=0 } 


and é. +¢,+¢,=0; 
whence 
nk, Ps ets 
—(1+k?) P—R o1+k  /3(k?—1) 
= Sa 
J+) (+h?) (k? =) 
and €y05—e"=—TL, ¢,¢,¢5=4. 


ry I — ‘ 2 
Therefore al mers —4(2+ 12k?) (k?— he) 


ag B J? B—27J? 
02 J./2 -: = } 
Writing k?k?=P, ii—Py 27 (2+P(1—4P) 7p? 
P 4 J? 
go re i ha RS 
whence (IPs 97 @ 27 7a) 


J? 7 ‘ 
and — is an absolute invariant, free from the modulus of 


B 

transformation, viz. 
| , 

Gp, Gy, My |?/(Aptt4—4a,a3+4+ 30,7). 

Bocm Mer te 


Gg, Ag, Wy 
when expressed in terms of the coefficients of the quartic Q. 
This cubic for P may be solved by Cardan’s method, and 
thus the product kk? can be found; and as k?+-k?=1, both 
k and k’ can be found. 
1455. ILLusTRATIVE EXAMPLES. 
dx 
4922 —5ax 
Here there are obvious roots of f(x)=0, viz. c=0 and x= —1, 
Ff (we) =1203 4 51224 182 -5, f(a) = 3602+ 1020+ 18. 
Taking the root c= —1 as a, 
f(-1)=16, f’(-1)=-48, p=} f'(-1)=4, n= f"(-1)=-2. 


Ex. 1. Consider the integral we [* py 
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Hence the proper reduction formula is 
bony Oh Ve eee 
= Og + —— tos 1+75 peg 
Then f(2)=2(e+1) (3x? + 147 —5)=a2(e+1)(x+5) (3x —-1) 


= 64(z—2)(z—1)(2+3)/(2+2), 
and dx= — 4dz/(2+2)*; 


» tt dz wa dz 
"NF V4(2-2)(@-I (248) S427 — 282 + 24 
Also «= —1 gives z= 


dz =9 
n/4z3— 282424 
In this case e,=2, e,=1, e,= —3, k®=(e,—e5)/(e, —€,) = 4/5, k’2=1/5, 


“1 (z, 28, —24) and z=(vw). 


5 . 
Q(u)= tii Soy aly 


en(uy8)= 5241, w= e807 Aes 
Ex. 2. Take the same example, and start with the root 7=0. 
Here a=0, f'(0)=—5, f"(0)=18, p=—5/4, n=3/4, 
w= —5/(42—3), dx=20dz/(4z—3)?, 
ii Amara ere 


Carel. ESET 
“(37 ee ee Hl lae- =([s+ +) as — 282-424 
dz dz 
EE cll -[ 7 


Or i, da —282 494° 
Hence z=((2w,—u)= mA as before. 


Ex. 3. Examine the same integral with the substitution v=5 5 ie 
40s ds 4s? : 20 4s? — 
Then n= — ai a+l=——ss w+5=— SAL 32—-—1= =45 = 


ds 8 2 = 
ence u=ze | Wars) d2): es aaen (is/B) mod. = 


which agrees with the former result (Ex. 1), in which 


H 


5 4 452 pe || 
O(uw=—-3+ 5 and A= Slitsiajee> a eee Boe: 


REDUCTION TO WEIERSTRASSIAN FORM. 575 


1456. Transformation for the Case of Unreal Values of the ¢’s. 
So far e,, e,, es have been considered real. Now suppose ey 
real and e,, e; to be complementary imaginaries. Take the 
: : X— ey) (2—e ‘ 

hyperbolic transformation y— ee aa) , Where 7, is at 

C= 

1 

our choice. Since e,+-e;-++e,=0, we have 

__ 22+ €,0+ Ces 
L—e, 


Q¢e.2 
C9, + 2€, 
w—e, 


Y—n, at 2e, a 


Let us choose »,=— 2e,, 7.e. choose the hyperbola so that the 
oblique asymptote passes through the origin. Then the graph 
of this transformation is a hyperbola with asymptotes w=e,, 
y= and centre (e,, e,). Let (&, m2), (£, 3) be the points at 
which the tangent is parallel to the z-axis. These points are 
the ends of a diameter, and 4,+ y,=2e,=—, 3 .". my-+tny-+n,=0. 


Moreover, € and &, which are the roots of =o must be 


repeated roots of the equations y=y, and y=», respectively, 
1.€. 2 ms 
y <1= Sao and y—ny= = , 
whilst @, which is 1-224" must take the form 
da’ (x—e,) 
dy _(w~&)(e—&) 
dz (x —e,)? 
Clearly the values of &,, , are e,+./e,¢,+ 2¢,” 
eraneaeis sem ES 
/4(a—e,)(a—e,)(a— es) 
_{_dy(e@—-4a4yP 1 
I @—£)(@—&) V4(e—e,)(w@—e,)(a#—e,) 
x f (we) dy 
I (@—e,)(y—M9) V (@— 6) (y= 1g) V(4 (@—8,)?(Y— ny) 
os | dy 
INE m(y= mY "09) 
in which », +7.+7,=0. 
The nature of the transformation graph, in which the 
branches of the hyperbola cannot cut the line y=m, since e, 
and e, are imaginary, and which must therefore lie in the com- 


Thus | 
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partments between the asymptotes as shown in Fig. 427, 
establishes the fact that ,, 75, nz ave essentially real quantities ; 
y =n and y=n, are the maximum and minimum ordinates of 


Fig. 497. 


the graph, and the line y=y,=—2e, is a line parallel to the 
x-axis at a distance twice as far below that axis as the centre 
is above it. 

1457. Analytical Examination of the same Transformation. 

If the roots of any cubic agv*+3a,x7? + 3a,v+a3;=0 be ay, ag, a3, we 
have ao°(a2 — a3)" (a3 — 43)” (a, — Og)? = — 27ao7A, where A is the discriminant, 
viz. A agrag” — Gag 1903 + 404g? + 4,344 — 3a,2a2", 

(Burnside and Panton, Th. of Eq., p. 83.) 
and the roots are all real or one real and two imaginary, according as 
A is —“ or +. 

In the case of the cubic 42°—Jv—J=0, with roots e,, €2, es, we have 
ay=4, a,=0, a42=—-4I,az=-—J; A=4*J?+4.4(—}D§= —14(13—27J%), 
and (€g — €3)?(€3 — €1)" (€, — €2)? = zy (13 — 270”). 

The roots are then all real or one real and two imaginary, according as 
—27J* is +*° or --**. In the case we are considering, viz. one real, say 
e,, and two imaginary, viz. e,=p+.q, e;=p—vq, p and q being real, and 
€, = — 2p, so that e,+e,+e,;=0, we have 

T3 — 27 J2= 16 (21g)? (9p? +g)? = — 64g2(9p? + q2)2= —". 
2 


2 


But when we transform by the equation y=xv+ aes where 
R?=e,¢e;+ 2e?=5p?+g?= +", ; 
we have £,=e+R, £;=e—R, y2=e,+2R, ns=e,- 2K, n,= —2e;; 
and in the new cubic, 4y3—JI’y —J’=0, we have 
13 — 97, = 16 (2 — 3)"(3— 1) (m1 — Ma)” = 16 (4)? (3e, — 2R)?( — 3e, — 2K)? 
= 256 R?(9e,? — 4R?)? = 256 (5p? + q”) (16p? — 4q*)? = +-"*. 
Hence all the roots of the new cubic are real. 
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1458, InLusrrRAtive EXAMPLE. 
1 dx 
« Nat — 1223 + 54a? — 1000 +57. 
Here v=1 is an obvious root of f(«)=0, 
f' (x)= 403—3622+108v-100, f’(1)= -24, 
f” (x)= 12x" — 72 + 108, f'()=48; \ 
. p=}f'(l)= -6, y=af"(1)=2. 


The transformation formula is 2=d)+ P=l -—.. 
a-7 -% 


Integrate 


We also have 
S (2) = (#1) (a3 — 11a? + 43.2 — 57) =(e—1) (a —3)[(v— 4)? +3] ; 
hence two roots for x, and therefore also for z, in the transformed equation 
will be imaginary. 
The transformation is 


144 
"@ pant 2)(2+1)(12)(2? -2+ 1)=G-oy ay +1); 
6dz dz x 
also de =p ; whence jee chow =| Crore 1(z, 0, — 4). 
Transform further by the rule of Art. 1456. 


Prete iets. 3 
ae toe Ea ee een 


éQ=-1l, m=—2e,=2, y=n+ 
dy _ 3 : af = 

and 7,=1— payin” Bives 2= + V3 ch 

Therefore 7,=2V3-1, ng= —2V3-1 and m+%2+73=9, 


z—V3+1) _(@+n34+)), 
ee fay 


| Ai aie a ER z+1 
Peep cousdermerny meters Fee ty 
2 4844 Jy (2+1P-3 J4(24+1P(y-—m) 
2 dy z+1 
~y Ne@+lyy—m)NetDy—m) N4y—m) 


ef dy a 
» N4(y—n)y-—ndy—23)  V4(y—2)"+ 2-11) 


= ——— Y 60 —88 2 
ytd (y3 — lby + 22) ? (y, ’ ») 


In order of magnitude the values of the ’s are 
m=2V3-1, m=2, 3= —2/3-1; 


whence P= 3+2N3 4423 _ ain? 75°. 
4/3 


= dn?24/3u 5 eee 
Thus y=@(u =O te ye mod. sin 75° ; whence we can express 
wiht A sn220/3u’ P 


zand x in terms of wu. 
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x 1) -2N3+1 

a 220/31 By Ds ———, 

We have cn u o(u)+9N341 
nd w= : etipeoaee 
: O83 yt1+2n3 


1 2(7 —5a +2") —/3(1—2)(3-2) 


=——cen = , (mod. sin 75°). 
23°" Nees eee 


1459. Repuction To THE LEGENDRIAN Form. 
We next turn to the other method of reduction referred to 


in Art. 1448, which endeavours to express I 
Nv 
oe (2 <1). 


directly in the 


Legendrian form | ; 
- J/(1—2*) (1— 72?) 
1460. Preliminary Geometrical Considerations. 

It will be convenient to consider the expression Q made 

homogeneous by the introduction of the proper power of y 

where necessary, and written with binomial coefficients, as 


Q=ayr*+4a,e%y + 6a,07y?+ 4u,ry?+ ay, 
and to imagine it to have been factorised into two quadratic 
factors with real coefficients, as 

Q=(au?+ 2hay 4- by?) (a’a?+ 2h’ay+ b’y?). 

Consider the two concentric conics whose equations are 
ax?+2hey+by=F, a’a®+2h’eyt+by=G; 

F and G being at our choice, we may select them so as to 
give real intersections P, Q, R, S, which will always be 
possible if one of the conics be an ellipse. Then it is plain 
that PQRS is a parallelogram concentric with the conics, and 
that, as PQ, QR form a pair of supplemental chords of both 
conics, the lines through the centre drawn parallel to the 
sides of the parallelogram form a common pair of conjugate 
diameters, viz. OX, OY It is therefore possible by a change 
of axes, to the axes OX, OY, to remove the term in XY in 
each of the two conics simultaneously by the same linear 
transformation, viz. (e=\AX+uY, y=nvxX+ wY), say; A, B, 
rN’, w’ being all real when one of the two conics is an ellipse, 
or when both of them are ellipses; and the conics becoming 


AX*4+BY°=F, A’'X?+BY2=G, 
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Q can thus be reduced to the form 
Q's (AX?+ BY*)(A’X?+ B’Y®), 
or, as we may write it, 
Q = A, X'+ 6A, X*Y?+ A, V4, 
We may obviously make a further reduction by putting 
Cy 7 oe 4/7 
XVA,=6, Y/A,=n, thus reducing the quartic Q to the 


canonical form 


Q= E+ OAL +H 


Fig. 428. Fig. 429. 


If both conics be hyperbolae, the common conjugate diameters 
may be imaginary lines. But in any case their equations are 


a, ay, y? |=0. 
b, —h, a 
by, —h, a 


(Smith, Conic Sections, p. 196.) 


We may, however, readily avoid an imaginary transforma- 
tion. For, as has been seen, the only case in which it could 
occur would be that in which both conics are hyperbolae, as in 
the case shown in Fig, 429, where there are no real inter- 
sections. In this case the factors of Q are all linear. Call 
them (1), (2), (3), (4). Then, instead of taking the hyperbolae 
(1)(2)=F, (3)(4)=G, we might take the hyperbolae (1)(4)=F, 
(2)(3)=@ (Fig. 430), and with a proper choice of # and G we 
can ensure real intersections and real common conjugate axes 
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to which we can refer the system. We infer therefore from 
these considerations that it is always possible to remove from 


Fig. 430. 


Q the terms containing zy and zy* simultaneously by a real 
linear transformation. 
1461. If in the transformation formulae 
w=AX+pY, y=r'X+y'Y, 

we write \'X =& wu’ Y=», the formulae take the simpler shape 
®=NyEtun, Y=Etn. It follows, therefore, that it is always 
possible, by a real substitution w=(p+qz)/(1+z), to reduce 
Q from the general quartic form 

Q=a,24+4a,0°+6a,x?+4a,0+a,, 
to the form Q=(A,2?+B,)(A,2?+ B,)/(1+2)!; 
and since dx=(q—p) dz/(1+2)?, we have 

® =(q—p) te 
JQ TEPER AP TBY 


and the values of », q are in all cases real. 


1462. Outline of the Process of Transformation. 

As the whole discussion is necessarily somewhat lengthy, 
we may with advantage stop for a moment to outline what is 
to be done. 
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I. It has been shown that when a)£0, we can always, by 
the transformation «=(p+qz)/(1+2), remove odd powers 
of the variable from the radical, p and q being real. 

It remains to show how the necessary values of p and q are 
to be found. 

II. We shall show that the same transformation will also 
reduce the integral to the desired form in the case when 
a=0. 

Ill. That by a further transformation 

2 = (A+ Bs')/(C-+ Ds?) 


or, which is the same thing, 2?=(A+Bsin?6)/(C+D sin’), 
the form now arrived at can be still further reduced so that 


oe becomes a constant multiple of 


VQ 


ds | dé 
—SS——— a eae) k 1 'e 
laces os J1—i? sin? ae 
The ratios A: B:C: D are at our choice. 
: M da 
IV. That starting with the integral \7 ——, where M, NV 
1a g integ ¥ JO 


are rational integral algebraic functions of «, we obtain after 
the transformation z=(p+qz)/(1+2) a result of form 


[¢(2*)+2y-(2*)] dz 
MA,2+B,)(A22*+ B,) 
2) dz 

and that whilst | a) can be reduced b 

J(A,24+ B,)(4.2?+ B,) # 

j ; f(z’) dz b 

earlier em the portion | Jae B)(Ae 4B) can be 
expressed by means of Legendre’s Integrals, and that there- 


M dx 


fore by these means | VO can in all cases be reduced to a 


system of algebraic, logarithmic, circular or hyperbolic 
functions together with one or more of the three standard 


Legendrian forms F, # or II. i” 
TBO dey, where 


Hence, as in Art. 318, the integral eso 


A, B, C, D are rational algebraic functions of z, and Q is now 
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a rational quartic expression, can be reduced to the sum of 
a similar set of terms by aid of the elliptic functions now 
described. 


1463. I. First consider a,-0 and imagine Q to be factorised 
into two quadratic factors with real coefficients, as 
Q=a,(a?+ 202+ u)(a?+2r a+’). 
Then putting x=(p+qz)/(1+2), 
a+ 2ro-+ w=[(p-+92)+2d(p-+q2)(1-+2) +m (1-+2)/(1-+2) 
=A (#+2fz+g)/(1+2), where H=q?+2Aq+m, 
and sas f ae a . 
H pqtX(p+q+m pe+2\p+mu 

Similarly, «+ 20+ pw’ =H' (2+2f'2+9')/(1+z), 
where H’, f’, g’ are the same functions of p, qg, ’, u’, as H, f, g 
are of p, q, A, m. 

Hence Q=a,H H (2?+2fz+-9)(2+2f2+ 9')/(l+z)*. 

We shall be able to make f and f’ zero by taking p and q 
so that 

Patr(pt+g)tu=0 and pq+r(p+q)+u'=0, 
fs Bese 2 p-q 
Mu V’e ww NA Vue P—4N— A) Ow Ww) 
Now (u—p’)P—4(\’—A) (Aw 2’) 
=(u+n’—20N’)?—4(u—d2)(w—02) = K, say. 
So pt+q=(u—w)/(’—A) and p—q==K/(\’—X), whence 
p and q are found. 

This completely determines the necessary transformation, 
and we shall show that K is real; so that in all cases 
p and q are real. 

The form of Q is now reduced to 

Q=a, HH (2+9)(2+g)/(1+2)4 
Also dz=(q—p)dz/(1+z2)2. 
dx 


Therefores 2 eee ee 5 Unt ee 
VQ Va,HH’ J(2+ 9)(2+9) 


1.e. 
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1464. Next, to examine the Reality of K. 
(i) When the roots of Q=0 are all imaginary, \>< » and 
> ang we. 
Let un=A?+ p®, w=A?+p% Then 
BO = (ut uw — 2X’ — 4(u—A?) (uN?) 
=(A?+)? +d? p®—2rd'P— 4p"? 
=[0—V)P+(p—p1-[A-2P + (+0 
and is essentially positive. Hence K is real and », q both real. 
(ii) When Q=0 has two real roots and two imaginary, 
\?—4 and \”—,»’ have opposite signs, and 
BP (ut p'—2d’)P— 4(u—A*)(u— A") 
=(ut+p’—2AX’)?+ a positive quantity = +". 
Hence K is real, and therefore also p, q are both real. 
(iii) When the roots of Q=0 are all real, say a,, ay, ag, ay 
arranged in descending order of magnitude, we may take 
QA=—(a,+a5), w=ayay, 2A’ =—(azstay), w= A304; 
K?=(u+ p’—2AX’l?— 4(u—A’*) (wu —X”) 
i [a,a,+ aga,—4$(a,+ a2) (a3+ 4) 
—4[4a,a,—(a, + a5)"] . [4a3a,—(a3+ ,)”] 
=(a,—a,)(a,—ag)(a,— ag) (a,— ay), 
which is again positive, and therefore K, p, q are all real. 
In the case f=/’, we may put 2+f=. 
Then Q=a,HH(w?+9—f?)(w+g'—f/?), and the required 
form is taken without further reduction. 
1465. II. Case when ay=0. 
In this case Q=4a,2° + 6a,27-+ 4ar+ ay. 
The case a,=0 need not be considered, as the integral would 


then reduce to a standard form. 
One factor of Q must now be real. Let ¢ be the real root of 


Q=0. 
Then Q=4a,(a—e)(a?+2Ar+ pn), say. Then, putting 


a=(p+qz)/(1+2), as before, 
a—e=[(p—)+(q—) I+ 9/4 P= A (P+ 2fetg +2? 
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say, and a+ 2\97+ uw=H(2+2fz+g)/(1+z), as before. Then 
proceeding as in Art. 1463, 
H’=q—.e, 2H’f’=p+q—2c, Hg =p—e; 

and making f=f’=0, p+q=2e and pq+A(p+q)+u=0 

Therefore p+q=2e, pg=— 2e\— pu, whence 

p—q=2)(e+A?+ p—r*. 

Thus, (i) if the factors of #?+2\7+, be imaginary, 
A? < uw, p—q is real, and therefore p, g are both real ; 

(ii) if the factors of 2?+2)v+4 be real, let the roots of 
Q=0 be e,, e, es, arranged in descending order of magnitude. 


at% 


Then we may take e=e,, \=—,, w=e,¢,, and 


p—q=2n[{e,—4( (€p+ €3)}? + €,—4 (6+ €5)"]=24/(€,—e5)(€,— es), 
which is real, since e, >e,>e,; and p,q are real in this case 
also. And the rest of Art. 1463 still applies, and the reduction 
to the Legendrian form is effected as before, Q becoming 
4a, HH’ (+9) (2+9')/(1+2)* 
ard o> ae sige HEY Eee oy 
JQ V4a,HH J@+9)(+9) 
1466. We have therefore in all cases reduced the differential 


sus to one of the forms € ei 
VQ V+ (2+ 0°) (2+ 8?) 
taken a real constant function of a9, a,, d,, ds, a, of known 
value and a, 8 both real. For if /aj,HH’ or ./4a,HH’ be of 
unreal form, we may replace them by /—ajHH’ or /—4a,HH’ 
carrying the negative sign into the other radical. 

The case /—(z?+ a?) )(2+ B) is obviously unreal and need 
not be discussed, as we are now dealing with real functions. 


, Where C may be 


1467. III. We have therefore only to consider the reduction 
of the five cases: 


(1) V+-a@)(?—B4); (2) V—@—a)(2—B4); 
(3) V+(+e)(?—B8%); (4) /—@+a2)(@—B9; 
(5) V+ (2+ 0)(#+ B). 
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The final substitutions to reduce these five cases are all of 
the form 22=(A+ Bsin?@)/(C+Dsin?@), where the values of 


the ratios A: B:C:D are to be suitably chosen. We consider 
each case in detail. 


1468. Case (1), /(22— a?)(22— 6); a? > 6%. Thisis unreal if 
2* lies between a? and 62. 
(i) a>B>z Put 2z—Bsin 6, k=B/a. 


ni \ i 1 i Boos 6 dé 
oN(2—a)(2—B2)  BJo V(a®— BP sin? 6) cos?@ 


—*( dé rah 


See = A" O. 
oVl—sin2@ a 
Hence z=8snau; mod. B/a. 
(ii) z>a>B. Put z=acosec 6, k=6/a. 
- I dz =i —acosec 6 cot 6 dO 
~ de /(2— a?) (2— B?) a J cot? 6 (a? cosec” 6— 8?) 
t] 
= | eee ee 
aJoJ/1—Ksin?9 a 


Hence z=a/sn au; mod. B/a. 


my dz ee : dé 
aa i SR a) Tea 


8 
=1({ -| _ phe pe am~@), 
a\Jo J1i—sin?@ 4 
where K is the complete elliptic integral. 
Hence z=a/sn(K—aw’)=a dn(aw’)/en(aw’). 
1469. Case (2), /— (2—ai)(28— — B*); a& > 6% This is un- 
real if 2 does not lie between a? and 3. 
Put 2=a?— (a? spew. Le. a deities 


Then a2?—22=(a2—B%)sin?9, 2—B?—=(a?—f?)cos’8, 
Seis A) poo 
pecietiee P ) Tat Bsin®O 
> 8 
AE af dz =1| dO : a at 6. 
/—(22— a?) (22— 8?) ov/l—Fain?@ 8 


=o" 422 


a a® 


where Bae 
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Hence 


yee 
2—=acn?(au)+ 8’sn*(au), we. z=adn(au), mod. Nieges 


1470. Case (3), J(2+?)(22—?). This is unreal unless 
> 84 Putz=6 sec. 
w=] dz =| B sec 0 tan 6 dd 
p/ (22+ a2) (2—B?) Jo ./8?tan? 6 (82sec? 0+ a?) 
=i) “gee f et ee 
oV B+ a2cos?@ /a?+ B2Jo /1—k*sin? 0’ ae ay 
={ d0 k 


————— = - am. 
o /1—k?sin26 a 


a 
Hence z=8/en (3"). 


1471. Case (4), /— (22+ a2)(2— 8%). This is unreal unless 
a <8 | Putez=—6 cos G, 


wf" dz =|’. —Bsin 6de 
2/—(2+a?)(2—B) Jo ./Bsin?6(a®-+ B?c0s*6) 
oe Ua (Ye De a 
=jarRl, Ji—-Fsint@ Bo °, (k =arp) 


Hence z= en ie mod. eae 


1472. Case (5), V(22+0?) (2+ 82); a? > 8% Put z= tan 6. 


re dete a9 
do Me +2) (2+ 8?) Jo /B?sin?26+ a®cos?d 
ine nese 
pe pe 


— 0 gi eante me 


Hence z=8 tn(au) (mot. a/ Le 


For convenience of reference we exhibit these cases in 
tabular form: 
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(9 sgt a)(9Uisgt+V)=-% Jo sesvo o1v SUOTINITYSQNs oY} Sesvo [[e UT 


{ 
0 0 gung= 
(nn) uo =2 gree Oe =) ey: i 1N/ag =2 g< (cf +22) (c? +22) G 
Op 2 ete? Q 809 gf = S Sin re 
ery uo =z gw FASE =n rE Ig =z Sz (cf =22)(P+2)-— | F 
an 9 +70 @ 098 Ff = EA asian tee 
(2) wid =2 gue =e ; =n a = fa Ing =? ba har (I —2z)(P+22) | 
ON 2 p 6 ,UIS -6f + @,800 0 = a] < z 
Serta gee ee a. j eae eS Le Des (26 — 22)(? - 22) — S hes 
(n»)ao/(m>) upe=2| (9, ure— 2-00 f=, D g us/o= ee 
z. ay oe 
(no) us/p =z p ON 2 : i 2 <P I 
" Agee i ee ye (26) — 22) (2? — 52) 
0 D 9 us f= 
(nv) us f= g,-n0e? =O =air J vo =z z<g<v 
oo) OoOoDE2em[oooeoooweeeaeaee———sssSS ll] — eT (tae, ah a oe ge ee 
¢ ‘zo 
do Saaitat a lll eae “4 POW UORNAIEGNS — | oye try er 8 


‘OLW ‘SNOILALIZSGNG dO AIAVY, ‘§LFT : 
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M dx 

N JQ 

Here M, N are any rational algebraic functions of z, and 


Q, as before, =(ag, @,, @,, dy, a,)(x, 1)4" 
By a proper choice of p, q, the transformation 


=(p+qz)/(1+2z) 


has removed terms of odd degree from Q’. M/N becomes a 
rational algebraic function of z separable into two parts, the 
one an even, the other an odd function of z, expressible as 


M/|N=$(#)+2x(#). 


is reducible to be Pah a ) de. 


1474. The More General Case 


Hence (y4 NVQ 

By putting 2?=y the second integral is immediately reduced 
to a form integrable by earlier rules. 

We have therefore only to consider the first integral. 

Now ¢(2*) is itself separable into two parts, the first in- 
tegral, the second fractional, and is Sete as 


(2) = DA" + a ERS a 


But both [77 Wincor. bysintesration™s 
ut bo oo (ahvety JQ? can, by integration by 


parts, or the use of reduction formulae, be connected with 
the integrals 


22 dz dz 
a JQ’ ore (Arts. 271 to 274). 


Accordingly all sane aay of form le V Te’ where M, N,Q 


are of the forms specified, can be reduced to a series of 
known integrals, together with one or more of the integrals 


a bi da nei (tome peer Oe 
0) | ee oo Werersieen 


Gia) if 2 
o (1+ nx*) /(1—a?) (1— k? 2?) 
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The second of these, viz. 


ah ae ) 
~B \s Aka” 


=x x (first sero ee Ba ay 


1 1 et eee eee 
=5 |, Je k? sin’? @ <i, eat e:) 


' é M dx 
Therefore 5 : res 
erefore any such integration as | N Jo can be effected 


by aid of the three standard Legendrian forms 
F(0,k), E(0,k), 1L(0, k, nm); k<1. (See Art. 871.) 
The same is true of the more general form 
A+BVQ ,, 
C+D/Q 


discussed in Art. 1443. 


1475. The Case when the Factorisation of Q is unknown. 

To effect the foregoing reduction, a knowledge of the 
factorisation of the quartic Q has been presupposed. When 
there is a preliminary difficulty in this factorisation, we may 
still obtain the desired form by a use of the invariants I and 
J. Suppose the quartic made homogeneous by the intro- 
duction of a suitable power of y, and expressed as 

Q=ayr'+ 4a, 25 y+ faz? y?+ 4a,2y3+a,y4 
= (Ap, %, Gq, As, a) (2, y), 
and let it be reduced by the linear transformation 
a=1,X+mY, y=l,X+m,Y 
to the form Q’=(y, Gy’, Ae, Ay, a,)(X, Y)*. 
Let A=1,m,—l,m,, viz. the modulus of the transformation. 


Then x dy—y da=A(X dY —Y dX) 
ady—ydx _,XdY—YdX 
-* puma = 
i.e. writing z/y=u, X/Y=U, 
du oe dU : 
/(Gig, Ay, Az, Mz, Ay) (U, 1 (aq, 4, My, Oy’, a,)(U, by 
l LU+m, 


where u= L, 1,U-+-m, My’ 
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Also 
T=aja,—4a,a,+384,2, J=d9a,a,+2a,a,a,—a94,’—a,a,?—a,° 
are connected with I’, J’, the same functions of the accented 
letters, by the relations I’=A‘I, J’=A°J, whence [°/J?=I?/J”, 
in which we have an absolute invariant free from the co- 
efficients of the transformation formulae. 

Supposing the ratios l, :m, :1,:m, to have been so chosen as 
to make a,/=0 and a,’=0, as has been shown to be possible, 
with real values of these ratios, Q’ takes the form 

ay U*+ 6a,U?+a,, 
which can now be supposed expressed as 
ag (U?+ p)(U*+q), 
and we have to show that 7, q can be found in terms of the 
original coefficients dy, a,, dz, G3, M,. 
We have 
Ay =A), a, =0, 6a,—a9(p+q), a =0, a, =A 79. 


7 / / if 19 ts 
P=) .46'p9-+ 5540" (P +9) =F [(p +9)? + 12p 9) 


/, 13 13 
T= “3 (p+q) Oy pq— Pe (p+9)=583 (p+9)L36pq—(p+4)]; 
bist Sail [(pt+aP+l2pqP 
PT (pq) [36 pq— (p+ 9) FP 


P—27J"___pq(p—9)* 
£27. B [(p+ q+ 12pqp’ 


whence 


or putting p=pq, 


plp 1) dea Tas A 
(p2+14p-+1p> = 4.2715 16K? Y> 
3 
where Kasia es and is a known function of the 


original coefficients. This is a sextic equation to find p, viz. 
the ratio of p:q. 


1476. Solution of the Sextic. 

The equation is obviously of the reciprocal class, and therefore its 
solution may be reduced to that of a cubic, and the cubic may be solved 
by Cardan’s method. 

p 2) 


Writi ; (p? *=a 
riting the equation as ee says +p 4143 isE? put (pt — p-2) —_ 


Nig 
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Then p+p—+14=16 7 , and the equation becomes 


(gi) (as) =a} i.e. ®=K(G—-1). 


Now adopting Cardan’s method, put @=+¢; then 
P+E+Bnl—K)(n + )+K=0 ; 
and taking n(=}K, 


+ at K=0, a quadratic for . 


33 
Hence » and ¢ can be found, and therefore also 6. Suppose 6, a real 
root of this equation, then pt - p *=4/V0,—-1, and therefore 
pi+pt=2,/0,+3/V0,—1. 
Thus Vp=(2 +V6,+3)/V6,-1 and p=(7+6,+4N6,+3)/(0,—1). 
Then a value of the ratio p:q has been -found, say p,:q,, where p,, q 
are specifically known numbers, so that p/p,=q/q,=8, say, which remains 
to be found. 


Thus du A dU 


V (aos Gy 25 M35 %)(%, 1)? Varo v( 0? +p,s)( U2 +958) 
Putting U=/sU’, we have 

du oy VsdU' : 
Vo, a1; 425 G3, A)(%, 1}! sVao JU? +p, )(U" +) 


2 2 
Finally, A= Vr (25 (+ pa +) + l4pqg+q")= Nk (p+ 4p tH’) ; 


2 
whence fon Veta : Oe ERS , and s is now known, which completes 
the deter aa cof pandg. We therefore have 
/ du #, [pet l4p.q+g" aU’ : 
V(a, A, A, Ay a4) (u, 1) 121 /(U" + p,)(U7 +4) 


1477. Cayley points out that if one of the roots of the sextic for p be 
(p?+14p+1)8_(a?+14a+1)8 d 
=a Le an 
p(p—1) a(a. 
that the solutions of the equation may be written 
<2 l Jfi-py (ze). Bary (piu). 
Bs, BY G4) 1-B ’ 1+.8 ’ 1-18 > 


which the reader may verify. [Jliptic Functions, p. 320.] 


p=a= (34, the equation is of the form 


1478. When a reduction to the form 
dU gl | dU 
Taree Jao (U2 +p)(U?2+q) 
has been effected, then in case p and q are both real, 2.e. 9a? >aqa,', this 
factorisation will suffice. But in a case when p and q are imaginary, 
1.0. 9a9/2< d’ay’, we put U=AN(1+ 7)/(1~— 7), and we observe that aq’, ay’ 
could not be opposite signs, for if so 9a2?>«ao'ay’. 
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i 
We shiall choose A= V4, which will be real. We have 
0 
dT 
a+7)h(1- 7) 


and 
ag U4 + 6ay' U2 + a4’ =[ao’A4(1+ 77)? + 6a,/A2(1 — ene -TyY\Va-T? 
= 2[(a4’ — Bag A?) T? + (ag! +30,/?)]/(1 - 


=2 RE (Wae'ay’ — 3a!) | [ ri Sees thee oman on 2 |/a- Ty, 


and 
= : Fp eel a a 
Nao’ U4 + 6a U2 + ay " wala a: a, ’ —Ba,/}h fa— 2% (124 Jaca + 34s") 
do Ay, — 3a," 


which is now of real form, since aa,’ >9a,”” for the case considered. 


1479. ILLustRaTIVE EXAMPLE. 
It will be instructive to consider one case from several points of view. 


a dx 
Be errors 
(a) First let us reduce it to the Legendrian form. 
a — 52? + 4¢+6=(x — 3) (a2 — 2x —2). 
Put x=(pt+qz)/(1+z), dx=(q -p)dz/(1+z). 
“—3=[(p—3)+(q—3)z](1+2)/(1+z)?. (See Art. 1465.) 
x? — Qu —2=[(pt+qz)?—2(p+gz)(14+z)—-2(1+2)}/(1+z)2. 
Put p-3+q-—3=0, pq—(p+q)—2=0, te. p+q=6, pg=8. 
Take the solution p=4, g=2. 
Then 
#-3=(1-2)/(1+2), a®-2e-2=2(3-2)i(1+z)?, dz= —2Qdz/(1+2)?, 
Also w=3 gives z=1; 


=-\2/ Ja—a\(1— 32) 5 aa at haan am 


=3(K —sn-1z), K being the real quarter-period, mod. 1/W3 ; 
. g=sn(K-uV/3)= en (w/3) )/dn (uv), 
_l-z_dnuV3/2—cnuv32 
ee 
~I+z dnuJ/3/2+en uv3/2’ 

(b) Next let us reduce to the Weierstrassian form. 

a —5x*+4¢+6 being already a cubic expression, it is only necessary to 
remove the term involving the square of the variable. Put «= z+8; 
«%=3 gives z=4, 

(#—3)[(#—1)?-3]=4(423 4224-488) Ta52, Ja — 388 ; 


ei =) vem $274 368 -(/, -[) ————s: wee — 297 (2), 


1.€. e- 


mod. 1/V3. 
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2 2 2 9 9 g — ex 3 
@=4, ¢,=/3-%, e5= —/3-3, 2. 2 & _4N3 k? = tan?15°, 


> nade 
Ve-e, 2+ 73 


K not being the same as K in solution (a), the modulus being a different one. 


= 


1s a 
A on?(K ~J24N3 *)= Bee tN 
®-84+N342 (x—3)+(24+N3) 
en?(u cos 15°) | u : 
* dn?(wcos 15°) (a —3) tan 15°+1 hart. 1268), 
dn?(weos 15°) | _ ),,8sn®(wcos 15°) 
ene slips Lines en?(u cos 15°) oats cn?(u cos 15°)’ 
te. x—3=tan 15° tn®(wcos 15°); mod. ¥3(V/3— 1). 


(c) The results arrived at by these two processes are of different form, 
the moduli being different. 


Take the integral [ le occurring in the Legendrian reduction. 
V1-4sin? 
LM Ss pe : Ag ie 
Put 180824. 5c $, so that when 9=5, p=5. 
- 5 1—cot 15° cot?d _ 2Neot 15° cot d 
SED Bin Ont cote onthe” OM Ts cot oS’ 
d= 2n/cot 15° cosec? bd 
~  T+eot ls°cot?d ’ 
1. 4, _ 21+4 cot 15° cot? d+ cot?15° cot4*'d 
meal a 3 sata 3 (1+ cot 15° cot? d)? 
2  cot?15°. cosectd (1- cos 30° sin? ¢): 
“3° (1+ cot 15° cot?) cos? 15° 
Hence 
Sh - Val ee dp ieee ar) 
VJ1—4sin2 = sin?0 Vcot 15° /1— 2? sin? oe cos 15° 
ay, Sra 2 eat, Rea 9 cee 
cos 15/4 V1—)?sin?¢ cos 15 
> S n/cos 30° 
Thus d=am (K —ucos 15°), (mod. ar) ; 
, o, _ en (w cos 15°) /cos 30° 
whence sin d=sn(K-—wcos15 Jeb my rreng TAs mod. cos 15” 


sn (wz cos 15°) 


cos = en (K —wcos 15°)=tan 15° 77 os Tae) 


(Art. 1352). 


Hence cot d= tan 15° tn(wcos 15°), 
and a —3=cot 15° cot’p = tan 15° tn?(w cos 15°), 
which is the same result as that obtained in solution (0). 
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1480. LANDEN’s TRANSFORMATION. 

From the above example it appears that the reduction of 
an elliptic integral to the Legendrian form is not unique. 

The transformations 
1—sin 0 
1-+sin 0 
both succeeded in such a reduction, but the moduli in the 
two cases were different. 

For the general theory of such transformations the reader 
is referred toCayley (#. Functions) or Greenhill (HZ. Functions). 

One well-known transformation, however, must be noticed 
before leaving the matter, viz. that due to Landen. 

Taking two variables 6,, 6, connected by the equation 
sin (20,—@,)=sin@,, so that 6, and 6, vanish together, 
we have cot (20, —6,)(2d0,—d0,)=cot 0, d0, ; whence 


t= 3- and x=3-+ cot 15° cot? 


26, di 
2d0,. cot (20,—0,)=d0,{cot (20,—0,)+ cot 0,} Aa a ain (od Sar ae 8,)° 
2 
2sin0,d0,__ dd, dd, 


sin20,  cos(20,—0,) /1—y?sin® 6, 
Also sin 20, . cot 6,—cos 20,=u, cot 6,=(u-+ cos 26,)/sin 29,5 
*, cosec? 6,=(1-+ y?+ ae cos 20,)/sin? 20, 


2 
and saa Her ast fae 6, |; 
: {, a ==, Sa 
“oe fee ce 2g, do Nimataintg, 8 
(1+)? 
ee 
2 re =; am- ae 
ee 7,0 (8, 724); 


or, what is the same thing, 


: ltu Jo ; 
sin fe 2 rs U, (mod. a) sin @,=sn wu, (mod. p), 


or putting v,=sin 0,, 2,=sin O,, 


u=["s dx, coe | dix, 
0 V(1—a5*)(1— 2x?) 14 Aux? |’ 
) Veman{-giey| 
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2 2/ uy 
so that w=sn-(a,, w= ao (e,, 24), and _ therefore 


wu is expressible in either of these ways as an inverse elliptic 
function. 

Writing \ for 2Vu and )’/= 

8 Bray a 

ee Se 5? ot tose and the tion b 
= »B=Tay” she connection between a, and a, 
is obtained from the initial formula 
sin (20, —0,)=8in 05, viz. 2x,/1—a,2/1—a,? - (1 - 2x,2)0,= nae, 


aa i, _ 2a, Ji—a,? 1—a,? 
* Ji—a? 1+u—2e 
Therefore 
5 , 
sn-\a,, N= sn (L4N)2 aA) =o h- 
This is known as Landen’s Transformation. 

For many such results and other transformations, see 
Greenhill, #.F., pp. 55, 56, and Chapter X. Greenhill gives 
a very elegant interpretation of the above transformation 
with reference to the motion of a pendulum (pages 318, 
319, E.F.). 

In such transformations, when F(6@., k) becomes MF(6,, k’), 
F representing the first Legendrian Integral, M is technically 
known as the “ Multiplier,” and the relation between k and k’ 
is known as the “ Modular Equation.” Thus, in the foregoing 
case the multiplier is $(1+ 4), and the modular equation is 


A(u+1l)=2V pu. 


1481. InLusTRATIVE EXAMPLES. 


See. 7+)A2=1, we have 


/1—a,? 
1—A*a* 


ey whence 2,=(1+’) a, 


dz 
ii-s Jar + 823 + 20x? + 56x — 20 
to standard Legendrian form. 
We have U =a! + 8x3 + 20x? + 56x — 20 =(2? + 20° + 10) (2+ 6x —2). 
Here, with the notation of Art. 1463, A=1, »=10; A’=3, p= -2, 
pg+(pt+q)+10=0,) giving p+gq=6, \ 
pqt+3(p+g)—2=0, py= — 16, 
1.€. p—8, =| nad poet fn 8-22 
q= -2,) 


Ex. 1. Reduce v= | 
V 
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v?4+2v+10=10(94+2)/(14+z)%, 2?4+6x%—2=10(11—2*)/(1+z)’, 
dx = —10dz/(1+z)? ; 
ke dz 
JO = +911) 
which is Case 4, Art. 1473. Put z=11 cos 0. 
dx N11 sin 6d ok do 
JU Vilsin?9(20—11 sin?) 2/5 J1—Hysin2’ 


and the limits for 2 corresponding to 0 and @ for 6, are V11 —3 to x. 


Then 


Therefore v= i sa ( st 
2J5J0 J1—dtsin?g 2/5 \’ 10) 


Ly 2S=2 


Tins (mod. 55). 


and Qv/5 = cn-1 —= 


Ex. 2. Examine the same integral without factorisation. With the 
notation of Art. 1475, 
A=1, a=2, a=12, a,=14, a,=—20, 
L=aydy — 40,454 38a,2= — 285, 
T= Mpltyily + Ags — Ayg? — Ay,” — 4,9 = — 87, 
B-27J?_ 3?.54.11 
Wer se 
Hence, following the notation of Arts. 1475, 1476, our equation for @ is 


23, 373 
Meat (a): 
To simplify, let g=23t,, 
] 52 (2.37 yen 25 
i 32, 3 (a Be t-1), Le Y= 99'— 99° 
of which an obvious root is = —1. 
1 16x74 : 9 11 


Hence Ames and pte 


25 9907 be P=—77 OF —5° 


Therefore f= i=4 say; p,=—-9, q=11. 


Then A= Na 7 (9? -14.9.114+11)= Vs, 


af V's dU’ i ChUE 
and v= = Lee. 
8) J(U2-9)\U7% +11) JV(U%-9)(07 +11) 
Let U’=3-sec 6’. Then c=V11—3 gives Q=0, U’=3, ae ; 
-{" 3 sec 6’ tan 0 d@ eat is ag 
V9 tan?6'(9 sec?’ +11) 2V5/0 V1—42t sin? a 
which agrees with the result of Ex. 1. 


BF (9, ro 55), 


i 
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fs x 3de 
vI- 
This does not become infinite in the cae of «=0 (Art. 348). 


Put #=(1 $22 F, dx= —3a2(1 as 1—a? =(3+4 322+ 24)22/(1422)3 ; 
~ Usd 
3 aE JA+3243 arr 
The factorisation of the desired form (U2+p)(U?+q) is 


3+.V3 ar 
BE Na Big Moet 2 pee ae 
(: + 5} \(e + 3 ). 


Therefore p and q are POE. ee Art. 1478, put 


1-7 I-71 7) 


Ex. 3. Consider the integral w= 


Exercices, p. 56). 


and z= gives J7=1, and 
2443243=[(6—3V3) 724+ (64+3V3))/(1—7)?; 


. 3" V3dT oad 
Bese J-FAL— 7) V2 Wwi- 1) [re (SHY)] 


V3-1 
- *eF 
tad 15° Jp Wi — 7?)(T? + cot? 15°) 
3° st -W3_ 3 aw §-N3-1 


Ci ey eaea “=—cen = 
gE ee aaa <2 ot aS 
3? 11-2223 cos 15° 
2.2. t= — OS 
2 142/228 sin 15° 


, (mod, sin 15°). 
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PROBLEMS. 


1. Find the values of J and J for the quartic function 
pHa — bry? + 7, 
and show that 443-JA—J=0. Form also the Hessian of the 
quartic, and the discriminant, 
2. Examine the modification in the reduction to Weierstrassian 
form which accrues from the quartic @ having one root a) zero, 
ie.a,=0. Show that in this case 


a “atts (2 ~-=) = “atts (2 ~~) 
EN 1 an oe a, i, "a ee 12 maar Ay Z 


Fis 0,005 /1 ~-2) 
SEG '& Hy Ge : 
and that jolt — 14s, 
1/a, —1/a, 
3. Tf f = dy (t — ay) (@ — any) (2 — agy/) (%— 44), 
and P=a,- ag, Q=a,-4,, iG, — O55 


i 4 Ua 
Piaa,-a,, QY=a,-a,, R=a,-a,, 


show that AS us ra P2P2 + (202 + R2R2), 


J= - 40 (Qd - RR\(RR - PP)(PP’ - QQ), 


and As I8—27J?= 40, PPR PUR? 
Also, if S, = 2a,, S,=2Za,a,, S,=Za,a,a,, S,=4,4,0,0,, show that 
A? : a,° 

=f; (128, - 38,8,+8,%), J=F85| 12, —9S,, tae 

— 38,, 28,, —38, 

assur e 128, 
4. If P=at+ 6rAa%y? + y and the Hessian H=—, Prey day , 

3 | Pry, Py 


show that H—k¢ is a pertee square if k=A, —$(X+1) or —$(A—1). 


5. Show that p-1(z, 76, - 120) ==" st FE Late a 
a+ 2/2 


6. Show that g-!(z, 28, — 24) ca ee ; mod. = 
5 


7. Show that g-1(z, 36, 0)=— en a sy mod a2 
e Pras ip 
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da 
1 J — 70a! + 25323 — 3270? +1792 — 35 
to Weierstrassian form, and show that u=pt(— - i 
— 
that it can be expressed in a Legendrian form with a modulus 


8. Reduce the integral u={" 


Show also 


1 
, viz. w=—= sn 4/12- 
$ 7; 


9. Show es if e¢,>e,>e, and é, +é@,+e,=0, the substitution 


@ r 
z=e,+-+ re “8 will convert the Weierstrassian Integral 


e dz 
Wes coryrconrcers 
into the Legendrian form 
1 i dx 
Je, = Jo V(1 — 22) (1 — ka)’ 
where i? = ° es and conversely that the substitution aN) fae 


1 
will convert the paeen Legendrian form into the Weierstrassian. 


10. Reduce le to the Legendrian form 


dz 
z V42(2 —9) 


1 | a da: 
J6 Jo J(1 — 22) (1 - $22). 
and show with the usual notation that 
K=»o,\/6, K -K' =0,,'6, -K' =0,,/6. 
11. Show that (== sn— - eae 
z V2(22-4) Jz+2 
12. In the standard Legendrian form \. Naess discuss 
the degenerate forms assumed when k=0 and when k=], and 
state to what forms sn-!a, en—!2, dna and tn z ultimately degenerate 
in these cases. 
13. Discuss the integration of the degenerate cases of 
dx 
V@= 4) (@- Bye (a - 8). 
(i) when a=f, (ii) whena=fB=y, (iii) when a= B=y=6. 


14. Discuss the integration of the degenerate cases of 


dz iter } 
’ ’ 
2 J4(z—@)(2—&) (2-65) Le, +e + eg =9 
(i) when e,=@3, (ii) when ¢, =, (iii) when ¢, =é=é,. 
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15. Express both in Weierstrassian and in Legendrian notation 
the integration f i tdt 
N 


Py OP 8 
16. Make use 2 the substitution 8 +or3 = 20? to reduce the 


integral u= ee 
- 


; to the form of an elliptic integral, and reduce 


1+ 
it to the standard walneend form. 


17. Use the substitution f =(1++22)/(1 —2)? in the integration 


u=[" Balle and show that t=¢ (= 0, 1). 
11-288 v8 


18. Show that if 


2u=(" dx 
~ Je J(@ — 2)(5a — 11) (112 - 21) (32 - 7) 


x — 1 x — 2 7 
u=p2 (25, 304, - 960) =F sn- ihn eee (moa. adel 


19. Show that the solutions of the sextic equation 
(ep? + 14p+1)8 _ (68+ 148*+1)° 
p(p— 1) B4 (24 — 1) 
1 1-B\* s1+P\* /1-+B\* ay 
ee et oe aes 
are 4, Be ay ) 4) ) Gow) and (Ces : 


[CayLry. ] 


(2<a<2-2), 


1 
20. Transform the integral w= | g into one in which z is 


of(f= 
the variable by the relation 42°(1 — 2°) =2 ee the result by putting 
2=1/(1+4?); and lastly, by the hee ecitisjormation 


y= /3 tan ; 
: 3 w , é 
showing that sn (5 2) =5, (mod. sin 15’). 
45 4 


Hence show that w= 1'927622..., and verify this otherwise. 
[BertRanpD, I.C., p. 687.] 


21, Show by Landen’s Transformation 2 sin (2¢ — 0) =sin @ that 


j do at d¢ 
oV1—isin?0 3 oJ1—2sin?d 
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22. Express by means of the Weierstrassian elliptic functions 
(u), ¢(u), 7(u) the results of the following integrations : 


AS d yey BA dz 
(i) i) vast (l<z); (ii) |, aioe (2<2); 
(iii) |. RED a (2<a); 


i - dx 
(iv) \. (aw — 1) (a — 2) /x8 — 5a? + 4246’ (3 <a) ; 


w) |) nd (c<1) 
x Jx* - 1203 + 54a? — 100% +57’ 


23. Express by Weierstrassian functions the second Legendrian 


li 
standard form | J/1—Fsin?6 dé. 
0 


24. Express by Weierstrassian functions the third Legendrian 


standard form is SP = 
o (1 — a2?) /(1 — 2?)(1 — 2?) 


; —[z dx 
25.. If u= vill , prove that 
o V (a? +24 1)(32% +241) 


a(/llenu—snu)=2snu, (mod. J/38). [Ox. II. P., 1913.] 


96, If u= 15)" Bs et aa og ee le 
1 /1105a4 — 9043 — 2102? + 8241 
x(3enu—2dnu)=dnu, (mod.1/5). (Ox. II. P., 1915.] 
27. If u= \. ped 
0 (1 +27 — 2a4)? 

of u by help of (i) Jacobi’s functions, (ii) Weierstrass’ functions. 
(Maru. Trip. II., 1914.] 

Prove that 2/3 dn (u./3) =sn (uJ/3), (mod. 2/3). 


28. Show that the integral 
z . 
| {(a — a,) (e —a,) (« - ag) (« — a,)}¥"* dx 
ay 


is transformed to the integral 
y a 
2 ((ag— a5)(— a4) }¥” (C192) (1 — Re) Bay 
by the relations ¥? = (a, — a,)(# — 4,)/(a_ — a) (" — 4), 


K? = (dy — 04) (1g — @4)/(Ag — %) (4g — %), 
and obtain an expression for the general value of the former integral. 
(Maru. Trip. II., 1913.] 


, prove that 


express @ as a single-valued function 
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29. A heavy particle attached to a fixed point by a light thread 
of length a oscillates under the action of gravity in a vertical plane. 
Show that the height of the particle above the lowest point of its 
path at time ¢ from the lowest position is 


9o@ 9 3 a 
n’ 5 n?(4/4 t); (mod. sin 5): 


where 2a is the whole angle of swing. 


30. Show that the potential of a uniform thin ring at any point is 
1 dr 
syne | : : = 
n{(2— nrg?) 
where y is the constant of gravitation, m the mass per unit length, 


a the radius of the ring, 7 the distance of the point from a point of 
the ring, r, and r, the least and greatest values of 7, Prove also 


— K, where 
2 


; a 
that the potential may be expressed in the form 8ym are 
1 


K is the complete elliptic integral of the first kind with modulus 
(% —)/ (tg +1)- (Ox. IL. P., 1914.] 


31. A heavy elastic string which is uniform when unstretched is 
passed through a smooth semicircular tube which is held in a vertical 
plane with its vertex upwards. The radius of the tube is 7, The 
modulus of the elastic string is equal to the weight of a length r of 
the unstretched string. It is observed that the two equal portions 
which hang vertically outside the tube are each equal in length to 
the radius. Show that the unstretched length of the portion which 
lies within the tube is 


et 
J/5 gan ve ( eae a) (Ox. IL. P., 1915}. 


32. Assuming that the law of central attractive force under which 


2 
an orbit w=/(6) can be described is given by P/h?u? = uae, show 


d 

that if a particle describes an orbit r=aen 6,/3 under the action of 
a central attraction pu®, the modulus of the elliptic function is 374, 

[Ox. IL. P., 1913.] 

33. A particle of unit mass is projected horizontally with velocity 

u, and moves under gravity in a resisting medium such that the 

path is a portion of a circle of radius a. Show that the motion will 


dna ee 9-* 
cease after a time no dn-! 9-4, (mod. 27 *). (Ox. IL P., 1918] 
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34. Show that the area 4 bounded by the y-axis, the asymptote 
“=1 and the curve y?(« - 1)(#- 3) {(e—4)?+3}=1 is 


WR Son ae (mod. sin 75°). 


35. If A be the area in the positive quadrant bounded by the 
curve 2y°x(z°+42%+1)=3, the coordinate axes and an abscissa 2, 


show that (e+ 1)/(@-1)=dn d/en A, (mod. tan 7/6). 


36. A ring is generated by the motion of a circle such that its 
plane passes through the centre of an ellipse and a perpendicular to 
the plane of the ellipse through the centre, and the centre of the 
circle lies on the ellipse. Show that the volume of the ring is 
4m Kbc?, where ) is the semi-axis minor of the ellipse, K the complete 
elliptic integral of the first kind with its modulus equal to the 
eccentricity of the ellipse and ¢ (<b) the radius of the circle. 

[C.8., 1895. ] 

37. Prove that the equation of the osculating plane at any point 
of the curve e=asnu, y=benu, z=cdnu, (mod. h), is 


= k(1 — k*) sn? u - 5 endu += dn?u = 1 — k?. 
[Ox E71 902,/] 
38. An elliptic wire of semi-axes a and d moves so that its plane 
is always parallel to a fixed plane while its centre describes in a 
perpendicular plane a circle of radius ¢ which is greater than either 
@ or b, and the minor axis is perpendicular to the latter plane. 
Prove that the ring surface formed by the circumference of the 
wire cuts itself in two hyperbolic edges, and that its volume is 
16 be * AL oss 
oe qe +a") H - (c?—a*) K}, 
where K and £ are the complete elliptic integrals of the first and 
second kinds with modulus a/c. [Maru. Trip. 1886.] 


39. If the modulus & and the amplitude ¢ of the elliptic integral 
F(¢, k) be given by k=cos 7/12, cos $=2—./3, then will 
F($, H)= (Wal Q)}/(3?. PG}. 
[J. C. Mauer, #.7'., 9677.] 


CHAPTER XXXIV. 


CALCULUS OF VARIATIONS. (Section L) 


1482. To ascertain the greatest or least values of which a 
given function is susceptible under specific conditions, it has 
been found necessary in the Differential Calculus to allow uw 
to grow, and then to find the magnitude attained when the 
rate of growth stops. And methods have been formulated 
by which this rate of variation can be ascertained and tests 
constructed for the discrimination of maxima values from 
minima values and from other stationary values which the 
method may discover. 

The functions considered in the Differential Calculus have 
all been expressed directly or indirectly in terms of a set of 
one or more independent variables not usually involving signs 
of integration, and if any dependent variables have occurred 
in the functions under discussion their connection with the 
independent ones has always been specified and known. 

We now have a problem of different nature. We are to 
consider the maximum or minimum value of a function 
usually expressed by an integration, in which the integrand 
contains not only an independent variable or set of inde- 
pendent variables, but also one or more dependent variables 
and their differential coefficients, for which the relationship 
between the dependent ones with the independent ones 1s not 
specified, but remains to be discovered, in order that a stationary 
value of the integral may result under any conditions with 
regard to the limits of the integration which may be imposed. 


1483. Preliminary Ideas as to the Mode of Procedure. 
As before, it will be necessary to allow the function to grow 


and to ascertain the rate of its growth under the imposed 
604 
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conditions when the variables it contains are made to vary 
in an arbitrary and independent manner consistent with 
the retention of the continuity of the function and consistent 
with the imposed conditions. 

We shall first take the case of one independent variable 
only, viz. x, and we shall suppose that the form of the relation- 
ship between « and the dependent variable y is required 
which shall be such that the integral with respect to x of a 
given function V of ag, y, ae =H an ,viz.| V da, acquires a 
stationary value. For amongst the stationary values the 
maxima and minima values lie. To fix the ideas we may 
regard x and y as the Cartesian coordinates of a point. And 
here it will be observed that ¥ is to be regarded as a function 
of x, but that the form of this functional connecting relation 
is unknown and is to be the subject of investigation. 

The form of V is supposed known. The limits of the 
integration may be regarded as being from a point P, (xp, Yq), 
to a point P,,(z,, y,), which will be referred to as the terminal 
points or terminals, and which may be specified either as 
fixed points, or as points which le on specific loci, 

It is then our object to discover the relationship between 


x and y which will compass the object of making |v daz assume 
a stationary value with such terminal conditions. 


1484. For instance, if we require to find the shortest path in the plane 
x-y from the given line x+y=2a to the circle 2?+y?=a’, we have to 
make | ds, or what is the same thing Ji+y" da, assume a minimum 


value, where the things at our choice are (i) the positions of the terminal 
points on their respective loci, (ii) the nature of the path from one 
terminal to the other. And the solution we should expect will be that 
there is a linear relation y=ma+mn between w and y, and that the values 
of m and n will be such that the line cuts both the terminal loci at right 
angles ; which we shall presently find to be the case. 


1485. The Symbol 6 of Arbitrary Variation. 

When a known and definite relation exists between x and y, 
say y=f(x), and when we pass from a definite point P,, (a, y), 
on the graph to an adjacent point P,, (x+-da, y+ dy), travelling 
along the curve, there is a relation between the differentials dz, dy, 
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viz. dy=f’ (a) da, to the first order of infinitesimals, where f’ (x) 
represents the differential coefficient of f(x) with regard to a. 

We may, however, assign quite arbitrary independent 
infinitesimal variations to « and y, and thus pass from the 
point P, to a point Q,, not necessarily wpon the curve y=f (2), 
but indefinitely close to P,, and we shall denote such inde- 
pendent and unconnected arbitrary variations by dx and dy. 
Thus, in Fig. 431, P,P,P being the graph of y=f(x) and P,N,, 
P.N,, Q,M, perpendiculars upon the axis and P,SR a parallel 
to the x-axis cutting Q,M, and P,N, at S and FR respectively, 
we have de=N,N,, dy=RP,, du=N,M,, dy=SQ,. 


7 


1486. Arbitrary Variation of a Path. 

If every point of the P-path be thus treated and the 
variations of the several P-points are such as to give a series 
of Q-points which lie upon a continuous curve, we may regard 
the P-path as being deformed in an arbitrary manner from 
point to point into an indefinitely close Q-path, and the 
arbitrariness in the deformation is such that the deformation 
at P, from P, to Q, does not in any way fix the law by which 
the position of P, is deformed into the position Q,, the only 
restriction upon the removals of the various points P,, P,,...P 
upon the P-path to the corresponding points Q,, Q,,...@ upon 
the Q-path being that each such removal shall be through an 
infinitesimal distance, and that the aggregate of the Q-points 
shall form a continuous curve. This deformation of the 
P-path, whatever that path may be, whether f(x) be a function 
of known form or not, is therefore entirely, point by point, 
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at our choice along the whole path of P, with the exception 
of the terminals, which in any particular case may have 
definite loci assigned to them, where there will be definite 
relations between the terminal values of dx and dy at each 
end, but the variations at one terminal being quite inde- 
pendent of those at the other. 

The processes of the Calculus of Variations are essentially 
conducted by means of the consideration of such arbitrary 
differential variations as the dz, dy here defined. 


1487. Results of the Differential Caleulus which do not 
involve the nature of the connection between the variables 
occurring remain the same with the one set of variations dz, 
dy, ... as with the other éz, oy,.... Thus, if V be a function 
of any set of variables z,, 7, 23,..., say, V=G(2,, 2, %, --); 
and if these variables receive two sets of variations, 

(da,, da,, da,,...) and (dx,, 6%,, 625,...), 
then, if dV and 6éV be to the first order the corresponding 
changes in V, we have, whether the variables be connected 
in any way or not, 
es Og ves 


OL, 


— OF gy 4 2 7 yee 
ae Page Mt and sie 62,+ 
1488. 6 and d Commutative. 
We shall now prove that d(éx)=6(dz). 
Let AA, be any curve y=¢(z), and let P, P, be contiguous 


Fig. 432. 


points upon it, viz. (w, y) and (a+da, y+dy) respectively. 
Let the curve AA, be deformed to a contiguous curve BB, 
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so that the arbitrary point to point deformation displaces 
P to Q, P, to Q,, ete. Let the ordinates NP, N,P,, MQ, M,Q, 
be drawn, and PST7' parallel to the z-axis cutting the ordinates 
of @ and P, at S and 7’, and let PU, the tangent at P, cut the 
ordinate of Q at U, and let V be the point in which the ordinate 
of Q cuts the curve AA,. Then NN,=dr, NM=éx. The 
change in NM due to a change from # to x+dz is d(NM), 
ze. A(dx). But d(NM)=N,M,—-NM=MM,—NN,, which is 
the arbitrary change in NN, due to the deformation of the 
curve, and is therefore d(dx). Hence (é7)=6(dz). 


1489. It follows that é6d(dxz)=dé(dx)=dd(éx), ete, and generally 
dd" V=d™5d"-™V=d"SV; andsoon. (See Lacroix, Cale. Dif, ii., p. 658.) 


1490. 6 Commutative with regard to the Sign of Integration. 
Let 2= | Vde. Then dz=V da, and déz=sdz=8(V dz). 
Therefore integrating a= [3(V da). 


That is af de =| 5(V dz). 


1491. The Quantity w. 

Again, UQ=SQ—SU=6y—y’6éx, where y’ stands for a or 
the tangent of the slope of the curve at P. We shall call this 
quantity w. It is the amount by which Q is raised by the 
variation dy above the tangent line at P, and the distance UV 
is a second-order infinitesimal. Thus, to the first order, w or 
d6y—y'dx is the amount by which Q is raised above the curve 
y=$(x) at the point V. 


1492. Differential Coefficients of w. 


Supposing y=¢(«),, consider the variation in ou where 
«x and y are arbitrarily changed to x+6x and y+dy respec- 


tively. We have at once 


dy _d(y+éy) dy_ (dy , ddy déx\-" dy 
Tee eet dx Jat = de 


d pata! 
= bu ae Ino 


to the first order of infinitesimals. 
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Hence 
—"% d ,d os 1 ' 1 ; 
oy —Yy dx= 7. OY—Y aot Y da=—. (Sy—y bn) =F" =e", say. 


Similarly, dy”—y"da=w", dy” —y' dv=w” ; and so on. 


1493. Geometrical Proof. 
Let »=/(x) be a curve such that [on du=y, ie. y represents the area 


bounded by the curve AP (Fig. 433), the ordinates AZ, PN, viz. X=a 
and Y=a, and the z-axis. 

Let the curve APP, be displaced by an arbitrary infinitesimal point to 
point deformation tc the curve BQQ,, A going to B, P to Q, LP, to Q,, ete. 


Fig. 433. 


Let (x, n), (z+ 6a, +5), (v+dxz, 7 +dn) be the coordinates of P, Q, P, 
respectively, and draw the ordinates AL, BL’, etc., and PH, P,H, parallel 
to the x-axis. 

Then 


y={on duv=area LNPA ; by=8["n dx=area L'MQB-area LNPA, 

and : 

d(8y)=d(area L’MQB)-—d(area LVPA)=area MM,Q,Q —area NN,P,P. (1) 
Also n Sa=area VMAP to the first order ; 

2». d(ndx)=area V,M,SP,—area NURD, ......0.0.0000.-(2) 


Hence d(8y) —d(n dx)=area MM,Q,Q—area V,M,SP, 
—area VV,P,P+area VURP=area RSQ,Q, 


To al 3 | *ydx—n 8x |=area RSQ,Q, 


and to the first order RQ=6n-— 7’ da ; and 
MM, = NN, +N, -NM=dar+8(x+da) — da=du+t dda. 
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So that to the second order, area RSQ,Q=(6y — 7! dx) da ; 
z z [° [na ae ba |=8—1/ de, and n=y', '=y"; 
a £ [Sy —y/ 8a] =8y'—y" da, and 8y'—y" da=w'. 
This geometrical proof appears to be due to the late Dr. E. J. Routh. 


1494. Notation. 


We shall use accents to denote differentiations with regard 
to the independent variable 2, and when accents become 
inconvenient by their number, we shall replace them as 

3 
elsewhere by an index in brackets. Thus y= 54, (Wh wa 
We shall represent by V any known function of 2, y, y’, 
y”, «., y™; the independent variable being #, and y a function 
of « of unknown form, and therefore, also, its several 
differential coefficients being of unknown form. 

For the present it is also assumed that V is independent 
of the limits of integration. We shall adopt the notation and 
follow the method of De Morgan (Diff. and Int. Calc., p. 449, 


etc.). In this notation Capitals denote partial differentiations 
of V. Thus 


the suffixes indicating the particular differential coefficient 
of y with regard to which the partial differentiation of V is 
effected. Also accents will be used in these cases also to 
denote total differentiations with regard to x. Thus 
ee 
vi =F ce , ete. 

Lagrange, to whom this Calculus is in the first place due, 
uses a different notation, convenient when no differential 
coefficients of y beyond the second order occur, but not so 
convenient otherwise. In Lagrange’s notation p stands for y/’, 
q for y”, etc., and 

OV OV 


ele “Ger Se 
A nee jes ee Q= pee ete. 


x 
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1495. Variation of |v dex. 


Supposing V=¢{z, y, y’, y”, «..,y}, where the relationship 
of y and # is unassigned and held in abeyance, remaining to 
be chosen to suit circumstances which may arise, let us take 
AA, (Fig. 434) as the graph of a supposititious case of such 


Fig. 434. 


relationship, and let us suppose it subjected to a point to point 
deformation to a contiguous position BB, of the kind described. 
Then we shall find the consequent variation in the integral 


u={V dx, where the integration is taken from one terminal 


point A to another terminal point 4,, which, like other points 
on the curve, may be subject to small variations of position, 
which may, however, in these terminal cases be partially pre- 
scribed by the terminal circumstances, 4 going to B, P to Q, 
P, to Q,, ete. Then, since 6 is commutative with regard to an 
integral sign, 


su=6[V do=[5(V do)=[(aV do + V6 da) =|(6V dea Va ces 


iu 
=|sv dx+[V én}—[oe av=|V aw] + (ov da—dV 82), 


the integral being taken throughout the whole length of the 


1 
curve from A to A,, and the square brackets | ] or | ] round 
i 0 


the integrated portion indicating that the included portion is 
to be taken between the same limits, viz. (%o, Yo) the coordi- 
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nates of A to (x,, y,) the coordinates of A,. Now to the first 


order, 
SV =X dat+Y dy+ Y, by’ +Y, dy’ +... + Yin dy, 
and dV=Xdx+Ydy+Y.dy'+Y,dy’+...+Yindy™; 
*, dV dx—dV du=Y (sy—y dx) dx+ Y,(dy'—y” da) dx 
+ Y,(dy"—y” dx) da+... 


={Yot Vw +Y,0'+...+ Yiqo™} de 
to the second order. 


Hence to the first order 
|v d=| V 62 | +] {Yoo Yi’ 4 Yip 0 4... pa 
% % 


1496. The integrand admits of a considerable amount of 
integration. We have 


[Ye de = [Ye de, 

| SDHC os S rac [Ye de, 
Ihe wie= Yau taat ee [Pre da 
|¥- wo” da Vise View po [Yue 


CHOOSE EH HOHE HEHE SEH EEE EEE E HEH ETE EE EES HEE EET SHE SES EEE EES EEE EES EEE SEH HES SET ESE HES EES 


[¥eno' dt=Y (nyo) — Yo) 4... +(—1)1 YR-Yw+(—1 )" | ¥ighe da 


Now make a further abbreviation, and write 


n) 


K=Y — ge gee Yin +...+(—1)" (n)> 


a Y,—Y,4+Y,,—...+(—1)* sa 
Woes Y,—Yi,+...+(—1)"* Y(t”, ete.; we then have 


|v do=| V 62+ Yio Fi e'+¥ne” p+ ¥in ot | ail ‘Yoda, 
which may be written for short as 
6|V do=H,—Hy+ [Kode or [Wh +|Kw de, 


which gives the variation of the integral to the first order. 
Terms of the second and higher orders of the variation are 
not needed for the present. We shall recur to a consideration — 
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of such terms later when we come to formulate an analytical 
test for the discrimination between maxima and minima 
values. But in a large number of cases the nature of the 
stationary result found will be obvious from the circumstances 
of the problem without any formal analytical discriminatory 
test. 


1497. We shall now count up the number of first-order 
variations involved at the terminals. Written at full length 
to exhibit all these variations, we have, to the first order, 


a i de 
=[V da+ ¥,(dy—y' dx) + Y,,(dy’—y” dar) +... + Yin (Sy P?—y da), 
—[V dx+ Y,(dy—y dx) + Y,,(dy’—y” da) +... + Yin (Cy Y—y™ bat) Jp 


+] Yoy —y 6x) da, 
x 


the suffixes to the square brackets having their usual signifi- 
cance. There are in each square bracket n+1 variations, viz. 
6x, dy, dy’, ... dy*; but these are not necessarily all inde- 
pendent. 

(i) If the terminals be fixed we have four equations of 
condition, viz. de=0 and éy=0 at each end, and n—1 arbitrary 
variations are left in each bracket, viz. dy’, dy”, «.., dy”, 
depending upon the direction of the tangent to the path, the 
curvature, etc., at each terminal. 

(ii) If the terminals be not fixed but constrained to lie upon 
assigned curves, say ¥= x(x), y= x(x), then dY¥y9=Xo (Xp) 6%, 
6Y1= x, (21) 6z,; so that two conditions are imposed and two 
variations, viz. dy, and dy,, cease to be arbitrary, which leaves 
m independent arbitrary terminal variations in each bracket. 

(iii) Other terminal stipulations may be made. For instance, 
if the end a, y, is to be fixed, and also the direction of de- 
parture from that point and the curvature at that point also 
fixed, this will entail da,=0, dyp=0, dy9 =0, d¥o’=0, and the 
number of arbitrary variations left in that bracket is n—3. 
Similarly, any specific data may be assigned for the other 
extremity. 

; Thus, on the whole, there are in the two brackets 2n4+2 
terminal variations. Every imposed terminal condition ex- 
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pressible by one equation, such as %p=4, Yo =6, etc., which is 
to hold at a terminal, reduces the number of independent 
terminal variations by unity. Hence, if there be p equations 
of condition, there are 2n-+2—p independent terminal varia- 
tions. Eg. if the terminal (v9, yo) be given, and the abscissa 
of x,, and the direction and curvature of the direction of 
approach to (a,, y,) be given, there are 5 equations of condition 
and 2n—3 independent terminal variations. 


1498. In the remaining part of the total variation, viz. 
[Kw Ge OF | ¥(ey—y’6x)de, 


there are an infinite number of variations, each pair da, dy 
indicating the displacement of a point (a, y) of the curve to 
be found to a hypothetical adjacent position. The function 
Y or K isa linear function of the total differential coefficients 
with regard to & of the partial differential coefficients of V, 
standing for Y— Y;+ Yo. 

In general Y,,) itself contains y™), and therefore in general 
Y contains a term y”. Hence, if Y be equated to zero, as we 
shall see will be necessary in a search for a stationary value of 


\v da, Y=0 is in general a differential equation of order 2n, 


ae. of double the order of the highest order differential 
coefficient occurring in V. The solution of such a differential 
equation will contain 2n arbitrary constants. This is less by 
2 than the number of terminal conditions + the number of 
independent terminal variations, which is 2(n+1). 


1499. Conditions for a Stationary Value of [Pa 


The same line of argument as that employed in the Differential 
Calculus (Art. 496), in searching for the maxima and minima 
values of a function of several variables, will now apply in a 
search for the stationary values of i" Vde. It follows that 


Xo 
the first order terms of the variation of this integral, viz. 


v1 
[i+ | wK dx, must vanish, and further that the coefficients 
Xo 
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of the several independent arbitrary variations contained in it 
must separately vanish. 

Now one system of choices of these independent variations 
will be that in which all variations at each terminal are fixed 
so that H is made zero at each end. Therefore we must have 

& 

in all cases {. K(dy—y'éx)da=0. Moreover, as dy—y'éa is 
arbitrary at every point of the path, it follows that K must 
vanish as a primary condition. Hence the aggregate of the 
terms in [H], must also vanish in any case. And further, 
since it has been seen that if the number of prescribed 
terminal conditions be p, the number of independent terminal 
variations is 2n-+-2—p, there will be 2n+2—>p relations arising 
from equating to zero the coefficients of these independent 
terminal variations. 

It has been seen that the solution of the differential equation 
K=0 contains in general 2n arbitrary constants (Art. 1498). 

It then appears that as the conditions for a stationary 


Ea 
value of | V dz, we have 
Zo 


(1) Y or K=0, the solution containing 2n arbitrary constants, 
(2) 2n+-2—p independent equations arising from [H],=0, 
(3) p terminal equations. 

Thus we have 2n+2 terminal equations in all to find the 
2n constants, which fix the nature of the path and two other 
quantities, usually the abscissae of the terminals. The pro- 
blem is therefore in general completely determinate, as will 
be seen when we come to discuss examples of the method. 


1500. Cases of Integrability of K=0. 

The chief difficulty in this problem lies in the solution of 
the differential equation K=0, and often this cannot be 
obtained. 

(1) There is one case in which at least a first integration 
can be effected in general terms, viz. when V does not ex- 
plicitly contain x; ve. V=$ly, Yt Gdns} 

For now 


May $V y+ Yoyo t Yong. 
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POCO eee her eee HoH HEHEHE HEHEHE ET EEE HEHEHE ESE EFESHE SETHE HHH ETE HOSE SES EETHESES HEHEHE SES EES 


But 
|x y da, = \ry dz, 
|¥. ye we Yy/— [Yr dz, 
| Vue 025) Yiy"—Yiy+ j Yiy da, 


Yiny? da= Yiny— YiytD +... +(—1r7 Vi Dy +(—1)" [Vey 


Hence V={Yiy+Yiy’+¥ ny’ +...+Yimy™} +0, 
for the coefficient of y’ in the integrand of the unintegrated 
part is K, which vanishes. 

(2) Another case of integrability (to a first integral) of the 
equation K=0 is obvious, viz. when V does not contain y, so 
that Y does not appear. For K=O then becomes 

Y;—Y;+Y7,—...=0, of which a first integral is 
Y,—Y3-+Y,—...=const, te yO 
(3) If V contains neither x nor y explicitly, we have also 
V=O'y' 404+ Y.y" + ¥ny” +... + Vimy. 


1501. A very Common Case. 

Ii V=¢(y, y), in which x does not explicitly occur, and 
no differential coefticients of y beyond the first, we have 
V=Y.y'+C, with the condition Vdéx+Y,(dy—y' éx)=0 at 
each terminal, 2.e. 

[C da+Yidy],=0 and [Cox+Y,dy],=0. 

(1) If the terminal points be fixed, the terminal conditions 
are identically satisfied, and the two constants which will be 
present in the final integration of V=Y,y’'+C will be de- 
termined by making the curve obtained pass through the 
specified points, whose coordinates are in that case known. 


(2) If the terminal points are to lie on specific loci 
Y=X(r), Y¥=xi(2), 
we have SYo==Xo (Lo) 6%, Y= xy (%) Oa, 
and therefore 
[C+ Y,Xo(*o)]=9 and [C+ Y,x,'(a,)],=0. 


Nae eS 
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And supposing y= F(z, C, 0’), the solution of the equation 
K=0, the substitutions of this value of y in the above 
equations, together with the equations 


Xo(%) =F (x, C, C’), Xi (2) =F (a, C, ©’), 
suffice to determine the values of the two constants of the 


differential equation and the abscissae of the terminals of the 
path. (See Art. 1499.) 


1502. ILLusTRATIVE EXAMPLES. 

1. Let us apply the rule to find the nature of the shortest distance between 
two given points (9, Yo), (x, 4), the result to be expected being of course 
obvious. (See Art. 1484.) 


Here fas= [vi +y dx is to be a minimum. 
We have 


V=Vi+y", X=0, Y=0, Y,=y7'W1+y2, V=Y.y'4+0. 

Thus V1+y?=72/V1+y?4+0, ie. VI+y%=1/C or y’=const.=m, say. 

Then y=mx+n, m and n to be determined so that the straight-line 
path indicated shall pass through the terminals, #.e. 

v, ¥y 1 |=0. 
vo, Yoo 1 
Hy Yr, 1 

2. Suppose we require the shortest distance from the curve y= Xo(x) to the 
curve y= X,(2). 

Then, in addition to the above, we have terminal conditions at each 
end, viz. V8e+Y,(8y—y/ d2)=0, wie. Cdat+y’C dy=0 or ity =o at 
each end, i.e. the straight line is to cut the terminal curves at right 
angles at each end 

Also the equations 

14+ mxXo'(%o)=0, 14 mxy/(x,)=0, maryp+N= Xo(%), Mx, +N=Xi(%) 
determine the four quantities m, 7, 29, 7;- 

It will be noted that maxima as well as minima distances are 
included in the solution. The discrimination depends upon the nature 
of the terminal curves, but in particular cases the nature of the result 
will usually be obvious without formal test. 

3. Let us enquire next the nature of the curve for which, with specific ter- 


oe 
minal conditions, | (32) dx attains a minimum value. [Lacroix, Cale. D., 
p. 704.] 


ae V=7%, X= Y=Y,=0, Y,=2y", Y,=0, ete. 


K=0 gives 
Gye), x wat a ; oe 
da (Y J=0) we. 7a=0 or y= Cot Or Gt Or 7 tOs37- Seve: (1) 
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The terminal variation conditions are for each end 
V da+(Y¥,—Y,,)(8y—y 6x) + V¥,,(6y’ —y” 82) =0.  vesecceeevees (2) 
If we impose the condition that the curve is to pass through (0, 0), 
(a, 0) and its tangent to make with the z-axis angles tanta, tanta’ at 
these points, equation (2) is satisfied and 
at 


a a 3 
0=G,, 0=C,7 + O55 +0, a=C,, a’ =C,+0,a +03 553 


a 
3! ’ 
whence Cy=0, C,=a, C,=—2(2a+a’)/a, C,;=6(a+a’)/a*; 

and we have y=an—(2u+a’)2/a+(ata’)as/a?. 

If a’=—a, this becomes the parabola ay=ax(a—«), in which case 
y= —2a/a, and is constant throughout the curve. 

4. In the case of a bead sliding freely on a smooth wire in a vertical plane 
under the action of gravity, to find the form of the wire so that the time of 
descent from one point of the wire to another is the least possible. This cutve 
is called a brachistochrone. 

The energy equation is v?=2gy, where y is the vertical distance of the 
bead at time ¢ from the horizontal line of zero velocity. This gives 

aL fe 1 Py 
N2g/ Ny S29 Vy 


which is to be a minimum. 


Line of zero velocity 


Fig. 435. 


Here 
VaN1+y"/Vy, X=0, Y= -NVi+y?/2y?, Y,=y'|VyNi+y2. 
V=Y,y'+C gives COVyV1+y"=1; or, writing 
y=tany and C=1/N2a, 
Y= 2a cose Vor 204 —= 2a) sina een sees ce eee (1) 


which indicates an are of a cycloid with cusps on y=0, i.e. on the line of 
zero velocity. (D.C., Art. 395.) 


Ca Pe 
P e 
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At each terminal V 87+ Y,(8y—y 8x) =0, ie. 
C da+ ¥,dy=0 or 8e+9" YH. ooo. cecccecseseceess (2) 
(i) If the terminal points be fixed, equation (2) is identically satisfied. 
Equation (1) is only a first integral, but sufficient to determine the 
nature of the curve. 
2a-—y 


To proceed with it, ay — tan y= | 
and putting y=a(1+cos 6), we have 
dx=—a(1+cos 6)d6, ie. e—C’=—a(O+sin 6). 
So the equations of the curve are 
«w=C’—a(6+sin 6), 
v= Cam! 

Moreover, as y=a(1+cos @) and also =a(1+cos2y), we have 0=2y. 
If the curve is to pass through (9, Yo) and (x, ¥,), both supposed fixed, 
we have two equations to determine C’ and a, i.e. the position of the 
cusp and the magnitude of the curve. 

lf the bead is to start from rest at (x, Yo) this point must lie on the 
line of zero velocity, i.e, ¥y=0, and this point is then a cusp of the cycloid. 

But if the end (x9, yo) be fixed, and the other end (2, y,) isa point only 
known to lie ona detinite locus y= x(x), we have dx = dyo= 0, 8y, = x(a) 82, 
and the terminal equation at (|, y,) gives dr+y’ dy=0 at that point, te. 


y oy —1, and the path cuts y= x(x) orthogonally, and the same is true 


’ 


if (x1, %) be fixed and (2, 7) lies on a fixed locus y= x(x), viz. the path 
must be such as to cut orthogonally the line from which it starts. 

If both ends are to lie on fixed curves, viz. y= Xo(%), ¥=X1(“), we have 
the conditions y ta —1 at each end, and therefore each terminal curve 
is to be cut orthogonally. 

If, for instance, the terminal curves be (1) the line of zero velocity, 
(2) a vertical line at a distance b from the starting point, the starting 
point is the cusp of the cycloid, and 
the other terminal is the vertex. O : x 
The value of ais then found from 
the equation b=7a, i.e. a=b/m, and 2a 
the constant C is /7/2b. It will 
be noted that the starting velocity 
from (29, Yo) on the first curve must 
be that due to a fall to that point 
from the line of zero velocity, tc. y 
/29y7o. Paths starting from any Fig. 436. 
other. given horizontal line, and 
therefore with the same velocity, and describing paths in the least time 
to a given curve cut the curve at right angles, but not the straight line, 
except in the case when the line is the line of zero velocity itself. 
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The problem just discussed is the celebrated problem of John Bernoulli 
which gave rise to the Calculus of Variations. It was proposed in the 
Acta Eruditorum, 1696 (see Cajori, Hist. of Math., p. 234). The general 
problem of brachistochronism for any conservative system of forces will 
be considered later (Arts. 1537 to 1544). 


5. Taking two given points A, B as terminals to find a curve connecting 
them such that the area bounded by the arc AB, the radii of curvature at A 
and B and the intercepted arc of the evolute is least. [De Morgan.] 


Here 5 | pass fe 1 de is to be a minimum. 
ui 

Va(1+y2)'y", X=Y=0, Y,=4y(1+y ly”, Yo=-A+y?Ply, 
and V=20,y' +20,+Y,y" gives (1+y/?)ly” =Cyy' +C, ; 
or, putting y’=tany, p=Cisin ¥+C,cosy=A sin(yY +B), say. 

The curve is therefore a cycloid. 

The terminal conditions are Vd«+ Y, (Sy—y’dx) + Y, (8y’ —y'’Sx) =0 at 
each end, and since 6r=8y=0 at each end, this reduces to Y,, y’=0 at 
each end. 

Also Y,=Y,=-—(1+y’2)?/y”2, and the values of dy’ at each end are 
arbitrary. Hence y” must be at each end, and the radii of curvature 

must therefore vanish. The ter- 
minals must therefore be cusps of 
the cycloid. 

If a condition be added that these 
are consecutive cusps the cycloid is 
then determinate, the length of the 
chord AB being given, say J, the 

g radius of the rolling circle must be 

1/27. If the cusps be not neces- 

sarily consecutive the area might 

be that contained between a set of 

A such cycloidal ares as shown in 

Fig. 487. Fig. 438, and their cycloidal evo- 

lutes, and it will be obvious that 

if the number of these ares be infinite, the area thus bounded becomes 

ultimately zero, the radius of the rolling cirele having become infinitesi- 
mally small. 


Fig. 438. 


If the terminals A, B be not fixed but constrained to move on given 
curves, there is a relation between dx and dy at each end, but the values of 
dy’ are still independent and arbitrary ; therefore Y,, still vanishes at 
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each end, which are cusps of the cycloidal path, which may or may not 
be consecutive ; and other relations also arise by equating to zero the 
coefficients of dx for each end after substitution of the terminal conditions 
which give dy in terms of 2. 

1503. The Case when V depends upon the Terminals. 

If V contains the coordinates 2, y and 2,, y, of the ter- 
minals and differential coefficients of yy and y,, in addition to 
x, y, y’, ete., we. 


V=(a, y, Y', Y"s «<*> Dor By» Yor Yur Yor Yr» ++) 


the variation éV will include terms in addition to those of 
Art. 1495, and now 


s5V=Xbu+Voy+V,dy'+... 


WV OV OV 
ax, gt a 8+ 5 bot 5 - nt 7 0Yo ++: 


* aay 2Yo 


and these additional terms in the variation a Vdz give rise to 


OV ov OV 
bXp Serittge Pe bi BF aot by] 2H dx 


Yo 
+éy.| 2 7 dB... 

the variations 629, 62,, dY¥, etc., not being atin of x 

but only of the limiting values of «, and the integrations 


being from 2 to 2, as before. These extra terms are all to be 
added to the terminal variation portion of the total variation 


4[ Vax The differential equation will be unaltered, and the 


general value of y in terms of # thence derived may be sub- 
stituted in the several additional integrals above, and their 
values may then be found and treated as part of the ter- 
minal variation [//]. 


1504. Relative Maxima and Minima. Lagrange’s Rule. 

Many problems occur in which [rae is to be made 
a maximum or a minimum with the condition that at the 
same time a second integral [Wax is to acquire a given value 


a, where W, like V, is also a function of 2, y, y’, y”, ete. For 
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instance, we might require the curve joining two specified 
points, such that with the z-axis and the terminal ordinates 
a maximum area is to be enclosed whilst the length of the arc 
between the terminals is given. 

Lagrange solves this relative species of maxima and minima 


problems by making af V+2W)dz=0 unconditionally, where 
A is some constant to be determined. 


For clearly this gives 6|Var+ns|Wae=0, 1.e. 6[ Vax 


vanishes for all such relations between y and x as make \w dz 


any constant quantity. Now, upon solving this unconditional 
problem in the way described in the preceding articles, we shall 
get a relation involving ) as well as the constants of inteyra- 
tion, say y=¢(A, x, C,, C,, Cz,...). Then substituting for y in 


W dz and integrating, we are to make such a choice of X as 


will give the integral [wae the stipulated value a. 


We then have s{Var+y 6a=0, we. 4[Vde=0, and the 
variation of [Vac is zero, and the integral has a stationary 
value for such a relation between x and y as gives to [was 


the prescribed constant value a. The constants of integration 
are to be determined as described before from the terminal 
conditions. 


1505. Illustrative Examples. 

1. To two points A, B given in position, whose distance apart is 2c, an 
imextensible thread is attached by its ends, whose length is 2cacoseca. To 
examine in what curve the thread must be arranged so that the area enclosed 
by the thread and the chord AB shall be as great as possible. 


Taking the mid-point of 4B as origin and OA as 2-axis, we are to 


make 5[e ds a maximum with a condition [as= 2ca. cosec a. 


By Lagrange’s rule we are to make uz [(p+2d)ds=a maximum, 1. 
in Cartesians 


w= [vy -- vy’ +2Xr Wal +y'*)dz is to be a maximum. 


LAGRANGE’S RULE. 623 


Here V=y-.ay’+2AV1+y"%, X= -y', Y=1, Y= —x+2hy//V1+y%, 
Y,,=0, ete. Along the path we are to have 


Y=Y-Y'=0 or 1=—-1+9)% Y 


Hence Jity® 
yf —_ ea (w—a)dx t 
z= and dy=—=———5=——.. fe (x=a)? hee 
J1+y" A Y JA2—(e—a)’ te. (v—a) +(y b) r2. 


Bi 


Fig. 439. 


Thus the thread must lie on a circular arc of radius +A of which AB 
is a chord. Therefore the centre lies upon the y-axis and a=0. 


Let D be the centre and ADO= 8. Then A= +ccosec f, and the length 
of the arc=2(2—8)ccosec B, which is to be 2ca coseca ; whence 
B=nr-a, A=+eccoseca and b=+AcosB=-—ccota. 
The equation of the arc is therefore «?+(y+c¢ cot a)?=c? cosec?a. 
In the limiting case when c=0, a=7, and if r be the radius 
LItccota=Ltreosa=—r and Ltc*(cosec?a—cot?a)=c?=0, 
and the equation becomes 2*+ y?=2ry, where 
Qarr=l, the length of the thread. The thread 
then forms a complete circle 2?+y?=ly/r. 
Incidentally this shows that the closed 
curve of given perimeter and greatest area is 
a circle. The process is the same if we 
require the curve of least perimeter with a B 
given area, which is therefore also a circle. 
Note also that if the length of the thread B 0 wee 
exceeds zc, the curve will cut the ordinates ven leo 
z F ig. 440. 
drawn at A and B and lie partly outside 


x 


them. For this reason we did not express the area as i: ydz, for in 


that case the limits —c to +e for « would not contain the whole area 
bounded, but only so much of it as lies between the ordinates at A and 
B, and there would be the difficulty of assigning such limits for the 
integration as would give the whole area. 
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A Case of Discontinuity. 


If the condition be superimposed that the thread in the above example 
ts not allowed to extend beyond the ordinates at A and B, we should prefer 


to begin by expressing the area as [ ydx, But when />7¢ a discon- 
tinuity will be introduced by the imposition of the new condition. We 


still have the condition [vi +7da=the given length=/. Hence 


fotrizyAae 


is to be an unconditional maximum, where A is a constant to be 
determined. 
Here Y=y+AN1+y%, X=0, Y=1, V,=Ay//N14+y72, Y,=0, ete.; 
Z 


es y+XN1 +P =A Feet where 6 is a constant. ........ (1) 


Hence 


r ; —b)d 
Jigge Le. Ce and (#—a)?+(y—byP=A*. 

So long as J + 7e this will lead to the same solution as before. But 
the arc is now, by the new condition, precluded from lying outside the 
ordinates at A and B, and therefore, for the case where A > mc, we must 
re-examine the problem. Now, it has been assumed in the reduction of 
equation (1) and in integrating, that 7 is finite throughout. 

9 But equation (1) can be satisfied by 
making y' infinite, which indicates that 
part of the boundary of the area may be 
a straight line perpendicular to AB. 

M re Examine next the limiting conditions along 

the ordinates AZ, BM at the extremities 
of the chord; 6x is to be zero, but dy is 
arbitrary. Now, for the terms involving 
B O A * the terminal variations 
Fig. 441. [Vde+ Y; (dy —9/ 6x)]=0, 
and if the thread be arranged as AZ and BY, straight portions, with an 
are of a circle LM, which satisfies equation (1), we have at A, LZ, M, B, 
i.e. at the terminals and at the points where the thread leaves the 
ordinates, 6c=0; whilst at A and B, dy is also zero. This reduces 
the conditions to [ Y, 6y]=0. 

That is (Y, dyat A — Y, dy at L) for the line AL+(Y, dy at L— Y, dy at M) 
for the circular are +(Y, dy at Mf—Y,éy at B) for the line 1/B=0, and 
dy at LZ is independent of dy at JL 

Hence Y, for the line AZ at L= Y, for the circle at ZL 
and Y, for the line BU at M= Y, for the circle at MU. 
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But in each case Y,/A = = 1 for the lines, y’ being infinite. 


Hence 


Vite m=1 for the on also, both at Z and at M. Therefore 
y =o for de circle at Z and M, and the circle towches both the ordinates. 
The area in question is therefore that of a rectangle surmounted by a 
semicircle, and is such that 7= 42+ MB+4rAB, which gives the lengths 
of the straight portions as 4(/—7c), when J > re. 


2. The ends of a uniform heavy chain of given length 1 slide freely wpon two 
smooth curves which lie in the same vertical plane. Let us investigate its 
form on the supposition from the energy condition of stability that the 
centroid of the arc will assume the lowest possible position. 

Let the chain assume a position such as indicated by AB in Fig. 442, 
the terminal curves being y=f,(x), y=f,(z). We assume it as obvious 


Fig. 442. 


that the chain will hang in the vertical plane of the terminal curves. 
Take any horizontal line in that plane as z-axis. For the position of 


this z-axis shown in the figure we are to make fy ds/ [as a minimum 
with condition / ds=l. Therefore, by Lagrange’s rule we are to make 
J+ A)V14+y? dz a minimum. 

The equation V= Y,y'+C gives (y+A)W1+y?=(y+A)y?NV1+y?+C, 
he. ytrA=CON V1+y%= Csec y, where 7’=tany. This is enough to 
indicate that the chain is to lie in the arc of a certain catenary curve. 

Proceeding further with the integration, 

pe tos a 1.e. eh Tope 
N(y+A)?- C? Cc Cc 


? 
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where (’ is a new constant. The catenary is therefore one with it: 
vertex at (—C’, —-A+C) and with parameter C. 

As to the terminals, we are to have [V 6x+ Y, (dy —7/ dx)|=0. 

But 8y%,=fy(2,) 6, 8¥%o=fo (Xo) 8%, so that only two of the four 
variations at the terminals are independeut, and we have C 6x+ Cy’ dy=0 


at each end, we. 1+y/Y=0 at each end, and therefore each of the 


terminal curves is cut at right angles by the curve of the chain. 

The seven quantities 7%, %, %, 4%, C, C’ and A are determinable from 
the seven equations 
r,+C’ 


Yota %ytCo ata 
Yo=So(%), w=), be = cosh “a ja G = cosh GC? 
Jo'(a) sinh oe =-1, f/(x,)sinh Ena fei 
& Ty uy Bye: oF 
C sinh G Csinh CG =. 


3. A vessel which is in the form of a surface of revolution with parallel 
circular ends of given diameters is just filled with an inelastic fluid. The 
capacity of the vessel is given and the whole 
fluid is made torevolve about the axis at a 
definite angular velocity w. It is required 
y io find the shape of the vessel so that the 
“whole pressure” upon the curved surface 


B 


A : nae : 
is a@ minimum, neglecting the effect of 
gravity. 

0 = Take the origin at the centre of one 


end and the axis of figure as a-axis. Let 

the radii of the ends be a and b and 

the length of the axis 2,. Taking the 

density as unity the hydrostatic pressure 

equation gives dp=w*y dy, where p is the 

pressure at any point ; whence p=}w%/?, 

Fig. 443. for p vanishes along the axis by the 

condition of the vessel being just full. 

Now, the quantity known as “whole pressure” is given by i pas, 
where S is an element of surface. 


Thus / = QryN1+y"%de is to be a minimum with condition 

my?dx=a given quantity. 

Hence if (yV1+72+4 Ay*)de is to be an unconditional minimum. 

So PI +924 dAyayy?|VI+y2+6, ie. YW1+y2+A¥=C, and for 
the terminals [Vdx+ ¥,(8y—y’6x)]=0, and at the end through the 


origin 6x and 6y both vanish, whilst at the other end 6y=0, for the radius 
is fixed, 7c. Cdz=0, and therefore as dx is not necessarily zero, C=0. 
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Hence y/V1+72= — A or y cos y= — A, where y=tan py. This indicates 
that the are of the generating curve is a catenary with parameter —A 
and directrix along the axis of revolution. 

The constants of the catenary and the value of A are determinable from 
the facts that the curve is to pass through (0, a), (#,, 6), and that the 
vessel is to have a given capacity U. 

If the abscissa of the vertex be €, we have for the equation of the 


’ 


curve a =vosh eas, 
Hence + =cosh ., ee =cosh m5 8, nf" ? cosh? (255) da =U, three 


equations to determine €, 2, and X. 


4. If the assumption be adopted that the pressure upon a small element 
dS moving with uniform velocity u in a still fluid is normal to dS, and 
proportional to the square of the normal velocity, it is required to find the 
form of a surface of revolution with a flat base which, when it moves in 
the direction of its axis, will experience the least resistance upon its curved 
surface. (Lacroix, Calc. Diff., ii., p. 698.) 

Let w be the inclination of the tangent to the axis of figure. The 
yy? da 
l+y72 


resolved pressure is then Jery ds. ku* sin? y.sin y, which « 


ku’ sin?y 


Fig. 444. Fig. 445. 


Here V=yy3/(1+y”), V=y(By? ty) +y?). 
Therefore for a minimum V= Y,7’+const. yields 
yy3|(1+y2)2=const. or ycosy x cosec? y. 
That is, the generating curve must be such that the projection of 
the ordinate upon the normal varies as the cube of the secant of the 


inclination of the normal to the axis 
If we add the condition that the flat base is to be of given area, and that 
the volume of the solid is to be given, we have the conditional equation 


T | ydz=a given constant, 
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Then V=yy’3/(1 sede + ink Y=y(3y?2+y%)/(1+y)? ; whence 
Ay? - ap =C0, te. Ay? —-2ysin? cos PHC. ...... eee (1) 

For the terminals [ V8a+ Y,(8y —y'dx)]=0, ze. [(C da+ Y,dy]=0. 

The origin being taken at the centre 
of the flat base (Fig. 446), and the base 
being given, we have éx and dy both zero 
for the terminal of the generating curve 
which lies on the y-axis. Also Cda+Y,dy 
must vanish at the other terminal. Re- 
jecting the supposition of a discontinuous 
fe) A * flat-nosed surface, this other terminal 

must be on the z-axis and éy=0. But dx 
is arbitrary. Hence C=0. Rejecting 
also the solution of an end-on straight line 
experiencing zero resistance, we have 


a 


a ein pee 
Fig. 446 7 sin’ y cos y. 


ds_ ds dy _ 


1.088 b ealenunie a a aes 
It follows that oe eo wang oan 4sint y)= x sin 8 


and =y X 
which indicates that the generating curve is part of a three-cusped 
hypocycloid, and the values of A and the constant may be found from 
the given data. 


1506. The Case where V dx is a Perfect Differential. 
We have assumed so far that | Vdx is not directly integrable. If 


cos 37+ const., 


however this be so, the function is free from an integral sign and merely 
depends upon the terminal values of x, y and the differential coefficients, 
and is independent of the path of integration from the one terminal to 
the other. Weare therefore not much concerned with this case. Such 


a A 
. . Ee! 
a case would occur if, for instance, y=25 y , for then 


Eat ale xy d y! = yf eae 
1507. Tests of Integrability. 


Our method of procedure, however, yields a test of integrability. For 
supposing V to be the differential coefficient of some function of form 
P{a, y, y', 9, 


3[ V de=8| Fix, Y's Oued 


and assuming the variation to be one which does not affect the terminal 
values of the variables, this vanishes independently of any assigned 
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relation between w and y. That is, the relation Y=0 is identically 
satisfied. And the converse is also true, and the condition is sufficient 
as well as necessary. 


For the demonstration of this converse the student may be referred 
to Todhunter, Int. Cale., p. 365. 

1508. Two or more Dependent Variables. 

Let V be a function of one independent variable x and two 
or more dependent variables y, z with their differential 
coefficients with regard to x, and suppose we are to search 
for the nature of this dependence which will give a stationary 


value to | V dz. 


Here V=F («, ae * We may proceed to find the 


As SS a 
first order variation of the integral exactly as before, but it is 
necessary to extend our notation. 


| ef ov 


Let =-=X, ayn Yin Spi Zin)» 


Ox 
7%= dy” — ofntd) 6a, Em) — Oz) __ grt} on, 


Yi — Yast Y (nt2)— = Yin, Zany Zinty +Z (ee TS = Ly). 
Then, just as before, the first order variation of | Vdz is 


RR! ’ oY ade Yin + eee | ¥; 7, d. 
8 var—[Vaet ort | (YntZO de 


or —[H}+| nt 26 de, 


a result similar to that of Art. 1496. 
Obviously, a similar form will hold however many dependent 
variables there may be. 


1509. The Subsequent Procedure. 
As in the case of one dependent variable, in a search for 


the forms of the functions y and z which will give | Vdea 


stationary value, we are to put 6 | Vdr=0, and now two cases 
arise, viz. 

(i) When y and z are independent functional forms ; 

(ii) when they are connected by an equation L=0. 


630 CHAPTER XXXIV. 


(1) In the first case, y=dy—y'dx and (=dz—z'du are inde- 
pendent variations, and we get Y=0 and Z=0 separately, 
which form two differential equations to determine y and z 
in terms of a. 

(11) In the second case, y and ¢ are not independent varia- 
tions, but we have Yn+Zé =0, together with L=0. 

We shall consider these cases in detail. 


1510. Case I. y and z independent. 
Here 
YeY—Y,+Y,—...=0, 2aZ-Z,12,—.n=0. 
Besides these equations, in the event of V not explicitly 
containing x, we have, as in Art. 1500, 
V=(V ye V9 4S eh eee 
And further special cases arise. For instance, if y and z 
are also absent from V, we have 
Y;—Y,+...=0 and Z/—Z/+...=0, 
whence Y,=C, and Z,=(,; 
2. V=Cy +02 +03 Yi’ 4- 5. Lie as 
and similarly in other cases. 
Also, if other dependent variables be present, a corresponding 
modification of these results will obviously hold. 


1511. Case II. The Case when the Path lies on a Specified 
Surface. 

Before considering Case II. in detail, viz. y and z inde- 
pendent, we may point out one very useful case which 
follows immediately from what has been said, viz. the case 
where the equation [=O is a relation between a, y and z 
alone. This equation is that of a surface on which the path 
to be discovered must necessarily lie. And the case is useful 
for the very large class of problems dealing with maxima or 
minima conditions for lines drawn upon a given surface. 

In addition to Yy+ Zé=0, we have 

L,dx+Lydy+Ldz=0 and L,é6x+L,dy+L,6z=0. 


Multiplying the first by éx/dx and subtracting, we have 
Lyy+Lé=0; whence, eliminating » and ¢ Y/L,=Z/L, and 
L=0 for all such cases. 
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1512. Next suppose the equation of condition to contain 
«, y, 2 and differential coefficients of y and z with regard to a, 


V1Z. ee 
Lef(s, 8 9¥ a )=0. 


Bie 2 ee 


Lagrange adopts a method similar to that of Art. 1504, 
and makes 


| (V+AL)de=0 without condition, ............(1) 


where he regards » as a function of x only. 
It is clear that this will make | V dx vanish for all such 


values of the variables as make L=0, which is what we require. 
Now 


EY? de=|(L dz. &\+-2 dx. 8L+AL.d 82) 


=[\L éza]+] A(sL de—dL én) +f L (6d da—éx dd). 


The first term is a function of the variables and variations 
at the terminals only, and vanishes with L. 

The third term is the only one in which variations of \ 
appear. And it will be noticed that if \ be regarded as a 
function of z only, say A= x(z), then since dA= ’ (a) dx and 
é\= (x) dx, we have 6\ dz—éadr=0, so that the suppositions 
(i) L=0, (ii) A= x(a) produce in that term the same result. 


Therefore, in finding the variation s| (V+AL)de without 


condition, it is unnecessary to consider variations of X when 
we consider A to be a function of a alone. The variation 


of [az dx therefore produces in the unintegrated part of 
aL 
6 | (V-+AL) dz, the additional term ja (s—-5 é0) dx. 


1513. Regarding ) therefore as a function of & alone, and 
writing V+AL instead of V, let us put 


[Y= 5 (V+) [Y]==2(V+22), ete, 
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the square brackets indicating that the substitution of V4-AL 
for V has been made therein. Thus 


+{¥]n+[¥o] 9+... 
| (V+AL)de={ [7] oP pt a 


+| ((¥)n +12] €) dx; 


and as the variation is unconditional, we have y and ¢ inde- 
pendent and [Y]=0, [Z]=0; that is 


ay Se ae +357 —...=0 
ay de dy (V+) + as aye (V FAL) 
and = (V+AL)—7. =< (V+AL) +75 =n (V +All) —...=0, 


v.e. being a function of z alone, 
Ob, Oh Ol, a ok 
ees (2 )4 5 (a %)—...=0 


oy da\" dy’/ | da? ay” 

eS Ch tt OL Ch OL 
and 2405s (a oa) tam ( Sgr) =O, 
which, with men 


give three equations to determine y, z and \ as functions of . 


1514, It will be observed that the terms after the first 
in the first and second of these equations, are those which 
accrue from the treatment of the term 


dL 
pr (ez “a bx )da 
in the variaton of faz daz, after the manner of Art. 1496. 


We may note further that when L does not contain differ- 
ential coefficients of y or z with respect to z, these equations 
reduce to Y+AL,=0, Z+rL,=0, L=0, 
and therefore give again the result of Art. 1511, viz. 

Y/Ly=Z/L, and L=0. 

1515, InLustRativE EXxAMPLus. 


1, As an example of Case I. of Art. 1509, let us find the shortest distance 
from the surface F(x, y,2z)=0 to the surface f(x, y,z)=0 without any further 
condition as to the path. This should obviously be a straight line cutting 
both surfaces perpendicularly. 
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We are to make fas= [vi +y%+2"%dx a minimum, with specific ter- 


minal conditions. Here 


y ? ) Nity?+2” ’ 
ey Y= z.4 Z, 
“Fae Ya-gl. Vek, B--Za, Bau, 

The equations ¥=0, Z=0 give 
¥i=0,, Z=Cr, ie, %=0, F=0,, 


and therefore = =/1-0-6,.. 


That is, the tangent to the path is in a constant direction, and the path 
itself is a straight line. 
At the terminals we have 


[V det ¥,(dy—y' dx) +Z,(8e—z dx)]=0, ie. | tv tz &]_o 


N1ty?2+22 
and the variations at one end are independent of those at the other, 
tie. da+y’ dy +2’ dz must be zero at each end, te. 


fF 504 B ty +S = 82=0 


at each end. But the variations éz, dy, = must refer to displacements in 
the tangent planes of the terminal surfaces, for which 


F,3x+F,Sy+F,82=0 and f,6c+f,dyt+f, d= 
Hence the path sought must cut each surface orthogonally. 


2. As an example of Case II. of Art. 1509, examine by aid of these 
equations Lagrange’s first rule, Art. 1504, where we have to find a function y 


such that 8 V de=0 under condition | W dz =a constant a. 
Putting z= | Wade, we may write this as L=z’- W=0. 


Then we make 8[(V+A@ — W)}dx=0, » being a function of x alone. 


Oy’ 
oe Ee eee 
and Z+<@’-W)-5. & Mz -W)+...=0,| 


ow 
A Gy? ey 


Z=0, 2 x@- W)=0, Be yp W)=A. 


2 ee AC a 
We have acs >= A -W)+..=0 | 


But Se —W)=- A(’-W)= = 50 ete. 


Hence these equations become 


glib ow _d aye 
Y-Y¥i+Yi,- on PEs sur) }= 0 and Fe 
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The second shows that does not contain x, and is a constant ; and 
the first may then be written 


ace ow d ow aden 
Ve eye aM ie ip By to .) = 0, “ie. [¥ 1=0, 


where [Y] refers to the operation 
O 2a 0 ade 
(5, da Oy’ t dat Oy a ) 
upon V—AW, regarding X as a constant, which is the rule of Art. 1504. 


pag 


3. Consider the stationary value of Le Jay de dx. Comparison of the two 


eases. [Ohm. Todhunter, Hist., p. or 
Let z= | yde. Then 2’=y, 2” =y’. We may either 


6 
(i) consider [ oy de unconditionally, 
5 
or (ii) fh Zz dx, with condition z’—y=0. 


A be 1 
(i) Here Voom xis Z= Zi=0; Ly = — sy 


The equation V=Z,2'+Z,2”+0 en V=(Z,-Z,)2’4+Z,2 +0, ie. 


a first integral of the equation to a, z as a function of 2. 
(ii) Or make [Y]=0, [Z]=0, with condition L=z'-y=0, 


d 1 da oe 
alee A= 0, y de” z —y=0. 


Eliminating y and 4, we have 


we ae Fa) seas gies a (2) 


If (1) be differentiated to eliminate C, we find a result identical with 
(2), and equation (1) is a first integral of equation (2). The first method 
has therefore carried us one step onward in the integration, whilst the 
second has produced the original differential equation itself. 


1516. If s (or t) denote the independent variable, and 2, y, 
z, viz. the Cartesian or other coordinates, be the dependent 
variables, it will be desirable to alter our notation a little in 
conformity with such requirements. 

We take the case of three dependent variables. It will 
make no difference in the investigation however many there 
may be. Accents will denote differentiations with regard to 
the independent variable. 
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GO, Bele 
Let V=4| 3,y, y', y”, «4, 
ay Ae lee 
and we shall write 


OV OV ad’ (OV or (OV 
=—_—_—= =. = " ‘ 
Ge Be oy ae (sa) =X agF (Sm) =Zi, ete. 


pitt: dal") — glr+)) 6s, 9!) = dyl— yl) és, C= fal —alt+)) Js 
? 
ES 68 Di see y XS A te eee etc., 


with similar meanings for Y, Y,, ete., Z, Z,, ete. 
Then we have, to the first order, 


s|Vds=[V as 4+(X,E+X, £’ +...) +(Yint Ya +...) 
+ (Z, €4-Zn E+ N+] e+ Yn+Zé) ds 
=[H}+|(Xe+ Yn+Z¢€) ds, say, as in earlier cases. 


1517. As before, if it be desired to discover the functional 
forms of. z, y, z which will be required to give [vas a 


stationary value, we have to make the above first order 
variation vanish. 

There are two cases to consider, (i) when 2, y, 2 are inde- 
pendent of each other; (ii) when some relation L=0, or 
some set of such relations exists between them. 


1518, In Case (i), in the absence of any such relation, the 
arbitrary variations from point to point of the path, En & 
are independent of each other, and we have 

X=0, Y=0, Z=0, 

three differential equations, whose orders are, in general, 
double the order of the highest respective differential co- 
efficients contained in V, and whose solutions severally con- 
tain the same number of arbitrary constants as their order. 
Secondly, there are as many equations arising from [H]=0, 
by equating to zero the independent terminal variations therein 
contained, as there are independent terminal variations. 
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Also, as in Art. 1500 (i), if V does not contain s explicitly, 
so that S=0, we have 
V=(X,0' +X, 04+...) +(Y.y +Y,y"+..-) 
(Zo 4-Zr 2d +...) +O. 
Other special cases may arise. For example, if 
V=$(2, 444, Y; 2), 
the independent variable being absent, we have 
V=X,04+ Y,yY4+Z,274+0. 
If V=¢(v’, y’, 2, x”, y”, 2”), we have 
V=(X,—X,) a’ + X,2"+(Y,—Y,)y+ Yi’ 
+(Z,—ZN24Z,2°+C; 
and also X,—-X,=C,, Y,—Y,=C,, Z—Z,=C;, 
viz. the solutions of Y= —X/+17=0, etce., 
so that V=O+O,a'+ Oy’ + 0,2 +X,0"+ Yi y"+Z,2' ; 
and so on with other cases. 

1519. In Case (ii), when there is a connecting equation L=0, 
we make | (V+AL) ds=0, according to Lagrange’s rule, and 
consider ) a function of s only. 

= fa) 2 

Then F402" (ao*)4 9 (a 2)—...=0, 
which, with the two similar equations in y and z and the 
connecting equation L=0, give four equations from which 
x, Y, 2, X are to be determined as functions of s. 

When L contains only «, y and z, so that L=0 is the equa- 
tion of a surface on which the path lies, these equations reduce to 
X+AL,=0, Y+Al,=0, Z+dL,=0, 

4.0. A /lg=Y /L,=2/ Le with L=0, 
These equations could be derived otherwise, as in Art. 1511; 
for we have 
L,6a+L,dy+L,62z=0 and L,dx+L,dy+L,dz=0; 
and, since €=dx—«a'ds, n=dy—y'ds, €=6d6z—26s, 
we get L-€+Ly+-Lé=0, 
an equation which constitutes a linear relation amongst the 


otherwise arbitrary variations €, n, & which involve the four 
variations 6s, da, dy, dz. 
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We also have Xé+ Yn+Zé=0. Let one of these variations 
be taken such that €-=0, then X/La=Y/L,. Similarly taking 
another variation in which »=0, then X/L,=Z/L,. Thus we get 

X/L,= Y/L,=2/L,, with L=0, as before. 
1520. When z and its differential coefficients are absent 


from V and L, we obtain over again the relations of Art. 1511, 
viz. X/L;,=Y/L, and L=0. 


1521. In any case, where we are to make \v ds a maximum 


or a minimum and s is an arc of the path and a, y, z, Cartesian 
coordinates of a point upon it, we have the relation 


L=a*+y"7+27—1=0, 
and we may make [{v+3er+yt+22-0} ds an uncon- 
ditional maximum or minimum. Here 3d has been written 


instead of for later convenience. If V be a function of 
x, y, z alone, not containing s explicitly, we have 


fees “orks _w _owW _w 
§=57, @+y*+2*—-1), [X]=5,, [Y]=5,, Zl=3> 
wv d 


[X]=0, [Vl=ry, l=, I=2- Foe, 
[Y]=ete, [Z]=ete., 


and [VJ=[X oe’ + y +12] +¢, 
1. VA wt ty2+22— 1)=A (x? +y?+27)+0C, 
4.6, Dah Sih eed ee ahha as ova Pee cig a0 ds (1) 


1522. Again the terminal equations give 
[(V]és+ [XJ é+[¥]n+{Z1f]=0, 
1.€. [{v +3 (a? +y?+22— 1} 68+Aa’(da—wx' ds) 
ry (by —y’ 68) +2’ (6z—2' as) —0, 
or [(V—A) ds +a (a’ da+ yoy +2’ 62)]=0, 
or - [C ds+A (a’da+-+)]=0, 
1 
1.€. C (68,—68))+ E (a’ day’ dy +2 42) | =0, 
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1 
and therefore C(és,—6és,)=0 and E (a dat y’ dy +262) | =0, 


for the terminal variations of s are independent of the terminal 
variations of a, y, z. 

In isoperimetric problems, 7.¢e. those concerned with an are 
of specific length, ds,—6s, vanishes; but in other cases 68, 
and ds, are not necessarily equal, and then C=0. ‘Thus, 
for isoperimetric cases, V=A+C, and the value of C is to 
be determined by the length of the arc; for non-isoperi- 
metric cases with an undefined length of arc C=O and 
V=>,. 

In either case, provided X be not such as to vanish at either 
terminal, we must have w’dx+y'éy+2'6z=0 at each terminal. 
That is, if the terminals are to be on specific terminal curves 
the path must cut each orthogonally. But if the terminals be 
fixed points this expression will vanish identically by virtue 
of the vanishing of 6a, dy, 6z. 

Since in non-isometric problems V=), we may write 


\[v-+3 (e®+y2+22—1) |ds as S| V(o2ty2+22+1) ds 
at once. (See Williamson, J.C., Art. 296.) 


15238. If V be any function of 2, y, z alone, and \v ds is to 


be made of stationary value for curves to be discovered lying 
upon a given surface (x, y, z)=0, and with fixed terminals 


or fixed terminal curves, we have 5|Vds—0, and we may 


treat the variation ab initio as follows. 


a 


We have \ov ds+ Vd 6s)=0. 


But 6V=V,6%+ V,dy+V,6z, and dés=a'ddx+ ydoy+2'doz, 
so that 


a|v ds=|{(V80+V dy +V.62)ds+ V (a'd be-+-y/d by +-2déz)} 


=[V(a'da+ y'dy+2'62)] 


+\{(¥-% Ve’) er (v,-4. Vy) oy+ Ge V2’) az} ds. 
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So that we must have [V(a’de-+y’dy+2'62)]=0, as the 
terminal condition and 


(eae Vx") ée+(V,—-Vy) 6y+(V.—4. Vx’) 6:=0 


along the path. 

We also have ¢,dx+¢,dy+¢,6z2=0, a linear connection 
between the otherwise arbitrary point to point variations 
dw, dy, dz. Hence 


poste Vai Agu) 50-4 (¥,— * Vy—4u) by 
sg ols Ve—n¢.) wey 


Now, two of the variations are arbitrary, and } is at our 
choice. des; 
V,— oF Vy 

oy 

Then it follows that V,— £ Va!—r$_.=0; and similarly we 


Take dz=0, and choose dx not equal to 0 and \= 


may show, by taking éz=0, that V,— £Ve'—Dg,=0. 
Ve-$(Va") Vi-5(Vy) VZV) 
rk Cer Se Sees 
The terminal condition [V(z'dr+ y’dy +2'6z)|=0 shows that, 
provided V be not zero at the terminals, the path must cut 
each of the terminal curves orthogonally. 


Thus 


IMPORTANT APPLICATIONS. 


1524, GEODESICS. 
To find the shortest line, or geodesic, on a given surface 
(2, y, 2)=0, from one given terminal curve to another drawn 


upon the surface. 
Here u= (as, i.e. V= Jay? +2. 


/ 


x 
X=0, O53 = SSS 
Then Ja? +y wa 72 
d 


ra d ae aw te aye ae 
PP men eae a ne ¥=—y"", ZL ae 
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Thus, by Art. 1519, 0’/f.=Yy"oy=2"/pz, Ue. the osculating 
plane at each point of the curve must contain the normal to 
the surface at that point. 

The terminal condition is [Vés+X,é+ Y7+-Z2050) 

1.6. [és-+a'(da—a'ds)+ y'(dy — yds) +2 (dz—z'6s) |=0, 
1.€. [a' dat y’dy +2'6z]=0. 

Now fix one end, then a’éa+ y'dy+2'6z=0 at the other end, 
so that the line sought must cut the terminal curve at that 
end orthogonally. Similarly for the other end of the path. 
Thus the path must be such that 

(1) the osculating plane at each point contains the normal 

to the surface at that point ; 

(2) it must cut both terminal curves orthogonally. 

1525. We might, without quoting the general theorem of Art. 1519, 
proceed as follows, a course which is usually preferable. 

Since we are to make 8 [Vader det dP = 0, we have 

[Beeta iy eee 


0; 


. [a 8a +y' By +2/ bz] - Ji” bx +y" dy +2” 82) ds=0 ; 
and along the path we’have 
aw §a+y" Sy+z2 62=0, with condition ¢,d2+ Py dy + $.62=0, 

2.€. (a — Adz) bat (y” — Ady) dy + (2 — AG.) 62 =0. 

Now of the three dz, dy, dz, two are independent, say dy and éz. 

Let 6z=0, and take dy #0; A is at our choice; take it=wv”/¢,. Then 
y=Ady. Thus v”/$,=y"/y, and similarly =2’’/¢,. 

We also have the terminal condition 2” de+y' dy+2’ 6z=0 at each end, 
and the path cuts the terminal curves orthogonally. 


1526. Geodesic on a Surface of Revolution. 

Let the surface be, say, x?-+y?=f(z), the z-axis being the 
axis of revolution, Then wv’ /e=y"/y, 1.e. xy”—yax"=0, or 
ay’ — yx’ =const.=h, say. Referring to cylindrical coordinates 
(p, ¢, 2), p2? =h, i.e. psinx=h, where x is the angle between 
the path and a meridian at any point of the curve. This is 
the leading property of such geodesics. 


1527. Geodesics on a Quadric. 
For geodesics upon an ellipsoid we have the relation 
pd=const., where p is the perpendicular on the tangent plane 
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to the ellipsoid at any point on the curve and d is the semi- 
diameter parallel to the tangent to the curve at that point. 
For proof of this and for the general properties of geodesics. 
on a quadric, see Smith, Solid Geom., ch. xii. 

1528. Required the nature of the projection upon the z-plane of geodesics 
upon the helicoidal surface z=a tan y/x. 

Here $=asinz/a—ycosz/ja=0, $,=sinz/a, y= —cosz/a. 

The geodesic equations give x*jsin==y" [( —cos =), te. wa” + yy” =0; 


changing to cylindricals «=p cos 6, y=p sin 6, z=a, ds?= dp? + p?d?+dz*. 
Then indicating differentiations with regard to @ by suffixes, and those 
with regard to s by accents, s,7=p,?+p?+a’, i.e. 8:33=p,p2+ppy. 

Now pr=x2+y?, pp’ =a22'+ yy’. 

Hence pp” +p?=22"+yy"+2%+y%=272+ y2 =p? + p29? ; 


Se ane d*p (33) = -, @d/fdp\_p @ br) ; 
- pp =p*9’2 and ds? do =p) 1.€. la)-= or At ae 
whence (Pa8; — Pr82)/8:2=p/%1, 4. 284" — py818,= P81", 
te. (p,—p)(p.*+p?+a*)=p,(pipat pps) OF pa(p? +a?) — 2pp,*= p(p? + a?). 


dy . A fax\__.. : 
Let p=acot x, then Pi= — a cosecty FF; Se wa(a)= sin x COS X ; 
dx\? 4 1 ‘bee ; : 
Se (FH) =e —sin?x +7, where Bis @ constant > Te 
do dx 


0 : ; 

*. —=———4+—____ and y=am ¢ +a), where a is a second arbitrary 
k /1—k*sin? x : k 

constant. Hence the projection of the geodesics on the z-plane has an 


equation of the form r=actn (¢ +a) mod. k, & and a being constants 
depending upon the position of the terminals. 

The reader will have no difficulty in showing that if $ be the angle 
which the tangent at any point of the geodesic makes with the generator 
at this point, and y the angle the normal to the surface makes with the 
axis of the helicoid, then sin¢ =ksin py; and hence that if A,A,A,... be 
any closed geodesic polygon drawn upon the surface, and ¢,, ¢,’ be the 
angles which A,A,,, 4,4,;, make with the generator through 4,, then 
Isin ¢,=I sin ,’. 


1529. Suppose we are to obtain the stationary value of 
|v E+ 2Fy'+Gy? da, 
where E, F, G are known functions of the variables x and y. 


_ Ey +2F yy +Gyy? FaGy 
Here Y= V7 ae V 
where suffixes denote partial differentiations. 


, 
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The differential equation to be satisfied is Y=Y—Y/=0, 
Ey+2Fyy+G,y?_ d F+Gy 
2V aT Ge wy ae 
After differentiation and considerable reduction, this leads 
to an equation 
A+ By’ +Cy?+ Dy? +2(F2— HG) y"=0, «02.10.0000 (1) 
where A=EE,—2EF,+FE,, B=3FE,—2HG,—2FF,+GEz, 
C=—3FG,+2GEH,+2FF,—EG,, D=—GG,+2GF,—FG,, 


for the terms in y’4, yy”, yy” all cancel out. 

The equation (1) is incapable of general solution, but many 
cases arise in which at least a first integration may be effected, 
and sometimes the complete integration. 


1.€. 


1530. (i) For instance, if H, F and G@ be constants, A4A=B=C=D=0, 
and the solution is that of y”=0, i.e. a straight line. 


(ii) If H=G@=L—M where L is a function of x alone and V a function 
of y alone, and if F =0, 


A=(L-M)(-M,), B=-(L-M)L,, 

C=(L-M)(-M,), D=—-(L-M)L,, 
and equation (1) becomes 

2(L—M)y"+(1+y?) (My +y'Lz)= 


ayy T= Myy" Ta +y") 


o T+y°) D2 L—-M 


=) 


gh ett Ne 
1.€. ap 7 hog y) —log (L— M)]+ Lz p—y=93 


é 1 ld 
or putting ont 2 dp 82+ le= =0, whence 1 Gth= =O; 


M-xX 


Hence a first integral is seat 


L-M aa 
fesiae ving CO haa 


1.e, eS Je Tee 7s toons, a second integral, 


for by supposition ZL is a function of x alone and M a function of y alone, 
so that the variables are “separable” in such cases. 


1531, The case of Art. 1529 is an important one, for it will 
be remembered that if the coordinates of a point upon a surface 
be expressed in terms of two parameters u and 0, the element of 
arc may be expressed in the form ds?=E du?+2F dudv+G dv. 


LEAST ACTION. 643 


Hence the determination of a geodesic upon the surface 


depends upon the possibility of integrating the differential 
equation (1). 


1532. The direct investigation of the geodesic may be sometimes 
effected by a transformation. For example, if the square of the linear 
(1 =v) du? +(1 — u*) dv? + 2uv du dv 

1-w-v? “ 
let us take a third variable w such that u2+v?+w?=1, whence 


element on a surface be given by ds?= 


udu+vdv+wdw=0. 

Then ds* = {(u? + w*) du? + (v? + w?) dv? + 2uv du dv} /w? 

={(udu+v dv)? + w? (du? + dv*)}/w?= du? + dv? + dw’, 
sO $= [va +dv*+ dw?, with condition u2+v?+w?=1, 

That is, the are of the curve on the original surface is the same length 
as the corresponding are of a corresponding curve on the unit sphere 
in a system of rectangular coordinates u, v, w. And the geodesics on 
the sphere are given by the great circles, i.e. by equations of the form 


au+bv+cw+0; hence the geodesics on the original surface are given by 
au+bv+er/1 —u?—v?=0, where a, b, c are constants. 


1533. Principle of Least Action. 

Suppose a particle of mass m to be in motion under the action of any 
conservative system of forces and either to be moving freely or under com- 
pulsion to remain on a smooth surface from any one point to any other 
point. Then, if v be the velocity at any time t, and ds an element of the 


path, we shall show that the integral m | vds has a stationary value. 


The quantity A defined as m [ vds is called the Action, or the 


Characteristic Function, by Sir W. R. Hamilton, and the principle is 
known as the Principle of Least Action. 


1534. If X, Y, Z be the force components per unit mass, R the normal 
pressure exerted by the surface, if any pressure exist, and X, p, v the 
direction cosines of the normal, the ordinary equations of motion are 

#=X+RA, y= V+Rp, 2=Z+ Ry, 


and the energy equation is 
2 
m= gam | (x dx+ Y¥ dy+Zdz)=my (a, y, 2) say, 


for the expression X dx+ Y dy+Z dz satisfies the condition of integrability, 
since the forces form a conservative system, i.e. are such as occur in 


nature. 
Hence, we have vdvaX dr+ ¥ dy+Z dz, 
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But we also have ds?=dx?+dy*+ dz’, so that §dés=a dda+y ddy +2 déz, 
and the variation in A, ie. 8A=m8 i] vds=m jk (5v de+v dds) 


=m { (X e+ Y by +-Z bz) dt-+é dda +4 ddy +2d62} 
=m[a Bey Sy+4dz]+m | {(X —#) da + (Y —y) 6y+(Z—2) 82} dt 


= me de+4 Sy +282) —m | R(X Sa+ p by +v 82) dt, 


and since the direction defined by A, p, v, 1.¢. the normal to the surface, is 
necessarily perpendicular to any displacement dz, dy, dz on the surface, 
A 6+ p by +v 6z vanishes, as also does each of the terminal values of 
&da+y dy +282. 

So that the variation of A is zero and the “action” has a stationary 


value. Conversely, if we assume that if ii vds has a stationary value, we 


can establish the general equations of motion of the particle. 


1535. It follows of course that if X, Y, Z be all zero, i.e. if the particle 
be in motion on a smooth surface under the action of no forces except 
those due to the constraint of the surface, then v is constant, as shown by 


the energy equation, and | vds being of stationary value, so also is i ds. 


That is, the particle searches out for itself and travels along a geodesic 
on the surface. (See Tait and Steele, Dyn. of a Particle, Art. 233, also 
Routh, Dyn. of a Particle.) 


1536. Path of a Ray of Light in a Heterogeneous Medium. 
When a ray of light travels in a medium of variable refractive index p 
from one point to another, it does so in such a manner as to make ‘f pdsa 


minimum. It is required to deduce the equations of the path of the ray. 


This case is similar to the one just discussed. 
Weir 8 [ nas=0, ie, [ Guds+pd8s)=0, 
and ds dds =dx dbx + dy dy + dz d&z ; 
~ [ Onde+ plo" d8x-+y/'ddy-+2'ddz))=—0, 
and Op = p22 + pydy + 1,62. 
Hence = [purv’ dx + py’ dy + p2’ 82] 


+{[{u- $ (ue) hae + { py $( n%) bay + {in - $(u22) hae ds=0; 


and since the ray is to pass from one definite point to another, the 
integrated portion vanishes at each terminal, and the variations én, 
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dy, dz under the integral sign being arbitrary from point to point, 
we must have also 
Cu_d/ dx Om _ad/ dy\ Om d/ a 
ie z 
Or =3("G) Oy =%( "ap io a =3,( "Ge 
which form the differential equations of the path of the ray. 


1537. Brachistochronism. The General Problem. 

A particle is in motion under the action of a given conservative system of 
forces. It is required to find the path along which it must be constrained to 
move so as to accomplish that path from one given point to another, or from 
one given surface to another, in the shortest time. Such constrained paths 
are called Brachistochrones. The case of brachistochronism under the 
action of gravity has already been considered. 

Let m(x, y, z) be the potential energy of the force system, m being the 
mass of the particle. 

Then the energy equation gives $v°+ (2, y, z)=const. 

The force-components per unit mass are —$,, —$,, —¢2, being the 
rates of decrease of potential energy. By varying v, we have 


vdv+$,bx2+ hy dy +, 62 =0. 
Also ds dds=dx dix + dy ddy + dz déz, i.e. dds=ax' dbx + y' ddy + 2'déz. 


ds ae 
Now we are to make t= [5 a minimum. 


So s=3/S= [(S-J ds 8v)=0. 


Therefore [{,@ a + +)}+ [{s(b<d0+ +)} de =0, 


Le, [A *]+/[{B-£(E)} e+ + Jas=o, 


and &z, dy, 6z are arbitrary all along the path and independent of each 
other, and of the variations at the terminals. Hence 

x bat+y' Sy +2 bz d . aly d : 

eee ee 

1538. The Terminal Conditions. 

If the terminals be fixed points, the expression in square brackets 
vanishes identically at each end of the path. 

If the path start from a fixed point (2), yo, %) and terminate at the 
surface F(x, y, z)=0, then éx, dy, dz vanish at the starting point, and 
provided the velocity be not infinite at the other terminal x’ da +y/ dy +2’ 8z 
must vanish there; that is, the path must cut the surface F(x, y, z)=0 
orthogonally, for the only admissible variations dx, dy, 6z at this end are 
such as lie on the surface. 

If the path start from a point 2», yp, 2, Which is only defined as lying 
upon a surface /y(2, y, z)=0, a similar result will hold, provided that the 
whole energy of the system be a given quantity, and that /)=0 be an 
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equipotential surface of the force system. If the surface /)=0 were not 
an equipotential surface, terms depending on 2, dY9, 62) would make their 
appearance in the integral, and such terms if existent would have to be 
included with the rest of the terminal terms. 

If the motion terminate at a given curve instead of at a given surface, 
the terminal conditions may be discussed in a similar manner. 


1539. The Normal Pressure in the Case of Brachistochronous 
Description. 


From the general equations AG a) 2, etc., which may be written 
va’ —vv'x’ —p, =0, ete., 
we have, by eliminating v? and w’, 


x’, a, ds 

¥, os Py |=9, 

2", z, pz 

so that the resultant force at any point lies in the osculating plane of 
the curve. 

Moreover, multiplying the equations vx” —w’‘s’—¢,=0, etc, by 
px’, py’, pz” respectively, p being the radius of absolute curvature, 
we have by addition v?/p=$, px” +9, py” +$.p2"”= — NV, where WN is the 
normal force component. 

If, however, & be the pressure per unit mass upon the curve, the 
normal resolution gives the equation v?/p = V+ R. 

Hence R=-—2N. That is, the pressure upon the curve is equal to twice 
the normal component of the forces, and acts in the opposite direction. 

Now for a free path under a conservative system of forces for which 
the components in the direction of the tangent and principal normal are 
T and N’, there being no component in the direction of the binormal, we 


d : : 
have = T and ret ’, whilst for the same path to be brachistochronous 
under frictionless constraint under the action of a corresponding set of 


forces whose components are 7’, N, 0, we have OT and ae —N 
(i.e. =N+R where R= —2N). 2 


1540, Hence we have Townsend’s theorem : “If for the same velocity 
of description any curve, plane or twisted, be at once a free path for one 
conservative system of forces and a brachistochronous path under fric- 
tionless constraint for another conservative system of forces, the resultants 
of the two force systems must at every point of the curve be reflexions 


of each other as regards both magnitude and direction with respect to the 
current tangent at the point.” 


1541. The principal cases are : 
(a) When the motion is under a single force in a given direction. 
(6) When the force tends to or from a fixed point. 
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1542. Case (a). Force in a Given Direction. 

Take the y-axis parallel to this direction. Let m be the mass of the 
particle, mF'(y) the potential energy. The forco to increase y, being the rate 
of decrease of potential energy, is —mF(y). The pressure on the curve 
is R=2mF'(y) cosy, y being the inclination of the tangent to the z-axis. 


R>AQmFO) cosy 


a 


Fig. 447. 


Let y=a be the line of zero velocity ; then we have $v?+F(y)=F(a), 
and v?/p=F'(y) cos yp. 


Hence pom (y)=- oe 
as 1 dv dy 1 d 
oe vds ds pcosp ~tan ba 


whence v=ucos ¥, where w is the value of v when y=0. 
Also the y-¥ equation of the brachistochrone is $ u*cos?y = F(a) — F(y). 
It is convenient to use the angle i, the angle between the ordinate and 


the current tangent, in place of ¥, and =o -y. 
Then the law of force necessary for brachistochronism is given by 


Lean Pe , : epee F 
P= ~ (sin?s), per unit mass, repulsive from the «-axis, with a line of 


dy 
zero velocity found by the vanishing of i. Also the pressure upon the 
curve is R=2mF’(y) cos Y= —2mP cosy towards the centre of curvature. 


1543. Case (b). Central Force. 


Take the origin at the centre of force. Let mF(r) be the potential 
energy. The radial force from the origin is —mF (r) and R=2mF (r)sin¢, 
where ¢ is the angle between the tangent and the radius vector. Let a 
be the radius of the circle of zero velocity. 

Then 4224F(r)=F(a) and v/p=—-F%(r)sin p. 

; vdv, .. 1dv_dp r_ldp 


e uf =—* _ _— 
poe sateen t (= Gr 8% ydrordr pp dr 
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Therefore v/p=const.=h, say. Whence the pedal equation of the 

: h? dp* 

brachistochrone is $h2p? + F(r)= F(a), and the law of force is Pry _ 

repulsive rrom the origin, with a circle of zero velocity whose radius is to 
be obtained by the vanishing of p. 


R=2m F(r)sin® 


Fig. 448. 


The pressure on the curve towards the centre of curvature is 
—2mF’(r) sin =2mP sin p= amp? : 


1544. Comparison of Analogous Results. 
It is worth while for the student to note that 
(a) For parallel forces: 


(i) for a free path fo ds=min., vcos =u (a constant) ; 


(ii) for brachistochrone [? =min., v/cosp=u. 


(b) For central forces : 


(i) for free path | vds=min., vp=h (constant) ; 
(ii) for brachistochrone i - mins efeen. 
Compare the following laws of central force for various circumstances : 
ees Ore : _W dp S 
(a) Particle in free motion P= oa pv=h. 
(6) Particle in brachistochronous motion P=h'p®, vo/p=h. 
Te ; : 8 h dp 
(c) Equilibrium of inextensible string as a Tp—h 
ate ~~ : _hdp,, hl dp ¥, 
(d) Equilibrium of extensible string Ra Tone ar’ Tp=h. 


1545. Energy Condition for an Equilibrating System. 

If V be the potential energy of a field of force in which any system of 
material particles has assumed a position of equilibrium, it is known that 
the configurations of stability and instability are those of minimum or 
maximum values of V. 

Cases in which a stationary value of V occurs without a true maximum 
or minimum give neutral equilibrium, in which there may be stability 
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for some displacements, instability for others. The Calculus of Variations 
supplies a very powerful instrument for the discussion of such problems, 


1546, Ex. An inelastic string of uniform density and length 1 is attached to 
two fixed points A and B. Find the condition that it disposes itself in a 
curve of specified shape wnder the action of a central force in a field of 
potential V. 

Let m be the mass per unit length. Then the potential energy of the 
whole string is | mV ds, and for stability we are to make | (V+) ds a 


minimum, V being a function of r alone. Then, with the usual notation 
of polars, 
{iv +rvFFrAdo=0 ; 


99, Pa aa Pads? 
 (V+4A)VPr +r =(V+)) ate CPt 
es 
r2d@ rsing’ 


¢ being the angle between the tangent and the radius vector, te. 


Hence V+A= 


C being a constant. 

This gives the law of potential of the field of force. é 

Thus P (viz. the repulsive force from the pole) = -F-5 = re (2) 

V being supposed a known function of r, we now have a relation from 
(1) in terms of r, 6, A, C, and another constant which will be introduced 
when we have integrated equation (1) to get that relation into the r, 6 
form. Two of the equations to determine the three constants will be 
obtained by making the curve pass through the terminal points; the 


other is provided by making ;-, 
| vFFra0=1. 
A 


If F be the tension, a resolution along the normal gives 
P49 P dacind =P ds? 
p r 
ive. Tp=P.- dp 7” ie. TH=V+A. 


That Tp is constant is also obvious by taking moments about the 
centre of force for any portion of the string. (See Art. 1544.) 

Taking the more general case of a string of length 1, attached to two given 
points A, B, and of variable line-density p, which is a function of 8, the arcual 
distance of any point from A, and constrained to lie wpon a given smooth 
surface f(x, y, z)=0, and ina field of force of which the potential is V, 
now a function of x, y, 2, we are to make 


w= [pV + MC y dt bue ty 242" Dds, 
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a minimum, A and p being functions of 8 alone, to be determined so that 
ve? +y?+2%=1 and that f(a, y, z)=0. 
The terminals being fixed, we vary «, y, 2 alone, keeping 8 constant. 


Then bu=|[ p(V.de+ +)+A( fz dat +)+u(0" 5 Be +) ds. 


The terms of the third group may be integrated by parts. 
d 
|( we 5,0) ds =[par’ 8x] — cee (p0") ar} ds, etc. 


Hence, for a minimum, we have 


d ave 
pVztAfz—a. (pr )=0, 
with two similar equations. 


These three equations, combined with «?++=1 and f(a, y, z)=0, are 
sufficient to determine A, p, x, y, z in terms of s. 


PROBLEMS. 


1. Given that (a,, 4), (%), Y¥2) are two points movable in a plane, 
and such that their distance apart is always equal to a definite 


constant a, what must be the circumstances of the motion in 
order that we shall always have 


4 Oy + Wy 8Xq + Y; 8Y, + Yo SYy = 04 
[De Morean, D.C., p. 455.] 
2. Prove that to the first order the variation of the integral 


eat : ewe, of 4 /af\| 
[fe y, p) dx, with constant limits, is fe {2 = Sea dx, where 


w=dy-—péx and p=2. 
Determine a curve joining the origin to the point (a, 1) for which 


the integral 24 m2y2) dz has a minimum value. 
: J (? Y) [Martu. Trip., 1896. ] 


3. Prove that the shortest time path between two curves which 
lie in one plane when the Velocity varies as the distance from a line 
in that plane, is the are of a circle cutting the curves orthogonally, 
and having its centre on the line. [CortEGes y, 1893. ] 


4. Find the relation between y and p in a curve which makes 
rv 1+p?dx a maximum. Obtain the polar equation of the curve 


whose pole will generate this by rolling on a straight line. 
(CoLiecEs, 1877.) _ 
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5. A particle is moving under the action of a force perpendicular 
to and proportional to the distance from the line of zero velocity. 
Show that the brachistochrone is a circle. ('TOWNSEND. ] 


6. Find the law of force parallel to the y-axis for which each of 
the following curves is brachistochronous, stating in each case the 
line of zero velocity and the pressure upon the curve : 


Curve. w-axis. Curve. x-axis. 
1. Circle, diameter. 2. Parabola, directrix. 
3. Parabola, axis. 4. Catenary, directrix. 
5. Tractrix, directrix. 6. Evolute of Para- axis. 
bola, 
7. Evolute of directrix. 8. Four-cusped hypo- line of oppo- 
Catenary, eycloid, site cusps. 
9. Rect. Hyp., asymptote. 10. Bifocal conic, axis. 


[TownseEnpD. ] 


7. Find the law of central force for which each of the following 
curves is brachistochronous, stating whether the force is attractive 
or repulsive, the radius of the circle of zero velocity, and the pressure 
on the curve in each case: 


Curve. Pole. Curve. Pole. 

1, Parabola, focus, 2. Equiang. Spiral, _ pole. 

3. Cardioide, pole. 4. Circle, point on 

circumf. 

5. Lemiscate of node. 6. Rect. Hyp., centre. 
Bernoulli, 

7. ™=a"cosné@, pole, 8. Invol. of Circle, centre. 

9. Epi- or hypo- cent. of fixed 10. Reciprocal Spiral, pole. 
eycloid, circle. 

11. Central Conic, centre. 12. Central Conic, focus. 


[TowNSEND. ] 


8. Show that the curve of quickest descent under gravity from a 
given point to a given vertical straight line is a complete semi- 
eycloid with cusp at the given point. 


1 /dy\2 
9. Determine the minimum value of | (2) dx, having given that 
0 


1 and | £2 1 
=l1 an ~dz=-—-1, 
Yo 0” 


where y,, y, are the values of y at the lower and upper limits 


respectively, and y, is subject to variation. 
[Sr. Jonn’s, 1883; TopHunter, Hist. of Calc. Var.) 
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10. Find the equation of a curve such that the area between it 
and the «-axis has a given value, whilst the area of the surface of 
revolution, bounded by it when revolving about the z-axis, is a 
minimum. (Ox. II. P., 1880.] 


11. A piece of string of given length in the plane of the curve 
ax? = y%, has its two ends movable on the two branches of the curve ; 
find the form of the string when the area between the string and 
the curve is a maximum, and when that is the case prove that the 
string at each of its ends is at right angles to the curve. 

(Sr. Jonn’s, 1889.] 

12. A surface of revolution has a given area, and its generating 
curve intersects the axis in given points; determine the form of 
the surface so that its volume may be greatest. [y, 1899.] 


13. Show how to connect two fixed points by a curve of given 
length, so that the area bounded by the curve, the ordinates of the 


fixed points and the axis of abscissae shall be a minimum. 
(Matu. Trrp., 1887.] 
14. Find the curve in which at every point 


{y +(m-— net {y +(n—- nin 


is a maximum or a minimum. Interpret this problem geometrically. 
[Lacrorx, Calc. Diff., I1., p. 689.] 


15. Prove by means of the Calculus of Variations that the minimum 
value of KG —2)? (3 de is (Y¥, — Yo)?(a — 2) (@ — 2)/(x, — 2%), where 
Yor Y, are the values of y corresponding respectively to the initial 
and final values of x, and supposing that 7 does not become 
infinite between the limits. [Oxr. IL. P., 1885.] 

16. Find what functions of 2, satisfying the conditions y= 0, when 


l 2 
x=0 and when z=, make | (2) dz stationary in value when 
0 


f ‘ 
| y’dx is given. (Maru. Trrp., 1876.] 
0 


17. Show that-the equation in polar coordinates to the plane 


, ‘ ds . ; cule 
curve of given length, for which \F is @ maximum or minimum, 
is of one of the forms 


c= — m* —cosm(8—a), <= cosh m(0 — a) —/1+m?, 
[Oxr. II. P., 1890.] 
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18. A lamina of given mass is symmetrical with respect to an 
axis, and its density at any point varies as the square of the abscissa 
measured from one end of its axis; if the attraction upon a particle 
at that point of the axis be a maximum, prove that the lamina is 


32m 
bounded by the oval =a] — cos0, where m is the given mass 


and o the density at unit distance along the axis, assuming the law 
of attraction to be that of the inverse square of the distance. 
[MatuH. Trre., 1875.] 


19. A curve passing through the point whose polar coordinates 
are a, acose, is such that Jer - a} *ds, taken along the are of 


the curve between the initial line and the given point, is a minimum. 

Prove'that, provided that 27-4 — a— is always finite and greater than 

zero, the required curve cuts the initial line at right angles in two 

points, the sum of whose distances from the origin is 2a; and find 

the equation of the curve. [Oxr. II. P., 1903.] 
Interpret the result dynamically. 


20. If |/A+pp2dz has a maximum or minimum, and A, p are 


independent of p and of any higher differential coefficients, and the 
differential equation resulting is satisfied by y=ax+0 for all 
constant values of a and 3, prove that A and p must be mere 
constants. [Oxr. II. P., 1918] 


21. A swimmer who can swim at a given rate v starts from the 
bank of a wide straight river, and the strength of the current 
varies directly as the distance from the bank. He wishes to get 
as far down the river as he can in a given time 7. Show that 
he must start from the bank at an angle whose tangent is 
proportional to 7. Show also that the tangents of the angles 
his direction of swimming makes with the bank at equal intervals 
of time are in arithmetical progression, and that at the end of the 
time T he is swimming directly down stream. If the a-axis be 
taken along the river bank, wy the velocity of the stream and «a. his 
initial angle with the bank, show that he is ultimately swimming 


at a distance 2v seo" / pcos a from the bank. 


22. An oval curve of given length rolls on a straight line ; find 
its form when the area traced out in one revolution by a given 
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point on the plane of the curve is a minimum, the boundaries of 
the area being the curve traced out by the moving point, the given 
straight line and two perpendiculars upon it from the extremities of 
the curve. (Maru. Trie., 1870.] 


23. If the velocity of a carriage along a road be proportional to 
the cube of the cosine of the inclination of the road to the horizon, 
determine the path of quickest ascent from the bottom to the top of 
a hemispherical hill, and show that it consists of the spherical curve 
described by a point of a great circle which rolls on a small circle 
described about the pole with a radius 7/6, together with an arc of 
a great circle. How is the discontinuity introduced into this 
problem ? [Mare. Triv., 1873.] 


24. If r?=a24 4 and ds*=dz? + dy, prove, assuming such results 
of theory as may be convenient, that the curves along which from 


point to point \' ds is a maximum or minimum are rectangular 
hyperbolae. [Oxr. II. P., 1886.] 
7? 


25. Find the curve of given length joining two fixed points, 
which is such that the distance of the centroid of the arc from the 
chord connecting the two points may be the greatest possible. 

[Oxr. II. P., 1887.] 


26. A variable curve of given length za/2/4 has one extremity 
at a fixed point (3a, a) and the other on a fixed line ~=2a. Show 
that when the area enclosed by the curve, the axis of « and the 
lines 7 = 2a, a= 3a, is a maximum the curve is one-eighth of a circle. 

[Oxr. II. P., 1888.] 

27. On the surface of an ellipsoid a curve is drawn which 
intersects at a constant angle all the geodesics passing through a 
given umbilic. Prove that its total length from umbilic to umbilic 
is 1 sec a, where / is the geodesic distance between that umbilic and 
the opposite one. [Martu. Trip. I., 1888.] 


a7 


2 
28. Find the form of the function », in order that \(o+54) pdy 


2 
may be a maximum, subject to the condition that \(e+5pa)av is 
constant, and interpret the result geometrically. 

[Oxr. II. P., 1889.] 


29. A man swims from a point on the bank of a straight river to 
a point in mid-stream, with a constant velocity relative to the water. 
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Prove that, in order that the passage may occupy the shortest time, 
his actual course must be straight if the strength of the current is 
constant, but that if the strength of the current is proportional to 
the distance from the bank the path must have for its equation 


y=neb+aP—b 2 Jaa i _(b+a)ieb+2P— 2 


2b 
b ch+a b 
+5 cosh 7 a) cosh-! ¢, 


where the starting point is the origin, the bank is the axis of y, 
6 the distance from the bank where the velocity of the stream is equal 
to that of the man relative to the water, and c is a constant. How 
is c obtained ? [CoLLEecEs, 1896.] 


30. Apply the principle of energy to determine the equation of 
equilibrium of an inextensible string under the action of a central 
force, its ends being fixed. [Sr. Joun’s, 1881.] 


31. A heavy particle moves on the surface of a smooth circular 
cone with a vertical axis and vertex upwards. Find the brachisto- 
chrone from a fixed point on the surface to a fixed generating line. 

[Sr. Joun’s, 1881.] 


32. Show that the curve, such that jr ds between two fixed points 


in the plane of the curve may be a minimum, is 77+1=a"+1sec(n + 1) 0. 
[Trry. Cott., 1881.] 


33. A man walks up a uniform incline from a given point to reach 
a given height. His velocity varies as the sine of the angle between 
his path and the line of greatest slope on the incline. If he exhausts 
himself at a rate proportional to the product of the whole height 
ascended, and the square of the cosine of the inclination of his path 
to the line of greatest slope, show that he will get to the required 
height with least exertion along a curve whose equation is 
ye = ar’. [Sr. Joun’s Couu., 1883. ] 


34. Prove that the minimum value of Ke dix dy)* between the 
limits s—a, y=b and x=’, y=5' is equal to }(a’? — a?) (0? - B24, 


35. A curve is drawn on the surface x(y+2)=a? such that 
ds . : rae ds\?_ c4 Qat+at 
| jz 18 a maximum or a minimum; prove that () ate me 
¢ heing an arbitrary constant. (Sr. Joxn’s Con., 1882.] 
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36. Show that the surface, whose superficial’ area is given and 
which encloses the greatest possible volume between itself and a 


given plane, has the sum of its curvatures at every point constant. 
(Maru. Trip., 1888.] 


37. Geodesics are drawn upon the surface formed by the revolution 
of the curve x=2asecu, y=a(sec wtan wu —cosh-! secu) about the 
y-axis. Show that the projections of these geodesics upon a plane 
perpendicular to the axis of revolution are of the forms of the 
inverses with regard to the origin of a certain Cotes’s spiral. 


38. Show that if S, H be two fixed points at distance apart 2a, 
and O the mid-point of SH, the law of repulsive force from O under 
which the curve SP. HP = can be described in a brachistochronous 
manner is one varying as (OP! +d‘) (30P4 — d*)/OP® where a* + d* = 
Show also that the normal pressure upon the curve varies as 

(OP! + d*)?(30P4 — d*)/OP®. 


39. Find the variation, to the first order, of the integral 


[fem ads 


taken along an arc of a curve traced on a surface $(z, y, z)=0 
between two given points of the surface; and show that if the 
integral have a maximum or minimum value the curve is found from 
the differential equations 


[as(?a) be |) Se [ia as) soy lop oa ae) a 


The line joining the centre of curvature at any point P of the 
above curve to the centre of curvature of the corresponding normal 
section of the surface meets the tangent plane at P in G; GT is 
perpendicular to GP, and PT is the tangent at P to that curve of 
the family ¢=0, V=const. which passes through P. Show that 


dV 
r| ae GT. . [Matu. Trrp., 1897.] 


40. A heavy particle moves on a smooth surface of revolution 
z=f(J/z?+y*), the axis of which is vertical and vertex upwards. 
Find the brachistochrone from a fixed point on the surface at a 
depth c below the vertex to a given meridian, and prove that the 
brachistochrone cuts the given meridian at right angles, and that 
the area swept over by the radius vector on a horizontal plane is 
proportional to the Action. If the brachistochrone be from the 
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fixed point to the curve defined by the equations z=f(J2?+ y*), 
y +2z= 2c, prove that, if rand 6 be cylindrical coordinates, the lower 
end of the brachistochrone is given by the equations 


rsin 6 + f(r) = 2c, 
[sin 6 +f’(r)]? = cos? 6[1 + O11 Leaeyca = 1}. 
[Sr. Jown’s Cotz., 1884.] 


in 
41. Show that ¢(z zt) — ae -1)"Y(@ oe vo is an exact 
differential. 53 


42. Show that the conditions that ae dx dx is integrable per se, 
where V=¢ {2, y, y', ...y}, are 
ov a av, ad cv @& ov’ 
Oy dx dy + dx dy’ dai Oy” 
Oe iG Ole 1d OP 
and oar aa" 
([TopHuntER, I.C., p. 369.] 


=0 


43. Show that the conditions that \\Jv dz dx dz is integrable per se 


are those of Question 42, together with 


eM ae Ral Gy: POE pied BToin 

Oy ~"* daz Oy” da®/ay™ dz ye * 

and generally, that V is integrable n times per se, provided that each 
of the functions V, 2V, x?V, ... x"-'V be so integrable once. 

([TopHuntER, I.C., p. 369.] 


=0, 


44. Show how to find the relation between # and y which will 
x 

make the expression | SF (@, Yy X5 %ys To» Yor Ps Pry Po) C% &@ Maximum 
Zo 


ora minimum, it being given that z,, y, are connected by an equation, 
and that 2, ¥ are also connected by an equation. 

A curve of given length / is drawn in the plane 2, y so that one end 
is on the axis of the parabola z*=4ay and the other end on the arc 
of the parabola. If the figure revolves- round the tangent at the 
vertex of the parabola, show that when the surface generated by the 
curve is the greatest possible the form of the curve is that of a 
pedicn of the ao 


Cae pc =F * + a cosech ~* aa: i 7 —Leosh ( sinh = Sa T) 
{(Matu. Trip., 1886.] 
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45. It is required to find a smooth guiding curve for a particle 
moving under gravity from rest, such that the horizontal space 
described in time ¢ is the greatest possible. Show that the curve 


must be a cycloid, and that the space is gi?/7. 
(Matu. Trip. II., 1914.] 


46. Uniform elastic wire is held bent by proper forces between 
two points 4 and B so that the area between the wire and 4B 
being given, the work expended in bending the wire may be the 
least possible. Show that the curvature at any point varies as 
r2 a2, where 4B=2u and 1 is the distance of the point from the 
middle point of 4B. Show also that if the wire be bent completely 
round to satisfy the same conditions, the form of the wire will be 
given by 7°=c3cos 30. [Maru. Trrp., 1878.] 

[It may be assumed that the work done in bending the wire is 


l(a 
measured by 5 Py ds. | 


47. A right cone is capable of revolving freely round its axis, 
which is vertical. A groove is to be cut in the surface of the cone 
such that a particle of mass m sliding down the groove without 
initial velocity from a given point may in the shortest time reach 
a given point in the horizontal plane through the base of the cone ; 
show that the differential equation of the particle’s path projected 
on the horizontal plane is 


G\ Te 72(12 +k?) : 
(aa) a e +1) (mone | sin’a, 


where a is the semi-vertical angle of the cone and mk? its moment 
of inertia about its axis. [Martu. Trip. III, 1885.] 

48. A curve is drawn to touch two fixed straight lines at the 
fixed points P and Q. The area included by its pedal with respect 
to a fixed point O and the perpendiculars from O to the fixed 
tangents is a minimum, whilst the area included between the curve 
and the straight lines OP, OQ is constant. Show that the curve 
is part of an epi- or hypo-cycloid. 

49. If a point move in a plane with velocity always proportional 
to the curvature of its path, show that the brachistochrone of 
continuous curvature between any two given points is a complete 
eycloid. 

Prove that in the ordinary gravitation brachistochrone (which is 
also a cycloid), the velocity is inversely as the curvature of the 
path, and state the connexion between the two results. 

(MatH. Trrp., 1875.] 


oe 
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50. Prove that the curve of a uniform chain of given length 
joining two fixed points ‘s given by an equation of the form 


y=bsn K when the moment of inertia of the chain about a given 

fixed line, in a plane with the two given points, is a maximum ; 
; -& 

and by an equation of the form yen K = =b, when the moment of 
¢ 


inertia is a minimum, the given straight line being taken as the 
a-axis. (Maru. Trip. IIT., 1884.) 


51. Use the method of the Calculus of Variations to show that 
the general equation of the geodesics on a right circular cone, whose 
equation in polar coordinates is 0=«, is rcos {(¢-) sina} =a, 
where f and @ are arbitrary constants. [Oxe. II. P., 1914.] 


52. Prove that the polar equation of the projection of a geodesic on 
a catenoid formed by the revolution of a catenary about its directrix 
upon a plane perpendicular to the directrix is of one of the forms 


6 
rsn (F k) =const, rsn@=const., 7 tanh @=const., 


and distinguish the cases. 
[Martu. Trip. III. 1884, II. 1913; GReENHILL, L.F., p. 96.] 


53. Prove that if, from any point of a surface, geodesic lines of 
equal length be drawn in all directions, the curve which is the 
locus of their extremities cuts all the geodesics at right angles 


54. Prove that on the surface of revolution determined by the 
equations 


w 
z=akcoswcos¢, y=akcoswsin ¢, z=a| V1 — sin? w do, 
0 


the equation of a geodesic line is tan w=A sink(¢ + P). 
Prove also that the locus of the extremities of geodesic lines of 
length 37a drawn from the point at which w=2 and ¢=0 is 


cos kf + tan w tan 2=0. 
[Matu. Trip., 1896.} 


55. Prove that the projection of a geodesic on a surface of 
revolution on a plane perpendicular to the axis is in polar 
coordinates 1-2 =a-2cn?.0+ B-*sn?6, if the meridian curve of the 
surface is the roulette of the focus of an ellipse rolling upon the 
axis, a and B denoting the greatest and least values of the focal 


distances. 
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Show that if the geodesic cuts the meridian plane at its maximum 
distance at an angle y, then 


p=Becoty/(a+f), Bk? = (a? — f) tan*y. 
(Maru. Trip. III., 1885.) 


56. The line element of a certain surface is expressed in terms of 
parameters u and v by the equation 
ds? = {(du)? + (dv)? — (wdv — vdu)?}/(1-w— 0). 
Prove that the equations of the geodesics on the surface are of 
the form aw+bv+c=0, where a, b, c are constants. 
(Maru. Trip. II., 1920.] 


57. Prove that a surface for which 
ds? = {da? + dy? — (x dy — y da)?}/(1 — a? —y?)? 
has its geodesics represented by straight lines on the plane of «-y 
and its geodesic circles by conics having double contact with 
a? 4+y2—1=0, and the geodesic distance p between (sg, yo) and (2, ¥) 
being given by 
(1 = 142 ~yg2)(1 - 22 = y2) cosh? p = (1 — 22% — 11%)” 
Prove also that the specific curvature is constant and equal to — 1. 
(Marn. Trip. IT., 1919.] 
58. Show that the conditions that the parametric curves may be 
geodesics on the surface of which the line element is given by 
ds? = E du? +2F dudv+G dv? are respectively that (Edu+ Fdv)/JE 
and (Fdu+Gdv)//@ must be complete differentials. Show also 
that if these conditions be satisfied, the specific curvature at a 


point of the surface is a where V?= EG -— F? and w is the 


Cw 
V Ou dv’ 
angle between the parametric curves at the point. 
[Matu. Trir. IT., 1919.] 


CHAPTER XXXIV. (Continued). Srcrion II. 


DOUBLE INTEGRALS, ETC. CULVERWELL'S 
METHOD OF DISCRIMINATION. 


1547. Double Integrals. The Case of two Independent 
Variables. 

Suppose there are two independent variables and a depen- 
dent one z which is a function of zw and y, but of unspecified 
form. Let (p,q), (7, 8, t), (u, %, w, m), ete, be the partial 
differential coefficients of z with regard to x and y, of the 
first, second, third, etc., orders. That is, 

Oz ez Oz gers ee. Oz 
P=5," T= 5,)° r= on Oy ay U= 73) etc. 


We shall also use capital letters with the following signi- 
tication, viz. : 


ov _ ov “ov eo BY. peed 
X=s, Soe: L=3, ’ (P= Op’ A= °q ’ r= or’ etc., 
and the notation 
oo os 0.Q Clk 
P= ie = Oy , Res age? etc., 


the dots being intended as a reminder to the reader that the 
letters x and y not only occur explicitly in the several subjects 
of partial differentiation, but also implicitly through the 
presence of z and its partial differential coefficients. 


1548. We propose to discuss the variation of \\v dx dy, 


where V is a function of 2, y, 2; 7,9; 7, 8, t; u,v, w,m; ete, 
and the integration ranges over the region bounded by a 
661 
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given contour in the z-y plane. Moreover, we shall assume 
that V and the several differential coefficients occurring remain 
finite, continuous, and single valued at all points of the region 
bounded, and at all points lying upon its contour. 

For each point z, y we shall suppose an infinitesimally 
small variation of position arbitrary from point to point and 
denoted as before by dz, dy. 

Now « and y being independent, dx ought not to vary m 
consequence of changes in y, nor should éy vary in consequence of 


changes in x We should therefore have fgey, © sy=0.* 
Oy Ox 


For convenience in the analysis, then, we shall suppose the 
variation 6% in x to be the same for all points which lie on 
the same ordinate in the x-y plane, and similarly the variation 
dy in y to be the same for points which lie on the same line 
parallel to the z-axis. The variations being quite at our choice 
from point to point, we are entitled to do this. In other 
words, we shall assume dx and dy to be respectively inde- 
pendent of y and x And this supposition in no way limits 
the results arrived at. The supposition that dz and dy might 
be functions of both x and y is discussed by Poisson (Mém. de 
V Institut, T. xii.), and the investigation there given leads to 
precisely the same result as that obtained by the supposition 
here made. [See De Morgan, D. and I.C., p. 454.] 


1549, Preliminary Considerations. 
If any function y(z, y) be varied by changing x to x+6z2, 
we have, as in Art. 1492, 


ox 2 dx dbx 


6) 9 
Oxn=6 5 = 55 OX Sy yp Bg LOX Xe 9L—Xy OY) Xax OLA Kay CY 
: 6) 
Ae. OXn—=Xaz 6@ — Xan OY= 5 (OX— Xx OL— Xy dy). 


Thus, if we write w for dz—p dx—qéy, we have 
dp—r dx—s dy=w,, dq—sdx—tdy=o,; ér—u dt—VdY=arzz, 
OS—VOL—W OY=Wzy, dt—wdx—M dY=wy,; etc. 


equations similar to those of Art. 1492 for one independent 


variable. 
* Lacroix, C.D. et I., T. ii., p. 679. 
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Again, to the first order, 
6V =X da+Y dy+Z dz+P dp+Q dq+R or+S ds+T dt+... 


; a. ¥. 
whilst eae +Zp +Pr +Qs +Ru +S8v +Tw +... 
auV 
Seach Y +2Z¢ +Ps +Qt +Rv +S8w +Tm+... 
7. 0.V 


OF Sg ae dy=Zo + Pwx+ Qwy + Roz +Soy+ Tey +... 
to the first order. 
1550. Variation of \J V dx dy. 


Let the region of integration be bounded by any specific 
closed contour, consisting either of one closed curve or of a 
system of arcs of different curves in the w-y plane, each of 


Fig. 449. 


such ares being itself subject to variation. Let the region in 
question be such as shown in Fig. 449. We have 


6|[Vae ay=|[av ce ay=| | aV de ay+ |]va Sa dy +|{v dee 
Now {v2 srdy=|| |v ae Py 


Integrating [VGee for a strip Q,Q,0,0, defined by con- 
tiguous lines MQ,Q;, Q:94 parallel to the a-axis, we have 


MQ (OV 
[V é2]tq—L¥ S2]e0,—| (<< bx) dx, 


M% 
and this is to be integrated with regard to y to add up the 
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results for all such strips. Let do be an element of the are of 


the contour; then 
\ {(V é2]a.o,—LV da]at.o,} ay=|{[V dx |. aa ot |, ‘} a; 


for, if we integrate with regard to o travelling in the positive 
or counter-clock wise direction, the value of dy in passing from 
Q, to Q, is of opposite sign to that of dy in passing from Q, to 
Q,. Thus, this integration yields \(v bx) do taken round 
the perimeter. Hence, double integration referring to integra- 
tion for the whole area bounded by the contour, and single 


integration to that taken in a positive direction round the 
perimeter, 


\\v d dx dy=|(V in \ao— {| 60) dx dy. 


In the same way, with |[vae ddy, we have 
_(yeey 

for a strip P,P,P,P,, defined by the contiguous lines NP,P,, 
P,P, parallel to the y-axis, which is 

V6 vs a eH 

[VdyJate,—L nan—| Se sy) y, 
and this is to be integrated with regard to x to add up the 
results for all such strips; then 

d d 
JCVeylar—[Vsyleride=—[{[Voy52|  +[Vey52]_ }do 


do at P, 


=— | ( Voy oda round the perimeter. 


Hence ||va déy= —|( VeyS2) do—||(F ay) dx dy. 


Therefore the total roault of the variation is to the first order 
: dy dz | | oV oV 
8 || Vax dy=|V (seo! —ay$*) dot || (sv ax — Fay) ieee 
= |v (se Stay ey do, round the perimeter, 


+|[(Zo+ Port Qoyt Ror+ Soey+ Tons ...)dady, 


over the area. 
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1551. In proceeding further it will be sufficient for our 
purposes to limit the discussion to the case where 


V=¢(a, y,2; p,q; 7,8, 2), 
containing no partial differential coefficients of z of higher 
order than the second. For this will include all cases likely 
to be useful, and in any case if higher order differential 
coefficients should occur the process to be followed would be 
the same. 
Now, by Arts. 471 and 472, writing w for U, 


oem = dy da 
ffrast Qnrte a= — [fa +p) tea fol PO) 
ps [| Perse-+ Stry-+ Tory) dy=|fo(S le oo Bh da dy 


on" exoy ey? 
| @, Wy \o 1 RK Re al 
+{[{) 2 48 +S,0 Fe at +Swy de do, 
where in each case the line integral is taken in the positive 
direction round the contour of the region. 


Thus we have a|| Vdz dy=[H}+| [Ke da dy, 


“OP 0Q-OR 8.8 8.F 
MS BRE ae hike ba oy * Oy 


anit n—(v (sx! ay) act [o(PSe—O%2) do 


bier er ee. \ ay 
+][{| 7, T, +8,0} 52+ + Siwy ot |ao. 


@, Wy 
The terms of the group H depend solely upon the variations 
at the boundary of the contour. The terms in the surface 
integral are multiplied by the variation w, v.e. by 6z—pda—qoy, 
which varies arbitrarily from point to point of the area 
bounded by the contour. 


1552. Conditions for a Stationary Value. 
As in the case of one independent variable, if the functional 


relation of z with z and y is to be determined so that ||vaz dy 
is to have a stationary value, 7.e. so that 4|{Vae dy=0, we 


must have in the first place K=0, viz. a differential equation 


666 CHAPTER XXXIV. 


between z, 2 and y; and in addition the coefficients of the 
several independent variations in the limit terms [H] must 
also vanish. 


1553. The Differential Equation. 

For the case considered, viz. V=¢(2, y, 23 p, 7; 7, 8 #), the 
equation K=0 is a partial differential equation, in general 
of the fourth order. 

Forsyth (Diff. Eq., Ch. X.) discusses the solution of some 
forms of Partial Differential Equations of the second and 
higher order, but so far, even in the case of partial differential 
equations of the second order, it is only possible to perform 
the integration in special cases. 

The chief methods available are in the cases in which the 
equation takes the form 

(a) Ar+ Bs+-Ct=U where A, B, C, D, U are 
or (8) Ar+ Bs+ Ct-+ D(vt—s*?)= Pt functions of a, y, 2, p and q, 
for which we have the methods of Monge and of Ampére 
(Forsyth, Arts. 232, 265). 

These methods, however, are purely tentative and may fail. 

(y) We have also an important method known as the 
Principle of Duality, which amounts to reciprocation with 
regard to a quadrie, usually taken as an elliptic paraboloid 
(Forsyth, Arts. 197 and 242). 

(6) For equations of form A=(rt—s*)"B, where A is a 
function of p, q, 7, 8, t, homogeneous with regard to 7, s and ¢; 
and B a function of 2, y, z, p, q, remaining finite when rt=s?, 
we have Poisson’s method, which begins with the assumption 
of a functional relation between p and q, and which thereby 
limits any solution to be found in that way to developable 
surfaces satisfying the equation. 

(ce) We have the case where the differential equation is of 
the class “linear with constant coeflicients.” 

(€) There are also various miscellaneous methods applicable 
in particular cases. 

The solution of the equation K=0 is therefore in any but 
very simple cases, in the present state of knowledge of the 
mode of treatment of Partial Differential Equations, an 
insuperable barrier. 
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When 1, s, t are absent and V=¢(a, y, 2, p, q), we have 


Dek 1a > Jere ‘ 
K=Z— oe a and K=0 is in general an equation of the 


second order, and if it be of one of the forms enumerated a 
solution may perhaps be effected. 


Ex. It is required to discover the class of surfaces for which | | (p?+q°)da dy 
has a stationary value. 
Here V=p?+¢2 Z= =o Os 2 Oz Oe _ 
ere V=p?+q*?, Z=0, P=2p, Q=2q; and K=0 becomes Bataan 
whence z= F,(x+ty)+ F(x —y). ’ Y 


1554. It will be seen, however, that in some cases, even 
when the solution of the equation A=0 in general terms 
is impossible, important geometrical properties of the class 
of surfaces satisfying it may nevertheless be deduced. 


1555. If V be of form V=A+ Br4+2Cs+ Dt+ E(rt—s?), the 
capitals A, B, C, D, # being functions of x, y, 2, p, q, it will be 
found by ordinary differentiation that the function K is an 
expression of the same type. Thus K=0 becomes in this 
case an equation of the nature to which the tentative processes 
of Monge or Ampére may be applied. 


1556. The Boundary Conditions. 
Taking the case V= (a, Y,2; P95 "8; t), we have 


(aj=([V (27 $!—8y $2) +0(P7!—-O7,) 
@, Wy 


R, Ry | 
TY 2, Ty 


W, Wr 
which is to vanish when taken round the contour of the 


di d 
+820} M4 { + 8a, | | do, 


region. 

There will be as many equations resulting from this as 
there are independent boundary variations amongst the 
three éz, dy, 6z, and this will depend upon the nature of 
the boundary. 

Take the case 1, s, t absent, 7.e. V= (a, y, 25 P, 9)- 


d d. 
Then ra\—|[«v ou +wP)5—(V by-+0Q)$" |do, 
where w=6z—p 6x —q dy. 
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1557. The ordinary cases occurring in geometrical applica- 
tions are: 

(i) When the boundary is altogether unspecified. 

(ii) When the surface to be discovered is to pass through a 
given plane curve fixed in space. 

(iii) When the surface is to be bounded by a curve which 
lies on a given surface but is otherwise unspecified. 

(iv) When in the latter case that given surface is a plane, 
to which the z-plane may be taken as parallel. 

Take the case V=¢(z, y, z; p, ) and consider these cases. 

(i) Boundary unspecified. Here dz, dy, dz are all inde- 
pendent at the boundary. Hence 


da 
seat) lathe oat 
rita edt-off) 
that is, pegs sp “~—0 and V=0 are to hold at all points of 


the boundary for which all conditions are unassigned. 

(ii) Boundary a given fixed curve in a plane parallel to the 
x-y plane. 

Here z is incapable of variation at all points of the 
boundary, 7.e. 6z=0. Also at all points of the boundary, 


oy dy dy __ dia 
me 1.€. bx 7 =sy7- 


Hence P ate 7 * 0 for all points of the fixed boundary. 


(iii) If the boundary of the surface sought is to be on a 
fixed surface, (a, y, a 0, but to be otherwise unspecified, 


we have Perawer Or. 1.€. one 6x — Muay ox, dy 


being independent variations. 
Hence 


| Ve0—P (n+%) 6x—P (1+ %) sy | 


~[Voy—0(p+#) 52-0 (4 +#) ty] B=0, =0 
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and therefore 


dy _ dy dx px 
x dr ( do Q za) (p + a) 

dx _ dy du dy 
4 do (P Pa ie) (a+ 5). 

Remembering also that dz=pdzx+qdy at all points of the 
surface to be discovered, and that ordx+ py dy+¢,dz=0 along 
the boundary, we have (¢:+ p¢.) dx+(¢y+9¢.) dy=0 along 
the boundary, #.e. da/(y+-¢¢2)= —dy/(ox+p¢>)- 


Hence the equations obtained above become 


{P(¢z +p¢:) +Q(¢y+ Yz)} (p2+pdz)— V (dz +p¢-) $z=90 
and {P(¢.+p¢z)+Q (y+ %2)} (by +9b2)— V (py +42) $2 =9, 


ve. they each reduce to V¢,=P(¢.+p¢)+9(¢y+4¢2), OF 
(V—Pp—Qq) ¢:-=P$:+Q¢,, which is to hold at all points of 


the bounding line upon the given surface. 


(iv) When the surface is merely a plane z=const., 


oz=0, gy=9, ¢:=1, 
and the condition becomes V—Pp—Qq=0, which is to hold 
at all points of the bounding line which lies on the given 
plane. 


1558. Relative Maxima and Minima. 


In the case where a maximum or minimum value of 
u={| Vdxdy is sought conditionally upon a second surface 
integral v=|| W dz dy retaining a definite value a, the same 


process applies as already employed in the case of a single 
independent variable (Art. 1504), viz. to make 


|v+am ede 


an unconditional maximum or minimum. For it is obvious 
that if w is to be a maximum or minimum, w+Aqa is a 


maximum or minimum, 2.e. \Jo+m dx dy is so also. 
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1559. Surfaces of Maximum or Minimum Area; Bubbles. 
Apply the theorems now established to obtain the condition that 


[ [i +p'+qdudy shall have a stationary value. That is, we are to 


find the nature of a surface which, whilst satisfying certain bounding 
conditions which may be subsequently imposed, is to have a maximum 
or minimum curved area. 
Tae P q 
Here V=VJl+p't+¢@, X=Y=Z=0, P= ———— 
= he ge S14 pte m J1+p?+¢ 


; LP OnP BOs f 
The equation K=O gives a ag. Ot, 


r ip Origo ean ane q(pst+qt) _¢ 
(+p+q)! Gtp't+e (tpt+e)? (+p+e)t | 
1.e. (1+ p?+¢@2)(r+t)=p'r+ 2pqs +q°t, 
or (1+ p?)t —2pgs+(1+q")r=0. 


This is a second order partial differential equation to determine 2 as 
a function of « and y. Without proceeding to its solution, it will be 
noticed that since the equation giving the principal radii of curvature 
at any point of a surface z=/(«, y) is 


(rt — 8%)p?—V1 +p" + @2 (1+ p?)t— 2pgs + (1+ 9")r}p+ (+p? +9°y =, 
this equation reduces for such surfaces as we are searching for to 
pPr=(ltp? +77? —r). 
The roots are equal and of opposite sign. And if p,, p2 be the roots, 


pi +p2,=0, or what is the same thing, 5 ta =o i.e. the sum of the 
ae oe 


principal curvatures is zero, and the surface is an anticlastic one with 
this peculiarity. Moreover, this is the condition of equilibrium (stable 
or unstable) of possible shapes of soap-bubble films with equal pressures 
on opposite sides of the film. For the hydrostatic equation for that 
difference of pressure is parte where 7 is the surface tension. And 
it will be recalled that a number of known surfaces satisfy this condition 
and are possible forms for soap-bubble filins, e.g. the catenoid formed by 
the revolution of a catenary about its directrix; and this is the only 
possible form if it is to be also a surface of revolution. The helicoidal 
surface and the surfaces e’=cosy sec, sinz=sinh # sinh y are shown by 
Catalan to satisfy the same differential equation (Journal de l Ecole 
Polytechnique, 1856). See Besant, Hydromech., p. 217, who refers to 
Darboux, Théorie Générale de Surfaces, T. i., Liv. iii., for a full discussion 
of minima surfaces. 


Since the Potential Energy of a soap-bubble film is i 7 dS, where T is 


the surface tension and a constant, it will be evident that if the potential 
energy is to be a minimum the surface is to be a minimum. 
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If the pressure on opposite sides of the film be not the same, we have 


babe ; 
ar a and the mean curvature is constant but not in this case zero, 


p 


1560. If the boundary is to be on the surface (2, y, z)=0, the equation 


(V —-Pp-Qq) $:=Po.+ Od, of Art. 1557 (iii) gives $.=pd.+qhy, indicat- 
ing that the minimum surface is to cut (2, y, z)=0 orthogonally at all 
points of the bounding curve. 


1561. Let us next find the conditions that must hold when, for a 


given volume expressed by / | zda dy, we have a surface of maximum or 
minimum area. 


We are then to make [| 1+p*+q?+Az)dxdy an unconditional 


maximum or minimum. Here 


apie - iD vl : 
VeV14+p?+¢?+Az, Z=A, X=Y=0, P= : » = 53 
oie’ : 0 P= tp +e Ni+p?+¢? 
and kaz-5F o_o gives, similarly to the work in the last case, 
,—a +p’) t—2pqs+(1 $7 ray, 
3 ? 
(l+p*+9?)? 
so that in this case we have ata a constant, which is the case of 
1 P2 


soap-bubble films in equilibrium, with a constant difference of pressure 
on opposite sides, such as might be maintained by closing the ends in 
the case of a film in the form of a surface of revolution and maintaining 
a constant air pressure in the interior, so that, provided the temperature 
remains constant, the volume also remains constant. 

It may be noted that a sphere and a right circular cylinder are surfaces 
which satisfy this differential equation, but that neither of them satisfy 
that of Art. 1559. 


1562. Case of a Surface of Revolution. 

This case may be discussed in an elementary way by making | Qry ds 
a minimum whilst J ty’ dx is constant ; 1.e. 5 [yVTFy7+ Ay) da) 

Here VayN1+y?+Ay, X=0, Y,=yy'/V1 +y”, 


whence yV1+y?+Aprayy2/Vit+y?+€ or y/N1+y?=C — dy. 
One of the radii of curvature (p’) of the surface is equal (in magnitude) 


Pt 
to the normal (n)=yV1+y™%. Thus, aie A: 


For the other, we have 


dx _C_y ma--(G \z 
ds y 2? dt \¥ ds’ 
1 dt jdy_C 
and pds og 
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whence +229; and if p’ be measured in the same direction as p, 


p’=—7, so that st iy=2h= const. ; the same result as before. 
P 


Fig. 450. 


1563. It is convenient in many cases to choose a less 
general variation. 

Let us take dz and dy both zero, but vary z and the partial 
differential coefficients of z. We shall then have 

W=62, Wz=OP, Wy=6Y, Ozr== 6, Wry=O8, Wyy=dt. 
With this variation the limiting terms [H], when 7, s, ¢ are 
absent, reduce to 

pm=| fee (p29 «da (Art, 1556); 
de) dale % 4 
and for the very important case frequently occurring in 
geometrical applications, in which the region to be considered 
is bounded by a fixed closed curve in the plane of a-y, we 
have dz=0 at every point of the bounding curve, so that [H] 
vanishes identically. 

The partial differential equation K=0 will, when solved, 
usually give z as a functional form containing and y, and, 
in the case cited of a fixed boundary, the functional form 
occurring in the solution will have to be so chosen that the 
surface obtained passes through the bounding curve. 


1564. Ex. Find whether a developable surface can be found which passes 


through the circle z=0, x?+y?=a?, and for which | | J1+p?+¢@ dz dy has a 
stationary value. z 
The partial differential equation to be satisfied is 


(1+ p?)t—2pqs +(1+9?)r=0. 
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If the surface is to be developable, we must take g=f(p). 

This will give (1+{f(p)}?]-2pf(p)f(p) + (1 +P") f’(p)}?=0, 
te. {f(p)—pf'(p)i?=-1-tf'(p)® or f(p)=Pf'(p) +N -1-{F' @)P, 
which is of Clairaut’s form (see J.C. for Beginners, p. 230), with a 
solation f(p)= A4p+V—1-— A¥, i.e. Ap—qg= —-N—-1—A% 

Applying Lagrange’s method to this (Forsyth, D. £y., Art. 184), 


dz dy a dz ‘ 
Fees 5 MY a Gee 
whence x+Ay=B, z-y/-1-A?=¢(B), 


te. z=y —1—A?+ (e+ Ay) is the functional solution sought. 

If we take ¢ to be zero and A to be /—1, we have a solution of our 
problem, viz.z=0. The circular disc bounded by x?+y?=a? is the develop- 
able surface which has a minimum area, and the principal curvatures 
of the plane surface are both zero, so that all the conditions are satisfied. 


1565. Consider the stationary value of |[vas, where dS 1s an 


element of the surface represented by a supposititious relation be- 
tween x, y and z, and suppose that there 1s an accompanying 


condition that me dy=a, taking U and W to be functions of 
x, y, z alone. 


Here © V=UV1+p?+@?+AW, z=3 CPE et 
P q 

P=U ——=., =U ——, 

N1l+p7+¢ 2 Vl¢ p+? 
oP (+S ) —?__4u ne ror +a) 
Or Oe") +ep+g) Ct+pttgyt  (l+pt+g)! 
t 
0. a 2) aes tose alert 
Oy Oy" Ta pteg yt tpttg)!  (itpt+a! 


Hence K=Z- os - oy =0 becomes 


ou 
Ua eprg +a Ss atpt+g)t -(So+ p)p+p+¢) 


(35+ +2 q)q( p84 g)— V+ Pt 29+ (1+) =O, 


OU. .0U) 9 
i.e. oT asp rayl+(S ae ee ao )(+p+e) 


=U[(1+p*)t—2pqs+(1+¢")r] ; 


OW OU _O0U ae ah a 
AS +p +g) +5, Oz? On 1 Oy Uplerp +0. +5) 
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If J, m, n be the direction cosines of the normal to the supposititious 
surface z=(x, y), say, viz. (€-2«)/(—p)=(y-y)(-)={-4 
=P au i 1 
= er 1S? 
Vit p +7 Ni+p + ¢ N1+p+¢ 
UR  G1OF LUN aba TedA 
to Be i Oy ri ot Oz’ 


and 


and when [ues is unconditionally stationary, 


ive oe Se OU +). 


Be ee Ox i Oy 7H “Oz 


If the surface in either case is to terminate in a line on any surface 
V(x, y, 2)=0, the bounding condition (V— Pp—Qq)¥,= Py, + Qy, becomes 
Teme el AW 
(O+AWNI +p +9) .=U(py.t+ aby) or pletayy—%e=— Ves 


and in the unconditional case py, +qy,—,=0, and the surfaces then cut 
orthogonally at each point of such bounding line or lines. 


1566, A Method of Discrimination when the Limits are fixed. 
If we consider the case of fixed limits of integration for such an integral 


as v=|fvi +p*+q’dxdy, say from y=y) to y=y,, and from r=.2, to 


x=2,, the discrimination between maxima and minima may be conducted 
as follows, taking such a variation as described in Art. 1563. 

Suppose z becomes z+ 6z and p, q respectively p+ 4p and g+ 6g. Then 
V becomes V1+(p+dp)?+ (q+ 6g). This we must expand to terms of 
the second order, and we have 


——— 2 2 5 2 
V+8V=vitp+e| 145 2p dp +2q 69+ dp?+ dg _1 @pdp+2q 69)? ]: 


1+ p+¢ 8 (+p 4ey 
 gya 2 op+aoa , Sp? + 69? + (p dq ~9 Sp)? 
(1+ p?+¢2)? 2(1+p?+¢°)? 


Hence the second order variation in Sy is 
2 2 oa 2 
; i [® an + (pq ei Sp)? an a 
ay aka al 


which being essentially positive for all variations, the solution of Art. 1559 
gives a true minimum solution. 


1567. Taking the case of Art. 1561, the second order terms in 8V are 

Perey eam ie es eyed SE 
those in VI +(p+ dp) + (q+ 8q)?+2(z+ 82), i.e. the same as the above, and 
are essentially positive. We therefore find a true minimum in this case 


also. We turn, however, to a more detailed consideration of the second 
order terms in the general case. 
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1568. Culverwell’s Method of Discrimination between Maxima 
and Minima Values. Reconsideration of the Variations to be given. 

In estimating the variation of 

w=" Vae, where V=¢{a, y, y', y”, ... y™}, 
we have so far given to each letter, inclusive of 2, an arbitrary 
change, so that the point a, y is displaced to 7+ 6x, y+6y; 
and the direction of the path, its curvature and higher order 
peculiarities, indicated by y’, y’ and higher order differential 
coefficients, have also undergone arbitrary variations and 
become y+ dy’, y”+dy’", ete. 

Many writers prefer to keep x unaltered, and to vary y and 
its differential coefficients alone (see Art. 1563). 

Considerable simplification results in taking da to be zero. 
For then we have w=dy, w =dy’, w’ =dy’”, ete., instead of the 
more cumbrous expressions dy—y' 6a, dy’—y" da, dy” —y dz, ete., 
for which they respectively stand. But there is this dis- 
advantage, that when in an investigation dz has once been 
taken to be zero it cannot be restored at a later stage, whilst 
if we retain the variation of z from the beginning we can at 
any time make it zero. And in dealing with the terminal 
conditions, these terminals are not in general compelled to 
move upon lines parallel to the y-axis, but may lie on specific 
curves in which éz necessarily varies with dy, and it has 
therefore been so far convenient to retain command of the 
variation of x as well as over those of the other letters. 


1569. To make éx=0 throughout clearly means that the 
deformation chosen of the hypothetical curve which represents 
a relation between y and @, is one which is obtained by an 
arbitrary point to point variation of each ordinate. That is, 
each point is displaced parallel to the y-axis, through an 
arbitrary small distance with consequent alterutions in the 
values of the differential coefficients of y, which depend upon 
the particular variations arbitrarily assigned from point to 
point to the ordinates. That is, taking y= x(x) to be a 
supposititious relation between 2 and y, which we are to test 
as to the possibility of its giving a stationary value to 


[Vee between the limits c=a, and «=a, then y= x(w)+«0(2), 
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where ¢ is an infinitesimal constant not containing z, and @(z) 
is an arbitrary function of x understood to be finite for the 
whole range of integration, would be the equation of a 
contiguous curve to y= x(x), and such that the variation 
of y at any point is d6y=«0(x). We shall write x and 6 for 
x(x) and 6(a) respectively for short; and we shall take 6 to 
have been chosen so that neither it nor any of its differential 
coefficients up to the (n— 1) becomes infinite or discontinuous, 
but that they each remain either zero or finite throughout the 
whole range of integration. Then as is taken independent of , 
dy’ =e0', dy” =0", dy” =0", ... dy" V=cO-Y and dy =O, 

But with regard to the last of these, viz. «0, we reserve 
to ourselves the right to make an abrupt change in the value 
we choose for it, provided such change be from one finite 
value to another finite value. With this supposition all the 
differentiations performed are valid operations, all the functions 
differentiated being finite and continuous real functions of 
between the limits of the integration. 


1570. With such a system of increments, V is changed to 


V+5V={a, yt, Ye, y’ +0" ... YM+ 0} ; 
and assuming V to be such that we may use Taylor’s Theorem, 


we have & é 


ie) 
oy’ 
after three terms. This expansion involves the assumption 
that all the Partial Differential Coefficients of V of the first 
and second orders with regard to y, y’, y’, ... y™ are finite 
and continuous functions for values of y, y’, etc., within the 
ranges from y, y’, etc., respectively to y+, y’+c6’, ete., for 
all values of x which lie within the limits of integration of 


3 
where A=0 ae. Hee 0 = Capand sR isthe“Remainder” 


the integral [Vae, 4.¢. from a to 2. 
Now « being taken as not subject to variation, we have 

2 
6[Vde—[sVde=e|(AV de +S |(a*V)de+, (R it 


and by taking e sufficiently small each of the terms on the 
right-hand side may be made greater than the sum of all that 
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follow it. Hence, so long as |(AV)dz does not vanish, the sign 
of 6 [Va can be made to change by changing the sign of e. 
Therefore the primary condition for a maximum or a minimum 
value is that {c AV)dz should vanish, the limits being the 
same as those of the integral [Vae. 


Ee AMEE LAT ONS sé 
Now AV=(05 +0540 Eth h OO Sy) 
where @ itself is arbitrary. And this will be recognised as 
what the expression Yo+Y,'+Y_’+... of Art. 1495 
becomes upon putting éc=—0 therein. 


By integration by parts, as in Art. 1496, 
[(avyde=[Y,6+ ¥@'+ i. + Yn 0-}+ | Pde, 


the term Véa not now appearing in the limit terms, as dz=0. 

Now let us take one variation between the two points 
(ay, Yo) and (a,, y,) to be such that at each terminal the values 
of ©, Y, Yi, ys +» y* are the same for the varied curve 
y=x-+c0 as for the supposititious curve y=  tself. That is, 
suppose the two curves to have contact of the (n—1) order 
at the terminals. Then dy, dy’, ... dy@— all vanish at the 
terminals, and therefore also 6, 6, 0”, ... 0—» all vanish at the 
terminals. 


Therefore, with this variation [(avide=| Ye dz, and @ being 
arbitrary from point to point along the path of integration, 
we must have Y=0 as a necessary condition that [(avyae 


should vanish. This is the differential equation before obtained, 
and its solution has been seen to be of the form 


y= F(t, Cy, Cg, «1+ Con), “OF shortly, y=F, say, 
in which we may suppose that the several constants occurring 


have been found as heretofore explained by aid of the terminal 
conditions existing, and their values inserted. This relation 


is that for which the integral | Vda assumes a stationary value, 


and the graph is called a stationary curve. This value of y 
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and those of its differential coefficients may now be substituted 
in JV. 


1571. The variation of the integral now reduces to 


a" Vde=§|" (arr )de +5)" Pas 


in which we are to consider a variation from the stationary 
curve, the supposititious curve y= (x) having been discovered 
to be of the now known form y=F. 

As before, if we take e sufficiently small the sign of 


si. (A?V)dz governs the sign of the right-hand side of the 
Riis so that the variation 6 iv Vdz is positive or negative 


according as i (A?V)dx is poattive or negative for all 
Xo 
sufficiently small values of e of whatever sign. 
Therefore if i" 


(A?V )dx be positive, ‘i Vdz is increased by 
Bi) Xo 


such a variation from the stationary curve, and if negative, 
decreased. It follows, therefore, that the stationary curve 


y=F gives a maximum or a minimum value to is Vda 


according as iP (A?V)dz is negative or positive. We fherefars 


x0 
have to examine the second order terms \" (A?7V)dz. 


1572. In the following examination of the second order 
terms, we shall follow the method given by Mr. E. P. 
Culverwell in Vol. XXIII. of the Proc. of the Lond. Math. 
Soc., 1892. It is only possible to give here a very abridged 
account of the results arrived at in Mr. Culverwell’s researches, 
and his paper should be read carefully by the advanced 
student. Various modifications of his notation and procedure 
are necessarily adopted here to bring the discussion into line 
with previous work, but the main course of his work is 
adhered to. 


1573. Such a variation of a path y= y between two specific 
terminals P and Q, as has been described in Art. 1570, haying 
contact of the (n—1)™ order with y=x at the terminals, so 
that 6=0’=0"=...=0-)=0 at P, and at Q, is said to be a 
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“fixed limit” variation, and is a legitimate variation, provided 
the conditions for the existence and continuity of the several 
differential coefficients and the validity of Taylor’s Theorem 
are not violated. 


1574. “Short Range” Variation. 

Let APCQB be any path y=y, and let PC’Q be a “ fixed 
limit” variation of the portion PCQ. Let the abscissae of 
P and Q be &, and &, respectively (€, > &)), and let € be the 
abscissa of an intermediate point C on the are PCQ. Then 


J 602) d= [60 (2)}, =O-(€)— Ol N(E) = PME), 


where n + p > 0, for by the condition of Art. 1573, A-)(£)=0. 

If then the greatest numerical 
value of 6‘)(x) in the range & to € 
be called p, which is by supposition 
finite, we have O7-1(€) + (E—£))p, 
and therefore +(£,—&)p, and of 
we take a — short range from P 
to Q, &,—&, may be made as small 
as we please. Hence the numerical value of each of the 
quantities 6, 6, 6”, ... 0-», 0”, may in such short range be 
regarded as ssamittaly sitinld in comparison with the next 
in order. Therefore 0, 6’, 0’, ... 6- are all negligible in 
comparison with the last Bidiltion @™ for a “short fixed 
limit ” variation. 


Now av=(as +05 te +0. 


variation reduces to (6)? 1 oe 


Fig. 451. 


2 
oe and for such a 


y™ 


Hence for this short variation, 
© [gmp oa. - | Rae, 
6 | Vax oT Goro op let 5; x 
ie ; 
and 6 occurs with an even power, so that if a(ymy dx retains 


one sign within these short limits from P to Q, s|Vde is 
é mu 
positive or negative according as ayer is positive or 
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negative throughout that range when e is taken sufficiently 
small. 

Now, considering the finite range from =a, to =a, the 
integral |” V da could not have a maximum for this range unless 
Pec ate 
ayn? 


r=, to x=2,, nor a minimum unless 


dx remained negative throughout the whole range from 


mrisal ee dz remained posi- 
o(y™)? 

tive throughout the same range. For suppose that there be a 
small portion of the range from a, to a,, say from &, to €,, in 


Vy 
which ay S(yeoye 


We could then take a “short range fixed limit” variation from 
P where «=&,, to Q where z=€,, without any variation at all 
for other parts of the stationary curve from z, to z,. Then 
for this short range variation, 


1 
s['Vae=5( (A stamp gdo te i, LR dz, 


and for the rest of the range from 2, to x, there is no variation ; 


dz has ceased to be negative and become positive. 


uy 

therefore 6 | Vdzx for the whole range is positive for such a 
Ba) 

variation, and the condition for a maximum is that it shall 


2 
be negative. Hence, unless saat retains a negative sign 


for the whole range from a, to 2,, © maximum value of 
@. 
| ‘Vde cannot occur. Similarly a minimum could not occur if 
Xo 
eV 
o(y™)? 
part of the range. 


Hence, supposing that a the whole range from A(x=2,) to 
B(a=2,), x increasing throughout, there is no point at which 


dx, starting with a positive value, became negative for 


x 

| (A?V) dx vanishes, small short range variations such as that 
x 

just described from the point P to the point Q upon it can 


be supposed to be made, and if in each of these dx retains 


ov 
2 
. | . . a(y™) 
the same sign, |. Vdx will have a maximum or a minimum 
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value according as that sign is negative or positive, remaining 
so throughout the whole range of integration. 


1575. It will be noted that in the above statement we have 


2 
written signa including the dz as a factor, because if in 


the case when in travelling from A to B we pass a point C 
at which the tangent to the path is parallel to the y-axis, and 
x increases up to a certain amount, viz. the abscissa of C, and 
then decreases on approaching B, dz itself in such cases changes 


sign. Hence also in such cases must for a maximum 


eV 
o(y™)* 
or minimum also change sign at C in order to preserve an 


Joni dx throughout the path 
a(yP 8 pata. 

We have now to consider the stipulation that there shall be 
no point between A and B, say with abscissa X, at which 


pg 
| A?V da vanishes. 


invariable sign in 


x B 


Fig. 452. Fig. 453. 


1576. Conjugate Points on a Stationary Curve. 

Let A, Q be two points on a stationary path ACQB. 

Then, if Q be the first point along the are for which it is 
possible to draw a contiguous fixed limit variation ACQ, which 
is itself also stationary, the points A, @ are said to be ‘conjugate’ 
to each other. 


If both paths be stationary, we must have {Vdx—o to the 
first order along each, and therefore each must be a solution 


of the same differential equation Y=0. Therefore, if the 
curve ACQ have the equation y=F (a, ¢, Cg, ++ Cy), the varia- 
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tion AC’Q must have an equation of the same form, and the 
corresponding ordinate may be written 


y toy=F (a, c,+60,, Co+ 60g, «++ Con+ SCon)s 
asthe pene oy oy. 
so that ca Pier: OCy+...+ Be 8Cy,,: 


Differentiating this a, times with regard to n, 
= 


; oy’ 
sy = home +205 Cp ape mite SCon » 
an 


etc., 


oy"-1 oy) 
(n—1)— ~ —_— 
oy De 6¢,+ 2, 6Co+...+ 

Now oy, dy’, ... dy" are to vanish at A(z, Yo) and also at 
Q(z, y). Hence we obtain by elimination of dc,, dey, ... deo, 


between the 2n equations arising, a determinant with 2n 
rows and columns, viz. 


1 


oy oy oY x0 
Oc, ’ Oe, Dre eeeeees Ocon ; 
Oy) Oy) Oy” —1) 

ai 5c, ’ Oey y teeeee Olin 


Ce 


eee eee eee ee eee eee eee eer eee es 


Oy") Oy 1) Oy n—l) 

( (or ) ( ug ): 7%, (“on ji 
in which the first n rows, without suffix, denote the values at Q, (2, y), 
and the second » rows, with suffix 9, denote the values at A, (vo, Yo)- 


This equation determines z in terms of 2. That is, it gives 
the various points Q on the first stationary curve ACQB, 
starting from .4, to which it is possible to draw a contiguous 
fixed limit curve AC’Q, which is also stationary. And the 


first of the points Q which satisfies this condition is the point 
conjugate to A. 


1577. Now let a point P (abscissa X) travel along the 
curve AB from A(a, y)) towards B(x,, y,), the curve being a 


stationary one for [Vae. Then we have seen that for this 


curve to give a maximum value to the integral, it is a primary 
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217 


eV 


necessary condition that acy? 
S(ymy2 


dx should be negative for all 
values of x from A to B. 
We shall show that as P travels along AB, the point con- 
jugate to A is also the first position of P for which 
x 
| A?V dx=0. 
Xo 
Take a position of P very near A and connect AB by a 
“short range fixed limit” variation 4QPDB having contact 


A 

Fig. 454. 
of the (n—1)™ order with the stationary curve at 4 and at P, 
and coinciding with it from P to B. Then, for this variation 


rat x tz ewe. 
af Vae=| Vde=| arVdet | nde 
To Xo *J%% "7X 


. el a 
and over the short range a, to X, A?V is replaceable by Byer? 


which is of necessity negative, and therefore within this short 


range ia Vdz is decreased by the variation whatever be the 
ts : ail. : 
sign of e when sufficiently small. Therefore a(ymye dx negative 


is a sufficient condition that the stationary path should yield 
a maximum value to [Vac for this short range. 


Now let P travel onwards towards B. Then, A? V being by 
supposition a finite and continuous function of «#, it cannot 
change sign except by passing through a zero value. Suppose 
that A2V, which started from A as a negative quantity, retains 
that sign until P arrives at a point C on the stationary curve 
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AB, and that at C, A?V=0, and beyond C that A?V becomes 
positive. Then ae Vda from A to C is a negative quantity. 
Suppose now that P travels beyond C to a point D such that 
fa? V=0 when the integration is from A to D, the positive 


values of the integrand which accrue beyond C having can- 
celled the aggregate of the negative values occurring before 
arrival at C. Take a “fixed limit” variation connecting 
A and D, viz. ARDB, having (n—1)™ order contact with the 
stationary curve ACDB at A and at D, and coinciding with 
it from D to B. Let X be now the abscissa of D. Then 

4 we rx (x eX 

["Vdo=a[ Vax Savin € [Rao S| Rade, 

te ie Pali Be Bias 3!J2, 
and therefore vanishes to the second order of infinitesimals. 
Hence to that order 


[va for the fixed latit vaviaet aee 
=| Vda for the stationary path APDB. 


It will follow that ARDB is itself also a stationary path 
from A to D. 

For if any short portion of it, say LRM, were not of 
stationary character, we could connect RM by a stationary 
short-range fixed limit path LR’M, and therefore 


| Vdz (for LR’M) > | Vx (for LRM); 
‘. [Va (for ALR’MDB) > | Vde (for ALRMDB), 


and Re [Ve (for APDB), 


and this would necessitate fae Vdz becoming positive between 


A and D, which is contrary to the hypothesis that D is the 
first point for which the integral ceases to be negative. 
Therefore the variation ALRMD must itself be a stationary 
curve between A and D, and D is itself the point conjugate 
to A. 
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“ 
Since | A’V dz is negative so long asa <X, viz. the abscissa 


Xo 
of D, | V dx has a maximum value along APD for all values 
of x which are less than X. 


x 
In the same way | V dx has a minimum value for all values 
TX 


of « which are <X if A?V be positive at starting from A. 


1578. If, however, the conjugate point of A occurs before B 


Px 
is reached, \ V dz, though stationary, will have neither a maai- 
Xo 


mum nor a minimum, as we shall now show. 

Take a short-range fixed limit variation FGH connecting 
two points, F on ALRMD, H on DB having (n--1)" order 
contact with these curves at the terminals F and H. Suppose 


A 


Fig. 455. 


this variation to have been selected a stationary curve. Then, 


oy”) 


maximum value for |v dx for that range, and therefore 


since by hypothesis simp is negative, this variation gives a 


| V dx (for FGH) >| V dx (for FDA). 
Tides | V de (for ARFGHB) > \v de (for ARFDB), 


and therefore >| V da (for APDB). 
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Hence [Ve along APDB would not have a maximum 


22 
value; and it could not have a minimum value, for ay oy dz 
is negative. 

Therefore, if the conjugate point to A lies between A and B 
the stationary path AB gives neither a maximum value nor a 


minimum value for [Vax for that range. 


We therefore have the following test: 


The stationary path AB having been determined, it will yield 
, ry 
a maximum or a minimum value for [V ax, according as ae dx 
as negative or positive from A to B, provided there be no point 
conjugate to A lying between A and B. But in case of such point 
being existent between A and B the stationary curve from A to B 
yields neither a maximum nor a nainimum. 
2 

In the case when som vanishes at a point between A 
and B, but does not change sign, we could take a short-range 
fixed limit variation, including the point in question, vanishing 
to the second order, and the sign of af ‘Vide for this variation 


Xo 


depends on third-order terms, and unless these also vanish for 


the value of x at the point, the sign of 6 [ Va could be made 


aa) 
to change by changing the sign of «. Hence there would be 
neither a maximum nor a minimum for sucha variation. But 


. . ae . . . 
for other variations | Vdzx has a maximum or a minimum as 
before. is 

1579. Illustrative Examples. 

(i) Take the case of the integral | (y’") da of Art. 1502 (3). To find the 


point conjugate to the point x», Yo on the stationary curve. 


The stationary curve is y=¢y+ HS Coit? + area 


Here y= Sept bet; (02 80+, j 0 8e3, éy’= Bey+0 bea toy , 078es, and 


these are to vanish at Ae Yo) and at (x, y). Hence the oe conjugate 
to (Xo, Yo) is given by 
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/ ae a 2, a wv |=0, that is 44 (¢—-.4,)'=0, 
; 1 and w=. is the only 
G0 15 2, 7 we solution. 
Le 
1 > Yo, 21 Los 31 & ne 
Ls 
0, 1 > Vos 5) Xo" 


Hence, in this case, there is no point on the stationary curve which is 
conjugate to any other. 


We also have V=y’? and sa=2 which, being positive, the stationary 


curve gives a true minimum value to [ytae for any selected portion 
of the curve. 


(ii) In Ex. 1 of Art. 1502, viz. the shortest distance between two points, 
Radi S lite, oa) oe uel 

yy’ Oy"? Oy’ Si +y” (1+y’2)? 
positive. And there is obviously no point conjugate to any other on the 
locus y=¢y+¢,2, which is the solution of AV=0. The solution arrived 
at is therefore a true minimum solution, as is obvious of course from the 
nature of the case. 


, and is essentially 


1580. The Case of two or more Dependent Variabies. 
Resuming the discussion in Art. 1508 for the case 


, wt {n) 
V=F{q, Yy, Y Fore ¥ \, 


2 2, S eruus OO 


and taking ¢,0, e¢ as the fundamental variations of y and z, 
we have, upon putting dr=0, 


n=dy=,0, 1 =e,6', 4 6,0 ele, 
f=d2=6,9, C=a¢, ("=e¢’ ete, 
i ; = oO , 9 (n) 
and taking A,=9 eat ayit set) 


(n) ? 


oy 
Gg , g m Q 
A.=$s +b spt. 4? Sam 


> F 1 ] 
a{V das r+ |\ Yc,0 +Ze,¢)de+ zfleds eA,)Vde+ xP ae 
and the general forms of y and z are determinable from the 


differential equations Y=0 and Z=0, and the constants 
involved obtainable from [H]=0 as before explained. And 
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the same theorems hold as in the case of one independent 
variable. But the second-order variation will in its highest 
differential coefficients become 


1 eV ~ 
ah Gscapae 3( signet 20,0 go a ay”) cragait¢ €s(o' de sani) dx, 
in which the integrand is of the form 
re,2(O™ P41 Ise," + te.2(g™)? 5 


and, as in D.C., Art. 497, the condition for an invariable sign 
is that 7t—s® shall be positive, and the sign in question will 
be that of r or of ¢, for since rt—s? is to be positive, 7 and ¢ must 
have the same sign. 


Thus it will be essential that 


Vag Oe ae \ 
o(y™)? ; O(zim)2 ay”) Bzim) 


as : eV 
shall be positive, and for a maximum we must have aye 
negative, and for a minimum, positive. j 


1581. The case rt=s? in general necessitates an examination 
of the terms of (¢,A,+e,A,)?V, which contain lower order 
differentials. This case is discussed by Mr. Culverwell in the 
paper cited above, to which the reader is referred. 

The method employed in the last article is clearly applicable 
if there be more dependent variables than two. Following 
the same method as before, the second-order variation takes a 
form similar to that discussed in Art. 502, Diff. Cale., with an 
exactly similar result. 


1582. Relative Maxima and Minima. 
It has been explained that when we are to search for the 
maximum or minimum value of v=|Vdz, with condition 


=|" dx =a given constant, say a, we are to treat [raw daz 


as an unconditional maximum or minimum, and we get 


8(0-+du) =6|(V +207) da=[(sV +) 8W) de 


& 2 2 é Rd 
=|(AV 4AM) t+ F(a V +00) d+$ | : 
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and with the same precautions as before with regard to choice 
of legitimate variations which will not violate conditions of 
continuity in the several differential coefficients, and which 
will ensure the validity of Taylor's expansion, the terms of 
first order having been made to vanish as a primary condition 


for a maximum or minimum, we have fava AW) da=0, an 


equation already arrived at in Art. 1504; and then 
2 3 
8(0-+-Au) =§ (AV +044) d+ & (Raz, 


and the terms of the highest order in the integrand A?V +\A?W 
are all we require in the discrimination between maxima and 
ow 
Sym 
mum this expression must be negative throughout the whole 
range of integration, and for a minimum, positive. In case of 
the existence of a point conjugate to (a, Yo), such as D of Art. 
1577 on the stationary path, with abscissa X, lying between 
the limits of integration, the variations chosen must be 


x 
such as to make af Wdz zero. For (see Fig. 455) beyond the 


and for a maxi- 


#; ~A eV 
minima. ‘These terms are 5 (yma t > 


o ty 
point D the variation af Wdz has been taken as zero. 
x xX 
Therefore Y must be such that | Wdz along the stationary 
fixed limit variation AZRD has the same value as ik Wada 


along the original stationary curve APCDB, for which in 
general the value of 2 is different. 

The equation to find the position of the conjugate point is 
therefore modified by the introduction of 2. 

The equation of the stationary path is now of the form 
Y= X(%, Aj Cy» Cys +++ Con)» Tf, upon substitution of this value of 
y and its several differential coefficients we get 


Bot 
w=| Wdr=F (2%, T, A; Cy, Coy vee Con) =4, 
Xo 


upon variation of the constants we get the additional equation 


ar. “OF oF oF 
= —-= eee ee aan 0, 
a +5 06, Ca 60+ .-. + 5 Son 


3c, 2n 
and the equations arising from the vanishing of éy, oy’, 
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dy”, .. dy” at (x, Yo) and at its conjugate, which are now 
altered by the presence of ) to 


oy oy OY go iat eae, 
5) On tae +39, % ret hae eae I 


true at 


Oy’ oy’ Oy’ oy’ —0.| (£o» Yo) 
ay Or Tag T 36, JC, poarst 0, and its 
Lye conjugate 
5 (x, y). 
oy) oy") oy) ; Oy" i: 7 
Orv / OC, OC, == QC, Cy ts ae 34> OCon on ? 


These 2n+1 equations give, upon the elimination of 
OA, OC,, Oly, «+» OCy,, 


pate ate FR 9 sw eecceee = 5 
OA 4 Oc, 3 Oe, OCon 
Oy’ Oy’ oy’ OY 
OXr : Oe, Ole fd ave Clo, 
yin $5 ror yin Oy") Oy— 1) 
OA” OGny Ce, i “Fieneaa 


(st), (=); (34), aye (3%), 


(x —1) (r—1) ay(7— 1) Oy-) 
Ca) Ca) Carle KE), 
or or or OF 
SK 5c, Beg: en,’ 
to determine the position of a point (x, y) on the stationary 
path conjugate to (x, yo). 

If such a point occurs between the limits v=2, and L= 2, 
on the stationary path, this path will give neither a maximum 
nor a minimuni. 


1583. When V contains more than one dependent variable, 
and these dependent variables are connected by an equation 
L=0, viz. the case discussed in Art, 1513, we proceed as there 
explained with the first-order variation to obtain the stationary 
solution. In passing to the second-order variation, we have 


F [AVAL de, where A=eA,+e,A, (Art. 1580), 


where ¢,0 and e, are the fundamental variations of y and 
z, and ¢,0), ¢,o) those of y™ and 2”), We shall suppose 
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that the orders of the highest differentials occurring in V and 
L are the same. Then taking as before a short-range varia- 
tion, the variations 0, 0’, 0”, ...0-") may be all neglected in 
comparison with 6, and ¢, ¢’, $”,...¢- in comparison 
with ¢™. The only terms of A*(V+ AZ) which need be 
retained are therefore 


(V+ AL) e(V+AL) 


O(V+AL) aan OVAL) 9) te 
a(y™)? €,2(0 24 2 Dyin) zim €1€5 aaa 62 (¢' ne; 


where 0, ¢™ are not independent but connected by the equation 


oL 
ag tm 
ae(V+XL) ( aL ye O(V+AL) OL ob 

a(y”)? Bein) x oy Azim Szg'n) oy” 

e(V+AL) / oL \? 
Soh (sy) | ae 
must retain the same sign throughout the integration if a 
maximum or a minimum is to occur; and that sign must be 
negative for a maximum, positive for a minimum. 

For details of the ease in which the orders of the highest 
degree differentials in V and L are not the same, the reader is 
referred to Mr. Culverwell’s paper [p. 252, L. Math. Soc. Proc., 
Vol. XXIIT.]. 


1584. Bibliography. 

Readers wishing to pursue the subject of the Calculus of Variations 
further are referred to Todhunter’s History of the Progress of the Calculus 
of Variations during the nineteenth century and Researches in the Calculus 
of Variations, and to the treatises on the subject by Jellett and Strauch. 
Professor Williamson, in Chapter XV. of his Integral Calculus, gives an 
account of the “Sign of Substitution” used by Sarrus in his Essay, 
Recherches sur le Calcul des Variations, and makes much use of the same. 
In his Chapter XVII. the student will find much useful information 
with regard to the bounding variations in the case of a double integral 
and a discussion of some cases which arise in the treatment of the partial 
differential equation as well as several other interesting matters. The 
papers by Culverwell, of which considerable use has been made, should 
be referred to in R.S. Trans., 1887, aud in Proc. of the Lond, Math. Soc., 
1891-2, Other writers are Moigno and Lindeléf referred to by Dr. 
Williamson (J.C., p. 465), Lagrange (Th. des Fonct.), Lacroix (Cale. Int., 
pp- 655-724), Jacobi, Legendre (Mém. de V Acad. des Sc., 1783), De Morgan 
(D. and I, Calc., pp. 446-474), Poisson (M ém. de PInslitut, T. XII.), Abbott 
(Calc. of Var.), Airy (Math. Tracts), Woodhouse (Isoperimetrical Problems). 
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e,p'"=0, 


so that { 
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PROBLEMS. 


1. Find the stationary value of |v dz, taken between definitely 
fixed limits, where V=y/’? + 2myy/' + ny’, and discuss its nature. 

[Lacrorx, C./., II., p. 721.] 

2. Mark out the range of limits on the parabola (a+ a)? =4cy 


WN =3 
between which the integral (v@ dz is a maximum, the range 
Xo M 


between which it is a minimum, and the range between which 
it is neither. (Maru. Trip., 1890.] 


3. The integral [[re. y, 2, p, q)dxdy is found to be stationary 


when taken over the surface z=¢(z, y); show, by confining the 
actual variation of z to a small area on this surface, that the variation 
of the integral cannot always have the same sign within limits 
specified by a given curve through which the surface must pass, 


- eG 8 OF aes : ; 
unless =; dp?+2 Sn OG bp 6 1+53 dq? always retains the same sign 


within ae limits, and deduce a criterion for discriminating maxima 
and minima. Show further that, for a true maximum or minimum, 
it must not be possible to draw a consecutive surface of stationary 
character which meets the original one in a closed curve within the 
given limits. Are these conditions sufficient as well as necessary ? 
[Matu. Trip., 1890.] 


CHAPTER XXXV._ Sscrion I. 


FORMULAE OF LAGRANGE AND FOURIER. 


1585. When a material particle is affected simultaneously 
by two harmonic oscillations, a, sin(n,t-+a,), asin (n,t+a,), 
of the same period 27/n,, but their amplitudes a, and a, and 
their phases a, and a, being different, they compound into a 
single simple harmonic oscillation A sin(n,t+a) of the same 
period but with amplitude and phase respectively 
@, SIN a, +, SiN ay | 


2 3 me 
Ja,?+ 2a,a, cos(a,—a,)+a,2. and tan 
Ni Ne Gy COS a,+ Gy COS ag’ 


and any number of such simple harmonic motions may be 
compounded in the same way, provided they all have the same 
periodicity. 

Graphically the resultant motion may be represented by 
constructing the graphs of the several vibrations on the same 
plan and forming a new graph by the addition of their 
ordinates. And this always results in an ordinary “curve 
of sines.” 


1586. But if the periodicity of the two or more funda- 
mental vibrations be different, as in 
a, sin(n,t+a,), d,8in (nt+-a,), 
the above analytical process of composition breaks down but 
the graphical method still holds, the resulting graph, however, 
no longer being the simple curve of sines. 
Taking for instance as a simple case the graph of 
7 : mee LF De 
gfe yn 3x + 55 sin 5a — 74 8in TLA savy 
where the periodicities of the constituent vibrations of y are respectively 
Qr/1, 2/3, 27/5, etc., and their amplitudes 4/1’, 4/13*, 4/15*, etc., we 
693 
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have, from the first three terms only, a figure shown for the extent «=0 
to #=7/2 in Fig. 456. And even for three terms of the series it will be 


sie 


Fig. 456. 


seen that the resultant graph is rapidly approximating to a broken 
system of portions of straight lines parallel to y=x and y= —vw alter- 
nately, the breaks in the continuity occurring at x=7/2, 37/2, 57/2, etc.; 


Fig. 457. 


and the more terms we take the closer is the approximation to this 
discontinuous system of lines (Fig. 457). 


1587. The Building up of a Function for a Definite Range by 
Means of Harmonic Elements. 


Let us examine then whether it be possible to build up a function of x 
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viz. f(x), discontinuous as regards its differential coefficients at #=7/2, 
37/2, 57/2,... and equal to 


3 
-w-a,(-F<w<-Z); x,(-F<e<2); 


2 2 2 2 
wT 31 31 57 
T—2, G Se a) —2r+a, (F<e<¥); ete. 
Let us assume tentatively that it is expressible as a uniformly con- 


‘ ase 
vergent series of the form f(7)=a.+ » (a, cos px+6,sin px), and let us 


attend to the portion (—7r<a<7). a 
Then (i) integrating from —7 to 7, 


Qo - ar= |" fla)de= | 


a3 


(=r=2)de+ | wdx+| (w—2)dx=0. 
i “3 
(ti) Multiply by cos rx, and integrate from —7 to 7, 


a,| costper d= | 


f= 


x 
mk) 


(-17-—2) cos px d+ | ’ woos pr de | (wm —2)cos px dx 
-3 E 


— [ re sin pr cos Se E sin px ay 
Pp po s-. Pp pY _% 


sin px cos px |* ‘ 
+[ (r-2 ee | =0; 
( Pp fos 


= 
* @,7=0 and a,=0. 


(iii) Multiply by sin pa, and integrate from —7 to 7, 


iv : at : z 
b, | sin? pa dx = [ (+2) Pe P| + [2 SSPE, SEP ‘ 


p pe 3 
cospx sin Pay : 
=(r—2z ——— 5 

+ [ (7 ) Pp p? z 


Ae PT 
*. byr=— sin —}; 
whence i oe 2 


S(2) => zpsin FF sin pea = (sin x— ssin a+ yin 5a — zsin 7x + ws} 

If we write x+2nm for x, each term of the series remains unaltered, 
and the result is therefore a periodic function with periodicity 27, which 
is in conformity with the graph in Figs. 456 and 457. 

The series is manifestly convergent for all values of x. Hence we have 
expressed a discontinuous function of # which takes the value (—1)"(#—- nr) 
from (2n-1)5 to (2n+1)5, n being integral, as a series of sines of odd 
multiples of x. 


1588. Functions consisting essentially of a set of simple 
harmonic terms are of constant occurrence in problems of 
Mechanical and Physical Science, e.g. in the vibration of a piano 
wire, the propagation of a signal along an electric cable, in 
problems on the flux of heat, or in the motion of a slide valve 
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whose mode of travel is actuated by a system of linkages, or 
by a cam driven by a uniformly revolving shaft. Primarily 
the nature of the problem in such cases as the latter is that 
of the resolution of a compound motion known to be periodic, 
or of the function which expresses it, into its simple harmonic 
constituents. 

A graphical method of procedure is sometimes adopted in 
the analysis of such a given complex periodic vibration into 
its simple harmonic elements useful for the practical engineer. 
Such methods may be found described in treatises on advanced 
practical mathematics. The resolution may also be performed 
by mechanical means.* 


1589. A series of the form a,+ = (a, cos px-+ b, sin pa) 
may be written as a+ Di sin noe Stk where ¢,2=a,2+b,? 


and tan ap=a@,/by, in mick we have half as many simple 
harmonics as before, but the phases are different, 

That a single-valued finite and continuous function is under 
certain circumstances, and for a certain range of the variable, 
expressible by means of such a series is usually known as 
Fourier’s Theorem. 


1590. Extension of the Rules of Art. 1121. 
Taking p, g and 7 as integers, 


2nr+a 1 s2nr+a 

fs cos px cos gx da = 5 if {cos (p+q)x+ cos (p—q)x}dx 
1 SPE sin(p—q) aS 
ae 


p +q p- q ie = 0, Pp ad q, 
f2nm+o : 1 sin(p+q)x. sin(p—q)x ]2n7+a 
| sin pesingede=5[ ~“™(P ta), sn(p—a)e =0, p+#4q, 
2nr+a 1 /2nr+a 
[ cos? px dx =5 [ (1+ cos 2px) da =n, 
2nr+a r 1 [2nr+a 
ii sin? px dx = sf , (1—cos 2px)dx =r, 
2nr+a . 1 (2nr+a 
i, sin px cos qa da = 5 | {sin (p+q)2%+sin (p—q)a}dx 
“ cos(p+q)« cos(p— ete ke 
i) p+q Be q Ie =0, P#4q, 


2n7+a 2nr+a 


sin 2px dx=7— Ip =| —cos apa} =0. 


* See Castle's Manual (pages 448-464) ; Modern Instruments, Messrs. Bell. 


2nr+a 
i sin px cos px dx= 
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1591. We shall assume for the present that we are dealing 
with a function of 2, f(x), which is single-valued, real, finite 
and continuous and integrable for a range of real values of x 
from =a to c=a+27; or that if f(x) be unbounded as to 
the values of which it is capable in that range, that its 
integral for that range is absolutely convergent. Moreover, 
we shall assume that f(x) is such that it is possible to find a 


series of the form Ay+53(A, cos par +B, sin pe) which is 
1 


uniformly convergent, converging to the value f(a) for each 
value of x within the given range, and that for such series 
term by term integration is a possible operation. Then the 
values of the several coefficients may be found as in the 
particular case of Art. 1587. For we have 

2a 


2ar+a +a 
Qa+a 2ar+a 
(ii) | F(x) cos px do=A, | cos? pa dx==7A, ; 


ma 2r+a 
(iii) \ He) sin px dn—B, | sin? px dz=7 By. 


Before substituting the values of the several coefficients, 
write € for x in the several integrands. 


Then 
fa)=ze | M6) de+5"S) {cospe | cospeslé) a6 
+sin px [sin pES(E) ag} 
=a fede 2S [Ne cosp (eae 
In the cases a=0 and a=—-, we have respectively 
fea) [NE ae+— "S| NE) cosp (Ea) dé, Ox >> 0), 
and 


T 


fe=ze[ fOdes2’Sh" secosp (€-ad6 (a >2>~-n) 
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If we write f=" and on 3H, then dé =F dy. Also writing 


j (oe :F'(n), then f (a VF (y), and we have 


PY)=a an F(n)dy+7 ae 


and 


p=2 fl 
Fy=5 | Epil S| Fla) cos! (—y)dn, U> y >—D. 
l La =p l 


S|, Peneos! Erwan, L>y> 0) 


1592. This celebrated theorem was given by Fourier in 1822, 
in his Théorie Analytique de la Chaleur. A particular case 
had been given previously by Lagrange (Anciens Mém. de 
V Acad. de Turin). See Thomson and Tait, Nat. Phil., p. 58. 

We lack space for a full discussion of the many difficulties 
which beset this theorem as to the propriety of integration 
“term by term,” as to uniform convergence of the series, etc , 
but must refer the reader to other treatises expressly dealing 
with it, e.g. Professor Carslaw’s /ntroduction to the Theory of 
Fourier’s Series and Integrals. We only seek here to present 
to the student a practical working knowledge of the methods 
to be adopted. 


1593. The Cosine Series. 
If f(x) can be expanded as a convergent series of cosines 
alone, for values of x between 0 and 7z, as 


f(a)=Ay+A,cos 2+ A,cos 2x-+ A,cos 3z-+...+4, +5) Ap cose, 

we have (x >a«> 0), 

[,f@ cos pe da=A »|. cos? pr dx—1rA», and iP f(a) de=7 Ay. 
Then 

fla)=1)'16)dg+2 wos pe FE) cospéds, (> 2>0). 


1594. The Sine Series. 
Similarly, if f(z) can be expanded as a convergent series of 
sines alone, for values of x between 0 and 7, as 


J (x)= 8B, sin e+ B, sin 22+ B, sin art rr, sin pa, 
T 
(7 >az> 0), 
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we have |, J (x) sin px dx= B, \ sin® px dx=4}arBy. 
0 
Thus f(%)= >> sin pe | /(é) )sinpédg, (r>2>0), 
a theorem due to Lagrange. 


1595. As before, writing g=F i, DF, f(Ty)=FY), we 


have in the one case, 


1 7 
P=F) Fenda +7 Sy eos2™ y['Ry)eos?Mdn, (> y > 0); 


and in the other case, 


Deen ¢ % 7 
FY)=7 > sin Pr y| Fo) sin? ldn, (L>y> 0). 


1596. It will be noted that in the determination of these 
several Fourier coefficients as above, viz. 


4y=— f(é)eospédé, By=—[/é)sinpédg, A= |'AE)AE, 
these coefficients are respectively the mean values of 
2f(x)cospz, 2f(x)sinpx, and f(x) 
taken through the period 0 to z. 


1597. A Remarkable Limiting Form. 

As a preliminary to the further consideration of the results 
obtained for the expansion of f(x) as a Series of Simple 
Harmonic terms, let us examine the limit when a1 of the 

1—a 
IOT= 2a eos (€—2 
not exceeding 27, and f(£) et any finite function of € for 
which f(¢) when existent is finite for all values of € within 
that range. We see at once 

(i) that regarded as a function of «, I is a periodic function 
with periodicity 27, for if x be increased or decreased by any 
multiple of 27, I will be unchanged, and therefore will have 
gone through the whole cycle of values of which it is capable 
as @ increases through 27; 

(ii) that when a approaches unity as a limit the integrand 
vanishes wnless the denominator vanishes at the same time, 


integral [= ‘x mies the range from 8 toa 
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ie. unless €=%, +27, t4r,...c+2n7, where n is an 
integer ; 

(iii) that in consequence of the last fact, the only cases 
when the integrand can have a sensible value being in the 
vicinity of one of the above values of 2, we may confine our 
integration to such limits as will just include such vicinity ; 

(iv) that when =a or x+2n7, the denominator becomes 
(1—a)®, and therefore the integrand tends to an infinite value ; 
but its integral is not necessarily infinite ; 

(v) that if € increases through any small interval to €+h, 
then f(€) becomes f(€+h)=f(€)+Af (E+ 9h), where @ is a 
positive proper fraction, provided f/(¢) be existent and remains 
finite throughout the interval £ to +h; and therefore that in 
that case when h is an infinitesimal, f(€) only changes by an 
infinitesimal amount in the interval. 

(vi) Since a— 8 + 27, € in its march from 6 to a can only 
pass through one of the values x, +27, +4, ..., and it may 
not pass through any. But if a—B=2z, it must either pass 
through one of these values or start from one and terminate at the 
next in order of magnitude. 

Suppose first that a—@<2z7, and consider one cycle of the 
values of J, a lying intermediate between 6 and B+2r. 

First let a>a>8. 


Then i )ag={[ +(-" +f | ( )d€, where 2 & 


are any two selected very small positive quantities. It has 
been seen that when a is ultimately =1, the first and third of 
these integrals vanish through containing the factor (1—qa) in 
the numerator. Hence 


pay. a+eg 1—a? d 
a tof (©) [9a cos (Fa) pa? 
and putting £=2+¢ and remembering that f’(£), being finite 
by supposition, the change in f(€) is insensibly small between 
these close limits, we have 
T="jeG seat a 
a>t)_.1—2acosg¢+a® * 
il a 
=2f (x) Lte-+1 | tant i tan a 


-¢ 
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=2f (x) Dte+1 | tan oa ; , Since ¢ is very small, 
=a 


=2f(@) Tte+1 {tan=2 Totten ric}: 


In proceeding to the limit, however small e, and e, may have 
been taken, 1—a becomes, in its unlimited decrease to ZeLO, & 
positive infinitesimal of higher order than either €, OF €). 

Hence I converges to the limiting value 


2f(e)(Z47), or 2afla). 


Secondly, supposing « to lie beyond the limit a but <<8+2z, 
te. Ba<a<B+2z, then evidently J=0, for the denominator 
of the integrand never vanishes as ¢ ranges from 8 to a. 

Thirdly, supposing a to lie at the upper limit, ie. «=a, 
then fi ) de=([ +[" ) (_ )dé,in which the first integral 

8B 8 a—e 
vanishes as before and the second becomes 
=2f(e) Les tan>£—=9f (a). 7 =afla); 2. I=nfla) 

In the same way if a lie at the lower limit, 2.e. z=, we 
have similarly l=7f(8). 

Fourthly, supposing a—8=27 and B<a<a, we have, as 
before, [=2zrf(x). Butif«= or e=a, the integrand becomes 
infinite at both ends of the range, and in either case we have 


T=2f(a) 5 +2f(8)3 = (f(a) +1(8)}- 


Finally, supposing that at any point ~=c between a and 6, 
J(€) becomes discontinuous, suddenly changing its value from 
F,(c) to f,(c) as € passes through the value c; then 


totaal fff oe 


HL f ) dé, as in the first case, 
c-& 


a ae { f,(c) tant 2- +f,(c) tan ae, 


= 2A (0) F+h0- }=n(hlO+h() 
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This completes the investigation of one cycle of the changes in 
the value of I as x increases from «=8 to e=8-+2r-. 


1598. Extension of Range of Integration. 

For a greater range of values of # the values found in the 
above cycle are merely repeated. For instance, in the next 
eycle, viz. c=8+27 to e=8 +47, putting c=27+2’, we have 
merely to replace f(x) in the above results by f(z’), 7e. f(w—27), 
and to make no other change. If a lies between x=8+2nzr 
and =8+2(n+1)7, we replace f(x) by f(z—2n7). 

We exhibit in Figs, 458 to 461 graphs of 

y=gcens{ ME) aaa 
Qa 94), ‘5’ 1— 2a cos (F—2) +a 
for the four cases a—8<27, a—8=27, with no discontinuity 
and with a discontinuity. 

It will be noted that in the case of discontinuity in the 
ordinate of the graph of the limiting value of this integral, 
the value at the change is represented by half the sum of the 
two immediately contiguous adjacent ordinates on either side 


a-B < 27; no discontinuity 


Fig. 458. 


tz (fat/B) 


a@- 8 = 27; no discontinuity 
Fig. 459. 
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Fig. 460. 


Sa(*-4m) 


2 Kerth ¢) 
rz Cert) 


of the discontinuity. The graphs consist then of an infinite 
series of equal arcs or lines, together with an infinite series of 


x farfp) 


=e 


a-B=27; discontinuity at x=c 
Fig. 461. 


isolated points. 
1599. Geometrical Examination of the above Results. 
ih ar 
~1—2a cos (€—2) +a? 
referred to axes O€, On, or, what is the same thing, 


Consider the nature of the curve 7= 


2 ae 
ee sec 
y= SS ee 
1l--a (l—a ef 
( =) gee LS 
where z is kept constant and a positive and not greater than 


unity. 
The curve is obviously of periodic character, for » is 
unaltered if we write £+2n7 in place of £7 being an integer. 
The maximum and minimum ordinates occur when 


sin (€—z)=0, 
i.e. at the points é=2, 7+, 27+2, 3r+2, etc. ; the first, 
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third, fifth, ete., giving the maxima, and the second, fourth, 
sixth, etc., the minima. 


ee 


ee maxima and minima values are alternately fee 


adie © and the range from one stationary point to the ee 


ica 
is m. Fig. 462 represents a cycle of the values of the 
ordinate. "The remainder of the curve consists of repetitions 


of the portion between any two successive maxima. 


@) wv R e+ +27 
Fig. 462. 


vo 


As « increases to the vicinity of 1 the maxima increase 
very rapidly and tend to infinity, and the minima become 
indefinitely small. 

The area bounded by any complete half-cycle, the z-axis 
and the terminal ordinates, extending from a maximum 
ordinate to the next minimum, is 


ati (2) n 27 "ate (En) 


for any of the values of the parameter a. 
Thus, in Fig. 462, the area ANMBQA=2r. 
Let PR be an ordinate with abscissa x+e. The area of the 


J +e 
portion AN RP is [. n dE=2 tant (7 +4 tan a and evidently, 
x 


however small « may have been ecueaie when 1—a, which is 
decreasing indefinitely, has become an infinitesimal of higher 
order than e, this converges to the value z. Hence it appears 
that the descent of the curve on each side of a maximum 
ordinate is very rapid when a is nearly unity, and that between 


FOURIER’S THEOREM. 705 


two successive maxima the curve in that case flattens out into 
ultimate coincidence with the intercepted portion of the ¢-axis, 
so that a point travelling along the curve travels along the 
é-axis up to immediate contiguity with a maximum ordinate, 
then travels to infinity along that ordinate, descends on the 
opposite side and then resumes its march along the ¢-axis. 

Hence in integrating from any value €=£ to another limit 
€=a, in which the range from 8 to a is < 27, the result will 
be zero unless a maximum ordinate lies between the limits, 
and the result will be 27 if a maximum ordinate does lie 
between the limits. 

Also if «a—@=27, one maximum must lie between the limits, 
and the result will then be 27, as is also the case when one 
maximum lies at €=8 and the next at £=a, the integral in 
that case becoming sensible at each limit. 

It becomes clear, then, that if two ordinates be drawn on 
opposite sides of a maximum ordinate and contiguous to it, 
the area bounded by these ordinates, the curve and the 
intercepted portion of the z-axis tends to the limit 27 when a 
is made sufficiently near unity, however closely the ordinates 
are made. to approach the maximum ordinate. 


1600. Further, the presence of any finite factor f(€) in the 
integrand for which the integral takes the form fn nitakira 


will only affect the value of the integral when the value of 
7 is sensible, even if at any point €=a between the limits f(€) 
be discontinuous and suddenly changes its value from /,(x) to 
J,(x) at such point, provided that both f(x) and /,(x) be finite. 


So that i f(é)d€ is zero when the range from £ to a does not 


include cne of the maximum y-values. In case a maximum 
of » does occur between the limits, say, between £=x—e, and 
€=a+e,, where e, and e, are very small, let A and B be 
respectively the greatest and least of the values of f(£) in 
this range. Then 


|n4 de> [nflede> [nB dé, 


1.€. > F(é) dé lies between 27A and 2rB. 
B 


706 CHAPTER XXXV. 


Now, if f(é) be single valued, finite and continuous, as é 
passes from £=a—e, to £=a-+e,, where e, and e, are made 
infinitesimally small, the change in f(£) in passing from € to 
é+h intermediate between these limits has been shown to be 
infinitesimal, provided f’(€) be finite. That is, A and B are 
ultimately equal when e, and ¢, are taken sufficiently small. 


Therefore [nfle\dé=2xfte) 
B 
But if whilst the range 8 to a includes one of the maxi- 
mum y-values there be at the same point a discontinuity, f(€) 
changing from /,(z) to f,(#) as € passes through =a, we have 
[nfigyde=["nfl@ae+| 
=0-+ af, (2) + 2fy(e)+0= ff, (2) +fo(2)}. 
[See Donkin, Acoustics, pages 60-66.] 


by e+e: 
z 


nflaet+| “nfldet|  nflédadé 


a. 
Zz 


1601. Consideration of Fourier’s Series from the Point of View 
of a Summation. Poissons Method of Investigation, mainly of 
Historical Interest. 

We may now turn ‘to the consideration of the formulae of 
Art. 1591, from the point of view of a summation of the series, 
supposed to be uniformly convergent, 


[ feder2d [AO cos p (E—a) dg, vess.sssse+se--(1) 


and endeavour to discover what such series represents in the 
various cases: (1) B<%<a; (ii) z= or z=a; (iii) z outside 
these limits; (iv) when /(£€) presents discontinuities. 

Starting with the identity 
tas s 1—-@ 
1-+-2a cos 6-+-2a? cos 20+ 2a? cos 30 hn ig cas 
in which the left-hand member preserves its uniform con- 
vergency for any rangé of values of @ so long as |a|<1, 
put 6=£—z, multiply by f(€) and integrate from £=8 to =a, 
where a— 8 > 27. 


We then get 
[f@de+2 Sarl econ (é—ayae 
B p=l B 


l1—a? 


elpiGh2onany =see sae estay | 
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If we then make @ approach indefinitely near to unity, the 
left side tends indefinitely closely to the value of the series (1). 

The right-hand member of the equality (2) under the same 
circumstances tends to a limit which has been discussed in 
the previous articles. 

If we asswme the uniform convergency of series (1) and 
that what is true within any infinitesimal distance of the 
limit, of however high an order of smallness that distance 
may be, is true in the limit, we have 


1 fe 1 p=a0 
ar | fled p> [fo cos p (€—a) dé 


=jie) i a>ae> Bs 
or =}f(a) if w=a or $/(8) if 2-8 | a-B<2 
or =0 if 2r+B>a¢>a 
or =/(z) if a>z>B \ o— B=2r. 
or =}{f(a)+/(8)} if g=a or s=6 

The assumption made in Poisson’s investigation in the 
words italicised will be avoided in the method of investigation 
adopted by Dirichlet and discussed later. 

In either case, if there be a discontinuity at s=c, where the 
value of f(x) changes abruptly from f,(c) to f,(c), both being 
finite, the value is 4{f,(c)+/,(c)} for such value of a. 

If x lie outside the limits 8 and a, say between 6+2n7r 
and B+2(n+1)z, f(x) in the above results is to be replaced 
by f(z—2nz). 

1602. Important Cases. 

The most important cases are (i) B=0, a=27; (ii) B=—7, 
a=7; (iii) 8B=0, a=7, and in these we have respectively 


() Lf Heder2 SX] "AG) cos p (e—wdg 


=f(«) if Ir >a>0; 
or =4{f(0)+f(27)} if #=0 or 2m or 2n7; 
or ened if 2(n+1)7 >2> 2n7. 
(iy ef FOES DI M6) cose (Eade 
=f (2) if, 2 = x > T 3 


or =h{f(—7)4+f(7)} if s=—7 or 7 or (2n+1)7; 
or =f(x%—2n7) if (2n+1)r >a2> (2n—1)z. 
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Gi) [EE + LD. ["AG) 08 v (€—a) dé 


yee if) ola 0: 
or =0 if Jr >a>7; 
or =4f(0) if 2=0 or 27; 
or =$f(z) if w= or (2n+1)7; 
or Ben 2n7r) if (2n4+1)r7>2>2n7z7; 
or =0 if 2n7>a> (2n—1)z. 


1603. The same results may be exhibited in another form 
with limits in terms of / instead of + by changing the variables 


so that é=41, a= Fy. Then 


dé="dy and f(é)=f(Fn)=Fln), say. 
Then the result 


- [poder are cos p (€—2)dé=f (2) 


Tv 
al 


al 
1 (* or, 
becomes a eFo+y F(n) cose pti y)dn= Fy). 


And the particular results (i), (ii), (iii) become, if we finally 
replace 7 by €, y by and F by f to preserve conformity in 
the notation, 


(i) 5p | MEME | DY FE) cos "F (e—nydg 


=f (x) if, 2h > eo 0: 
or =4{f(0)+/(2/)} if w2=0, 2l or 2nl; 
or =f(x—2nl) if 2(n+1)l>a2>2nl. 
(i) yf MOM+TXY fe) cos” (e—nyag 
=f (x) if l>z>-l; 


or =${f(—)+f()} if v=—l or l or (2n+1)1; 
or. =f(%—2nl) if (2n4ll>2> (2n—1)l. 


(iit) J MdE+ TD Te) cos PF (€—ayag 
=f(e) it I> 2>0; 
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or =0 if 2 >a > Tt; 

or =4$f/(0) if «=0 or 2nl; 

ot =t/(p if w=l or (2Qn+1)l; 
or =/f(x—2nl) if (2n+1)l>2a2> 2nl; 
or =f if 2nl>a> (2n—1)L. 


If, in Art. 1601, we had written +2 for @ instead of €—a, 
equation (iii) above would have been replaced by 


| feae+t ds] ME) cos? e+ayag 


= Pe > 0% 
or =3f(0) if a=0; 
or =#f(l) if #=t. 


oe gee 


4 fa) if Nemcuce 
or =$/(0) fiona; 
or =$f(I) if x=; 


2.e. the formula ate inclusive of the values at the lamits, viz. 


F) He yde+ 7S, cos PT | FE) cos TF ag= PC) 


from z=0 to r=l inclusive. 
If we change the sign of z the left side is unaltered. The 
right side must then be written f(—a). From z=I to x=2l, 


putting =2/—2’, cos P™* i ae cos 7 (2b— ej cos ES, and the 
result is f(a’) or f(2/—a); and so on. So that the results are 


“gad rr Boe oe a ated 
f(—a) SV’ f@S’ fl—a) J’ fl@—2 V f(l—2) J’ fe—40) 


and so on, as illustrated in Fig. 463. 
1604. If we subtract the same integrals, we get 
7 sin f(é) ) sin PE agp (x) if l>a2>0; 
E 1 
or =0 if a=0 or l. 


Hence in this case the values for <=0 and #=I are excluded. 
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Moreover, a change in the sign of « changes the sign of the 
left side. Hence if x lie between —/ and 0, we have 


7 Soin PT" [p(€) sin PFE ag ——f(—w, 
The graph of the several changes is exhibited in Fig. 464. 
1605. Graphical Representation of the Previous Results. 
Let Se2 [fl d6+7 S08” 7"[ 16) cos PE dé for any value of a. 


Then if J>a50, S=f(z). 
(a) Consider 205251. 


Put v=2Il—-2'; then 1S2’50, cos?" = co os Bae 
Then S=f(2’)=f (21-2). 

(8) Consider oe Sal. ’ 
Put v=2l+a”; then S250, cos "= —cos?™* 


Then S=f(x’)=f(x—2Ql). 

(y) Consider 4152531. 
Put #=4l-w2’”; then lSx2’’50, cos Eee ator 
Then S=f(x'")=f(4l—x). And so on. 


Also since a change of sign in w does not affect the value of S, the 
y-axis is an axis of symmetry of its graph. 


Fig. 463. 


The graph of y=S therefore consists of a succession of repetitions of the 
alternate ares of y=f(—.) from —1 to 0, and of y= =f(#) from 0 to J, coin- 
ciding with the graph of y=f(zx) only from 0 to J and with its image with 
respect to the y-axis from —1 to 0. 


1606. Let s'=73 sin peel sin ere d€ for all values of x. 


Then if x=0, 8S’=0; if may S’=f(a); if «=1, 8’=0. 
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(a) Consider 21>x>1. 
Put «=2l-2'; then l>2’>0, sin?" = —sin a, 
Then S’= —f(#’)=—f(2l-x); and if e=2l orl, §’=0. 


(8) Consider 31>x2> 2. 
Ta 


Put #=2l+2”; then Il>2’’>0, sin? sin 


Then S’=f(x"’)=f(«—2l); and if x=3l or 2l, §’=0. 

(y) Consider 41>2>3l. 

Put w=4I-2’”; then l>x’’>0, sin? = ~sinP™* 

Then S’= — f(x’”)= — f(4l—2x) ; and if x=4l or 3l, 8’=0. And so on 

Also 8’ changes sign with x. Therefore the y-axis is no longer an axis 
of symmetry, but the origin is a centre of symmetry for the graph of 8’. 


Fig. 464. 


The graph of y=S’ therefore consists of a succession of repetitions of 
the alternate arcs of y= —f(—) from —/ to 0 and of y=f(w) from 0 to J, 
coinciding with the graph of y=f(x) only from 0 to J, together with a 
series of isolated points on the x-axis equably distributed at distances =, 
starting with the origin. 

The effect. of a discontinuity in f(x) existing between 0 and J would be 
similar to that shown in Fig. 461 at C in the segment from £ to a, with 
a corresponding change in each of the other segments in Fig. 464. 


1607, Let 8”=5 af, fedé+y if. fig) cos™™(€—2)dé for all values 
Opie 
Then if =-1, M=hS+f(—-)}; if —I<v<l, M=f(u); if w=1, 
=${f)+f(—)}- 
(a). Consider 31>2x>1. 
Put v=2l4+a’; then -l<2’<l, cos PF (g- #)=cos*e a ie= a’) 


Then S”=f(x’)=f(v—2l); andif #=l or 3l, 8’= tant : 
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(B) Consider 5l>a>3l. 
” pr pr 
Put w=4l+2"; then —l<2’<l, cos (§ —2)=cos~-(§— 2”). 


Then 8”=f(«”)=f(x—4l); and if r=3l or 51, S°=4{f()+f(-)}. 
And go on. 


=4/ 37 


Hence the graph of y=8S” consists of a series of repetitions of the 
portion of the graph of y=f(x) which lies between w= —I and x=l, 
together with a series of isolated points whose abscissae are —3l, —1, I, 
3l, etc., and ordinates 4{f(l)+f(—1)} ; the graph of y=S” coinciding with 
that of y=f(x) itself only between —1 and 1. 

1608. Case of a Discontinuity. 

If a discontinuity in f(a) occurs between x= —1 and r=l, say at «=c, 
where 1>c>—l, the function changing abruptly from f,(x) to f,(2), say, 
both finite, the graph becomes that of Fig. 466, where the thick line shows 


Fig. 466. 


the variation of the expression 8” for different values of 2 and the dots, 
the values at —I, ¢, 1, 2l+c¢, 3l, etc. The graph of y=S” only coincides 
with that of y=f,(~) from —1 to c, and with that of y=f,(v) from c to 1. 


1609. Another Form of the Result. 
Writing —€ for € in the formula 
u eo /t = 
al fOag+ Ef cos™F (€-2) dé=f(e) between —1 and 1 
or =3{fO+f(-)} at x= 41, 


we have 


aif, - Hat 7S] I -Deos"F (E40) de=fla) between —2 and J, 
or =${f(l)+f(-)} at e= 41. 
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Hence 
Jf LOHCS ag 7S cos PF (MOD cos PE ag 
+} Sein?e[ LO- DAK 8) sin PAE ag 
=f(v) it I>e>-1 and =HSO+/(-D) if o= 41 


And the three integrals occurring between limits —1 and J are each 
double of the integrals from 0 to 1. 


1 fiMo+K- a ae ara ft = = 
ch ih HOMO ae 4 FE cos? [fest ®) cos PRS ag 


+ > sin ®t? [L) =u = §) sin at dg 


=f(w) if l>x>-l and =}{f()+f(-)} if «= 41. 


1610. It has been seen that a Fourier-Series 
Ay + >)Ap sin ( pa-+ ay) 
T 


is under certain very general conditions a proper analytical 
expression for an arbitrary function f(x) between specific 
values of the variable 2 The function has been assumed 
single valued, real, continuous and either lying between 
certain finite limits, and integrable for the range, or if not so 
bounded its integral for that range is assumed absolutely 
convergent. The possibility of expansion has been assumed 
in the method of undetermined coefficients, and the possibility 
of integration of the series term by term when multiplied by 
f(a) throughout has also been assumed. With these assump- 
tions it appears that when such a solution can be found and 
the convergence of the resulting series is uniform, the solution 
is unique. — 


1611. Applications. 

(1) Apply Art. 1595 to expand x in a series of sines of multiples of x 
(7 >x2> 0). 

The formula is fe)=4 . sin 2 ik #2) sin PaEdg (I> 2>0). But if 
x=0 or J, f(x) on the left side must be replaced by 0. 

Take J=7. Then 


fe sin p§d£= [e( ~ "ose ( = snp) | =F —1)?+), 


P 
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= =3(- 1)?" ane sin win 2043 sin Be —F sin 4¢+... ...(A) 
1 


for values of xv between 0 and 7. And the left side must be replaced by 0 
if ~=0 or 7. The expansion holds therefore from «=O (inclusive) to 
w= (exclusive). 

A change in sign of « affects both sides. Hence if the theorem holds 
for any particular positive value of ~, it holds also for the corresponding 
negative value of x. It therefore holds for all values of « from —7 to 
+7 both exclusive. 

If tr <a# < 20, let r=27-2', 12.7 >2'>0. 


: Waa ea i "se lee , ~  & '¢£-IF 
Then the series = —(Fsin a’ — 9 sin Qa +3 sin 3a ~...)= en 3 
If 24 < & < 8n, let r=27 +a", 1.2.7 >a’ >0. 
oe poy lacoste fee Le w oe a elem 
Then the series =; sin 2 —9 sin 2x +4 sin 32 eh yo ba 
“wr 7. 1 wae a—4r 
If 30 < « < 4m, letx=4r—27”. Then the series = —5 =— 7 and 
so on, and the graph of y=7sine—} sin 20-+3 sin 3x2 —... will consist of 


lines through 0, 27, 47, etc., parallel to 2y=.2, with points on the z-axis 
at m, 37, 57, ete. 


ae 


Fig. 467. 


1612. (2) Hapand e* in a series of sines of multiples of x, 0<a<r, and 
examine the series obtained. 


Taking e*”= Sa sin pz, we have I e“ sin pxdx=B,. 3 ; 
i 0 


2/7 .,@S8in px — pcos px 2 
Bya a | et SE beer) 2 Pa -(-1pem; 


a? +p? eae 
2 {l+e™ il 
ex ay esine +2 in 204 3 LEE Saige oa SUNG } (> 2>0). 
But the series =0 at x=0 or x= 
If 24 >x2>7, let v=27-w', ter >2’>0. Then the series becomes 


2 (1+e7 : 
—= ey 12 8in 2 ON ae amen Qu’ +... f= — 8 = — et Ora), 


If 37 >2>2n, let w=2r+2", ie r>a”>0. Then the series 
becomes e**” =e*-2") and so on. Also at z=0, 7, 27, ete., the series 
is zero. 
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Hence we have for the graph of 


se 1+e* 9} 1+ 
= aeusine +24 rp oisin 2 +3 aH 


a figure ae of a series of arcs equal to that of the curve y=e, 
between 0 and 7, alternately above and below the w-axis, the origin being 
a centre of symmetry, together with the points e=0, +7, +27, etc, on 


the a-axis, any of which is a centre of symmetry for the whole graph 
(Fig. 468). 


witete. 


1613. (3) To find a function of x, viz. f(x), which shall be periodic with 
period 21, and shall be 


l a? l Z l 1 
53 =7 from —5 to +53 =] Srom 5 tol. 


=! from —lto- 5) 


Let f(x)= Apt Ey cos?=*, the cosine series being selected because 


negative values a positive ea of w are to give the same result. 
2 
Then a4—[ *4 —O0-- ite a Roars 3 Ay= 53 and 
Ae cos? PT da = o : cos sues ft 8 coal ade |, ; cose de ; 
whence Ap=aera( conte a sin 2™ =), giving y 
f(x)= po 2° ost = sin) cos? 


i Bor er ee 
Fig. 469. 


and the graph is composed of equal ares of 
a parabola and straight lines of length : 
which form prolongations of their latera recta, one cycle being exhibited 
in Fig. 469. 

1614. Further Remarks. 


Any series containing only cosines of multiples of «, as Apt Zap cos px, 


being unaffected by a change of sign of a, must have a graph for which 
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the y-axis is an axis of symmetry. Any series containing only sines of 
multiples of a, as }B,sin pz, changes sign with 2, and the origin is 
1 


therefore a centre of symmetry of the graph. Therefore if it be required 
to construct a series which shall represent a discontinuous system of lines 
or arcs of curves for which neither kind of symmetry exists, it will be 
necessary to assume the most general form of Fourier Series, viz. 


Aj+>A,cos pe+ > B, sin pax 
1 1 
as the representative form. 


1615. (4) Devise a series whose graph shall agree with 
y=c from 0 to a, from b to b+a, from 2b to 2b+a, etc. | and so on, 
and y=c' froma to b, from b+a to 2b, from 2b+a to 3b, etc.,) (a<b). 
Here there is no symmetry with regard to the origin or the y-axis. 
The period is b. 
pmrx 2prz 


Assume fla)= Ag+ 3 A, cos 2 +5B,sin ae 
1 1 


so that the series is unaltered when w is increased by 6, 2b, 38, ete. 
We have 


Agb= [ede ['e’de=ca+e(b—a) ; = Ap=(0-e)e +e’, 
A,3= |e cos “Ene det [et cos PETE ae; - A= ak Sone, 
B,o= Fesin epae ie [resin Spee ere By =!=2 vers PE 
=a y=fle)=(e-e)S 40 4 > Fain se cos Pm 
+8 35 vers Aik sin a A 


Oo b+a 26 Qh+a 3S 
‘ 


Fig. 470. 


It will be seen that at the values x=a or x=b the series becomes 
e+e’ 
2 


by virtue of the result 


isin 6+; sin 26+4sin 30+..=758 (0<0< 2zr). 


The graph is represented in Fig. 470. 


ee 1 «acosz a cos 2x “(5 _ COS & acos 2a _ ) 
(i) 5¢ ~~ 9a at+l? a?+2? Qa a?+12> a?+2?2 
3 sing 2sin2z 3sin3z sing 2sin2zx 3sin3z 
MN) 56 = at Gan ot te 2 ee Na ie ee 24 32 
2 az?+12° a?+2 a+3 az+12 a?+2 a*+3 
5. Prove that (—-7r<2<7) 
Lao sinh aa _ sing 2sin2z 3 sin 3x _ 
(i) 3° sinhar a?+1?2 a?4+2? °° q?432 ~""’ 
7 cosh aa _ 1 _ aos % acos2* acos dx 
(ii) 5 “sinhar 2a a?4+12° a2?4+22 a?43? 
a om _cosha(r — x) cosa  cos2e cos 3z : 
ii +. O<—t<2r). 
ind (iti) 24° ~—ssinhaw ~satay tare a? + 3? a ) 
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PROBLEMS. 
1. Show that from «=0 to x=7 exclusive 
T a i Oe ee & 
7 COS e= 7 -gain 20 + 3— sin 40 +7 sin 6x +... 
2n 


Aaa ae 
+Gas1Qn+l) Thanet QNe+..., 

and examine what is the sum of the series for other values of 2. 

Show by a graph the nature of the series for all values of 2, 


; 1 ecos2a cos42 cos6z 
2. 3 ¢==—— - - — i a 
Show that psine=5 13 3-5 57 pee Oe or, 


Show by a graph the nature of the series for all values of z. Show 


also that this result may be derived from that of question 1 or vice 
versa. 


3. Establish the result 5 —~=sina+ : sin 3z + sin 5a+... from 0 to 
aw exclusive. 


_ ersin (2p +1)2 
Draw a complete graph of y= ‘Sam en ae 
4, Prove that (0<2%<7) 


6. Prove that, provided a be not an integer, and (-7<a<r7), 
7 sinaz sin e 2 sin a 3sin3a 4sin 4x 


2° sinar 1?- Q? — 327-@ 42? a? 
cos pa 
7. Draw a graph of y=sat> t+ at 
cos 
4p? — 


8. Exhibit graphically the nature of the curve y= ps 
all values of 2. 


for 


aa 
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9. Deduce other series from Examples 1, 2, 3, 4, 5 by differentia- 
tion and by integration. 


10. Find a function of z in a series of sines of multiples of which 
shall be equal to c, from 0 to a,, c, from a, to ay, ¢, from a, to az, 
and trace the graph for all values of z. 


11. Find a function of x which shall be equal to c, from 0 to a,, 
c, from a, to a5, c, from a, to az, ¢, from a, to a,+4,, ¢, from a, +, 
to d,+4,, ¢, from d,+a, to 2a,, and so on. Trace the graph 
completely. 


12. Trace the complete graph of = eo Se : vers sin for all 


I 
real values of a. : 


13. Show that if f(r)=a, a, t—a@ in the respective intervals 
0 to a, a to r—a and 7 —a to 7m, then 


tg _ Sisin (2p + 1)asin (2p + 1)e 
a Ts) ar 


and give a geometrical interpretation. 
14. Prove that 


a(1? — 2?) sing sin 2¢ | sin 3x ( eS 
12 a i oe Oe y: 


sin i 


and examine the graph of y= He 1)?-1—.— for all values of z. 


15. Show that 
Fe) = 7) FOME+ 3 DSO con" E-2) ds, (0<2<; 
but that if «=O, this expression =} (0), and if =1, 4/(I). 
16. Show that 
(0) 75) £6) co P57 (E-2) dg= see, (O<2<I; 
cr 4/0), (05 of 4/0, (ond 
() 7S, |, f@ eos SP5 +2) dg=0, (O0<e<); 
or =$f(0), (@=0); or = -$f(l), (w=). 


[TopuuntER, I.C., p.. 306.] 

17. Assuming that f(«) can be expanded in a Fourier’s series of 

sines and cosines of multiples of 7 in the interval r>2> —7, obtain 

a series of sines only which shall represent the function in the 
interval 7 >2> 0. 
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If f(z)=0, 1, 0 in the respective intervals (J/2-b>2>0), 
(1/2+b>a>1/2-b) and (I>2>1/2 +5), prove that throughout the 
interval (1> a> 0) 

4S (- 1)". (Qn4+1)7d_. (2n41) re 
f(x)= = ay ona 1 1 sin i . 

What are the values of the series when x has the values 1/2 -6 and 
2+b? 

18. Show that 


73008 eos | (eos POUT edg— fee), (0<2<); 


pa 9] 2 
or =U, (x = 1). 
F Sante af rane M eager, zen: 


or =0, («=0). 
Apply these theorems in the case f(x) =z. 
[TopHunTER, J.C., p. 307.] 
Exhibit by means of graphs the values of the above series for 
values of « beyond the limits 0 and 1. 
Also examine in each case the effect of a discontinuity at a point 
c between 0 and / in the value of the function f(€). 


19. Show that a function defined as equal tol when -21)<a<-l; 
= -a2 when —l<2<0; =x when0<a</; =1 when 1<2<2l; 
can be represented by 

at 4le 1 TE gob = 1 ued 
Fwy Om 41 (2m+ Ei _ 724 (m+ 1j2° (2m + Dre: 
[I.C.S., 1899.] 
os 8 
20. Prove that the graph of the function f(x) =-| —— dt 
0 
consists of parts of the lines 4y= —1, y=0, 2y=1, together with 
four isolated points. (Maru. Trip. IT., 1916.] 


21. If the function defined by y=2? from 0 to 4m and by y=0 
from 41 to be represented by a series of sines of multiples of 2, 
show that the coefficient of sin nz is 


4 7 1 Dis 4 
(<p gu) 008 + p8in 5 Os. 
To what value does the series converge at the point s=37? Sketch 
the graph of the function represented by the series for values of « 
not restricted to lie between 0 and 7; and also indicate the graph of 
the cosine series which represents the same function in the interval 
0 to 7, (Maru. Trip. II., 1916.] 
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DIRICHLET’S INVESTIGATION. 


1616. Fourier’s Formulae. Dirichlet’s Investigation. 

If o(x) be a single-valued finite and continuous function of % 
which remains positive and either constant or continually decreas- 
ing throughout the whole range of integration from x=0 to x=h, 
where 0 < h > 1/2, then will 


* sin wo 7 
lee if In (5) do=™ (0). 


This result is due to Fourier. Separating the integration 


range 0 to h into intervals 


0 to Z, = to = EMG te en 
@ @ @ @ 


where = is the greatest multiple of = contained in h, we have 
™ 2a (tye (r+2)* 
sin WL ) o 
Jee 0 [HIP + tf tfetuet 
nr 


+) ye yet Sue} sine #09 mw, ...(1) 


sin @ 


Now as z increases from rz/w to (+1) a/w, wx increases by 
a. Hence sinwa in this interval is of opposite sign to the 
value of sin wx in the next interval. But sinz and ¢(z) retain 
the same sign. Hence the several terms in the above series 


are alternately positive and negative. (+1) 
Again comparing corresponding elements fail a ca ) da 
(r+2) 7 =e 


and ite ) dx, write +e for « in the second, which then 


re 
w 


becomes (r+1)7 ; 
o SIN wr 
rm sin (v-+-7r/w) 
wo 


720 


(%+77/w) dx. 
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And since zx has increased to t+n/w, but is still < 1/2, 
sin (t+ 7/w) is > sin x, whilst 4(¢-+2/w) + (x), the element in 
the second integral is numerically less than the corresponding 
element in the first. 

Hence the several terms of (1) are («) of alternate sign, (b) of 
decreasing numerical magnitude. 

Putting wr=z, 


(r-+1) 3 
® Sinwe +0" ging 
Leva |” SE8 g(a) o—Lese EE lela) de 
(r+1) 7 gj 
=9(0)| a dz, (See Art. 1902.) 


Hence the sum of the first r terms of (1) becomes 
ie tal "= sin z ™ sin z 7 
oo) +]. pest ly, «| P de=9(0) aM) 


when r is infinite. 
And for the remaining terms from 


(r+1)7 nr . 
SIN wX 


® sin wr = 
\.. Sing ? (*) a to is —— ¢(z) dx, 


1)r sina 


oo 


the interval of each is infinitesimally small, and the integrands 
are finite. Each integral is therefore infinitesimally small, 
they are of alternate sign and each numerically less than the 
preceding one. Hence their sum is less than the first of the 
group, which is itself infinitesimally small. 

A sin ww 
= sin £ 


Again, as to the final integral | p(x) dx, it is 


integrated over an infinitesimal interval with a finite integrand, 
and therefore also vanishes. 
Thus we have 


A gin wo 7 
Lyre | SP (a) do=F $(0), 
where 0<h>} 7 under the special conditions stated as 
to (2). 


The method adopted in this proof is due to Dirichlet. It is 
given by Bertrand, Cale. Int., p. 228. 
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1617. If p(z) becomes negative but not numerically greater 
than a definite positive constant C, remaining finite and 
continuous as before, then since ¢(x)+C is positive and 
decreasing, we have 


h 
Htsn | “P(g (a) +C]de=[9(0)+0] 5. 
oe 
But the theorem is also true for a function which remains 
constant and equal to C. Hence subtracting, 


h sin WL 
9 sing 


Toe (a) de=F $(0). 

This has therefore been now proved whether ¢(z) be positive 
or negative, provided it is either constant or decreasing so 
long as it remains finite and continuous between the limits. 


1618. Further, if f(x) be an increasing function, —¢(z) is a 
decreasing function to which the theorem is applicable, and 
therefore 


ane | PE (—p(a)} de=F (90), 


sin x 


h os 
SIN wx 

whence ee ; 
9 sing 


p(x) da= 5 (0), 


whether (x) be continually either increasing or decreasing 
between the limits. 


1619. Since the formula established is independent of h, 
taking p and q any two quantities between 0 and 7/2, 
we have 


Lise \’ <~ ¢(x) da== $(0)=Lt, +» {' on (2) dx. 
0 end 


» sing * 


Hence if F(x) be any function of a, continuous and 
coincident with (x) for the portion of ¢(x) between q and p, 


SiN w& 


Lt, (ae 


aC da, 


and here it is supposed that from q to p, F(z) is always 
increasing or always decreasing, for it is coincident with 
(x) throughout that interval. 
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1620. Existence of a Finite Number of Maxima and Minima. 

Suppose that there are a finite number of maxima and 
minima on the graph of y=¢(x) between z=0 and x=h, 
say ab T=2,, Ly, L3,...%,. Then when w>x 


A sin wr 1  (% h Vsi 
aN ——— ote) de= a |’ +| Fact ER ge) de. 


x z+ SIN ® 


Now 4(z) is 
continually increasing or continually decreasing from 0 to z,, 
continually decreasing or continually increasing from x, to ,, 


continually increasing or continually decreasing from 2, to 2,, 
ete. 


The first term therefore contributes 5 (0). Each of the 


others contributes nothing by Art. 1619. So that if the 
number of maxima and minima be finite, the Fourier formula 


still holds good. 


1621. Existence of a Finite Number of Discontinuities. 

Finally, suppose a discontinuity in #(x) occurs at a point 
a—=a, (</h), where the function changes abruptly from ¢(z,) 
to y-(a,), remaining finite and y-(x) retaining the property 
possessed by ¢(z) as to continual increase or decrease through- 
out the remainder of the range of integration. Then 


Ah sin wo 
tees [. sin x asthe 
71g91n wo A sin wo Tt, 
==, f — (x) dx+Lt.+ 0 \ ee) da= 5 (0)+0. 


Thus each discontinuity introduces a zero term, and 
provided the number of such discontinuities be finite between 
0 and A, their aggregate contributes nothing to the integral. 


1622. Generalised Restatement of the Theorem. 

We may now restate the theorem thus: 

Let ¢(x) be any function of # with any finite number of 
discontinuities and any finite number of maxima and minima 
between z=0 and z—h, where h is positive, not infinitesimally 
small, and not greater than 7/2; then 

A gin wor 
‘ies 9 sine 


Tv 


(2) do=F ¢ (0). 
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1623. Geometrical View of the Result. 

Drawing the graph of y=sin w2/sinz, the curve has a large 
maximum, viz. w, at x=0; and crossing the z-axis at r=7/w, 
27/w, 37/w, etc, there are successive minima and maxima, 
their positions being given by tan wr=w tan a. 

Since sin wx lies between +1 and goes through a cycle of its 
numerical changes in each of the above intervals, whilst sin xz 
is increasing throughout the whole range from z=0 to a5, 
the excursions of the graph to one side or the other of the 
x-axis diminish in extent, and these subsidiary maxima and 
minima are relatively unimportant. The multiplication of 
the function by ¢(x) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig. 471). 


54 


Fig. 471. 


The geometrical interpretation of the formula of Art. 1622 
is then as follows: 
SIN wx 
sin & 
az=0 and extending as far as x=h, and also the graph of 
y=(x) extending as far as s=7/2. Let the areas enclosed 
by the successive portions of the former bounded by the 
z-axis, and, for the principal maximum, by the y-axis, and 
lying alternately above and below the a-axis be A,, A,, As, Ay, 
etc., and let B be the area of the rectangle of which two 


Let the graph of y=¢(z) 


be drawn starting from 
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adjacent sides are the initial ordinate of the second graph, 
viz. ¢(0) and the length Lf then when @ is indefinitely 
increased A,—A,+A,—A,+... tends to the limit B. 


4 


Fig. 472. 


1624, Extension of Range of Integration. 

If the range of integration be extended beyond 7/2, and h lies 
between na and (n+1)2, we may break up the whole range 
into sub-ranges of extent 7/2 as far as nz, and we have 


i al eae af he \ Sin oF 6 a)der 
2 


o SIND (2n-1)5 eed sin ® 


In the second, third, ... 2n" integrals replace a successively 


by r—y, r+y, 27—-Y, ... NT—Y. 
If we take w to be an odd integer, these become 


°sin w(7—Y) 5sin w(3r-+y) 
sine) $(r—y)(—dy), [? aie Gea; o(r+y)dy, 


ie sin w(27—y) 
4 sin (27 —y) 


$(27—y)(— dy), ete., 
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ere eae (ane egy 


9 Sin 
[722 (2x —a)de, ete. ; 
whenee |" sin ~~ ple ) da 
0 
=7[}9(0) + p(1)+G(2n)+...+ 6(n—1n)+ 39(n7)} 
As regards the final term ( ae d(x) da, 


(a) if h lies between na and nz+7/2, inclusive of the 
latter, put z=n7r+y and h=nr-+h’, where h’ + 7 The final 


aie 2 
integral then becomes in the limit 


“sin w(n7+y) 
Liges a sin (nar +y) p(ur+y)dy 


a Ine eli as  p(nx+2)de=% 5 $ltm)s ; 


sin x 


(b) and if h lies between n7-+- 7/2 and (n+1)z, the integral 


+ h j 
may be written Lt,-,. (| + es ee “= 4 (2)dz| ; and 
PED 


ae sin & 
putting c=n7-+y in the first and (n+1)2—y in the second, the 


first becomes 5 (27), as has been seen, and the second becomes 


@tDrsin »{(a-bl)r—y} yp 
Heeaje Siler Ey eay) St Ded) 
rome 
=Lte+e[) sin & o{(n+1)7—a}da, 


where h’=(n+1)7—h, which is positive and x Therefore 


this limit vanishes by Art. 1619. Hence in either case the 


contribution of the final integral is a o(n7). But if h=nar 
the contribution is zero. 
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Hence in the limit when is indefinitely increased, 


Lyra) SP g(a)de= Litas a (g(a) + o(n—2) 


Sin & SIN & 


SIN wax 
7 sing 


p(x) dx 
=F 14(0)-+2p(r) +26 (2m) + $26 {(n—1) 7} +24(n7)]. 


But if hn the last term in the square bracket is to be 
p(n). 

This therefore is the extended form of Fourier’s formula 
for a range 0 to h, where h lies between nz and (n+1)z, and 
w is an indefinitely large odd integer with the same conditions 
for ¢(x) as before stated. 

If w became infinite as an even integer, the signs would be 
alternately + and —. 

If there be discontinuities in the value of ¢(z) in the range 
0 to A, and if the starting values of g(x) as x begins each of 


+(7+2) + $(27r—2)+... +o(nr—a)}de+| 


= wt 2m 27 i. 3m Sm pg A eine be 


oe ai eT ae ak ew 
respectively 7,(z), f(a, F3(v), f,(z), ete, the formula must 
be amended to 

2 9 { F100) hol) +Fe() +h.) +s(277) +fo(37) +h (87) 
+e tfon (nr) +fon+1(W7)}, 


when w» becomes infinite as an odd integer and the number 
of discontinuities between 0 and h is supposed finite. 


its marches 0 to 


1625. If a and b be two positive quantities, a>) and 
mr<a<(m+l1)r, nr <b < (n+1)7, then 


Fes, 0 OF (x) dan=n[4p(0)+ $m) + p2m)+---+9(ma)] 


o SING 
=T Hm, say, 
and 
Has] NO 6 (a) dal 46 (0) +9 (m) + Om) +--+ p(n) 
: =7E,, say. 


Then Lt, ++ if a <¢ (2) da=m( Ein — En). 
b 


sin 
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If a—b 27, so that a + (n+1)r+27, «ec. + (n+3)7, the 
limit is +[{(m+1) 7} +¢{(n-+2) 7}, (n > 0). 

It b < x, then a < 87, and the limit is r[¢(7)+¢(27)}- 

Still supposing a and 6 both positive, and 


a>b and mr<a<(m4+l1)r, nxr<b<(n+))7z, 


iGo 
A S10 w@ 
consider Lt,-,. : 
> sing 


¢(x)dx; write s=—y. Then the 


integral becomes 


—Ltaoyn | SAH g(—y)dy=— ah) 0(—2)+ 6-28) 
+...+¢(—n7)]=—7H_n, say. 


Similarly Lt... | ~ Se te) daa ae ee 
0 


sin x 
Thus we have 


rf ae Bee Sein iy 
a sae 6 hes el (|) | 26 )da =1(Em+ #1), 
as “sin ince # \da= lh sks ajax = eau E,), 


m>n> 0. 
In the case 0x b Ca<z, 


(a) da=x[3p(0)—39¢(0)] =9, 


i. SIN we 


pang 9) 4e=7 [4h (0) +39(0)] =19(0); 


@ sin Wr 
db sin x 


a Ai a 0) de=x[—49(0)—34(0)]=—79(0), 


—4 sin wit 
Ll ng $O)e= 2-390) +49 0)]= 
i.e. if the limits be of the same sign the result is zero; if the 
limits be of opposite signs the result is 7#(0) or —z¢(0), 
according as the upper limit is positive or negative. 
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1626. Application to the Evaluation of Fourier’s Series. 
sin (2n+1)6/2 
sin 0/2 
therein 0=f—x=2y, 2n+1=w; multiply by f(€) and in- 
tegrate with regard to € from 6 to a, where a— >} 2r. 

We have 


Taking the identity =]+ 2S) cos p0, write 
1 


a—z 


f,feoaer 23 [Ne reosm(e—naea, Sed fe By) dy 


and increasing » without limit, w+ and 


a—2z 


sf fOde+ Df fe reosp(e—adagmn,” 


sin shy 


rl a+ 2y) dy. 


For the right-hand side we have the following cases: 


Case. Upper Limit. Lower Limit. Result, 
a>z>B He — — af(#) 
B42 >2>a>B8 ~—  S 0 
e>pB>t>a—2e + = 0 
e a—B< 27. 
a=B - 0 9f(8) 
r=a 0 = 3d (a) 


Dividing by 7, we therefore have, if a—B < 27, 


a [ fOde+= Dl FE) cos p(e—ayde =f) ita >z>B 
Tw Jp 
=} f(a) if =a 
=}/(8) if2=B 
=o Wa p> e> | 
or Irt+B>a>a>B. 
Again, if a—8=2r7, we have as before for the limit, a f(a), if 
a>z>. But if r= the limit becomes 


| Lityr«{ See fla+2y)dy=3 [fet2.0)+f@t 2m] 


=F(f(8)+f(a)]; 
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and if =a, the limit becomes 


sin WZ 


eat Sin WY gt apna Tee , 5 0 #92) dz 
0 


—r SINY sin Z 


=5 [fe—2. 0) + f(@—2n)]=F [fla +f(8)]; 
and dividing by 7, we therefore have, if a—8B=2z, 


on | SEME+ Sf f(€) 005 pE—2)de=fle) if a>2>B 
=}I f(a) +f(8)] if =a or B. 
And these results are the same as those obtained otherwise in 
Art. 1601. It will be noted that this method of procedure is 
free from the objection of assuming that what is true within 
an immeasurably small distance of the limit is true in the 
limit. (See Art. 1601.) 
For values of « which lie beyond 8+27 in the one direction 
or a—27 in the other, we may proceed exactly as before in 
Articles 1601, 1602, ete. 


1627. Cauchy’s Identity. 
Taking the identity used in Art. 1626, and putting 


6=2& and f(£)=e-4*, 


we have 
[ .+2cos2€-+2 00s 4£+...+2c0s 2ng)e-atttdg— (aoe at dé. 


2 a 
But ‘ e—278 cog orgag=N™ a*, aud by Art. 1625 the limit of the 
0 


right-hand side, when x is indefinitely increased, =5(1 +23 e—rete"), 
Hence aa 1423¢ “2) = ; 5(1 +23 erat); 
and writing a=a/r=1/b, 
Jaa 1 2de—7") = VB(1 +23e-"), 


a curious and remarkable result due to Cauchy. 
Series of the character here involved occur in the theory of Theta 
Functions, where @(w) may be defined by the equation 


@(u)=1 — 2g cos 24+ 29! cos 4x — 29° cos 6x+..., 


K 
ag 
whereg=e XX and w= aes K and K’ having their usual significations as 


used in Elliptic Integrals, 
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1628. To prove ps a ed a Soe p(x w)da=F (0). 
0 


This limiting form follows at once by writing 


p(x =a ve (x). 
For we then have, if 0<h + >? 
SIN wx * sin wx 
Ity 0 $(a)de= Liye MnO (a) de 


=F + (0)=5 $0), 


under the same conditions as regards y-(x) as stated in Arts. 
1616 to 1622. 


And further, when fA has a larger range, beyond as , as in 
Art. 1624, we have as the limit, 


5 (YO) +2ye(x) +24 (Qa) + 2y/(8x7)+ -.}. 


sin 7 sin aE 


But Y(7)="—" g(n)=0, An) =95 


so that LA ee the range of eta provided h be 
positive and not an infinitesimal, we have 


Liteon) EP $(a)de=F (0). 


In the same way the result still holds good if ¢(#) presents 
a finite number of finite discontinuities, none of which are 
infinitesimally near z=0. 


¢(27)=9, ete., 


1629. Graphical Illustration. 
Since Ltr [/ "72% $(E)ae=F (0), putting E= —n 


Ttoe ra p(-—n)dn= -; (0) 5 
and writing ¢(-—7)=¥(v), 
Lara [SOT yendn= -5 (0) § 


and the letter denoting the function y being immaterial, we may replace 
it again by @, so that 


pees {i ‘ ane $(Edg= -2 (0). 
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Also if #=0 the limit vanishes and there is a discontinuity. Hence the 


graph of in vd 
yout l heen I me (Ee 


0 


is that shown in Fig. 473 consisting of two straight lines parallel to the 
x-axis, with an isolated point at the origin. 


RIA) 


y= H(0) 


Fig. 473. 


1630. Let a, 8 be any two positive quantities. 


Bsin wf 


Theca ee [86 @db-FoO=te >» [ Hag 


Therefore Tees [ : sn 8 4 (Oag=0, (a>B>0). 
Similarly i [, Seto @ag—o. 


Aone [Fema 
=ttavn ( [= [) "PE 61 de = -260)-F40)= 4.00, 


and Lora [” sin 0 4 (¢) ag 
teat 
= Lara "—[-°) 8828 6G) ae= $(0) +3 $(0)= 7H (0) 
; Jo Jo é 2 2 : 
Hence when the limits are of the same sign, the result =0. When of 


opposite sign, the result is + (0), the sign being that of the upper limit. 
(Compare Art. 1625.) 


Again ia cos £u du —[ Sal 


pit icen [owt [ cos(gu) du} pene v oes [2 ooag 


h po 
1.€. : [ (£) cos £u dE du= +5 (0), the sign being that of h. 
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Further, ‘i iy $ (€) cos fu dé du 


= ton [° $10{ [ cos(gu) au} ag= Ther [ Eo (e) dg 


=0, if a, B are of the same sign, 
or =+r¢(0), according as a is positive or negative when £ is of 
the opposite sign. 


1631. Graphical Illustration. 
Taking a>B>0Oand -«=y, 


a x) SSF sin un 7. 
Ly+o | mney PLE) dE= Le +0 [, be+nan 


=0  =3h(@) | gp =the) =5 (8) =0 
‘2>a>B | es } " ifa>x>B } eee }  ifa>B>x [ 


ie—a/) if a>z=2 


The values of this integral may be shown graphically by the heavy 
lines and the two isolated points in Fig. 474, in which the dotted line 
is the graph of y=7(z). 


Obvious modifications will occur if a or 8 or both of them be negative 
or ifa< fp. 


1632. Still supposing that a and f are both positive and a>, and 
putting £+2=7, we have 


Lae | sme 6g) ae= =Lty +0 ives “SRO (4 — a) dy 


Ot tsa Re eh ae rages 


if a>-B>-a f if r=-B>-a if -B>2>-4 


=59(-2)=5 (a) } pevethts 


age e if -B>-a>ax 


| 
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And the graph of this integral is shown by the heavy lines and the 
two isolated points in Fig. 475, and is an image with regard to the y-axis 
of the graph of Fig. 474. 


Fig. 475. 


1633. Various Deductions. 


Since |, iL cos u(E—ax) o(€) dé du 


aa ( = 
sh die [ee die. oe ee 
oo as have been 
and i | cos u(E+2) p(€) dé du found above, 
0 
= ; SH ott 
a Less [ee oleae 


we have by addition and subtraction, if « be positive, 
IE [ (€) cos u€ cos ux dé du=| {. ~(€) sin u€ sin ux dé du 
BJO BJO 
ie fo =40(a) fox 5 ot) 
ope 2) Sitges) 


= (8) 0 | 
or 4 or . 
ts ae tae> ses 


and if w be negative, 


iE Ir $(€) cos ué cos ua dé du= a ex) sin u€é sin ux dé du 
BJO BJO 


ie le =79(8) \ or =3 0-2) 
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1634. If B=0 and a=oo and a be > 0, 


ie |: (€) cos u€ cos ux dé du=| 


0 


2 


ie (€) sin u€ sin ux dé du 


0 


=F (2); and if « be <0, 


i A (€) cos ué cos ux dé du= -| f #(€)sin v€ sin ux dé du 
=5 ¢(—@). 


These results are all obvious on compounding the two 
graphs, Figs. 474 and 475. 
When «=0 the second integral in each case vanishes. 


1635. Since the products cos ué cos ue and sin vg sin ux are 
both even functions of u, they are not affected by a change 
of sign of wu. Hence the integration of either of them with 
respect to u from —o to « yields double the result of that 
from 0 to 0 ; therefore if x be positive, 


\, 3 (£€) cos u€ cos ua dé du=| fie (€) sin wvé sin ux dé du 


B 


=(), 5 (8), r(2), 5 (4) or 0 in the several cases, 


and if # be negative, 


|, \. $(€) cos u€ cos ux df du= -{, Ce p(€) sin ug sin ux dé du 


=; 5¢ (B), rp(—*2), 7 (4) or 0 in the corresponding cases. 
1636. If B=0 and a=2x, we have 


3 if ‘ $(€) cos uf cos ux dé au=|_ fe, p(€) sin u€ sin ux dé du 


=7¢(x), (« +”), or Mik aly 


ao 


ki i" $(€) cos u€ cos ua df du= =a; ie p(é)sinu€ sin va dé du 
=To(—2), (OH) verereeee (2) 
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1637. Fourier’s Formula. 
Put €=—n, and write y for ¢. Then, as x is +"° or —", 
0 He 0 = . * 
| I VW (—n) cos un cos ux dy du= =| [. y/(—n) sin uy sin ux dy du 
=my(x) or ry/(—2), a8 vis +” or —™*. 


Let W(—7)=¢(n), and write € for 7, Then, as x is +° or —"*, 


0 Ed 0 
i iL (€) cos u€ cos ux dé du= Ae ibe $(€)sin u€ sin ux dé du 
=7¢(—z) or r¢(z), asvis +’ or — ...(3) 
Hence from equations 1, 2 and 3, whether x be +%° or —**, 


ie ike $(€) cos ug cos ux dé du=7 {p(x)+¢4(—2z)} | 


> 


atid iL [08 sin ué sin ue dédu=x{¢(2)—¢(—2)} | 


By addition, 
i i $(€) cos u(E—ax) dé du=27¢(z), 


which is Fourier’s Formula. 


1638. For +-"° values of « it follows that the graph of 


y=|_, (bs: (€) cos u(E—2x) dé du 


only differs from that of y=(a), in that all the ordinates 
of the latter are increased in the ratio 27:1. 
Similarly for —** values of a. 


1639. A Remarkable Application (Bertrand, Calc. Int., p. 238). 
If in the formula [ [ $ (€) cos ué cos ux dé du=F (2) or 5¢(-2), 
as xis +" or —", we put $(£)=e~“f, where a is +"; and since 
ao as a 
[ e~* cos (ug) as errs t 


© cos Ux ieee T 
we have F173 WU == e or — 
Jo a+u 2a 2a 


(Art. 1048). 


e™”, according as x is +” or —" 
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PROBLEMS. 
1. Find in a series a function of period 4a which shall be equal to 
a+zx from += —2a to x=0, and equal to a—2 from «=0 to x= 2a, 


(Trin. Cotz., 1881.] 
2. Expand 2? in a series of cosines of multiples of x between 7 
and —. What will the series so obtained represent for other values 
of x? 
3. Find a series of sines which shall be equal to kx from 2=0 to 
«= 1/2, and equal to k(/— x) from «=1/2 to x=1. 
Find also a series of cosines to answer the same description. 


(Ox. IT. P., 1900.) 
4. Expand «(x — 2) in a series of sines. [Ox. II. P., 1900.] 


5. Find a series of sines which shall represent nkx/l from «=0 
to z=I/n; k from z=I/n to c=(n—1)I/n; and nk(l-2)/l from 
z=(n—-1)l/n to r=. [Contzess, 1878.] 

6. Trace the locus of the equation 


sin ——s1n ——. 
n2 2c 2c 


y_y(-1)" nrd . nr 
c 


(St. Jonn’s, 1884.] 

7. A function of z is equal to x? for values of « between z=0 and 
z=1/2, and vanishes when x is between //2 and 1; express the 
function by a series of sines, and also by a series of cosines of 
multiples of rz/l. Draw figures showing the functions represented 
by the two series respectively for all values of z not restricted to lie 
between 0 and J. What are the sums of the series for the value 


e=1/21 Ly, 1899.] 
8. Show that 
log cosec x = log 2 + cos 21 + 3. cos 4% + 5 cos 62 + ... + cos 2na+..., 
(9<2<7), 
and deduce therefrom 
(a) \, log sin eda = 5 log}; (6) ‘ cos 2ne log sina dx= — ik 


9. Prove that 


2¢ <, Ad . NTC nme nn& 

= — — ——s 0} —_ 

35+ Daas (asin qT 7 nme cos 7} 008 7 
represents a series of circles of radius ¢ with their centres on the 


z-azis at distances 2d apart, and also the portions of the axis exterior 
to the circles, one circle having its centre at the origin. [y, 1893.] 
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10. Find a series of cosines of multiples of xa/l which shall repre- 
sent a function which is equal to 2*/4a for values of « between 0 and 
1/2, and is equal to (J —2)?/4a when « is between 1/2 and J. 

What does the series represent for values of « not lying between 
0 and 12 [CoLLEGEs, 1892. ] 


11. Find a Fourier series to be equal to 2° between x= +e, and 


trace the locus y 22,(-1)4 PEN ae 
f= <7 (1- =) sin “=. 
1% 


co, f° Cc 


1 


12. Show by evaluation of the integral that 
Ol tee h sin gb — sin at 
=|, sin gx (j + tana ar ah dq 


is the ordinate of a broken line running parallel to the axis of 
from =0 to =a and from +=) to x=, and inclined to the axis 
of x at an angle «a between =a and x=). [Mate. Trip., 1883.] 


13. If f(a)=2A,sinnra/l and f(x)=By+ 2B, cosnrz/l for all 
values of « between 0 and J, prove that, provided f(z) be continuous 
from «=0 to a=, 


Boat Ant 7 {(-1IY)-FO}. 


Write down the corresponding formula if f(z) be discontinuous 
for the value «=a which lies between 0 and J. [Cotuxrces, 1896.] 


14. Prove that the locus represented by 


BS Ol (Peal eb 
>. by sin nx sin ny =0 


2 
nel n 


is two systems of lines at right angles dividing the coordinate plane 
into squares of area 7, (Mars. Trip., 1895.] 


15. Show that the equation 
a 4a 1 3 1 5 
Gs ere {cos (a+) +2, 008 = (+4) + x5 c0s—~ (@+y) + ete. } 
represents a staircase formed of straight lines of length a, starting 
from the origin and parallel, alternately, to the axes of y and a. 
(Sr. Joun’s Cotz., 1881.] 


16. If f(@) be a finite function of @ with the period 27, show how 
to find a function which, in the space between two concentric circles, 
Oru 


‘ d < ; : 6) ? 
is a finite and continuous solution of the equation at = 0, with 
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the value (9) at the point of the outer circle whose polar coordinate 
is 0, and the value zero at every point of the inner circle. 


(Maru. Trip., 1896. 
[After transformation to polars, 


ao ao 
w= Agt ep (Ayr” + Byr-™) cos nO + Sy (Cyr” + Dyr-”) sin n6 
i T 


may be taken as the solution of this equation. ] 


17. If y be defined as coincident with y= from 2=0 to w=7/2; 
y=r7/2 from c=n/2 to x=37/2; y=2r—a2 from c= bt to x= 27, 
and be represented by a Fourier series of form y= 4) + 33 Ay COS px, 
show that 

cos a - ~ cos (4m — 2)x 
ar Ft ae Go—1) 7 
and draw a graph of this series when 2 is not restricted to lie between 
0 and 27. 


18. Prove that the series 


dv 


Se earaie 1 Ure L f(v) - af ies nm a 
A Opal a 2 


n=l 


is equal to f(z) between the limits <= +1 and = —1; and trace the 


curve represented by the series for values of x outside these limits. 
(Marx. Trip., 1885.] 


19. Find by Fourier’s method a function of « which shall be equal 
to +1 from z=0 to x=a, and equal to —1 from z=a to = 2a, and 
so on alternately. 


90. Two uniform plates of the same substance and thickness a are 
in contact. The outside surface of one is impervious to heat, and 
that of the other is kept at zero temperature. It can be shown that 
if one slips over the surface of the other with constant velocity v, the 
friction per unit of area being F, then at any time ¢ the temperatures 
of the two plates are given by 


Fv 
IG 


_Qn4+1)'to% 
C= OT May le ai: cos (2n-41) 73h, 

_ On$1)oHt 
0, =F {20- +2 A ont 16 lita cos (2n-+1) 3 ay 
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respectively, at a distance « from the impervious surface, where J, 
C, c are certain constants. Show that, if when t=0, @ is zero every- 
where, the coefficients 45,4, are given by 


(Maru. TRIP. TII., 1884. } 


21. Deduce from the result | e-** cos Qba dx ink e-”, or other- 
wise obtain the result : 


e-2 4 e—(@- a)? 4 g-(z+a)* 4 g-(x-2a)* 4 ¢-(e+2a)* + ete, 


xt = 272% = 4rz -o 67x 
=" (1+ 2e “cos —+ 2e * cos —+2e * cos “+... 
a a a a 
(Maru. Trip., 1887.] 
22. Prove that the equation 


2 1 2 2 
oan — 008 5 (a+ 9) cos 5 (2 ~ y) + 93008 5 (n+ y) cos (0-9) 


1 3 3 
— 32 008 5 (u +) cos 5 (u— y) + ae 
represents a series of circles of radius 7, and trace them. 


[Matu. Trip., 1885,} 


23. Show that if all effects of atmosphere be neglected, then the 
intensity of daylight at a given place at ¢ o'clock true solar time at 
an equinox will be 

1245 oon tet {008 eg Fo peli ae pac: \] 
Te La LS 6 3.5 Oe ie 6.) Seah 
where J is the intensity at noon. Examine the values of the above 
expression when (i) ¢=0, (ii) ¢=6, (iii) £=12. [Martu. Trip., 1884.] 
24. Prove that if 


Ve s(p)=v2 $(2) sin px da, 


then will Jr $(p) = 2 \, F(x) sin pa da. [Migs Tass get 
25. Show that, if Ei(z) = [. = da, then 
Al {9 Hi( — qx) — e~% Hi(qa)} sin px da 
0 


Tv 


-; if {et Bi( — qa) + 6-0 Ei(qa)} cospada— — 5" 
[Maru. Trie., 1884.] 
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26. Find two harmonic series, each of which shall be equal to 
bz/a from =0 to =a, one containing only harmonic functions of 
the form sin 2irx/a and the other those of the form cos tra/a, where 
7 is any integer. Trace the complete curve given by the harmonic 
series in each case. (Maru. Trip., 1876. ] 


27. Sum the series mcos 6 — 4m cos 30+1m5cos56—-... ad inf, 
m being <1, and prove that it always has the same sign as mos 0. 
Trace the curve 
r =a(cos a cos 6 — 3 cos 3a cos 30 + 3 cos 5a cos 56 - ...). 
{Matu. Trir., 1878.] 
28. Express the doubly infinite series 


MaH=O0o N=O 


( = Lymn cOS MX COS NY 


m=1 n=1 mn (m? = n*) 
in the form of a singly infinite series of cosines of multiples of y. 


ame 3 [S.H. Propiems, 1878.] 
Exhibit the result in the form 


n=e2 


> [ {som = log 2} cosh nx 


n=1 


Sey bee uw, |(—1)"cos ny 
slog 2+; [" sinh n(x — u) log cos gl eco 


29. Deduce Fourier’s formula 
2 (x) = +f : or (€) cos u(£ — x) dE du 
from the formula 
9 1ft fa a We pr 
#e= jf ate] S | sens" e-aas 
[Poisson. See TopHunter, I.C., Art. 332.] 


30. Examine the limiting form of the curve 


+ ty re —kw , = 
y-3{ dw{ {cos (v x). do} 


when &, being positive, tends to a zero limit. 
[De Moreay, D.C., p. 629.] 


31. Prove the two formulae 


9 ‘Cc CO 
phen ‘u dt ; 
I (2) al cos xu d \, F(t) cos ut dt 


f(a)= | sin xu au| F(t) sin ut dt, 
™Jo 0 


and point out the distinction between the two expressions for /(2). 
[Sr. Joun’s Cott., 1881.) 
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32. Show that for all values of « between —b and 4, 


© » 
F(x) -F(-2)= 2 sin wu du F(y) sin wy dy. 
Tr 0 a 
(Sr. Jonn’s Coz., 1881.] 


33, If a uniform horizontal bar, both of whose ends are fixed, be 
so displaced horizontally in the direction of its length that initially 
one half is uniformly extended and the other uniformly compressed, 
and then let go, prove that the displacement y of any particle « at 
any time ¢ will be 

8nl 1 : mat 7a: 

at Ou Gp le Wha (21+ 1) oy eos (2+ 1) 57 
21 being the length of the bar, the middle point being the origin and 
nl the displacement of the middle point. 

[The equation determining these vibrations may be assumed to 

Oy 
eee 
OP Oye 
y == Cm Cos nw cos mat. 


and a suitable form of solution of this equation is 


2 
Or more generally, for an equation of type vs =a 4h, y is 


of the form - 
A + But Ct+ Da? + Kat + FP + 2L sin {n(at—2) +a} 
+2Msin {n(at+zx) +B} 
with certain conditions. (See Forsyth, D. Equations.) We are to 


have y=0 for all values of ¢ when «=+1; and if ¢=0, y=n(l—2) 
from z=0 to v=l, and y=n(1+2) from x= -1 to r=0.] 


34. A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on a 
rectangular pier of width 26, the bridge being so broad that under 
it the water moves uniformly with velocity U. Show that after the 
stream has passed through the bridge the velocity potential of the 
motion is R 

a-b 2aU 21. ih  iny -% 
$=—— Ur+ — 3 SIN —cos—“e 4 
a re S44 a 


a ? 


the axis of being in the forward direction of the stream and the 


origin at the middle point of the pier. (Maru. Trip., 1878. ] 
Th ‘on f _ Op ep 
[The equation for ¢ is ap tga 0, and we are to have 
Ch a-—b 


a, = U when 2 is infinite, Shee U when x=0, 
ny a oy 


FOURIER’S THEOREM. 743 


except from y= — b to y=), where = =0; also “ =0 when y= +a, 
and a suitable solution of the equation is 


b= Age >) Accos He «| 
1 


35. Show that ; a= a pei sin (2p + 1)asin (2p +1)y repre- 
sents the four sloping faces of a regular pyramid built upon a 
horizontal square base of side 7 units, two sides coinciding with the 
axes of coordinates, the height of the pyramid being 7/2 units. 
(TopuuntER, J.C., p. 304.] 

36. A membrane is uniformly stretched upon a square frame to 
which it is attached along the edges. The centre is displaced slightly 
through a small distance k perpendicularly to the frame, the form 
being that of four planes passing through the edges of the square 
and a common point above the centre. The side of the square is a. 
The constraint is then removed. The equation to determine the 
ae & " sa) and a solution suitable 
for such a case as the above may be assumed to be 
nar(x+a) . rm(yt+a) 
a oe 
the origin being taken at the centre of the square and the axes 
parallel to its sides, ¢ being the time measured from the instant of the 
removal of the constraint, and » and r being integers. Also it will be 
noted that «=a and y= +a will each give w=0 for all values of ¢. 

Prove (i) 4a2y?=c'r?(n® +77), (ii) that n and r are odd, 

(iti) An, =O if n#7, (iv) An, n= 8k/n?x?, 


subsequent vibrations is 


w= An, cos yt sin 


and 


8k l . (2i+1)7(@+4) .. (21+ 1)r(y+a) 
w= =, ve (@i+ ly si oa sin oa 
37. The fixed boundary of a membrane is a square, and the centre 
ot the membrane is displaced perpendicularly through a small space 
k, the membrane being made to take the form of two portions of 
intersecting circular cylinders. Taking the same general form of 
solution as before of the equation for the vibrations when the con- 
straints are suddenly destroyed, prove that n and r are odd integers, 
and that 128k /n®+72 _ um. rr\, 
3 Aur aera — 2 sin — sin ) 


; t 
cos (22 + ee 
Cn} 2 


mr 2 2 


8k 4 
Anja eae eee (Maru. Terr, III., 1886.] 
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38. Ohm’s Equation for the flux of electric current in a wire of 
section w, conductivity k, and electrostatic capacity per unit length 


¢, is v- a ee giving the potential V in terms of ¢ the time and 


a the distance of a point on the wire from a given origin on the wire. 
Assuming as a solution of this equation V= + + 2AePt sin (qx + B), 


where a is the constant potential for all values of ¢ at the battery 
end of the wire and z is measured from the earth end, / being the 
length of the wire and A, B arbitrary constants, show that 

2kw n*x* 


(Wie om ae 
Va=7+2Ane aan 


nme. 
1 ? 

and if when t=0, Y=0 for all values of « from 0 to /, show that 

2kw nx? 


cosum -— rt . nra 
ere) ae sin >—. 


(an el 
eee 
apes A, n 
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MEAN VALUES. 


1640. We next exhibit the application of the principles of the 
Integral Calculus to the calculation of mean values. This sub- 
ject and that of Chancesto be considered in the following chapter 
are wide, and the devices and artifices numerous. The general 
principles and theorems are however but few, and the problems 
arising depend for the most part directly upon the fundamental 
definitions. A considerable number of illustrative examples 
are appended to illustrate the more important modes of 
procedure in the application of the Calculus, and also in the 
evasion of the necessity in some cases for absolute integration. 
Many of these are fully worked out; others are left for the 
reader to complete the details of the integration when it is 
not necessary to supply them; for it is in the formation of 
the proper expressions to integrate and in the assignment 
of the correct limits that difficulties arise rather than in the 
subsequent mechanical process of evaluation. 


1641. Der. The quantity (ay + y+ +n) is defined as 


the Mean Value of the n quantities ay, dy, ++. Gn, supposed all 
of the same kind, n being a finite number. 
This is the quantity known arithmetically as the “ arithmetic 


; 1 
mean” or average value. It may be written as i x(a), and 
denoted by M (a). 
1642. Combination of Means of Several Groups. 


If there be several groups of quantities of the same kind, 


Viz. (@,, Gas «+ My); (by, By, «++ Da)s (Crs Cos ++ C,), -«. of respective 
745 


M= 
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numbers p, q, 7, ete., and M(a), M(b), M(e), ... the respective 
means of the groups, then the mean M of the whole set is 


L(a)+2U(b)+Z(c)+.--_ pM (a)+ qd (b) +7 (Cc) +... =p M (a) 


Pies ee ns 


DG =-1 tis f Vay 0 fey el epee ap 
which is the same formula as that for the ordinate of the 


centroid of weights p,q, 7, ... placed at points whose ordinates 
are M(«a), M(b), M1 (c), ete. 


1643. Mean Values of Products two and two, etc. 
Let there be a group of 2 quantities of the same kind. 
(Za)? Za? 2Ba wt, 1 2a? al Ns Pa 


, 


BS ne 7? n* a eee 3n(n—1) 
Hencs (f(a)? == M(a2)+ 22 i (a,41). 
Similarly 
(Za) Zat ‘i 32a2a, , 62aa,a,_ 32a? Za 2 Za (n—-1)(n—-2) 2a,40, 
nen ns bias nnn nn Te kn(n—1)(n—-2)’ 
4 at(ay=2 M (a2) M(a) — 2 M(at)+ 2 VO 4 (ayaga) 


We may note that when x is indefinitely large, the mean of the products 
of pairsis the square of the mean of all quantities ; and the mean of the 
products three at a time is the cube of the mean of them all. 

These rules determine the mean values of the products, two at a time 
and three at a time respectively in terms of the means of the original 
quantities, of their squares and of their cubes. 


1644, Extension of the Conception of a Mean. 
If the number of the quantities a,, a,, ete., be very large, 


and their sum very large, the fraction * tends to take the 


form o/co. In this case suppose the several quantities 
4, Gy, ete., to be the equidistant ordinates of a continuous 
curve y=¢(x) corresponding to abscissae 


w=a, ath,a+2h, ... a+(n—1)h=), say. 


x 


Then the mean is 
* (pla) +4 (u+h)+9 (6+ 2h) +... + p(atn—1h)}, 


which may be written as >)hp{a+(r—1)h}/Zh, which 
E 


when vn is indefinitely increased takes the form 


J $(@)da)()—a), 
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It is assumed here that the several quantities a,, @,, ... Gn 
are such that no two consecutive ones differ by a finite 
difference when 1m is indefinitely great, but that the curve 
y=¢(x) is one in which there is a continuous change of 
the ordinates between the limits considered. Otherwise the 
integral expression would be meaningless. 


1645. Geometrical Meaning of the ‘ Mean Ordinate.” 

It follows that the value of the mean ordinate, taken for 
equidistant and indefinitely close ordinates, is represented by 
the area bounded by the curve, the a-axis and the terminal 
ordinates divided by the projection of the curve upon the a-axis, 

That is the mean ordinate PN of a curve P,Q,, between the 
initial and final ordinates N,P,, M,Q, is such that the area 
P,N,M,Q,PP, is equal to that of the rectangle ’N,M,G, where 
FG is drawn through P parallel to the z-axis (Fig. 476). So 
that as much of the area of this figure lies between PG 
and the curve as lies between P/’ and the curve. 


Fig. 476. 


1646. The Case when the Quantities are Functions of Several 
Variables. Nature of the Distribution. 

If the quantities a,, d,, 3, --. be functions of several 
variables, first say of two, x and y, let us consider a, dy, ... to 
be the z-ordinates of a surface z=¢(a, y). Let the plane 
a-y be imagined ruled by lines 6x apart parallel to the 
y axis, and by lines dy apart parallel to the a-axis. Let one 
ordinate z, viz. (a, y), be erected at the corner x, y nearest 
the origin of the elementary rectangle 62, dy, and let the same 
be done at each of the corners nearest the origin of the 
remaining net-work of elementary rectangles. Then we shall 
understand by the “ mean value” of z the limit of the fraction 
whose numerator is the sum of all these ordinates and whose 
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denominator is their number, or, what is the same thing, 
\|- da dy | da dy, i.e. the volume bounded by the z-y plane, 


the surface z=¢(z, y), and cylindrical surface bounding the 
portion of the surface considered, whose generators are parallel 
to the z-axis, divided by the projection of that portion upon 
the w-y plane. It will be observed that the nwmber of these 


ordinates is measured by [a dy, that is the area of the 
projection described. 

And if there be three independent variables, so that 
u=¢(z, y, 2), we shall understand in the same way that by 


the “mean value” of w is meant {{[u de dy az/|| da dy dz, 


and the number of cases is measured by [Je dy dz; and 


similarly if there be a greater number of independent variables. 
And as before it will be noted that it is assumed that no two 
contiguous quantities of the group considered differ by a finite 
difference when their number is infinitely great. That is 
to say, that unless some other distribution of the various 
quantities @,, @,, a3, etc., is expressly notified, the distribution 
in the case of two independent variables is that in which 
there is one ordinate to each of the elementary areas dz dy, 
which go to fill up the area on the a-y plane which may be 
bounded by the prescribed limits of the summation; and that 
for three independent variables the region through which 
the summation is to be effected is divided into equal volume 
elements dx dy 62, and that this summation is to be taken for 
one value of w, viz. ¢(x, y,-2), for each element of volume 


du dy 62. 


1647. Other Systems of Variables. 


Of course the elements of area and of volume expressed in 
the Cartesian manner as da dy, or as ox dy dz respectively, may 
be replaced at will by the corresponding expressions 1°60 dr 
or r*sin 6 60 6¢ ér, if work in polar coordinates be indicated 
as more convenient for the problem under consideration, or 
by the corresponding elements for any other system of 
coordinates. 
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And if there be more independent variables than three, so 
that we fail to interpret the summation by geometry of two 
or of three dimensions, we shall still understand the mean of 
the function w=¢(z,, %, ©, ... &,) to be 


{J 7 Jude, ding... df] " fac, dai, oka: 


and the number of cases to be measured by 


[J + fem ae. day 


when the limits have been properly ascribed so as to effect 
the summations in the numerator and denominator for all 
values of the independent variables included in the compass 
of the summation to which the “mean value” refers. 


1648. Nature of Various Distributions. 

It will be manifest that in the case of a distribution of an 
infinite number of quantities such as the ordinates of a curve 
or of a surface, and whose mean is required, and which have 
so far been taken as equally distributed along the z-axis in 
the one case or over the z-y plane in the other, if this equable 
distribution ceases to hold good it will be necessary to form a 
clear conception of the nature of the distribution which is to 
be adopted. It will make this 
matter obvious if we take a simple 
example. 

Consider the problem of finding 
the mean value of all focal radii 
vectores of an ellipse. Usually we 
should understand this to mean Fig. 477. 
that if A, B,C, D,... be indefinitely 
close points on the circumference and S the focus from which 
the radii vectores are drawn, then the mean is to be taken 
for all the radii vectores such that the successive angles ASB, 
BSC, OSD, etc., are all equal infinitesimal angles 60. In which 
case, r being the radius vector for an angle 0, the mean value 


2Avae /fa0 


But it might be that the successive wrcs AB, BC, CD, ... are 
to be taken as equal, or that the successive wreas are ali equal, 


ORC, 
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or that the successive points A, B, C, D,... are defined by an 
equable distribution of the feet of their ordinates upon the 
z-axis, or other conceivable distributions may be adopted. 
‘he mean values in these cases are respectively 


fr He / fas, fr de / f° 0, fr De | [2e, 


and the several results are obviously not the same. 


1649. “Density” of a Distribution. General Remarks. 

It will appear therefore that in each case the nature of the 
distribution, or, as it may be called, the ‘“ Density,” must be 
carefully defined. This is of primary importance. 

When the distribution is one in which the angles between 
the successive radii vectores are equal infinitesimal angles, as 
in the case cited, they may be described as equally distributed 
about the origin from which they are drawn. This is the 
usual case. 

In the same way, in three dimensions, when a distribution 
of radii vectores drawn from an origin to a surface is said to 
be “equable,” we shall understand this to mean that a unit 
sphere having been drawn with centre at the origin, and its 
surface having been divided into equal elementary areas, one, 
or the same number of radii vectores, passes through each of 
these elementary areas. The mean value of r will then be 


[|r sin 0d0dp / J [sin Od0dgp or fr dw | [ae where dw is the 


elementary solid angle subtended at the origin by each element 
of the surface. 

If the surface itself be divided into equal elementary areas 
oS, and the same number of radii vectores pass through each 
such element, the distribution may be called an “equable 


surface distribution,” and the mean value will be fr dS |fas. 


If radii vectores be drawn from the origin to points within 
the region bounded by a given surface, it is usually under- 
stood that they are drawn to equal elements of volume, 
The mean is then 


{[f- .rsin 0d0 dd ar/| || 2sin 0 d0 dd dr, 
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1650. InLusrrativE EXAMPLEs. 

1. Find the mean distance of points on the circumference of the ellipse 
from a focus, the density of the distribution being defined as one in which 
successive pairs of points subtend equal angles at the focus. 

Taking the equation as Ir—'=1+e cos 0, we have, b being the semi- 
minor axis, 


_Jrao af (1+ecos ad 
M(r)= a 


gral Wai) Lea 
er tan te tan 3 ee 


2. Find the mean inverse distance of points within an ellipse from the 
focus, the distribution being an equable areal one. 


ea je a ee 


2 
“[fravar ddr ~“Area Area mab a 


a, 6 being the semi-axes. 


[eo 


3. Find the mean distance of a point within an ellipse from a focus. 


([CoLLEecEs a, 1886 and 1879. ] 
| [r-raear ee re 


| [reoar =s0 |, eae o (1+ecos 6) 
9I3 


Here M(r)= 


aa (1—ecosu)?du (Art. 196) 


~ 3rab (a- —e? 2)3 0 
a 43 ( aa) t)_ B 2+ 4 
~3mab yet” 22) Bat (1a 


4. Find the mean distance of points within an ellipse from the centre. 


[CoLuLEcEs a, 1886. ] 
Here, measuring @ from the minor axis, 


1_ sin?@ | cos?@ AS I * qo — te 2 dg 
Pe shes = a aes shed ab Bid= 3 f (a? cos?6 + b?sin?6)* 
abe (3 dé 4b? me? 
Pe ce aaye 1—e?sin26)'d@ (Art. 391(1 
“are qa- —e?sin?)?  3ra 1-# (y= ered) (Ar (1)) 


=2 x (Perimeter of Ellipse) (Art. 567). 
oT 


5. Find the mean of the distances from one of the foci of a prolate spheroid 
to points within the surface. [WoxtsteNHOLME, Educ. Times.) 
Taking lr-1=1+ cos as the generating ellipse, 


[r.r2sin 9 d0 dp dr gin Gore de 


a 
eS Err rh STC ee = <= — 3 2) 
Volume Vol. 4 Jo itecmayre” oe ru ee 


M(r)= 
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6. A particle describes an ellipse about a centre of force in the focus 8. 


2 
Show that its mean distance from S with regard to time is a( 1 +5): [R.P.] 


If t be the time, then A cuconsie ki for equal] sectorial areas are 
described in equal times. 


ian alee frat _[rao in d0 
fe [rao Area 


7. Find the mean value of r—* with regard to time under the same circum- 


ea 
=a(1 +5) (by Ex. 3). 


stances. 1 ee 0 
ie as J Fall he 
di fra 2.Area ab 


8. Show that the mean distance of points within a square from one of the 
angular points is to a side of the square in the ratio {»/2+log (/2+1)} to3. 

Take OA, OC, sides of the square OABC, as coordinate axes. We may 
confine our attention to points within the triangle OAB without altering 
the result. Let a be a side of the square. OP=r. Then (Fig. 478) 


7 faseod 
tal rdodr che: z 
= 3a" sec dO=S (V3-+ log (V2+1)). 


M (r)= g 


ia 


Fig. 478. Fig. 479. 


9. Find the mean distance of a point within a rectangle from the centre. 
[Ox. II. P., 1885.] 
Taking 2a, 26, 2d as the sides and diagonal, and axes parallel to the 
sides through the centre (Fig. 479), 


seine rd dr 
ili z0.r 8. ee 


1 a@ {eae b d+6b)\ 18 {Gs 34 a og ta} 


=m sec?6d0+ jee 8 a3 sect’ ag 


Kinga qegers a len 
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This is also obviously the result for the mean distance of a point 


within a rectangle of sides a, 6 and diagonal d from one of the angular 
points. 


10. Find the mean distance of points on a spherical surface from a fixed 
point O on the surface for.an equable surface distribution of radii vectores. 


Here M(r)= / rd§ | | dS, where d8 is an element of the surface, and 
with the notation indicated in Fig. 480, 


7 fie 
M(r)= I i ™ 9a.c0s 0. 2ad0. asin 20 d$/4ra®=16ra8/12ra? = 4a/3. 
0 JO 


11. Find the same mean for a distribution of radii vectores equably drawn 
in all directions from 0. 


r dw 


= 2r 
Here M(r)=— me [ 2a cos #. sin 9@dbdp=a. 
27 Jo 'o 
| dw 
aw 
re) 
Fig. 480. Fig. 481. 


12. Triangles are drawn on a given base a, and with a given vertical angle 
a. Find the average area. [SanyAna, Hduc. Times.] 

Let A be the vertex, BC the base=a, O the circumcentre, OA=R, 
making an angle @ with a perpendicular to the base. Then R= a/2sin a. 

The perpendicular from A upon BC= R(cos 6+ cosa), and if the mean 
be for an equable distribution of positions of OA, (Fig. 481), 


M(QABO)=4aR[" ”(cos-+c0sa)a0/ | dé 


ak |: ipa ya! 1 ) 
= [sin 0+8.cosa | =F (ae Pe 9 : 

13. (a) A person is left a triangular piece of ground whose perimeter only 
is known ; show that he may fairly calculate that the area is to that of a circle 
whose radius is the known perimeter as 1: 105, sides of all possible lengths 
being equally likely to occur. (Maru. Triros.] 


1 
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(b) A straight line of length a is broken into three parts at random. If the 
three parts can be formed into a triangle, find its mean area. 
(Sr. Jonn’s Cott., 1881.] 
(a) and (6) are the same problem. 
Let OA be the line, P, Q the random points of division, P being the 
nearer to O, OP=x, OQ=y, OA=a. Then 


AS va(E- «)($-u+2)(y-$), od MAS [[adway/[ facdy, 


ee eee 
Oo x Peete Q a-y A 
Fig. 482. 


The limits of integration are to be such that 


(i) e+ (y—x) ¢(a—-y); (ii) (Y¥—2)+(a-y) € 2; (iii) @-y) +4 ¢ (y—-2), 
2 


, 


4.e. ys, eS, and yp Ste. So the limits are, for z, I-53 to 


for nF < to a. Now putting 5 7 e=%, a-—y=b, 


f° N($-2)(G-742) x)(5- y+e)de= [ va@re wi) dua"? = ™(a—y). 


Therefore writing y= 5 +2, 


[fosess-3N8 [ (e-§) siden 


a 2 
Also | axay=[ (a-y) y="; 
2 


tole 


a1 ; seek 
: M(4)=3065= i058 of the area of a circle whose radius is a. 


1651. The Mean Inverse Distance considered as a Potential 
Function. 

In problems on the mean value of the inverse distance 
between pairs of points, much labour of integration may 
often be avoided if it be recognised that such problems are in 
fact problems on the mutual potential of two gravitating 
systems of material particles. 

The potential at any point P of a system of gravitating 
particles of masses m,, m,, mg, etc., at distances 11, To, T,, ete., 
from P is defined as Dm/r. 

The Mutual Potential of two gravitating systems of masses 
of two separate groups (m,, m,’, mM)"; <2) and (m,, m,,, M,", ».) 
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is defined as Em,m,/r,., where 7. represents the distance 
between m, and m,, ete. 

But if the particles be particles of the same group, the 
mutual potential is }$=m,m,/r,.._ [See Routh, Attractions, p. 29.] 


1652. Theorems in Potential required for the Problems to be 
considered. 

In the case of a spherical shell of mass M, the potential at 
an external point at a distance r from the centre is M/r. But 
at an internal point it is M/a, where a is the radius. 

In the case of a solid sphere, the potential at an external 
point at a distance r from the centre is again M/r; at an in- 


ternal point 27P (30° M being in each case the mass and 


p the uniform a density. 
The potential of a thin rod AB at any point P is 


m log cot \PAB cot \PBA, 
m being the mass per unit length =mass/length. 
These integrals are all well known, and are useful in the 
present class of problem. Many other cases will be found in 
Routh’s Attractions. 


1653. Suppose we are to find the mean of the inverse distance 
between two points P and Q, of which P lies on a spherical surface 
of centre C and radius a, and Q lies in any other region R which 
lies entirely without the shell. 

Let dS be an element of the spherical surface, dR an ele- 
ment of volume of the 


region R. - a 
Then 
R 
u(g, ja fp powsak 
PQ | dS dR 
Fig. 483. 


Suppose the surface and volume densities to be unity, and 
let PQ=p. Then 


1 , 
— 1 of shell at Q) dR 
M (59)= SR p | (potentia of shell at Q) 


1 Chek 
et GO=F 1 of R at C. 
=n|*- 00> . potential o a 
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If any portion of R lies within the shell, let R, and R, 
be the masses of the portions lying respectively within and 
without the shell; Q and Q’ two points of the region R, the 
one outside, the other inside the shell. Then 


dS .dR dS .dR, dS .dR, 
[ee =|“ PQ +f] PQ 
=8. potential of R, at C+S. ts 


P 


Fig. 484. 


Hence M C)=R { potential of R, at C se 


(See a Theorem due to Gauss; Routh, Attractions, Art. 70.) 
If B lies entirely inside S, R,=0, R,=R and M(2)=5. 
p 

1654. EXAMPLES. 

1. Find the mean inverse distance between a point P which lies on a 
spherical surface of radius a, and a point Q which lies on a circular disc of 
radius b, whose plane passes through the centre of the sphere, and the disc 
lying (i) entirely without the spherical surface, (ii) entirely within. 


Fig. 485. 


(i) Let O be the centre of the sphere, p the distance between a pair of 
the points. Then we have 


u(*)- a potential of disc at O. 
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Tf c=the distance between the centres, this may be expressed as 
1 ig b(b—c cos 6) d6_ 


arb? Jb®= be cos 0 +02" [Martn. Trip., 1884. ] 
4¢ 3 b 
or as pi lH, — KOPF us k=-. 


(ii) If the disc lie entirely within the spherical shell, we have at once 


x()-3 


2. Find the mean inverse distance of two points P and Q, one within a 
sphere of centre A and radius a, the other within a sphere of centre B and 
radius b, the centres being at a distance c apart (c > a+6). 


Fig. 486. 


If V, V’ be the respective volumes, PQ=p, 
ee [potential of 7 at Q)aV’ J ay 


Ag a7 2 SS 
VV mon VG 
peg 1 ’ a 

4Q-V' - potential of V’ at yeas VY ABA 


1655. A Useful Artifice: 

Let M, represent the mean value of any function of the 
distance between two points, one fixed on the boundary of any 
region, the other free to traverse the region. Let M, be the 
mean of the same function when each point may traverse the 
region. Then either of these quantities may be deduced from 
the other. 

Let A be the area, or V the volume of the region, according 
as it be of two or of three dimensions. 

Let R stand for A or V as the case may be. Construct a 
parallel curve or surface by taking a length dn (a constant) 
upon each outward drawn normal, thus making an annulus 
or shell round the original region. (Fig. 487.) 

By this increase of the region R, M, is increased by the 
cases in which one or other of the points lies in this shell, or 
by both lying in the shell. 
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The number of cases to be examined in finding M, is 
measured by R?. 

The swm of the cases is measured by M,h?. 

The increase in this sum due to the increase of the normals 


from n to n+dn is & (MR) dn. 


Again, the number of cases added by taking one end of the 
line on the shell and the other free to traverse the region it 
encloses, is measured by R.Sdn, where S is the perimeter 
(or the surface, as the case may be) of the region. The same 
is true if the second end lies in the shell and the first is free 
to traverse the bounded region, whilst if both ends lie on the 
shell the number of added cases is measured by (S dn)”. 


Hence - (M,R?) dn=2M,. R.Sdn+M,(S dn); 


and as the second term on the right is a second-order infini- 
tesimal, we have in the limit when dn is indefinitely small, 


£ (MR) =2M,RS, by which equation the value of either 


M, or M, can be deduced when the other has been found. 
This artifice is useful for circular areas or spherical regions, 
and may be used in other cases. 


Fig. 487. Fig. 488. 


1656. ILLUSTRATIVE EXAMPLES. 

1. (i) Show that the mean distance of points within a circle from a fixed 
point in the circumference, viz. M,, is 32a/97, a being the radius. 

(ii) Show that the mean distance between any two points within the circle, 
viz. My, =128a/45r, [Sr. Joun’s CoLz., 1885.] 

Let O be the fixed point on the circumference and Ox the diameter 
through O. 7, @ the coordinates of any point P. (Fig. 488.) 


vy 
2 
72 d6 dr (2a cos 6)3 d@ 2 
(i) ir anon Get ales 0 3 _ 32a 
[[rdoar oars 3 la 9r 
[ea os 42 d@ 2°92 
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(ii) Again d{(ra*)?M,} =2.1a?.2rada ee ee a‘ da, 
and M, vanishes with a. 
128a 
457° 


2. (i) Find M,, the mean distance of a point on the surface of a sphere of 
radius a from internal points. 


F 12 
~ wath, ue ra> and M,= 


(ii) Find M,, the mean distance between two points within a sphere of 
radius a. 


| | [r-rsin 6dGdddr 3 
[fr sin 6d6 dd dr ~ dra’ 


(ii) d{(4ra*)?M,} =2. 47ra*. 4rra? da, 
and M, vanishes with a ; 
. (§7a3PM,=$$r°a" and M,=3§a. 


3. Mean distance of points within a sphere of radius a and centre C from 
a given external point O; OC=c. 


Let OQQ’ be a chord through an internal point P, whose coordinates are 
r, @ with reference to O as origin, and let ¢ be the azimuthal angle of the 
plane OCP. Then 


U(r)=—— =, / / ein 0d dp dr=T> =) aI" OQ — OQ") sin 0.48. 


(i) Mi= 


bam, (24) [ "cost @sin gag=4 ; 
0 


Fig. 489. 


Let QQ’=2z ; then 
2=a?—csin?6, zdz=—c?sin 0 cos 6dd= —$(0Q+0Q’)c sin 6d6, 
and the limits for z are from a to 0. 


. M(r)= sal, 22{422+ 2(c? — a*)} tl eae 


2 2 1a 
ey, pre = eal Sore 


4. Mean distance of points wpon the surface of the sphere from a point O 
without the sphere. 


‘The number of cases in which P can traverse the whole sphere is 


measured by 47a? ‘Therefore the sum of such cases is 47a* [ets ei) 
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The change effected in this by increasing a to a+da is 


2 2 

i sra(o+5 ©) da=4rat(o+5 <) da, 
The number of these introduced cases is to the first order 47a?da, the 
new cases eee those of the points on the shell. Hence the mean 


required Se 3° 


5. Find the mean distance of all points P within a sphere of radius a and 
centre C from a fixed internal point O ; OC =c. 


Here M(OP)=— =f ( [rrsino do dp dr= >, = =F [(ré)sin 6 48. 


Let QO’ be the chord through P, AOA’ a diameter and BOB’ the 


perpendicular chord. Let A0Q= 6, A0Q’= 0’. We may replace [r*] sin 0 
by O@‘sin 0+0@Q"sin 6’ and integrate with regard to  (=6’) from 0 to 


a ; for having integrated for ¢ from 0 to 27, all elements will be thus 
summed. Now 0Q?+0Q2=2(a?+c?) — 4c? sin? 6, and 
OQ! +0Q'4= {4 (a? + c*)3 — 2 (a? — c*)?} — 16c?(a? +c) sin? 6 + 16c! sin! 6. 


Fig. 490. 


Hence 
_3 4 273 4 _ 32 2/472 4.2 3 
M(OP)= 5, { (2a +12a%c? + 2c*) 3° (a tet) + 16et. SbF at ee ae - 
When c=ca this becomes 6a/5. 


6. Deduce from the last result the mean distance between two random points 
within a sphere. 

Taking C for pole and 1, 6,,.p, as the coordinates of O, the sum of the 
cases with a given point O for an extremity is 


37" | a3 a o0 a 


Multiplying by 7,?sin 6,40, d$,dr, and integrating through the sphere, 
we have 


4 3a lr? 1 a] 


5 ra? on .2.[ ES alia 1 at _36a 


Mean value required = Ae, SC Sas] SUS 
ays 5 20a 7 35’ 


(§1ra' Coe 


as otherwise in Ex. 2. 
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1. Find the mean distance of a given point O within a sphere from points 
on the surface. 

The sum of the cases of distances of internal points from O being as in 
the last example, r(a*+§c*a*— kc) is increased by r(4a*+4c%a) da by 
increasing the radius toa+da. The number of added cases is to the first 
order measured by 4ra*da. Therefore the mean of distances of points 
on the surface from the given internal point O is 

ives 


(40+ 5 ta) da 4ra*da=a+= — 
3 3a 


8. Find the mean distance of points between the surfaces of two concentric 
spheres of radii a, 4, from an external point P at a distance c from the 
centre O. 


—— 


Pp 


Fig. 491. 


Taking Q any point of the shell distant « from the centre, the mean 
value of PQ is e+e z, and the number of cases between the spheres of 
radii 2, x+dzx is 4ra*dx. The sum of the cases for this thin shell is 
therefore dna? dr(c +2 a) ; .. for the shell of finite thickness, 


2 
f 4ra*(c +5) ae 
3 1 ab—a,° 
M(PQ)=—42— $$ — = 0+ = mers 
“dra? dx 
ay 
9. Find the mean distance of points within a sphere of radius a and 
centre O from points within an external concentric spherical shell of 
internal and external radii a, and az. (Fig. 492.) 

Let P and Q be two such points, Q lying within the shell,OQ=x. For 


a given position of Q, M(PQ)=2+} os The number of cases is measured 


a? 
by 3 Sct and their sum by S Saad ie “). Now let Q traverse the shell. 


Let dV be an element of its volume. Then 
1 a a2 la 
fare L+Eo av fe (« +52) 4ratde _3 ata! 3 ae ~a,? 


= 10" a3—a 3 
/ grand V [" 4a? da fafa! x 
a 
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In the particular cases stated below, we have 


s 1ld@ we 6a. 
(i) q= a, Moats 5 (ii) a,=a,=4, M=% ; 


Gijyan0. Wan eee 


i = nd a=0, MW=a,; 
4 Uy? + ayy + a9" U (iv) a, =a,a ? 1? 


rs _ 8B (at a,)(7a*+5a,7) , Maal el Bhi _ 3a, 
(v) aya, M=5 2+ tty + ge — (vi) a,=a=0, M= 4 . 


Fig. 492. Fig. 493. 


10. Find the mean distance of a point P which lies between the surfaces of 
a spherical shell of inner and outer radii a, and a, from a point Q, which 
lies between the surfaces of a concentric spherical shell whose inner and outer 
radii are b, and b, (b, >b, >a, >4,). (Fig. 493.) 
Let O be the centre, OQ=. For a fixed position of Q, 
1 a-a,é 
M(PQ)=x ee as —a,>” 
and the number of such cases is measured by 47(a,%—a,3), and their 


ez 6 
sum by 47(a,? — a)| oto = a = F(x), say. Hence when Q is 
5% ay — ay 


free to traverse the outer shell, we have 


be 6g 5 
| Arras? (ax) dx [ (a+ - Baal | de 
M(PQ)= aa EC wee. 
[aratde x 4r(@.5 — a3) ij vdx 


_3 b,“—b,! 33 a,°—a,5 , b.? — b;? 
1620s) at ee 


11. Mean distance of points Q within a sphere of radius a, from points P 
on the surface of a second of radius b external to the former. 


A and B being the respective centres and P a given point on the 
surface of the second sphere, the mean of distances from P of points 


2 
within the first arth ., where A P=r. 
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Hence the sum of the cases is measured by sre +} “) Hence we 
iE mai(r+ 5 “es 
are to find for the second sphere 3 > 
“4 
| grads 


ae 
sbi Acie feng 


Fig. 494. 


Now / radS=4rb?x mean distance of points on the second sphere 


from 4= anb(o+5 a) 


a [F=potential of a shell of unit density at the point d= Bie : 
2 2 
anb'(o+5 “\+ shel i 
*, mean value required= a Pg: Ls oe as 
: arb? 3c 5e 


12. Mean distance of two points Q and P, one on each of two spherical 
surfaces of radii a and b, each outside the other. 
A and B being the centres, r= AP, the mean of the distances on the 


Q ah 
aa 


Fig. 495. 


2 
surface of the first sphere from Parts -, and the sum of the cases is 


2 
measured by rat r+ 5 =} Hence, we have to find for the second sphere 
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13. If each of the points in Case 12 be allowed to traverse the interior of its 
own sphere, 


2 
prat(r+ 5 «av 
M(LPQ) 7 . taken through the second sphere 
= 3 
luc dV 
a2 oe ght |e Pt KM es 
ais r(o45 ae bike oO eee 


14. Mean distance between points P and Q, P lying anywhere within a 
sphere of centre A and radius a, Q within a sphere of centre B and radius 6, 
enclosed entirely by the first. 


Let AB=c, BP=r. First fix P. Then 
(i) if P lie without the smaller sphere 
2 
M(PQ)=r+5 e and the number of 
such cases is measured by 4708; 


(ii) if fi within the smaller sphere 


fant Col Le 
U(PQ)=5 a +55- 50 the pamher of 
cases it as before, measured by 


4rb8. 


The sums of the cases are therefore 
= sme(r +4 oi 2) 


hehe Gp es 
Fig. 496. an 3 ¢ +55- aus) 


These are to be summed for all positions of P. In the second expression, 
P necessarily lies in the smaller sphere and in the first expression the 
integral through the shell is the difference of the integrals taken through 
the two spheres. 


The first therefore yields a dV+ E a{> \ dV being an element 
of volume, 


2 4 pty 
afro [feo( Balt -32)2 Saou oj] Sool se Ma aot] 


The second yields 


2m pb 4 3 72 
ip I Pros b+ a - sos)? sin dO de dr=4nb". 99 2.43. 


Adding and dividing by $7a®x $7’, the mean value required is 


Ba, ot cs 5 ota We 3 b4 
4°24 20a°'10a 10 a? 140 a> 


When c=0 and a=6 this reduces to $8a, the result x. 2. 
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ib. M ean distance PQ, where P and Q lie, one within a sphere of centre A 
and radius a, and the other within a sphere of centre B and radius b, the 
spheres intersecting, where AB=c (>a). 

Let BP=r. Fix P. Then, (Fig. 497), 

(i) if P lies without the b-sphere, the sum of the cases is measured by 
a aa 

Pula r+ =) ; 

(ii) if P lies (at P’) within the b-sphere, the sum of the cases is measured 


4 3 lee? a 
by grte(So+5 > aR) where r is now Bl”, 


Fig. 497. Fig. 498. 
4 b Ain 
We have now tosum | aa 4 z-)d V for the a-sphere, omitting the lens, 


Ee oot Lt eee 
and [re (F545 appa) eV for the lens, 
and after addition to divide by the measure of the whole number of 
compound cases, viz. §7ra®. 47). 

Now the integration of any function $(r) of the distance r of a point 
P’ from an external point B, can be conducted through the region enclosed 
by the lens as follows : 

Let V, V’ be the vertices of the lens (Fig. 498). Then if x be distance 
from V of the common plane section of the sphere of radius a and 
centre A with the sphere of centre B and radius 7, we have 

6 +e —a@ o'=(r=0) 
fen eae |, 
and if r increases to r+dr, the volume of the lens increases by 


a*—(r—c)? 
err) ay, 


this being the volume of the added layer. 
Every point of this layer is at the same distance r from B, Hence the 


integration of $(r) through the lens is 1 $ (1) = {a2 (ro)? }r dr with 
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limits c—a to b; and for the rest of the a-sphere with limits from 6 
toc+a. And we have 


ite dV= = frm {(a? —c?) + 2er — 97} dr 
pies grt 


=" {(at—-2) is ae \ =T,,, say. 
os n+4j 7” 
Hence 


MEY) = atl y+ Bete sity +3Lh]- apt |}: 


The integrals skefly and fer are interesting from another point 
6 c—a 


of view, and reduce as follows: 


[11] "=Z(c+a-0%2a-+5-c), and is the potential at B of the 
meniscus FCG taken as of uniform unit 
volume density. 

[ele =i (a+b—c)?[(a+b+c)?—4(a?—ab+6?)], and is the volume 

of the double-convex lens. 

1657. Mean Square of Distance between Two Points. 

Let P and P’ be random points in the respective regions 
R and R’, which may be one-, two- or three-dimensional. Let 
G, G be the respective 
centroids of these regions 
for a uniform mass-dis- 
tribution, and the line, 
surface or volume den- 
sity, as the case may be, 
be taken as unity. Let 
H and H’ be the moments of inertia with regard to the respec- 
tive centroids, viz. 2mG@P? and Xm/GP?. Then taking R, R’ as 
the lengths, areas or volumes of the regions, as the case may be, 


M(o?)=GG?+-H/R+H'/R’. 
For M(p%) =||ppeak ar'|| | dRdR, 


Fig. 499. 


null [ppedR’=R. PG?4H ; | 
(Lagrange’s Theorem, Routh, A. S¢., I. 436.) 
| [pprarar—|(R. PG?4H')dR=B(R.GG?+H)+H.R 


also [Jenaz—r.R; -, M(p)=GG?+H/R+H'/R’. 
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my u 
The values of H and H’ are known for many elementary 
cases. 


Cor. I. Centroids coincident, GG’=0, M(p?)=H/R+H’/R’. 
Cor. II. (i) Regions identical, M (p?)=2H/R. 
(ii) If the region be a plane lamina, 
H/R=sq. of radius of gyration=k?;  *, M(p?)=2k?. 


1658. EXAMPLEs. 
1, For two ellipses, semi-axes (a, 5) and (a’, b’), lying in the same plane, 
¢ the distance between the centres, Af(p?) = (a?+b2+a2+b”)/44e% 
2. If & and #’ be the same square of side a, M(p*)=a2/3. 
3. If # and /’ be the same sphere of radius a, within which each point 
may move, Jf(p?)=6a?/5. 
4. If Rand &’ be the same sphere of radius a, on the surface of which 
each point may move, M(p?)=2a*. 
5. If P moves on the surface of a sphere, and P” on a diametral plane, 
M (p?) = 3a?/2. 
6. If P moves on the surface of a sphere, and P’ on a great circle, 
Mp") =2a?. 
7. If Pand P” move one on each of two straight lines of lengths 2a, 2b, 
whose centres are a distance c apart, M(p?)=c?+(a?+0*)/3. 
If the lines be identical, HU (p?) =2a?/3, 
with the same result if not identical, but with the same centre and of the 
same length. 


1659. If one of the two points be fixed, say 2”, and P traverses a 
region R, then taking P’ as origin 0. Then 


U(p?) = il oPaR | | dR=062+H/R. 


1660. EXAMPLES. 
1. If O be the centre of a square of side 2a which P may traverse, 
Mp?) = 22/3. 

2. If O be a point at distance ¢ from the centre of a circle of radius ain 
any position which P may traverse, M(p*)=c?+a?/2. 

3. If O be the centre of an ellipsoid of semi-axes a, 6, c, throughout 
which the free point may travel, M(p?)=(a?+b*+c?)/5. 

If O be the extremity of the a-axis, M(p?)=a?+(a?+b?+c?)/5. 

4, If P lies on the circumference of a semicircle and J” on the diameter, 


of length 2a, 4a? ha a 
peal OR Ney end og? 
M(p)=—G+7a(a ar)/7a+5 40?/3. 
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Otherwise :—with the notation of Fig. 500, 


ib : (a? —2ax cos 6 + x*)d0 da 


2a zat aif 3 2<*) i 
M(p’)= ar Pa Ma cae d=. 
Lat do dx 
0 -a 
Pp 
G 
B A 
| | 
A Cc P’ N B Q 
Fig. 500. Fig. 501. 


5. If P lies on the circumference of a circle, aud on one side of a given 
diameter 4B and P’ on the opposite semi-circumference, GG’ =4a/z ; 


16a? 4a*\ 2a? 
: Ve ee Ree Se (ard 
. M(p?*) a +2(a =) _ (3? +4). 
Otherwise :—If O be the centre, AOP = 0, A0Q=4, (Fig. 501), 


mipt)=[" [" sat sint®£# agap| [" [" a0ag—“e [" c {1—cos(0+)} dOde 


=ete. = 2a? (a? + 4)/ar*. 


1661. Mean n“ Power of Distance between two points P and Q. 
EXAMPLES. 


1. Let AB be a given straight line of length a; P and @ two random 
points upon AB, P being the one more distant from A; AP=2, AQ=y. 


wer fo areell Loot [- aT off 
=A 7 fe ade | |" rde=2arf(n +1)(n+2). 


2. If P lies on the circumference of a circle, and @ be at a fixed point. 
O of the circumference, 0 the centre, (Fig. 502), 


gntign 


= = 
u(or)=2{ OP*, SE cele cos" d0= ee 


(n—1)(n—3).. 
nla Sense 


sets 


where K,= 2h odd) or ( a 1.2 (7 even). 
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3. If P lie within the circle, and Q be at 0, (Fig. 503), 


7 2a cos 0 gnts qn 
M(OP")=2 a ‘/area = ———— 
(OP) i i m. rd@drjaven= (a Ky, 
7 
where K,=[ cos"+? @ d@=ete. 
Jo 
p 
Oo O 
Fig. 502. Fig. 503. 


4, If P and Q both lie within a circle of radius a, M (PQ") may be 
inferred from the last result. Let M be the result required. The 
number of cases is measured by za? xa? and their sum is measured by 
Sah If the radius be increased to a+da, the increase in the sum 
a a (Mr*a')da. This increase is brought about by the addition of the 
cases in which P or Q or both lie on the annulus, and is 
Qnt+s3gn gntign 
Gaga) a nat eae da. 2rada. = WD 
the first factor 2 being inserted because either P or Q may lie on the 
annulus, and the second term arises for the case in which both lie on the 
annulus, but is a second-order infinitesimal. 

Hence, M vanishing with a, no constant of integration is required, and 
Qn+5gnts ; gntign ie 

oe ca ae MTA ate) x 
[The result was given by the Rey. T. C. Simmons, Hduc. Times, 7943, 
p. 120, vol. xliii., a different proof being adopted.] 


'2.2nrada. ra? 


d 244) — 
dq Mr’at) = 


5. If P lies on the surface of a sphere of radius a and Q is at a fixed 
point O of the surface, then, (n > 0), 


az 


7 
M(OP*) =o I (2a cos 6)" 27 (2a sin 8 cos 8) 2ad9 =2 (2a)"/(n-+2). 
0 
6. If P and Q are both free to move on the surface of the sphere and 
n>1,  M(PQ")= | | masas/ | il dS d8= ete. =2(2a)"/(n+2). 
[This result might be inferred from Ex. 5.] 


7. If P lies within the sphere and Q is at a fixed point O on the surface, 
M (OP) =12(2a)"/(n +3) (n +4). 
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8. If P lies within the sphere and Q be at the centre C; 
M(CP")=3a"/(n+3). [Sr. Joun’s Cox., 1883.] 
9. If both P and Q lie within the sphere, proceed as in Ex. 4. 
Then M(PQ") =2"+? . 32a” /(n+3)(n+4)(n+6). 
10. If one point lie within the sphere and the other lie at a fixed point 
O without the sphere, let OQQ’ be a chord through P, C the centre, 


COQ =6, a the radius CO—c; OP=1, 
M(OP")= If] r® .r2sin 6 d@ d¢ dr/vol. = trai Tay | (007 - 0Q"+) sin 6d, 


and 0Q, OQ’ are the roots of p?—2cp cos 6+c?—a?=0. 
For the evaluation of this integral it is convenient to take QQ’ as the 
variable when n is odd and @ as the variable when 7 is even. There are 
two algebraical identities useful in such cases. Let r,+72=8, 1 —1r,=4, 
Tyf,=P- 
Then, by putting into Partial Fractions (7?—sx+p)—, expanding both 
sides in inverse powers of x, and equating coefficients of 1/x™+", 
7" —1" (m—3)(m—4) 
1.2 


= m1 _ kee m~s3 
EEE 8 (m—2)8™-3 p+ 


gM—5 3 _ 


Wace 
2 ae 


Fig. 504. Fig. 505. 


If m be odd, the indices of s are all even. Substituting for s? its value 
d?+44p and expanding each term, the series all terminate, and we obtain 


a > m(m—3) 7 m(m—4)(m—5) 5, 
ri red mea eg se at 
If m be even, 
meer ape bar est 
8 
m—-2 a6 


= (a4 4p) F — (m2) 4 4p) © pM an apy F pt... 


whence, expanding as before, the series all terminate and, m even, 
m— rg mod {d™24 (m—2) dm4p 4 BD) gmap y a roe (B 
(i) Suppose, for aa n=3,m=6. Let QQ’=« 
M(OP)= ms , aa (r,°—1,8) sin 6 d0 


ar sa (a*+4pa?+3p%)sin@d@ (from B). 
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Also 
8=2ecos@, x*=4(a*-c*sin®?@), p=ct-a’, wdx=—4ec?sin 6 cos dO; 
whence s.sin 6 d@= —2x dx/2e, 


Leif 6 
and M(OP)= are th 84 4p24 2 yA 3 2 
( )= Sd (v8 4+ 4pa4+ 3p2v) da =c' +eare+e 


(ii) Suppose n=4, m=7, 


Soak ; 
M(OP)=—3 fev —1,") sin 6dé@ 
3 sine 
= 1Aae i (a7 + Tpx' + 14p2x* + 7px) sind dé. 


sin-?- 
Let I,= [ “atsin@ dd. Put P=a"cos 6, «dx=—4c%sin 0 cos 66, 


dP : : (Qa)"4r 
sae re r a —2 : . = 
do ete. (r+1)atsin @-4pret sin 8; «. eae mai 
Using this reduction formula, we may show that 
I,+Tpls+ 4p, + Tph =P" 4 5% (208 p+ (20)° 4 


and finally M(OP*) =c!+ 2a?c?+ 3a‘. 
ll. Find the mean value of x2" for all points on a spherical surface with 


centre at the origin and radius a, the distribution being for equal surface 


elements. 
qn 


ae 
M(x2"+1) is evidently zero. For the values of 2*+* for which 2 is 
negative, cancel the corresponding ones for which z is positive. 


Mom =a" (acos 6)", 27a sin 0.ad0= 


12, Find the mean value of (la+my+nz)*? taken over the same spherical 


surface. 
Changing the axes so that lc+my+nz=0 becomes the new y-2 plane, 


le++=XViP++4, and 
M[ (Le + my +n2)?]= (12 +m? +2)? a2?/(2p +1). 
13. Find M (x*?y2%2**) over the same spherical surface. 
Let p+q+r=k. 
(2k)! i 2D7,20427 J 
Then Gpyiegian) vn 
=coef. 12?m?4n*" in (2 +m?+n?)k, : X*dS 
= coef, 12?m24n in (2+ m? + n2)k, drat? (2k +1) 
ki 4rathts | 
“pigir! 2k+1’ 
k! (2p)! (29)! (2r)! a2p+94") 
May) = Cy plgir! p+ 2q+2r+1 
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14, Find M (Px?y?%22") taken over the surface of an ellipsoid of superficial 
area A, semi-axes a, b, c, where P is the central perpendicular on a tangent 
plane, the distribution being for equal elements of area. 


2r) — 2D 7/20 ,27 cate Whe sh en § 
M (Pa?Py292?") = 4/ Px? yZ" d8. Then writing © ® BR cmR 
1 Pds=3 . Rdo, 


where do is the corresponding surface element on the sphere £?+7?+ (= R%, 
we have as the mean value required 
ik a2PH2%¢27 es R | 2062 do = k! (2p)!(2q)!(2r)! 9 4ar @2PHif2dticert+y 
A RePteat2r * (2k)! ptgtir! 2k+1 A ‘ 
where Day (See Routh, Rig. Dyn., pp. 7 and 8.) 


1662. Mean Areas and Volumes. 
EXAMPLES. 
1, Find the mean value of the areas of all triangles which can be found by 
taking at random three points on the circumference of a circle of radius R. 
A A 
Let O be the centre, ABO aspecimen of the triangles; AOB=0, BOC=¢. 


2 
B 


Saas 


x. A 


Fig. 506. 
We may fix A. ¢ varies from 0 to 27-0, and 6 from 0 to 27. Then 


2m -2r—0 
a. [ {sin 9+sin $ —sin(6+¢)}dddp 
M(AABC)=— Qn p2r—@ 
[f° eae 


2. Find the mean of the areas of all acute-angled triangles inscribable as 
in Ha. 1. 

Here 6<7, P<7, 27-0- $ <r. The limits are therefore G=0 to z, 
$¢=7—6 tom, and the mean =3F?/r. 

3. Find the mean area of all right-angled triangles inscribed as before. 

Take A as the right angle. Then ¢=7 and the mean =2R?/r, and 
there are the same number of cases with the same sums if B or C be the 
right angle. Hence the mean =2R?*/r. 


=etc.=3R?/2r. 


4, Find the mean area of all obtuse-angled triangles inscribed as above. 
Let A be the obtuse angle. Here 0<7,¢>7,2r-—O0—h<7. Then 
the limits for @ are 0 and 7, and for ¢, 7 and 27 — 6, and the mean = R?/z. 
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5. Find the mean area of all triangles formed by joining three random 
points on a sphere of radius a. (Maru. Trip., 1883.] 
Let O be the centre. Consider first all the circular sections normal to 
a given direction OA. Let P be any point on this circle, PN a perpen- 


dicular on 0A. AOP= x. Then the mean area of all triangles inscribed 
in this circle =3a*sin? x/27, and the number of such triangles is measured 
by 27? (Ex. 1). Therefore the mear for all tr iangles perpendicular to the 


SX dyer = 3a?/47r, and the 


mean is obviously the same for all directions of OA, since the number of cases 
and the sum of the cases is the same for each direction of OA. (Fig. 507.) 
A distribution of different nature, e.g. for equal increments of x, would 

lf 3NP? de=alfe 
QaJSq Qe : 


line OA for equal increments of x is ie 


give a different result, viz. 


p 


Fig. 507. Fig. 508. 


6. Find the mean value of the volume of a tetrahedron whose angular points are 
four random points ona sphere of radiusa. (Fig.508.) (Maru. Trip., 1883.] 

Without affecting the problem, we may take a set of bases fixed in 
direction, say normal to a given radius OA. Let one of the bases be on 
the circular section through the ordinate PN. Then, as the vertex of the 
tetrahedron travels in a circular section parallel to the base and through 
a second ordinate P’N’, the volume remains constant. Therefore the 
mean volume of the tetrahedron, with vertices on the plane through P’N’ 
and bases on the i through PN 

eee Jee Zs Ae 
_ =5 NN’. . bet AOP=y,, AOP=\x,. 

The measure NN’ # the sens le height of the tetrahedron changes 
sign as N’ passes through N. To avoid negative signs for the volumes of 
tetrahedra with vertices on opposite sides of their respective bases, we 
separate the integration into two parts. The expression for the mean 


volume required is then 


1 es 
[ "T d 3NP? a(cos x, — COS X») 4X1 4X2 + a ial F a(cos X— C08 X,) dx, dx, 
ye. oT ; 


i be dx, 4X» 


which, after integration, gives 16a5/97°. 
The distribution here taken is for equal increments of x, and x,. 
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_ If P, Q, RB be random points on the three sides BO, CA, AB of a 
Pet find the mean values of the triangles AQR, BRP, CPQ, PQR. 

[R. Cuartres, Lduc. Times. ] 

Let 21, 23 Yi» Y23 %1 % be the respective 

parts into which the sides are divided at P, 
Q, R; A the area of the triangle ABC, 


b fe bfe A 
M(4Qr)=| i YEA Ady, de, /i [ dy, dz,=>- 


Similarly 
ae M(BRP)=M(CP =9. 
Fig. 509. ¢ LaaekS Q)= 


mren)=|"['[(1 1 — 21 _ 2 78 daydy da, | ated 


1663. Miscellaneous Mean Values. 


EXAMPLES. 
1. The value of a diamond being proportional to the square of its weight, 


prove that, if a diamond be broken into three pieces, the mean value of the 
three pieces together is half the value of the whole diamond. [M. 'lr1r., 1875.] 

Let a, y, 2 be the weights of the portions, W that of the whole. Then 
we have to find the mean value of 2?+y?+22, wherezx+y+z=W. Refer- 


4y 2 . Fig. 510. 
ring to Cartesian coordinates, x+y+z2=W is the equation of a plane. If 
do be an element of area of the intercepted triangle, the:mean value is 
| (x? + y? + 22) do | | do =(mom. of in, with respect to the origin)/area 


=4 (the sum of the moments of in. about the axes)/area. 


Let 3A be the area of the triangle. Then, concentrating A at each 


mid-point (Routh, Rig. Dyn., Art. 35), 


Mean value=s - a[4(F) +4(F) +4 {(3) +4) }] jams W, 
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2. It is required to find the mean value of the inverse distances of points 
on a circle of radius a, from points on a fixed diameter AB. 


Let P be a point on the arc, Q a point on the diameter, O the centre. 


A A A A 
POB=6, POA=6@’=r-0, PAB=,, PBA=4¢,, PQ=p, 0Q=cx. 
Then 0=29,, &=2$,. (Fig. 511.) 


u(s)=[ : [sea | f “4d8 de. 


Now {ae is the potential at P of a material line AB of unit line 


density =log cot ie cot ts (Art. 1652). 


is u(*)=5, {{" log cot S404 |" log cot 2 do} 


Qra 


l T 
=— [og cot dd, + + [iogeot Sap} =2 [Hog oot Xay 


CAN A 


0’ 


=4s’,/ra. (Art. 1074.) 


Fig. 511. Fig. 512. 


3. O is a fixed point on the circumference of the base of a hemisphere 
with centreC. P and Q are random points on the surface ; find the meah value 
of the angle between the planes OCP, OCQ. (Fig. 512.) [Carus Cout., 1877.] 


Let AOA’O’ be the base of the hemisphere, and B its vertex, C the 
centre, CA, CB, CO being taken as the rectangular coordinate axes. Let 
¢, and ¢, be the azimuthal angles of the two planes OCP, OCQ, P being 
taken as the point on the plane with the greater azimuthal angle. Then 
if the distribution of the points P, Q be one for equal elements of area, 
the mean required is 


. I ; is iN [ - (p,— a) sin 6, sin 0, d6, dO, dp, dp, 


m ope ore hy i =(GlCi=—=an/es 
LL P'sin sin 6d, a, ah a, 
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4. Prove that if 2c be the distance between the foci of an ellipse of semi- 
axes a and b, the mean value of r,-? rq? f {t (7, +12)* — 0}, with respect to the 


u d ; a ; 
area, is equal to — ah, oy x 5 11,7, being the focal radii of any point 
within the ellipse. (Fig. 513.) [y, 1890.] 


2 2 2 
Taking eaytk =1, = a =1 as confocals through the point, 
C = 
ria(etaPt+y’, r2=(c-xP+y’, 12-12 =4er, 
rtm=2NeE+A, 11-72=2Ne—p, 
=NV(EFAV(F—p), cy=NAp, Bn +nP-P=A, Atp=Nnr, 
O(2, ¥) _l Mts ‘ 
O(A, p) 4 Pay 


dx d 
Mean required = If art ( (a) /f fae y=, [| o nay al (X X), 
the integration being taken through the first quadrant, 


a(t iblict_ hs fOash en 
mab Jo Jo 4 A+ JAp (2+ A)(2—p) 
acl. [HeflA) aA | eat eae 
— rabso JA? +X Jo (eeu )alaMatap 
Let =5 Bee du= © sin 646. 


Tv 
tals ear gf errr: ~VAA+E) 


Hence the mean required = x | 
ab J0 


B f(A) dr 
Me+A) 


. 


Fig. 513. Fig. 514. 


5. Through P, any point within an ellipse, a chord QP’ 7s drawn parallel 
to a given semi-diameter p. Show that the mean value of ¢(QP. PQ’) for 
all points within the ellipse is 


3 
2 [ (p* cos? @) sin cos 6 dé. [5, 1885.] 


Draw a similar and similarly situated ellipse through P. (Fig. 514.) 
Then QP. PQ’ retains the same value for all points on this ellipse, viz. 
OB? — OB” = p* cos? 6, where p= OB and sin @ is the ratio OB’ : OB. 
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If A and A’ be the areas of the larger and smaller ellipses, 
A’=Asin®@ and ddA’=24 sin 0cos ddd. 


| / $(QP.PQ)dd’ x 
 M{P(QP. PO) = fae Th (p? cos?) sin @ cos 0 dd. 


6. Ellipses are drawn with the same major axis 2a and any eccen- 
tricities ; show that the mean length of their perimeters is 


Tr 
+ 
2a {1+ | 
0 


Taking all eccentricities as equally likely, the mean perimeter is 


8 a tet ot 
snp 10} =204142(1- s+ - a +...)}. 
(Sr. Joun’s, 1886. ] 


4a [ Paap ay aol’ ce (Art, 567.) 
o Jo cca eo 
Now 
1 ne 
if V/1—ésin?y de=siny f Vcosec? yy — e? de 

Jo 


——— 1 
= ; siny [e Vcosec? yy — e? + cosec? sine sin ¥], 


=5 (cos ¥ + cosec ). 


o Mean Perimeter 
= ty 
=2a [ (cosy +¥ cose ¥) dy=2a {1+ [ ing} 


1 
=2a {1 +2 (5 - #5 +7 -..)}, by Art. 1074, 
=ax5-66386.... 


7. Show that the average values of the lengths of the least, mean and 
greatest sides of all possible triangles which can be formed with lines whose 
lengths lie between a and 2a are in the ratio 5:6: 7. (Maru. Trip. ] 


Tf the sides be taken a+, a+y, a+z, the ratio of their means is 
[ae [dy [" ae(e+a): [dz [dy [" dey+a): [ae f dy [" dx(e+a). 
Jo Jo “Jo Ja, ow tao Jor Jono 


8. Find the mean value of xyz for points within the positive octant of the 
ellipsoid a2? + by? +c? =1. (Ox. II., 1890.] 
Use Dirichlet’s integral, Art. 962. M («yz)=abc/87. 


9. If a point be taken at random within a tetrahedron, then, of all 
parallelepipeds which can be described having the line joining the point 
to one of the angular points as diagonal and its edges parallel to the 
edges of the tetrahedron which meet at that point, the average volume is 
one twentieth that of the tetrahedron. 
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10. Show that for positive values of «, y, z, with condition 
ae +6744? +c2=1, and % being > 1, 


the mean value of (vyz)’—1 for an equable distribution of area on the 2-y 


plane is (abeyr=2 {r ()\'r (2) fer(*), 


which for »=2 reduces to 4abe/15z. 


11. Find the mean value of (xyz), r>0, where x, y, z are areal 
coordinates for points within the triangle of reference. 


[fry 1—x—y)' dx dy 


/ fac dy 


for positive values of x, y, z (see Art. 975) =2{T'(r)}3/T'(37). 


We require 


12. Show that ifw, y, z, w are the tetrahedral coordinates of a point 
within the reference tetrahedron, M{(xyzu)'}, (r > 0), =6{I'(r)}4/T' (47). 


13. Show that if 7 >0 and 2, v2, ... 2%, be all positive and subject to 

the condition a+ 2.+...+%,=1, then 
Mi (x22... %)" 4 =T(n){T(r)}"/T (nz). 

14. Show that if 0, t2,...t, be all positive, the mean value of 
4 la 42-1... x,n-1 for positive values of 2, %2,...%n subject to the 
condition ya Lis P(n) DP (+1) P(e2) ... T(¢n)/L( Seq): 

1 1 

15. Show that the mean value of Ayz+ Bza+ Czy for positive values of 

4%, y, z subject to the condition e+y+z=1 is 74 (A+B+C). 


16. Show that the mean value «4+ 74+<24 for positive values of 2, y, z 
subject to the condition e+y+z=1 is }. 

17. Show that the mean value of (4, B, C, D, FE, F)(2, y, z)? for positive 
values of x, y, z subject to the areal condition c+y+z=1 is 

$(44+B4+C+ D+ E+ F). 

18, Let there ben points upon the x-axis, and let positive ordinates of 
increasing magnitude be erected at these points, their sum being l. Find the 
mean length of the +" ordinate. [Lapuace ; TopuuntTER, Hist., p. 545.] 

Taking as ordinates ¥,, 7/1499) %¥it+Yo2tYsy ---Yrt---+Yn, then 

ny +(n—1)yot(n—2)y¥gt...+¥n=l. 


Putting ny=2,, (n—1)y2=2o, ... Yn=Ln, WE have 4, +2,+...+2,=1. 
Sai ee ec aes ly 
II (2 +t tty) dar, dary... d2y- 


meas da, da, ... dt, 4 


a dias Lif Vil 1 1 
which gives ~4-4+—{ + percent 


We then require 


nln n—-1 eee Ss 
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19. The density at any point of a triangular lamina varies as the 
product of the perpendiculars on the sides. Show that the mean density 
is 9/20 of the density at the centre of inertia of the triangle. 


1664. Certain Inequalities. 


If a, b, ¢, ... be any positive quantities, m in number, and 
m, r, a, B,... positive integers-and a+8+...=m and m>r1, 
we have 


n n 


2 2 m r mr 
QO=>(F); @ >see, 


way 22" La* Dar Dar : 
(111) a Pr pe een (Smith, Alg., Art. 348.) 
That is, the mean of the squares > the square of the mean; 
the mean of the m“ powers > the product of the means of 


the r" and (m—r)™ powers; and so on. 


1665. Ifa, b, c,... be replaced by $(a)), (a +A), P(a)+2A),..., 
the values of a positive continuous single-valued function of 
for equal infinitesimal increments of the variable, we have the 
mean value of the square of the function > the square of the 
mean value of the function between the same limits, with other 
theorems of a similar nature. That is, 


; f [p (x)? da [' (x) dx ; 
f da i’ da 
fiewrd  |toe@rae | teed 


Ss ; 
{' dx \' daz I’ da 
Pp D p 


1666. General Mean in Terms of Means restricted in Various 
Ways. 

Let there be two regions Q, and Q, mutually exclusive. 
Let two random points P and @ be taken in the combined 
region, and let ¢ be some function of their positions, say for 
instance their distance apart, its square or its nm power. 
Several cases may occur: (i) Both may lie in Q,; (ii) both 
may lie in (2,; (iii) and (iv) either nay lie in Q, and the other 
in Q,. 


as 


; ete. 
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Let M,,, M,,,, M,,, be the mean values of ¢ respectively 
in case (i), case (ii), cases (iii) and (iv), and let M be the mean 
value of ¢ when the positions of P and Q are unrestricted. 
The number of cases occurring are measured by the magnitudes 
of the regions, viz. Q,? if both lie in Q,, Q,? if both lie in Q,, 
Q,Q, if P lies in Q, and Q in Q,, and 0,0, if Q lies in Q, and 
P in Q,, and (Q,+2,)? if they lie in either region, unspecified. 

Hence 0,?M, 1, 0.2M, 2, 20,0,.M, . and (Q,+0,)?M are the 
sums of the several cases occurring. But the first three must 
make up the whole sum of the possible values of ¢, i.e. 


Q2M, ,+20,0,M, ,+0,°M, » 


fe (0,40, 


1667. Ex. Ifthe two regions be mutually exclusive spheres of radii 
a and 6 and centres distance ¢ apart, then for the mean distance PQ, 


36a 366 a* +6? 


M, My2= 35s My .=¢+ Be 


L1~ 95? 


Hence the mean distance between P and @ when each may lie within 
either sphere or in different spheres is 


sas) Maes Seat ats (oe) o(Aety 28) aaa 
[(§ 7") apt t2-5 Se ab? ( c+ = + 3 7 > / Tra smb 
_ 36 a?+b? 49 a3h8 2 a®b3(a? +62) 1 
~ 35 (a+ 63)2 (a2 + b)2° 5 (a3+b3)? “c° 


In the case where the spheres are equal and in contact, e=2a=20 and 


M=433 a. 


1668. In the same way, if there be three or more mutually 
exclusive regions (),, Q,, Q3, say, and ¢ be a function of the 
positions of three points P, Q, R which lie in one or other of 
these regions, then (a) all may lie in any one of the regions, 
(b) two may lie in one region, and one in either of the other 
regions, or (c) one may lie in each region. 

Let M;,5,9 be the mean value of ¢ when all lie in Q,, 
M),3,9 when all lie in Q,, M,,,,) when two lie in Q, and one 
in Q,, and so on; and let M be the mean irrespective of 
where they lie. The respective nwmbers of cases are measured 
by 0,3, 0,3, 80,7Q,, ete., and (Q,+0,+0,)%, and the sums of 
these cases are respectively measured by 


QPMs, 9,07 2M, 9, 830,°0,M,,,,9, etc, and (Q,+0,+0,)3M, 
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and the last, being the sum of all possible values of ¢, is equal to 
the sum of all the several cases previously enumerated. Hence 
Mares, 0, 0+820/702Mg, 1, 5 +60,0,0,M 
(Q, +0, +05) 
and so on if there be more than three mutually exclusive 
regions. 


11,1 
, 


1669. Regions not mutually exclusive. 

To go back to the case of two regions, suppose next that the 
regions Q, and Q, have a common region Q. The whole region 
bounded is then Q,+0,—Q. 


(Mutually exclusive regions) 


(Not mutually exclusive) 


Fig. 515. 

Let Mo, ,9,-9 be the mean value of ¢, when the random 
points P, Q lie anywhere in the whole region; Mpg the 
mean when both lie in Q,—0; Mp,_g the mean when both 
lie in Q,—Q; M the mean when one lies in (2, and one in Q),. 

The respective nwmbers of cases are (Q,+0,—)%, (Q,—Q) 
(Q,—Q) and 20,0,—0?; for in allowing P and Q each to 
range over Q, and Q, respectively, or Q, and Q, respectively, 
the region (Q) is counted twice over. 

The sum of the values of ¢ when one lies in Q, and one in Q, 

is (20,0,—0*)M. 

The sum when both lie in 0,—Q is (Q,—Q)*Mg, _ 9. 

The sum when both lie in 0,—Q is (Q,—Q)’Mo, - a, 
and the three make up the total sum (Q,+0,—Q)’Mg +9,-a; 
ary _ (Q)— OM, -a+(Qe— QP Ma, 9 +(20,9,—0?)M 
Pentid feon sy (0, +0,—Q) 
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1670. Similarly more complex cases may be examined. Also the 
present formulae, admit of considerable reduction for special cases, 
e.g. when the regions are equal or when one region is enclosed completely 
by the other. 

1671. The Geometric Mean. Clerk Maxwell. An Integral 
useful in Electromagnetic Problems. 

If log R4z be the mean value of the logarithm of the distance 
between points P and Q, one in each of the areas A and B 
lying in the same plane, then obviously 


is Ray=|flog PQ.dAdB | |Jaa dB, 


the integrations being conducted for all elements of area in A, 
and for all elements of area in B. 


The integration {[ffioge ax dy dx’ dy’, over two such areas 


occurs in the determination of the electromagnetic action 
between two parallel straight currents flowing in conductors 
of given sections. (Clerk Maxwell, £. and M., ii., p. 294). 


Cleatly 4. Blog Rap | flog PQ.dA AB. 


If C be a third area in the same plane, in which P or Q 
could lie, (A + B)C log Ri4+2)¢ represents on some scale the sum 
of the logarithms of the distances of points in C, from points 
in the composite area A+B, whilst AC log Rac represents on 
the same scale the sum of those cases of the aforesaid group 
which refer to lines joining points in A with points in C; and 
similarly with BC log Rzc. Hence 

(A +B) Clog Ra43)c=AC log Riact BC log Ree. 
And this rule may be extended. Thus, if there be a fourth 
area D in the same plane, 
(A +B+0)D log Rua+stcyp=(A +B)D log Ria+z)p+CD log Rep 
=AD log R4y+ BD log Rgp+CD log Rep; 
and so on. 

Thus, if R be found for pairs of parts of a composite figure 
the rule will give R for the whole figure. 

Also A, B,C, ... are not necessarily different figures. 

Maxwell states the results for a number of cases. He calls 
the line R thus determined the Geometric mean of all the 
distances between such pairs of points. 
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1672. Cases of Maxwell’s Geometric Mean. 


I. To find # for a point C, and a finite straight line 4B. (Fig. 516.) 

Let CO be drawn at right angles to the direction of 4B. 

Pa point on AB, OA=a=2,, OB=b=2,, OC=p, OP=2, CP=r, 
AB=l=b-a. CA=n, CB=r,. 


* ee 
Then Log R= | log V2? +p? v+p dx= [ tog Vite p—2+p tan |; 
a pa 


. U(log R+1)= OB log CB— OA log OA + 00x circ. meas, of ACB, 
i.e. (a, —2)(log R+1)=a, logr,—2, logry+p. hs : 
In the case when C lies on AB produced, p=0, and 
log R+ 1= (x, log x, — 2, log a) /(%,— 24). 


Cc 
D O Q Cc 
ee 
Oo A P B A + p a-x B 


Fig. 516. Fig. 517. 


1673. Il. Let ABCD be a rectangle, AB=a, AD=b. Let P and Q be 
points respectively upon AB and CD. PO the perpendicular upon CD. 
“aPor (hig. olf.) 

For a given point P let 2, refer to the value of # for the fixed point P, 
a(log R, +1) = OD log PD+ OC log PO-+6 CPD 

=a log Nx? +b? +(a—-.«) log V(a= a8 +6 (tant F + tant “5. 

Integrating with regard to x from 0 to a, 

a (log R+1) 


a [EP log Var ELEY [PH og aap 


0 


pel 24 pe | — = Aj ee. —x)?+b? |, 
+6| «tan 5 - blog Va +B] a| (a x) tan b blog V(a—2) +B] 


we. a?(log R+3)=(a?—b*) log D+ b? log b+ 2ab tan * 
where D is the diagonal. 


1674, ILI. If P lies upon AB and Q upon AD, and R, as before refers 
to the result for a fixed point’ P, 


b(log 2, +1)=blog Net Ota tant? ; and integrating from 0 to a, 
w+b?, ob bee 
ab(log R+1)= see aeietia al 4[- tan e+ bbe | 5 


ns a 
. ab(log R+3)=ab log DES tan“! +5 tan™ i 
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1675. IV. If Q lies on the circumference of a circle of radius a,and centre 
O, and P be any point in rts plane distant c from the centre, 


Pp C 
Fig. 518. 


w Se es Ae 
Qa log R=2| log Va? —2ac cos 0+-c?. ad6 
0 


=2raloga, (e<a); or 2raloge, (¢>a). 


Therefore R=the greater of the two a or c; and the mean of logr 
is accordingly 


loga, (c<a), or loge, (c>a). 


1676. V. If P travels on the circumference of a second circle of radius b 


entirely without the former, the distance of the centres being d, and if log R 
stand for the mean value of log PQ, 


. Fig. 519. 


and. 2ralog R=2na.2/" log PO. b dé! 


Pea: [ log Vi2— 2bd cos O +d? b dg’ 


=27ra.2rblogd; .. R=d. 


Similarly if one circle be entirely within the other. 
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1677. VI. If Q lies upon a circular annulus, centre O, external 
and internal radii a, and a,, and P be at a point distant c from O, and 


log R= M(log PQ), QO=r, QOP=6, 
1 (a,?— a,”) log R= a| ’ [ log Vc? —2er cos 0+ 97? rdé dr 


ay a) 
=a" mwloge.rdr, (e>r); or =2| twlogr.rdr, (¢<r), 
’ ag 


=T loge. (a,?—a,*) if e>a,, 


; : mall We ay? — a.) . 
oL =r[rlogr—5] = 1 (ay? log a, — a4" log a ~ : 5 “) if C< tg, 
2 
ae. BE Co LOR Le =O Cts cee duscwecuse <raccscastonscccenatmncaces (a) 
; _aloga,—a,*loga, 1 
if c< ap, RAAT gatas) ee seees eee eeeenes (B) 


If a,>c> as, and P itself lies upon the annulus, 


(a;2—a,2) log R= [ 2rloge.rdr+ | Qr logr.rdr; 
a, c 


Cee. 2 eye is 
Sa Nog 0 eee ay. cele 

Since R=c when P is without the annulus, the mean value of log PQ, 
where P lies upon any region entirely without the annulus is the mean 
value of log PO. And if P lies upon any region entirely within the 
annulus, the expression for 2, in that case not containing ¢, is independent 
of the shape or position of the region. 

We may deduce the result (y) from (a) and (8) by Art. 1671. Let A 
and B be the regions of the annulus respectively outside and inside a 
concentric circle through Q. Then if @ be an elementary small area 
in which P lies, 

(A+B) log Rutayo= A log Ract Blog Rao} 


2] —cloge 1 : 
+m (a,2—a42) log Rua+ayo= 7 (a? — ¢) {ate 180 S| meas") log 


whence log R= 


giving the same result as before. 
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1678. VII. If P be not at a fixed point within the annulus, but may 
travel anywhere within it, 


{7 (a,2—a,*)}#log R= [fro V7? = 2ryrz 008 (0, — Op) +722. dO, dryr2d0, dry, 


where 7,, 0, and 72, @, are the polar coordinates of P and Q. 


The limits for 9, ave 0, to 62+ 27 ; for ,, 0 to 7, and double the result ; 
for 7, from a, to 7, and r, to a,; for 7,, from a, to ay. 


The first integration gives 
2(rlogr,)ryr,dr,dr,d6, or 2(mrlogr,)ryr,dr,dr,d6., 
according as 7, or 7, is the greater. 
The second merely multiplies the result by 27. 
The third gives 
4r? i; : rr, log ridr,dr,+ 47? [ - rr, logr,dr,dr, 
= 2r?[a,* log a,.7, — 77, log — $(ay271 — 1713) Jdry. 
The final integration gives, after dividing by 2?(a,?—a,?)?, 
3a_7— a? 
(ar aF a, ata 
For the mean of the logarithms for pairs of points within any circular 
area, put a,=0; then log R=log a, —}, that is R=ae* or £ is a little 
more than 3a/4. 
Other results of similar character are stated by Maxwell with a 
reference to T'rans. R.S., Edinb., 1871-2. 


1679. Other cases of mean values will be considered in the next 
chapter, which are more intimately connected with the general Theory of 
Probability. 


log R=log a,— , a result stated by Maxwell. 


PROBLEMS. 
1. If the sides of a rectangle may have any values between a and 
b, prove that the mean area =(a+b)2/4. [R. P.] 


2. Find the average area of a random sector whose vertex is taken 
at a given point on a given circle. 


3. ABCD is a square. Show that the average distance of 4 from 
points on BC for an equable distribution of radii vectores about A is 
a log ae ; but for an equable distribution of points on BC 


tin AO AB oy ACH AB 
2 2 = eae 

4, A rod of length a is broken into two parts at random. Show 

that the mean value of the sum of the squares of the parts = 2a?/3. 

[Ox. IL., 1886.] 
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5. A rod of length a is broken into two parts at random. Show 
that the mean value of the rectangle contained by the parts is a?/6. 


6. The sum of two positive numbers is given =V. Show that the 
mean value of the product of the p™ power of the one and the q™ 
power of the other is p!q! NP+a/(p+q+1)!, p and q¢ being positive 
integers. 

7. Find the mean value of the (i) squares, (ii) cubes of all radii 
vectores of a cardioide for an equable angular distribution of radii 
vectores about the pole. 


8. Given the base and the radius of the circumcircle of a triangle, 
determine its mean area, stating clearly what assumptions you make 
as to equal probability. (Sr. Jony’s, 1884.] 


9. Show that the average of the squares of the distances of all 
points within a given circle from a point on the circumference is 
three times that of the squares of all points within the circle from 
the centre. [CoLLEeGES, 1878. ] 

10. Find the mean value of the squares of the distances of all 
points within a rectangle (i) from the centre of the rectangle, (ii) 
from any point in the plane of the rectangle, (iii) from any point not 
in the plane of the rectangle. 


11. Find the mean value of the focal radii vectores of a cardioide 
(i) for an equable angular distribution of radii, (ii) for an equable 
arcual distribution. 

12. Ifa solid be formed by the revolution of a cardioide about its 
axis, find the mean value of the focal distances of points on the 
surface of the solid (i) for an equable surface distribution, (ii) for an 
equable solid angle distribution. 


13. Find the mean value of the squares of the distances between 
any two points within a given (i) triangle, (ii) square, (iii) sphere, 
(iv) cube. 

14. (i) Find the mean of the inverse distances of points within an 
ellipse from a focus for an equable areal distribution. 

(ii) Find the mean of the inverse distances of points within a 
prolate spheroid from a focus for an equable volume distribution. 


15. Show that the mean distance of points within a sphere of 
radius a from points of the surface of a shell of double the radius of 
the sphere is 21a/10, and that the mean distance of points on the 
surface of the sphere from points on the shell is 13a/6. 
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16. Show that the mean distance of all points within a sphere of 
radius a from a point midway between the centre and the surface 
is 279a/320. 

17. Show that the mean distance of a point on the external 
surface of a spherical shell of thickness 7’ from points in the material 


. 6, 1 (R-T)2QR-T) ; 
of the shell is pits RR? -3RhT+ 7%’ where £ is the external 
radius. 

18. Show that the mean distance between points P and Q, of 
which P lies within a sphere of radius # and Q lies between this 
sphere and a concentric sphere of double the radius, is 3°/140. 


19. There are two concentric spherical shells, the bounding 
surfaces of which are 1 inch, 2 inches, 3 inches, and 4 inches. Show 
that the average distance of points in the material of the first from 
points in the material of the second is 3722 inches. 


20. Two equal spherical surfaces are in contact. Show that the 
mean distance of points on the one surface from points on the other 
=17/3 of the radius of either. 

Show further that if the points may lie anywhere within their 
respective spheres, their mean distance is 11/5 of the radius of either ; 
but that if one of the points lies within one of the spheres and the 
other point on the surface of the other sphere, their mean distance 
is 34/15 of the radius. 


21. If M, be the mean of the n™ power of the distance between 
two points on the area bounded by a circle of diameter unity, show 


that Mnig=M,,(n + 2)(n + 3)/(n + 4)(n +6). 

22. If M,, be the mean of the n™ power of the distance between 
two points on the surface of a sphere of unit diameter, show that 

Mas, = M,,(n + 2)/(n + 3). 

23. If M, be the mean of the n™ power of the distance between 

two points within a sphere of diameter unity, show that 
Mniy=M,,(n + 3)(n + 6)/(n +5) (n +7) 

24. A poiut O is taken outside a sphere with centre C’ and radius 

a. CO=2a. Show that the mean of the cubes of the distances of O 


from points within the sphere =731a3/70, and that the mean of the 
fourth powers = 171a‘/7. 


25. Show that the mean value of 2+y‘z over the surface of a sphere 
of radius a is a}!2/5005. 
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26. Show that the mean value of x?—y2?-!2"1 for positive values 
of a, y, 2, subject to the condition a-%x? + b-*y? + ¢-°2?=1 for an 
equable distribution of areas on the 2-y plane, is 


ayeror(E\r(4\r (+) | op (Pree ), 
where 7, g, ” are all greater than unity. 


27. On a straight line of unit length two random points are taken. 
Show that the mean of the square of the distance between them is 
1/6 of a unit of area. 


28. Circles are inscribed in the triangles formed by joining points 
on an ellipse of semi-axes a, b and eccentricity e to the foci. Show 
that the mean value of the areas of the circles for equal increments 
of a focal vectorial angle is 


ma?(1 —e)?(a/b—1). (Maru. Trie., 1892.] 


29. Show that the mean value of the product of the three per- 
pendiculars from any point within a triangle upon the sides is 
P1PoP_/60, where p,, P2, Pg are the perpendiculars from the angular 
points upon the opposite sides. 


30. Show that the mean value of the product of the four per- 
pendiculars from any point within a tetrahedron upon the faces is 
PiPsP3P4/060, where p,, Po, Ps, Py are the perpendiculars from the 
several quoins upon the opposite faces. 


31. Five points, 4, B, C, D, E, are taken upon a straight line 4£, 
to which perpendiculars are drawn through these points of increasing 
magnitude. The sum of these five perpendiculars is 10 inches. 
Show that the mean length of the middle perpendicular is 47/30 of 


an inch. 


32. Show that the mean distance of all points within a given 


+a 


Re vad lad 
regular polygon of side 2a from the centre 1s 3 +3 - log ——, where 


Rand, are the radii of the circumscribed and inscribed circles. 


33. Show that the rectangle contained between the average value 
of the radius of curvature at points equally distributed along a curve 
and the corresponding arc is double the area contained between the 


curve, the evolute and the normals at the extremities of the arc. oe 
[6, 1883. 
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34. Prove that the mean value of the radius of curvature at points 
equally distributed along the cardioide r= a(1+ cos 9) is am/3, while 
the density distribution of the corresponding points along the pedal 
with respect to the pole varies at any point as the curvature at the 
corresponding point of the cardioide. [8, 1883. ] 


35. Prove that the square of the mean value of any function of a 
variable between any limits of the variable is less than the mean 
value of the square of that function between the same limits of the 
variable. [Sr. Joun’s, 1883. ] 


36. Find the mean value of the squares of the distances from a 
focus of all points within an ellipse whose eccentricity is /3/2. 
[6, 1881.] 
37. The circumference of the auxiliary circle of an ellipse, whose 
axes are AC'A’= 2a, BCB’ = 26, is divided at Q,, Q,, ... into a large 
number of equal arcs. At P,, the point on the ellipse whose 
eccentric angle is ACQ,, a circle is described so as to touch the 
ellipse at P, and to have its centre on the major axis. Show that 
the mean area of all such circles is rb? (a? + 5®)/2a”. [a, 1881.] 


38. At any point P of a catenary whose parameter is c, the ordinate 
PN and the normal PG are drawn to meet the directrix at NV and @ 
respectively. Prove that the mean values of the area of the triangle 
NPG for points proceeding by equal increments of (i) abscissa, (ii) 
ordinate, (iii) are, up to a point whose coordinates are (2, y), are 
respectively 


(i) (y8—08)/60; (ii) (c sinh * 4c) | 64(y—c); (iii) (y# — c4)/Bes, 


39. Find the mean of the inverse distances of two random points, 
one on the surface of a sphere, the other on a circular area exterior 
to the sphere and whose plane is at right angles to the line of 
centres. 


40. Prove that the meanof the inverse distance between points 


on the surface of a sphere and points on a straight rod of length J, 
external to the sphere, which is bisected at right angles by a per- 


pendicular upon it from the centre of the sphere, is * tog tan — — 


where a is the angle at the centre of the sphere subtended by the rod. 


41. Prove that the mean inverse distance between points on the 
surface of a sphere of radius a and points on a concentric ring of 
radius b is 0-1 if b>a or a7 if b<a, 
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42. Prove that the mean value of « for all points within the 
positive octant of the surface (a/a)! + (y/b)® + (2/c)*=1 is 21a/128. 


43. On a given finite are n points are drawn dividing it into equal 
small lengths, and » other points are taken, parallels to the normals 
at which divide the angle between the extreme normals into equal 
small angles. Prove that when n is indefinitely increased the mean 
of the radii of curvature at the former n points is greater than the 
mean of the radii of curvature at the latter n points, the curvature 
being supposed finite at every point of the arc. [Sr. Joun’s, 1889.] 


44. If log R be the mean value of the logarithm of the distance 
between two points P and Q which lie on a line 4B of length a, 


show that R=ae™?. (CuurK Maxweut, El, and Mag., IL., p. 296.] 
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1680. Der. If an event can happen in a ways and fail in 
b ways, and all these ways are equally likely to occur, the 
probability of the happening is a/(a+b) and of the failure to 
happen is b/(a-+-b). 

These measures are essentially numerical positive proper 
fractions. Certainty is denoted by unity. A mean value is 
essentially a quantity of the same kind as those of which the 
mean is taken. So long as a and b are finite, the theory of 
probability does not call for any mode of treatment other 
than the processes of ordinary arithmetic and algebra. If, 
however, a problem incurs the existence of an infinite number 
of ways in which an event could happen and an infinite 
number of ways in which it could fail to happen, all these 
being equally likely, the calculation of a, b and a+b may call 
for the processes of the Integral Calculus, or at least the 
fundamental conceptions of the Calculus, to effect the neces- 
sary summations, though sometimes in such cases the actual 
labour of integration may be avoided by geometrical or other 
considerations. 


1681. Take, for instance, the case of a material particle 
thrown down upon a region of area A, and which.is equally 
likely to fall at any point of the area; and let us explain this 
phrase. Imagine the area A to be divided up into an infinite 
number of infinitesimally small elements of equal area, and 
suppose that an infinite number of trials is made. We shall 
also suppose that, after these trials, the particle has fallen as 
many times upon any one element as upon any other. Then 


if a be any region of finite area enclosed completely within 
792 
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the contour of A,a and A contain numbers of the infinitesimal 
elements of area proportional to and measured by their own 
areas. Hence the numbers of particles which have fallen respec- 
tively upon a and upon A are measured by the respective areas 
of a and 4, and the chance that a particle which falls upon A 


also falls upon a is 7 and that it does not so fall is 1 ais 


The chance that of two hazard throws of a particle upon A 


both fall upon a is a That the first does and the second 
does not, the chance is $(1—4), That the first does not 
and the second does is (1- aya: and that neither does is 


(1-4) (a - s), and the sum of these is unity. And so on if 
there be more than two throws. 

It will appear that in such cases, unless the areas be known 
or obtainable by some elementary means, either the Integral 
Caleulus or some equivalent graphical method will be neces- 
sary for their evaluation. Taking any pair of rectangular axes 
in the plane of the region A, the chance that the throw upon 
A results in the particle falling upon a may be expressed as 


[jae dy (taken over a)| |e dy (taken over A). 


1682. We note that the chance that a particle should fall 
upon the perimeter of the contour of a is infinitesimal in com- 
parison with the chance that it should fall upon the area of a. 


1683. We indicate by a few examples how the Integral 
Calculus is to be applied in some cases, and how the actual 
integration may be evaded in others. 

1, OA=2a is the axis of a cardioide. C is the mid-point of OA. What 


is the chance that a random point P taken within the cardioide is further from 
C than C is from O? 

Drawing a circle with centre C and 
radius CO, P must lie without the circle 
but within the cardioide. The area of 
the cardioide 


ay [a +cos 6)?d0= 87a’. 


Therefore the chance required is 
(32ra? — 1ra*)/Z7a? =}. 
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2. Given that p, q are any positive quantities of which neither is >4; what 
is the probability that when real values are assigned to them at random, the 
roots of the quadratic «* —px+q=0 shall be real? 

If real, p?+ 4g. Construct the parabola Y?=4X. The point (4, 4) lies 
upon it. We may then interpret the condition geometrically. A random 
point H is selected upon a square ONVPQ, whose side is 4. The above 
parabola is drawn with axes ON, OQ. The values of p and g are denoted 
by the abscissa and ordinate of H. When H lies without the parabola 
p’>4q. Therefore the chance that p?+4q is measured by the ratio of 
the area OPQ to that of the square ; that is, 1/3. (Fig. 522.) 


Fig. 522. Fig. 523. 


3. A rod, three feet long, ts broken at random into three parts. What is 
the chance that we may be able to form a triangle with them ? 

(i) If x, y, z be the parts, x+y+z=1, the unit being a yard. We are 
to have y+z>a, z+x>y, c+y>z. Interpreting 2, y, z as areal co- 
ordinates, then y+z=z2, etc., 
are the joins of the mid- 
points of the sides of the tri- 
angle of reference. In order 
that all the inequalities may 
be satisfied, the representa- 
tive point x, y, z must lie 
within the triangle formed 
by them (unshaded, Fig. 
523), which is one quarter of 
the whole triangle. Hence 
the chance is }. 

(ii) We might also regard 
x, ¥, 2 as the rectangular 
coordinates of a representa- 
tive point. Taking 1 foot as 
unit, «+y+2=8; and this 
is the equation of a plane making intercepts 3, 3, 3 upon the coordinate 
axes. If A, B,C be the intercepted triangle; P,Q, R the mid-points of 
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its sides, y+2=., etc., are the respective planes OQR, etc., and of all the 
unrestricted positions upon the triangle which the representative point 
w, y, 2 may occupy those for which y+z> a, ete., lie within the triangle 
PQR. Therefore, as before, the chance =}. 


(iii) Again, without evasion of integration, we may proceed thus: 


oO e Q A 


| 


Fig. 525. 


Let OA (=a) be the rod, P and Q the random fractures, P being that 
which is nearer toO; OP=2x, OQ=y; y>x. 
Then, since 


a+(y—x)>(a—y), (y—x)+(a-y) >, and (a-y)+x>(y—2), 
a 


2 


$ pits nies <t 
ia) andy [ [feyae=5] aes, 
0 J Jo JO aso 


(iv) Or still again, with the above inequalities, construct a square 
OABO of side a, OA, OC being the x and y axes. Let P, Q, R, S (Fig. 526) 
be the mid-points of the sides, 7 that of the square. The representative 
point must be in some position on the triangle OBC as y >, and both are 
a 
2 
restrict it further to the triangle TRS, which is obviously ~ of OBC. 
Hence the chance required is . 

It will be noted that the integration process is merely the evaluation 
by that method of the areas of the triangles TRS, OBC. 


a a ee 
we have r< y fog ees Hence the chance required is 


ee : ae a a 
positive and neither of them >a. The conditions <5) Y>y Y-w< 


A EX 
Plain. NO 


fe) P A * 
Fig. 526. Fig. 527. 


4, An ellipse has its centre at a random point C of a semicircle ACB, 
and two vertices at A, B the extremities of the diameter. AB=c. Find (i) 
the mean area for different positions of C; (ii) the chance that its area shall 
be less than that of the circle. (Fig. 527.) 


A 
(i) Let O be the centre of the circle ; BOC=6, AC=r,, BC=r;,. 
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me? 


5 sin 6, 


Then Area of ellipse =ar,r.= 


cal sin 0d6 
and Mean area=— ~ = 


5 [a0 


(ii) When area of ellipse =area of circle, 7;7,=}c?, and 9=30°. 

Hence, from 6=30° to 6=150°, we have area of ellipse > area of circle. 
Therefore the chance that the area of the ellipse is less than that of the 
ae 

180° 3° 


c?, 


circle =2 x 


5. If a quantity of homogeneous fluid contained in a vessel be thoroughly 
shaken up and allowed to come to rest again, prove that the chance that no 
particle of the fluid now occupies its original position is 1/e. 

[WutrwortTH’s PROBLEM. ] 

Let there be n particles a, 8, y, ... occupying specific positions : 

N the number of ways of arranging them in those positions=II(n), 
say, =n!, 

N(A) the number of ways of arranging them with a in its original 
place, 

N(a) the number of ways of arranging them with a out of its 
original place, 

N(aB) the number of ways of arranging them with @ in and a out 
of their original places, and so on. 

Thus N=II(n); N(A)=I(n-1); N(a)=I1(n)-Il(n—1). 

Hence N(aB)=II(n—1)—II(n—-2); 

*, N(ab)=N(a)- N(aB) =I (n) — 211 (n—1)+ TI (n—-2); 
. writing n—1forn, N(abC)=II(m—1)—2II(n—2)+11(n—-3); 
. subtracting, MN (abe)=I1(n)—3I1(n—1)+3I1 (n—2)—I1(n—3), 
and so on, 
Thus N (abe... k)=I1(n)—nIl (n- yee II (n—2)...ton+1 terms 


‘ ie rol 
=M(a}{1-14+ 2-34... 4(-1p hh 
Hence the chance that all the particles are misplaced 


Loe! 1 
21s) e° 

[See the Problem of “n letters and n directed envelopes,” Smith, 
Algebra, p. 293.] 

In this case, although the number of cases is infinite, the problem does 
not call for the assistance of the Integral Calculus. 


a ee 


NV é 
= iiweico N (ay , 6) +++) Be 
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6. Find the chance that a random triangle inscribed in a circle vs (i) acute 
angled, (ii) obtuse angled. 

(i) Let ABC (Fig. 528) be the triangle; O the centre of the circle. 
Let the angles AOB, AOC, measured in opposite directions from OA, be 
called @ and ¢. 

Then A=(2r-—0-—¢)/2, B=$/2, C=0/2, and if ABC be acute angled, 
O0<7, $<, 04+¢6>7. 

The chance for an acute-angled case is therefore 


is [ ,aeae ‘ [ed | 


e niet Or | 
if i r i (24 — 6) dd 
(ii) The probability that A is obtuse is 


a [aaa] [ [aoag=t. 


The probability that one of the three A, B or C is obtuse =}. 
The probability that the triangle is right angled is of course 
infinitesimal. 


B 


Cc 


Fig. 528. 


(iii) Let us examine this problem in an elementary way. Three points 
being taken at random on the circumference of a circle, what is the chance 
that they lie on the same semicircle ? 

Let the arcs BC, CA, AB be x, y, z; and take the circumference as 
unity. Then v+y+z=1. The triangle will be obtuse angled in any of 
the three cases y+2< 7, 2+"7<y,4+y <2 

Interpreting «x, y, z as areal coordinates of a point referred to a reference 
triangle A’B’C’, we may proceed as in 3 (i), and if P, Q, R be the mid- 
points of the sides, the chance required will be the same as the chance 
that an arbitrary point of the triangle A’B’C’ shall fall upon one of the 
three equal triangles A’QR, B’RP, C’PQ (shaded in Fig. 529), te. 3, and 
the chance the triangle ABC is acute angled is }. 

(iv) A curious fallacy lies in the following argument. One pair of points, 
say A, B, must lie on a semicircle terminated at A. The chance that C 
lies on this semicircle is 4; therefore the chance that all three lie on the 
same semicircle is 4! 
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This is incorrect; where lies the fallacy ? (Rev. T. C. Simmons, Hduc. 
Times). Let the student obtain the correct result by this line of 
argument. 


7. Two points P, Q are taken at random within a circle whose centre is C. 
Prove that the odds are 3 to 1 against the triangle CPQ being acute angled. 
(St. Joun’s Conx., 1883.] 
Let a be the radius ; P, (r, f), the position of one of the points. 
Let a diameter ACB and a chord DPE be drawn perpendicularly to 
CP. Then (Fig. 530) 


i My, 
(i) The chance that PCQ is obtuse is area of a semicircle AFB _ 


area of circle 29 
A 
(ii) The chance that CPQ is obtuse is the compound chance that P 
should lie on the particular element rd¢ dr, and that if so, Q lies on the 
rdf cas x area of Eeeeay There- 
Ta Ta 


smaller segment cut off by the chord, = 


A 
fore the whole chance that wherever P lies, CPQ is obtuse is, with the 
notation indicated in the figure, 
ihe ais ee dr 4a°20 —}a?sin 20 


Tae 


, (where.r=a cos 9) =etc.=1. 


(111) Bt the chance that CQP is obtuse =}. And these are 
mutually exclusive events. Therefore the chance that one of the three 
is obtuse is }+3+14=3. Therefore the chance that the triangle is acute 
angled is 4, and the odds against this are 3 to 1. 


Fig. 530. Fig. 531. 


‘ 


1684. We have seen that when a region () entirely encloses 
a second region w, the chances that a random point taken 


within () nel or should not lie within w are respectively 
(0) 


0 and ]— a If n random points be taken within Q, the 
chance that r specified points lie within w, but the rest do 
not, is (2) (1) ~; and if the several points be denoted 
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as A, B, C,..., the chance that some unspecified r of them lie 
within w, whilst the rest do not, is "C, times as great, that is 
a, (3) (1—5) ~, And the chance that at least r unspecified 


points of the whole number lie within is 


(3)"+90,(8)""(1-g) +...+904(3) (1-2) 


Now suppose that the region itself is variable with the 
different trials, and let the regions which it represents in the 
several trials be denoted by @,, ws, @3,--- @m, and let there be 
a very large number m of such trials, and that any of these 
ws may be equally likely to be selected for any particular 
trial of the taking of a random point P within the region 0. 
The chance that at any particular trial any specified one 


value of », say wy, is selected is = and therefore that r specified 


points of the whole group should fall within wy, and the rest 
not within it, we have the compound chance 


1 /wp\" Wy \"" 
mit) OG) 

Henee in all the m trials the chance that r specified points 
lie within the particular w selected for each trial, and that the 
rest do not, is 
> 2 (#2) 1-2)" "the mean value of (2)'( 2)" i 

And if the r points be not specific points of the group 
A, B, C,... which are to fall within the selected w’s, the result 


wail’ be therincad value of *C (z2)'( a)" ‘That ig the 
two results are 

M {wp"(Q—wp)"}/Q" or *C,M {op"(Q— ap)" }/0", 
according as the random points falling within the particular 
w’s are to be specified or unspecified members of the group of 
random points A, B, C,.... 

It is convenient to picture the two cases as those of n sand 
grains thrown at random upon the region Q, the grains being 
coloured differently in the first case, uncoloured and in- 
distinguishable in the second. 
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1685. Taking, for instance, the case of a rod AB of length a; this is 
the region 2. Take two points at random upon it. This marks a 
random region w, viz. PQ, within 2. Now take 7 other random points 
on AB, say differently coloured sand grains thrown at hazard upon the 
line. The chance that a specified group of r of these lies between P 
and Q, and the rest do not, = M{PQ"(a— PQ)"~}/a” ; and if the group be 
unspecified, the chance will be ="C,M {PQ’ (a — PQ)"}/a”. 

Let P be the random point which is the nearer to A; AP=2, AQ=y. 


Then M{PQ"(a- PQ)" = [ fi A (y—ax)(a-—yt+a)" dy dx :/ I f : dy dx 


1 fa(1—z) 
=4/ ip ate"(1 —z)"-"a dz dé [ putting y—“=a2, v=, ues A= | 

Rt 1 
(n+2)(n+1) "C, 
Therefore the chance required for 7 specified points, and r only, to 


. . A2n—-r+1) 1 
lie between P and Q is in+2)(nF1) *C,’ 
2(n—r+1) 


(n+2)(n+1) 


1686. This result is obtainable directly. For the total number of 
points to be chosen on AB isn+2. The number of permutations of these 
is(n+2)! Let us fix positions for two of these, X and Y, on the array, 
say the 7 and m,. Then there are x! permutations of the remaining 
points. Hence the chance that two particular points X and Y shall be 


1 
aoa, A(1 —2)" +1 dz=2a"T (r +1) 0 (n—r+2)/T (n+) = 20" 


and if the r points be 


unspecified = 


the /* and m™ of the array = , for these two may stand in either 


order, either as first and (r+2)", second and (7+3)", third and 
(r+4)", ... (w—7 +1)" and (x+2)", ie. in n—r+1 ways, events equally 
likely to occur, and therefore the total chance that these two points shall 
2(n—r+1) 


find r unspecified other points between them is (+1)(n +2) 


1687. For instance, if there be eight indistinguishable points taken at 
hazard on AB after P, Q have been selected at random, the chance that 
three unspecified ones should lie between P and @ and five on the rest of 

: ae De Gu 2 
the line 4B is 10.97 15’ 
between P and Q and the others on the rest of the line is 


Petes Se Nadas de, 
15 8,” 16° 567 420; 


and the chance for three specified ones to lie 


1688. Random Points. 

It is necessary to examine carefully what is meant when it 
is stated that points are taken at random within a given 
region. 
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(i) When a point P is said to be taken at random upon a 
line AB of length a, it is understood that AB is divided into 
an infinite number of equal elements, and that each element 
has the same chance of finding itself the recipient of the point 


A Pp Q R B 
Fig. 532. 


P. Thus, measuring a length @ along AB from A, the chance 
of the random point P falling between x and «+z is dx/a. 
If a random selection of several points P, Q, R be made upon 
the line, the chances they will severally fall between the respec- 
tive distances x and «+dz, y and y+dy, z and z+dz from A 
are da/a, dy/a and dz/a, and the compound chance that all 


a dy = 
a 


three chances should concur is — , dx, dy, dz denoting 


increments of equal length. 

But if, afte a choice of P and Q has been made at random, 
R is then selected at random between P and Q, the respective 
chances are dx/a, dy/a, dz/(y—«); for now the possible region 
for the selection of a position for R has been restricted. The 
compound chance that all three things should happen is 
da dy dz 
& Gye 

If a rod be broken simultaneously at two points at erent 
the chance that one fracture lies at a distance between x and 
x+dzx from A, and that the other lies between the distances 
y and y+dy from 4A, is a a But if the rod be first broken 
at P and then the portion AP be again broken at Q, the 
chance that these fractures should respectively lie at distances 
from A between 2 and «+dz and between y and y+dy is 
dx dy 
a « 

(ii) When a point P is said to be taken at random on a 
given area A or within a volume V, then, if R be the whole 
region in question, and if R be divided up into an infinite 
number of equal infinitesimally small regions é6R, dR’, 6R”,..., 
it is understood that each element has the same chance of 
finding itself the recipient of the point P, and the chance 
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that specified points P, P’, P”, ... should occupy the respective 


; - . Oh dR. dR” 
elements dR, 6R’, 6R”,... is Pop Ra 
1689. To return to the case of a distribution of possible 
positions on a line AB (=a). If, after a random selection of 
one point P on AB, a selection of Q be made at hazard upon 


A Q P B 
Fig. 533. 


AP, it is evident that, since the number of possible positions 
for Q on AP is smaller than the number of possible positions 
for P in the whole line AB, the chance of any one element of 
AP distant between y and y+dy from A being the recipient 
of @ is greater than that of the element between x and 2+da 
being the recipient of P. The circumstance of the random 
choice of Q being made subsequently to the random choice of 
P, upon a limited range, has increased the chance of the dy 
element, but all equal elements between A and P have the 
same chance, the compound chance being, as before stated, 
dx dy 
OG) alee 
1690. We have, then, for the total chance that AQ shall 
not be less than a certain length c (<a), 
hi "da dy eli da 


xc— C—c—al 
Hees re ok a cloge= 


i’ de dy 2 ss a 
gle. ae 9 uae 


1691. Thus for a rod four feet ee and AQ to exceed one 
foot, the chance =(3—log 4)/4= 4034.. 


1692. It willbe observed from Art. 1690 that for the com- 
pound event the chance of the element between x and x+dza 
being the recipient of the random point P, and also being such 
that the subsequent random choice of Q will give a result for 
which AQ +e, is no longer ey but — = and therefore the 


density of the possible aire of P on the line is not the 


: Bi: ; Chana? 
same at various positions, but varies as 1—> 2.€. in a hyper- 
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bolic manner. This “density” of distribution may be repre- 
sented graphically as in Fig. 534, and shows that the 
condensation of points P in an element dx, which can bring 
about a value AQ greater than c, increases from zero at x=c, 
and continues its increase as P approaches B, tending in a 
hyperbolic manner to an asymptote parallel to the x-axis. 


Taking n= k= as the equation of this graph, ydz is a 


measure of the number of cases in which P lies in the element 
dx. That is, this number is proportional to the ordinate of the 
graph. And the total number of cases is measured on the 
same scale by the area between the z-axis, the curve and 
the ordinate at z=a. This area up to any definite ordinate is 


ek ot ee | ee x 
[ee de=k|x Cc clog}. 


o 
2 
oS 
Re 
2 os 
ss c= 
gs Pa 
= eS 
S = 
o 
2 3 
: 3 
a a 


Fig. 534. 
If we take an ordinate which bisects the whole area, viz. 
z=, we have k\x,— c—clog’) = k (a—e—clog®) and 


this ordinate divides the whole line AB into two portions such 
that there are as many favourable cases for the event desired 
in defect of AP(=2,) as there are in excess. On these grounds 
the value =a, is said to give the most probable case to secure 
the event. 

In the case a=4 feet, c=1 foot, 2)—1—log 4 =4(3 — log 4)=0°8068. 

“. &— log x» = 18068, and by trial, or graphically, v= 28563 nearly. 

That is, in order that the portion AQ should exceed one-fourth of the 
rod, the most likely position for the first fracture to have been made is 

a little less than three-fourths of the length of the rod from A. 

We shall call such a graph, indicating the density or con- 

densation of points P in an element which are such that the 
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event may be brought to pass, the “ Condensation” or “ Den- 
sity” graph. We shall return to it later. It is also sometimes 
called the “Curve of Frequency.” (See Williamson, Int. Calc., 
p. 369, ed. 8.) 

In all previous cases the density or condensation has been 
uniform. It will now appear that many cases will arise when 
this is not so. 

The mean value of the ordinates of the graph from 2=c to 
x=a is given by 

7 iC a a ke a 
| k da da=k(a—e—elog®) [(a—e)=k— =~ logs, 


c 


for which the abscissa is ——~—-—. 
log a—log ¢ 


In the numerical case cited, viz. a=4, c=1, r=3/loge4=2°164.... 


1693. Illustrative Examples. 

1. From a rod of given length a piece is cut off. From the remainder 
another piece is cut off. Show that the chance that the second piece is less 
than the first is log, 2. 

Let OA (=a) be the rod; P and Q the fractures ; OP=x,OQ=y. Then 
YU Y-E BY <a, 


fe) P Q A 
Fig. 535. 


So that if 2 <a/2, y¥ <2; but if x > a/2, y cannot range as far as 2a, 
and the inequality y < 2w is necessarily satisfied and replaced by y < a, z.e. 
when x ranges from 0 to 4a, y ranges from z to 22 ; 

when ranges from $a to a, y ranges from w to a. 
The chance of # lying between w and x+dz is dx/a, and the chance 
of @ lying between y and y+dy is dy/(a—.). 
2dx dy fn cf “dx dy 


=etc.=log, 2. 
a jx & a-2X ee 
2 


Thus the chance required= [ 
Jo Jz G2 a-—z 
2. (i) Find the average distance between two points P and Q, where P is 
taken at random on a line AB of length a and Q is taken at random on AP. 
[Maru. Trip., 1883.] 

Let AP=x, AQ=y, x ty. 


A Q Pp , B 
Fig. 536. 


ie dx dy 

at rae 

Then see = - a = =ete. =. 
Q 
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(ii) Find the average distance between the two points P and Q when 
P and Q are taken at random on AB. (Maru. Trre., 1883. 
Here @ may be on either side of P, and a—y changes sign as Q passes P 
be ba dedy  (* 4 dx d 
Lhe-n + fo-9F Se se tenlg 
ee ee =etc.= 3° 
Jolo a a@ 

3. Two lines are taken at random, each of length <a. Prove that the 
chance that, together with a line of length la, they can form the three sides of 
a triangle is §. [Sr. JoHn’s, 1883. ] 

(i) If x, y, }a be the sides, we have 

ar<a, y<a, et+y>}a, yt+}a>a, tt+hady. 

Take x, y as Cartesian coordinates of a point. Construct a square 
OABC of side a, with OA, OC as coordinate axes. Let P, Q, 2, S be the 
mid-points of the sides (Fig. 537). Then, of all points within the square, 
any point within the shaded area PSBRQ will satisfy the conditions of 
the problem. Hence the chance required is &. 

(ii) Or we may proceed directly thus: The chance that « lies between 
xz and x+dz, and that y lies between y and y+dy, is dx dy/a®. 


M (positive value of QP)= 


a a a : a a 
Ha< 5) Y ranges from 37 * to gt if ©>5,y ranges from #—5 to a. 


2 gt d apa dad 5 
Therefore the chance required = [ [ ee [ . — =ete. = 5. 
5 Pe Feeley, 


It will be noted that this is the exact process of integrating dw dy/a? 
over the shaded area. 


Q’ 


Pp E 
Fig. 537. Fig. 538. 


4. Three lines are chosen at random, each of length <a. Prove that the 
- chance that they can form a triangle is 4. 

If x, y, z be the lengths, we must have x <a, etc. ; y+z> @, ete. 

Consider «, y, z the rectangular coordinates of a point. Of all points 
within a cube of edge a, three of whose edges coincide with the axes of 
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coordinates, those which give the result sought must be included between 
the three planes y+z=a, z+a=y, r+y=z, te. half the whole cube. 
Hence the chance is 4. 

5. A rod of length a is broken at random into two parts, and one of the 
two parts vs taken at random and again broken at random. Show that for 
the two parts thus obtained the chance that neither is less than a is $. 

[Ox. IL. P., 1886.] 

Let OQ be the part first broken off (Fig. 539), P the second fracture ; 
OP=x2, PQ=y, QA=2z, e+y+z=a. Unless x+y>2a/3 there is no chance 
that 2 and y shall be each >a/3. Therefore the larger portion must be 


eee eee 
fo) x po Apa ees A 


Fig. 539. 


selected. Regard x, y, z as the rectangular coordinates of a point. This 
must lie on a plane A’B’C" making equal intercepts a on the coordinate 
axes. The planes x=a/3, y=a/3, z=0 isolate on the triangle A’B’C’, a 
triangle PQR whose area is } that of the triangle A4’B’C’. In order that 
the specified condition must be satisfied, the representative point 2, y, z 
must lie within the triangle PQR. The chance is therefore }. 


6. If three points P, Q, R be taken at random on a straight line OA (=a), 
what is the chance that, if n > 3, OP?+ PQ?+ QR? + RA? shall be > mtg! 
Let OP=x, PQ=y, QR=z. Then RA=a—x-y-—z, and weare to have 


e+y+24(a—x—y—z)tp mH a’, whilst x, y, z are positive and their 
sum < a. 
Take an orthogonal transformation in which 
aty+z=Z/3 and x+424+2= X24 F24Z2 
where LY, Y, Z are new variables. Then 


X24 ¥24Z24(a—Zal3)e > mt at, te, x44 Fty4(2-288)i 
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The whole range of the values of X, FY, Z is comprised within a 
spheroid of semi-axes a/2V/n, a/2/n, a/4NVn, which lies entirely within the 
tetrahedron «=0, y=0, z=0, x+y+z=a, provided x be large enough. 
The centre of the spheroid is at the point given by.w=y=z=a-a#-y—z, 
i.e. (a/4, a/4, a/4). The minor axis lies along w=y=z. The perpendicular 
from the centre on the plane x+y+z=a is a/4,/3, and the minor semi-axis 
being a/4,/n, we must have n> 3 in order that the spheroid shall not cut 
the face x+y+z=a. The same limitation will secure that the spheroid 
shall not cut any of the other faces of the tetrahedron, and must therefore 


be completely contained by the tetrahedron. With this limitation we 
therefore have 
Vol. Spheroid T 


Vol. Tetrahedron 9n/n 
7. If n random points P, Q, R be taken upon a line OA, what is the 


chance that the sum of the squares of the (n+1) parts shall not exceed : the 
square of the whole line ? 


Chance required = 


1@) x P *2 Q vs R A 


Let 2, 2%, £3)... Yn) @—X,—L_—...—Lpn, be the lengths of the successive 
parts. Weare to have 2,?+.,?+...+(@—2%,—...—%,)? > a?/n. 
Take an orthogonal transformation in which 2,+2)+... +a,=NnXn, 


and let X,, X., ... X, be the new variables. Then S2,2= >X,2, and the 
condition becomes ; 
X24 XP + ...+ Xn? +(a- NVnXy)? $ a?/n. 
Le. X24 X P+ ...4(nt+1){Xn— av n](nt1)} F a?/n(n+1) 
or a X50. x2 t+ Xe F ct{n(n +1), 
where X,—aWVn[(n+1)= X,//Vn+1. 
With the new variables the signs of X,, X,, ... may be either positive 


or negative. ee 
The chance required is V/D, where w=|[...ax, AX, ...dX na aa 


for all values of X,, Xo, ... Xn, Xn, for which 
ste 33+ weet X2_14+X7 } a2/n(n+1) (see note in the next article) ; 


and p=| [...[ax, dx, ...da, for positive values of 2, %2, ... %,, for which 


Ly t+ Let... +%n a. A 
1 (3) | 1 
By Dirichlet’s theorem NV oe ——= 2", the last 
2 wv Vn+1 
’ 18 3 +1 
factor 2" occurring because at each integration the result is to be doubled 
to take into account the negative signs of the respective variables ; 
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ra? 2 1 PENA GIy all 

= - d D= , 
{ TS ie ea 1* F(n+1 
mie ) Nn+1 r($+1) 


fe : P(n+1) 


Y 1 
. the chance Tes RO aera — ee 
2 


1694. Norz. 
Consider the equations 


++ +a =a /p, tat... +%g=a(+™). 
Multiplying the second by 2a/n and subtracting, 


ay? (, 2 Bite eeu’: 
(%-5) +(m-£) 4...+(ta01-Z) =a pn me , 
and therefore when one of the 2’s is ZeYO, SAY Zn41, 
n 2 
5(--2)-a-2) 
1 n Pn 


and if p>, this would be negative, and therefore impossible to be 
satisfied by any real values of 2,, %2,...%,. If p=n, the unique real 


solution would be #,=2,=...=2,=a/n, where z,4, = 0; and similarly if 
any of the other z’s were zero. We may suppose x,,; as an abbreviation 
for @—%,—%,—...—2%p, and &,, %», ... Z, as generalised coordinates. 


(i) If n=2, a4?+a7+25?=a?/2, where x3=a—2,—22, is a conic, and can 
only meet the lines 2, =0, x,=0, x;=0 at 
%,=0, #,=a/2, %;=a/2; x,=a/2, 2,=0, 7,=a/2; x,=a/2, x,=a/2, x,=0; 
we. it is the ellipse which touches the lines z,=0, z,=0, x,=0, at the 
mid-points of the sides of the triangle formed. The centre is at 

&=%,=2,=a/3, 
and the ellipse is the maximum ellipse inscribable in the triangle. In 
homogeneous coordinates x, v2, v3 we may write it as 
Q(x 2+ +)=(2y+e.+2)? or V2,4+Va,+V/25=0. 

(ii) If n=3, x,?+2,2+2,?+22=a2/3, where x,=a—- X%,—%,—%,, 18 a 
spheroid inscribed in the tetrahedron x,=0, 7,=0, #3=0, 2,=0, touching 
the faces at their several centroids. 

In homogeneous coordinates 2, 22, 5, 24, 


B(xP + aP +2 +02) = (ap +%, +a +24) 

The centre is at x,=%,=%,=a,=a/4, and the spheroid lies entirely 
within the tetrahedron. 

(iii) In the general case, 

(M+ S++ 41) — (ty Hayton + 2qi = 0 
may be arranged as 
r=n+l n+l 
(n — 1) ay? — Qa (gt Xt... +441) + = (@_,—2%,)?+ 2 (#3 —2,,)? 
“simert (Un Cees 
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Hence if »>1, #, cannot be negative unless x,+23+...4+%p,1 be 
negativé, which is impossible, since 2,+(%+..e+2%q4;)=4, Which is 
positive. And the same follows for each of the variables. That is, 
using language in analogy with the geometrical interpretations of (i) 
and (ii), the »-dimensional “spheroid” wi tagt... +a%41=a2/n, in which 
Upp) =A—X,—...—*X,y, lies entirely within the n-dimensional ‘region ” 
defined by x,=0, x,=0,...2%,,,=0, and touches each of the ‘ faces,” viz., 
a a 
nn” 
a|(n+1), ... a/(n+1), te. the “ centroid” of the region, and may be written 


(m- ~t) +(« < 3) + +(2 - yer 

n+) i Cay ee mt ontl)/ n(nt+1) 
It will be seen, therefore, that in the integration of the preceding article 
it is proper to take the limits for X,, X,... for all values of the variables 
for which X,?+...+ Xj? > a@?/n(n+1); for negative values of these vari- 
ables cannot imply any but positive values of the original variables 


a . . . . 
say, 7, =Oat (0, : <\, i.e. at its “centroid,” and has its “centre” at 


Beis gy i Dyin 

1695. GENERAL ILLUSTRATIONS. 

1. If a rod be divided into p pieces at random, prove that the chance that 
none of the pieces shall be less than 1/m** of the whole, where m>p, 18 
(1—p/m)r. [Matu. Triv., 1875.] 

7 pieces p-t pieces 
A <9 E I-X B 
Fig. 541. 


Let x be the distance of the n point of division from one end, and let 
the length of the rod be taken as unity. Then, as each piece is to be 
> 1/m, we must have 

2>n/m and 1-2>(p—n)/m, te. 1-(p-n/m>2> n/m. 
Hence each point of division, P,, has a favourable range from x= n/m to 
xz=1—p/m+n/m, and the length of this range is (1—p/m) of the whole. 

And since there are p—1 points of division, the required chance is 
(1—p/m)?—. 

2: To examine the same problem by means of the Integral Calculus. 


—— aa anna inns 
1°) xX, X, X; Xo A 
Fig. 642. 


If X,, X,,... be the several points of division of the rod OA (=a) at 
respective distances 21, %2, etc., from O, we have z,>ra/m and <2,4,—a/m 
from r=1 to r=p—1, and z,=a=1. And the required chance is N/D, 


where a-e a— = 9" 
, ; N= ; con if dary 1 AX... AX, 5 
(p—1) — — at 
m m m 


and D is the same when m=. 
Hence performing the integrations, N/D=(1—pijm)?—, as before. 
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3. A rod XY (=a) is broken at hazard into three portions. I f these three 
parts can form the sides of a triangle, what is the chance it is acute angled ? 
—_—— 

x P Q Y 
Fig. 543. 


In Art. 1683, Ex. 3 (iv), it has been seen that the chance the parts form 
a triangle is }. 

Let P,Q be the fractures, XP=z,XQ=y, y>zx. Asin thearticle cited, 
we must have 

x<al2. y<utal2, y>a/2. 

To be acute angled, we must also have 

(y—2)+(a-y)? > xt, (a—yP+a*> (y—ax), 2°+ (yx)? > (a—y)?, 
1.e. ¥(y—x—a)+a?/2>0, y(z—a)+a?/2>0, (x—-a)(x—y+a)+a2/2>0. 

All values of x and y from r=0 to r=y, and y=0 to y=a, are equally 
likely. Refer to rectangular axes Ox, Oy, as before, with the same 
description of figure. 

The region bounded by the hyperbolae y(y=x-a)+a2/2=0, ete., in- 
cludes the only positions in which the representative point (x, 7) can lie to 
ensure that the triangle formed by the portions of the rod shall be acute 


es 


sles ees ee et 


oO 


A ES 


Fig. 544. 


angled. These hyperbolae, which we designate as L, M, N respectively, 
pass through R and H, H and J, I and R, and touch each other at these 
points. The three segments bounded by ZL, M, N and their respective 
chords are 


: a 3a a? 3 
for’ L, [(-2)a=[(E-9-£) ay =: 
z z 
: a a 8 a GE ; 
for mf («-3)-(9-5)} 4 =3% ~g log 2; 


3 a 7 a a2 ak CN Ze 
for yy, [ (y-$)ae=[ (#+$-$ arate —% log 2. 
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Therefore the area of the curvilineal triangle RHI 
2 
= ~3(3a?— fa? log 2)= (8 log 2— 1) a’. 


Therefore the chance that the three segments of the rod form an acute- 
angled triangle = (log 2-1) a2/Ja?=3 log 2-2. 
The chance that any specific angle is obtuse 
=(3a-$ log 2) | Oo ( Ra log )/4 
lie ahi ) he obeying 
The chance that the triangle is obtuse angled = }(3 — 4 log 2). 
The chance that the triangle is right angled is of course infinitesimally 
small. 


4. P,Q, R are random points, one on each of three equal lines X,Y,, 
X,Y,, X;¥,;(=a). What is the chance that the portions X,P, X,Q, XR 
may form an acute-angled triangle ? 


Pp 


In Art. 1693, 4, the chance the parts form a triangle has been seen to 
be}. If 2, y,z be respectively X,P, X.Q and X;R, we have the additional 
conditions y24+2>.2%,2+2>y’, g+y?>z, Referring to rectangular 
axes, as before, the surfaces of the right cones y?+z2*=2%, etc., separate 
the favourable positions of the representative point from the unfavourable 
ones. These cones touch in pairs along their common generators, which 
lie in the coordinate planes. The volume of the part of the cube in- 


cluded between them , 
=#—-3 1 EE o=(1-3) 


ee 
Hence the chance required = (a ~ *) e/a=1— 7‘ ‘214674. 
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5. T'wo points P and Q are taken at hazard upon a line AB (=a), P being 
the nearer to A. What is the chance that the sum of the products of the 
segments two and two together exceeds one-fourth of the square of the line ? 


Let AP=2, AQ=y,y > x. Then « ranges from 0 to y and y from 0 to a. 
2 
The limiting case is x(y—2x)+(y—a)(a —y)+(a-y)x= . . 


Referring to rectangular coordinates Oz, Oy, the representative point a, y 
may lie anywhere within the half OBC of a square OABC of side a, 
whose sides OA, OB are along the axes Ox, Oy; and the favourable cases 


2 
are indicated by points lying within the ellipse vy +y?—ay+=0, 


A x P74 OS gar OF 


Fig. 546. 


which touches the sides of the triangle OBC at their mid-points, and is 
the maximum inscribed ellipse. 

By projection its area is to that of the triangle OBC in the ratio of 
that of a circle inscribed in an equilateral triangle to that of the 


equilateral, ¢.e. 7/33. The chance required is therefore 7/33. 


6. A rod of length a is broken at random into three parts. What is the 
chance that the square on the mean segment shall be less than the rectangle 
contained by the other two ? 


Let 2, y, 2 be the lengths of the segments. Suppose y the mean 
segment. Then 


w>yr>eorx<cy<z2z; xr+yt+z=a; yr <z2zx, 


Refer to rectangular axes Ox, Oy, Oz. Let 0A=OB=O0C=a (Fig. 547). 
Then «+y+z=a is the plane ABC. Let D, E, F, be the mid-points of 
the sides, @ the point (a/3, a/3, a/3). The equations of the planes COF’ 
and AOD are respectively y=x and y=z. 

The inequalities y < wv and y <z for points on the plane ABC limit the 
region to the triangle AGF, 
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The cone y?=zx has OA and OC for generators, the coordinate planes 
x=0 and z=0 being tangential, and it passes through G, cutting the 
plane ABC in an are APGQC. For points of the triangle AGB on the 
concave side of the are we have y2?< 2. This further limits the range 


a 


y 
Fig. 547. 


of the representative point «, y, 2 to the segment APGA. Therefore, for 
the case x > y > z, y? < zx, the chance required = Area APGA/Area ABC. 

Now, since 2rz=(a—y)?—2?—z*, we have along the intersection of 
the cone and the plane ABC, 2°+y4?+2?+2ay=<? ; so that it is possible to 
pass a sphere through the are APQC, which is therefore circular, as may 
be seen geometrically, the centre being at the point A where AA drawn 
parallel to FG meets BE produced. The radius of this circle =av2)3 ; 
1 2a% r 1 Qa? V3_ a? 
PARAS eL SZ 18 

ay 

Hence for this case the chance is “(2m —3v3)/F ean ese 


(24 —3V3). 


and Area APGA= 


There are six such cases, viz. 


“Z>yrz 
e<y<% 
Therefore the total chance =s%y (27/3 — 9) = $(24V3 —9) = "418399... 
If a specific segment of the line, say the middle one, is to satisfy the 
‘same conditions, we then have the two cases r>y >% T<y <%, with 
a? < za, and the chance is fy (20/3 -9), i.e. one-third of the total chance 
considered above. 


yY>“zr>n 
YS2z<L 


Z>n>y 


} with 9° < 20; SS 


\ with 2 < xy; \ with a? < yz. 
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7. A rectangular parallelepiped is constructed with a given diagonal, and 
edges of any possible lengths are equally likely. What is the chance that a 
triangle could be constructed with its sides equal to those edges of the 
parallelepiped which meet in a point ? 

Let 2, y, z be the edges, athe diagonal. Then 2’?+-¥2+22=a?; y+z> 42, 
z+“u>y,“x+y>z. Referring the problem to a set of rectangular axes, 
the planes y+z=a, etc., form a spherical triangle PQR on a sphere of 
radius a. The points P, Q, R are the mid-points of the sides of the 
quadrantal triangle ABC formed on the sphere z*+y?+z*=a? by the 
coordinate planes. The sides of the triangle PQR are each 7/3, and 


Fig. 548. 


cos P=cosQ=cos R=}. Thespherical excess =3 cos14—7. The area of 
the triangle PQR=a?(3 cos-14—7). The area of the triangle ABC =}7a?. 
The “favourable” region for 2, y, z consists of the three spherical 
triangles, AQR, BRP, CPQ, the sum of whose areas 

ra? 


1 7. 1 3 1 
eo ey a — Ye ee | 2 ea ee 
ans a (30s 3 w)=3a G cos 3)=30 sin 3° 


Hence the required chance= . sin-! : ? 


8. A rod AB (=a) is broken at hazard at two points P,Q. What is the 
chance that PQ shall be such that PQ? + + (A.P*4+QB?)? 


Let AP=2, PQ=z, QB=y, +-y+z=a, and we are to have nz? ¢ w+ y* 
Refer, as before, to rectangular axes Ox, Oy, Oz. Then, of all points in 
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the plane x+y+z=a (Fig. 549), those which lie within the right 


circular cone a%+y?=nz? are “favourable.” The projection A”B” of the 
line of intersection A’B’ upon the z-plane is 2*+y?=n(a—x—-y)’, te. 


—_——om — 
Ain 2 Pema Pp agit Qirwter & 


Fig. 549. 


a conic with focus at O, directrix x+y=4, eccentricity J2n. Turning 
the axes round so that ON, the perpendicular upon 7+y=a, is the new 


z-axis, the conic becomes X?+ 2—n(a—X+V2)!, i.e, in polars 
aNn/r=1+~2n cos 0. 


The area of the portion of this conic between the radii OA”, OB” (Fig. 549), 
in the case when 7 < }, is 


1 [i an [* do un 14a - J1—2n 
oD 249 =| ——<————— tc. = ——,; Pr aD ae = . 
aj_z 2 J_=(14Vancos6)*  (1—2n)t [cos Jaana) © Oat 
And the chance required 
142/n 1 —/1—2n 
= A” B" AB= (Lieve 7) : 
Area O /Area O. at [ cos en Vn I+Ja 


=~ 6 
If n=}, the conic A”B’ isa parabola, viz. a/r/2 =2 cos* i 


2 (i ewe 
In this case, Area OA"B' == i! sect : dd@=etc. =F (472-5), 
and the chance required = (4N2 —5)/3 ='21895 q . p. 


If n>}, the conic A”B” is hyperbolic, and the chance required is 


V2 =1 - sh-t a/n+1 
N2(Nn+1)5’ 
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9. The equation ax*+2hay+by*=1 is written down at random with real 
coefficients. Find the chance that it represents a hyperbola. 
[Ox. II. P., 1887.] 


The condition is h?>ab. Consider the portion of the volume of the 
cone z*=«ay enclosed by the planes x=+c, y=+c, z=+c. Let PMN 


(Fig. 550) be a parabolic section by a plane parallel to the y-z plane 
bounded by the planes x=y, z=0. The volume, to r=c, 


= [" guy. UP don =3e. 
J0 


The volume enclosed within the cube, «= +¢, y= +¢, z= +¢,is 8.3.03; 
and the volume of the cube = 8c’. 

The representative point of a, b, h, viz. x, y, z must lie outside the cone 
but inside the cube, however large c may be. 

Hence the chance required=1-—2=f. 


10. Six points are taken at hazard on the circumference of a circle. 
What is the chance that no two consecutive selected points are separated by 
more than a quadrant ? 

It will not affect the problem if we regard one of the points, viz. A, to 
be at a particular point of the circle. Let 40, BD be perpendicular 
diameters, Let the other five‘selected points be P,, P,, P;, Py and Q at 
arcual distances 2, %, 23, 2, and xv respectively from A measured counter- 
clockwise. One of these five must be in each quadrant, and not more 
than two in any one quadrant. Let P,, P,, P3, Py be the points which 
lie in the first, second, third and fourth quadrants, and @ the one whose 
quadrant is unassigned. It will be sufficient to consider the two cases, (1) 
when @ lies in the first quadrant, (2) when @ lies in the second quadrant, 
for the number of cases when two lie in the fourth or third quadrants 
are the same as if two lie in the first or second respectively. Also when 
@ lies in the first or the second quadrant, we shall suppose that point of 
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the two which is nearer to 4 to be designated as Q. Let the length of a 
quadrantal are =a. Then the two cases to consider are 
(1) e<aj<a and a<ax<ay,<2a (Figs, 551, 552). 


Fig. 551. 
Then the chance required = 1+ 29, where 
(7 +2 pe 
i { dx 7 da | hy drs Ax, 5 


+21 +24 Fige 
N= g dx, re ae | ae Bah d2,, 


p={" dx, {* ef ina (ss 


0 
The values of these integrals are readily shown to be N,=4a°/5!; 

N,=9a5/5!; D=(4a)*/5!. 

Hence the chance required = ee a" 
11. Three random points L, M, N are taken within a circle of centre O 

and radius a. Find the chance that the circumeircle of LMN lies wholly 

within the original circle. [R.P.] 
Let P be the centre and w the radius 

of the circumcircle, and OP=r. Take an 

arbitrary and indefinitely small strip of 

breadth & round the circumcircle. Its 

area=2zvk to the first order. The chance 


that three random points should fall upon = A 
3 
it =(=5), which we may write as 


pis dx. Integrating with regard to x 


from x=0 to w=a-—r, which varies the 
~ size of this circle from radius zero to such Fig. 553 
a size that it will just not cut the original ; 


‘ 2k? , : 
circle, we have —; (a—r)‘, where &? is an arbitrary elementary area at our 
a 
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choice. We are now to sum up all such results as the above for various 
positions of P within the original circle. Replace &? by rd9dr, and 
integrate over the large 2 


The required chance=* > (Sr (a—r)'rdé dra — 


12. If n+1 particles P, * R, S,... be thrown down at hazard upon a 
straight line OA (=a) each has the same chance of finding itself the (r +1)” 
in order reckoned from O towards A. Also, since some one of them must 
occupy the (r+1)* position, that chance is 1/(n+1). Examine this otherwise. 


P 
pene SY BE AR Se Pe, 
O A 
Fig. 554. 


The composite chance that P falls at a distance from O lying between 
x and «+dz, and that r unspecified particles lie between O and P, and the 
rest between P and A, is "0,(=) (4) = and therefore the chance 


that P occupies the (r+1) place irrespective of where it lies upon 
OA= ch x" (a—x)"-"dx/a"4! = ete. =1/(n +1). 
0 


13. Two points P and Q are selected at random within the volume of a right 
circular cone, and circular sections are drawn through them. What is the 
chance that the volume of the slice exceeds 1/8 of the cone ? 

Take the vertex as the origin and the axis as z-axis, x and y the 
abscissae of the points and y>. The chance that a random point hasan 
abscissa lying between x and x+dzx is proportional to the volume of a slice 
of thickness dx, the abscissa of one of its faces being 2, i.e. to ada, 
Also if a be the length of the axis, y3—a41a03. The chance may 
then be written either as 

[ 2 
/0 


xdx / y? dy 
REET 


a a 
i wdzx}| ydy 
0 = 


6 Y A oras 
Yee 
I, y*dy if xdx 
Q : 
? 
ly dy ( awdz 
Jo 0 

Fig. 555. and each gives a result 49/64. 


The condensation curves (Art. 1692) for P-points and for Q-points, 
indicating the density of clustering on the z-axis of the ends of their 
abscissae, are 


(i) a =€%(Za3— £3) and (ii) aty=8(@8-£). 
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Each touches the €-axis at the origin ; (i) crosses the &-axis at 5 M7, and 

has a maximum ordinate at =aV3=ax°‘70473...; (ii) crosses the 
=e, oh fe : = 

&-axis at 5? has a minimum ordinate at =a Nop and 7 increases and is 


2: a 
positive from 5 toa. In Fig. 556 a is taken equal 2 units. 


2 
~ 
We are only concerned with the part of (i) from 0 to ue and of (ii) 
from ; to a. . 


Both densities increase from 5 to aN 3h. 


1°41 1-59 


Fig. 556, 


The first decreases and the second increases for the rest of the range. 

If we require the chance that under the stated circumstances the point 
P possesses an abscissa lying between certain limits, say Ba and aa, where 
0<B<a<\1, that chance is 


z [Ga 2) 
© [eed 


It will be found that the chances that x lies between ‘6a and ‘7a, or 
between “7a and ‘8a, are respectively *151257 and 151255, and are almost 
exactly the same. This is in the immediate neighbourhood of max. 
condensation. 

The point at which the condensation of the x-values reaches its maxi- 
mum is a Nyy =a x 70473. 

If ya be the “most probable value” of 2, ze. such that it is an even 
chance whether «x exceeds or falls short of ya, it is given by 

3/5 3 
Wd-Y)=b-th te y= EA-Fe 

The ordinate at this point bisects the portion of the area in the first 

quadrant of the condensation curve for P-points. 


= (a — B°)(F — a3 — B?). 
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1696. Inverse Probability. 

Questions involving the probability of causes as deduced 
from observed events are called questions on “inverse” pro- 
bability. Supposing P,, P,,... Pn, the probabilities of the 
existence of the several causes of an event known to have 
happened, and that these causes are mutually exclusive, and 
that these are the only causes through which the event could 
have happened; and further, supposing that p,, p, ... Pn are 
the respective probabilities that when the cause exists the event 
will follow, then it is known that in any case when the 
event has been observed to happen, the probability of its 


having done so from the r* cause is P-p,| >) P-p, (Smith, 
i 


Alg., p. 521). This result is stated by Laplace [Mém. sur la 
prob. des causes par les événemens, Mém.... par divers savans, 
T. vi., 1774]. 

If Q, be the probability of the compound happening of 
the 7 cause followed by the event, Q,—P,p,, and the above 


expression may be written @,| Ca 
1 


1697. Let the probability of the happening of a certain event A, 
which we may call the cause of a second event B, be x, which varies 
from 0 tol. Let the happening of B depend upon the happening 
of A in such a manner that the compound probability of B’s 
happening is p(x). It ts observed that B happens. What is 
the chance that x lies between two assigned limits B and a? 
(0<B<a<l) 

Let OC denote unit length on the z-axis, and let the graph 
of y= ¢(«x) be drawn (Fig. 557). The ordinates represent the 
probability of B happening corresponding to the abscissa 
which represents that of A. 

Let OC be divided into n equal elements of length h, nh=1. 
The points of division are at distances from QO, 0/n, 1/n, 
2/n, etc., and the probability of the existence of the r™ cause is 


AQ[So(). te Loog(Zo0) $1 004(C00). 


Hence the probability of the abscissa lying between w and 
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1 
r+dzx is $(x)dx / I, ¢(«)dx; and therefore the chance that the 


abscissa lies between 6 and a is | p(a)da j (x) dx. 
B 0 


Fig. 557. 


This chance is therefore measured by the ratio of the area 
bounded by the curve and the z-axis comprised between the 
ordinates z=8 and x=a to that comprised between x=0 
and «=1. 


1698. In the same way, if the secondary event B be de- 
pendent upon two (or more) primary events A,, A,, whose 
probabilities are represented by 2,, x, whilst that of the 
dependent secondary event is ¢(z,, x,), the chance that the 
probabilities of these primary events respectively lie between 8, 


and a,, 8, and a,, where 0< 8,<a,<1 and 0<8,<a,<l, is 
a1 Pog 1fl 
| ? (x, 2,) dada, | | $(x,, %)dx,dx., 
Pa J Be 0oJ0 


with corresponding expressions if there be more than two 
variables, 

1699. Recurring to Ex. 12, Art. 1695, we have seen that if 
a point X be taken at random on a line OA=a, and then 
m-+n other points be taken at random on the same line, the 
chance that m unspecified points of the group lie between 
O and X and the remainder between X and A is 


ming! OGY e i 

™Yo\a a a m+n+l 
a fact obvious from another consideration as pointed out. 
We may use this problem to illustrate the result obtained in 
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Art. 1697. The fact that X lies at a distance 2 from O may 
be regarded as a primary event or cause from which the 
nature of the secondary event, viz. the particular allocation 
of the m+n unspecified points, arises; and the chance of the 
happening of the secondary event is a function of the variable 
a which defines the cause. 

x a-x 


oO x A 
Fig. 558. 


The total number of ways in which it can happen that 
whilst X lies between an unassigned z and x+dz, an un- 
specified m of the m+n random points lie on OX and the 
remainder on XA for all values of x from 0 to a is measured by 


‘a M/gqy—7\n 
mini) qgmint = Mobilis da : 
ma ’ 
0 \& a a 


and the number of ways the same thing can happen when 
X lies between an assigned x and «+dz is measured by 

m+n m+n+1 x ™(a—« "dx 

WSS wy ( a ) a 


Therefore, when the compound event happens, the chance 
that x lies between x and z+ dz is the ratio of the second of 


these expressions to the first, 2.¢. om(a—a)rde [2"(a-ayrde. 
0 


And the chance that when the compound event happens, X 
will lie between x=6 and x=a, (0< B<a<a) is 


[ma xyrde ||" 2m(a—ayrde: 


1700. Next suppose that a new group of p+q random 
points is taken upon the lineOA. What is the chance that an 
unspecified p of these points also lie between O and X and 
the remainder between X and A ? 

The total number of such cases when X falls between 
xz and z+dz will be 

PA ae x\"™ /A—2x\" (2\? (a—a\ da: 

min ge yamnsriati(2) SS eee q 

and the total number of cases for all positions of X, in which 
m unspecified points of the m+n lie on OX, whilst the other 
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nm lie on XA, whilst the p+q points are distributed any- 
where on the line, is mincyamensignre('(2)"(S— 2)". 
9 a a a 


Therefore the compound chance that (i) X lies between a 
and x+da; (ii) m unspecified members of the first group fall 
on OX and the other n on XA; (iii) that p unspecified members 
of the second group fall on OX and the other ¢ on XA, is 

P+, xv+P(a—a)"*¢ da 


Qpra 
f x™(a—ax)"dx 
0 


Hence the whole probability that this compound event 
happens when X lies anywhere on OA is 


i 1 —m)n 
nag, | ® ?(a—2) “a2 (+9)! (m+p)!(n+q)! _ (m+n-+1)! 
apra ['2™(a—ayrde pig! (mtn+tp+q+l)! min! 
0 


1701. The above problem forms a landmark in the History 
of Probability. It is associated with the names of many 
investigators, Bayes, Condorcet, Trembley, Laplace and others. 
(See Todhunter’s History, pages 295, 383, 399, 414, 467, etc.) 

It is often enunciated in a different way. 

An urn is supposed to contain an infinite number of white 
tickets and an infinite number of black tickets, and no others, 
and that is all that is supposed to be known as to the tickets. 
These tickets correspond to possible situations of a point to 
the left of X or to the right of X in the foregoing problem. 
Then m4-n tickets having been drawn from the urn, m are 
found to be white and the remainder black. What is the pro- 
bability that a further drawing of p+q tickets will result in 
p being white and q black ? 


if 
amr(1—a) ade 
0 


1 
| a™(1—2)"da 
0 
which, without the factor (p+q)!/p!q!, supposes the tickets to 
have been drawn in a specific order. Todhunter quotes the 
following remark of Laplace: “La solution de ce probleme 
donne une méthode directe pour déterminer la probabilité des 


événemens futurs d’aprés ceux qui sont déja arrivés.” 


? 


Laplace gives the required result as 
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1702. Next suppose that on the line OA (=a) several random 


points X,, X,, ..., X,_, be taken at distances 2, %, «.-, Vn-1 
Oo a x — eae 
Fig. 559. 


from O, in this order, and let p,+p.,+...+p, other random 
points be taken upon OA. Then the compound chance that 
(i) X, lies between x, and «,+dz,, X, between z, and z,+dz,, 
ete.; (ii) p, specified points fall on OX,, p, on X,X,, p, on 
X,Xz, ete., 18 

Oe ee 


a a a a a a 


Hence, for unspecified groups of p, points between O and X,, 
p, between X, and X,, etc. whilst X,, X,,...X,_, lie at any 
points of OA, in this order, the chance is 


(Prt Pet +--+ Pn)! {’ Ee [Pe el E Pree 
Pi! po! --- Dn! oJo Jo 0 \@ a 
x don» dx, n dx, 
a a i ee 


which at once reduces to 1/(2p+1)(2p+2)...(2p+n—1). And 
this is an obvious result. For of the p,+p,+...tp,+n—1 
points of division, the chance of the n—1 points standing in 
the specified order in the (p,+1)", (p,+p,+2)", ete., positions 
is clearly 
(PitPet.-»+Pn)!/(Pi+pet---+n—1)! 
=1/(2p+1)(Zp+2)... (Zp+n—I). 

If now another group of g,+9,+...+ , points be chosen at 
random on OA, the chance that qg, unspecified ones shall lie 
in the same segment as the p, points, g, in the same segment 
as the p., and so on, will be 


Te egathda)! 


nee ! 
quit +n GN Ge 52 Ga! 


||. : forte, —2,)Pt&... (a—a,_,)Pe da, du, 3-..dx, 


x 


’ 


\| {2— 2)! .. 2 (@—G,_,)?"dx, 70S, 9 '. Ua, 
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the limits for x, being 0 to x; for x,, 0 to ag, ete.; for w,_4, 
0 to a, which we may evaluate as before. 


1703. Ex. From a bag containing an infinite number of tickets, each of 
which is known to be black or white, ten are drawn at random, and found to 
be four white, six black. What is the chance that a further draw of two 
tickets gives one white, one black ? 

Here m=4, n=6, p=1, g=1, a=], and the chance required 

at 1 ar(6)F(8) (12) _ 35 
=0, | 28(1 —2)'de/ ['2A(1 -2)¢de= - 
1], 80 ode] [2 -2)¢de= ig TE P77 

What would be the chance that a draw of one ticket only should yield a 
white one, and that a subsequent draw should yield a black one ? 

The chance for a white one at the next draw 


={#0 ~a)tde/ [oc -2)'de=<. 


1 1 
The chance for a black to follow = [ Ea | —a)tde/ [ oh —a)de=t, 
Jo Jo 
57 35 
12°13 156" 
The chance that 2, which represents the proportion of the number of 
white tickets to the whole number of tickets in the bag, should be more 


1 1 
than 4 of the whole is i Atl —a)tde] [oC —2x)8 dx = 281 /2. 
4 J 


The chance for the two draws to result in this order = 


1704, Buffon’s Problem. Parallel Rulings. 

An infinite plane is ruled by an infinite system of equidistant 
parallel lines, whose distances apart =2a. A thin rod of length 
21 (< 2a) is thrown at random upon the plane. What is the chance 
that the rod will cut one of the parallels ? 

Take as y-axis that one of the parallels to which the centre 
C of the rod falls nearest, and the z-axis perpendicular to the 
set. The problem is unaffected if we suppose the centre of 
the rod to fall upon the a-axis, for the proportion of the 
number of cases in which the rod cuts one of the rulings to 
the whole number of possible cases is not altered thereby. 

Let O be the origin, OC=z. Let the figure represent the 
case in which one end of the rod lies upon the y-axis, the 
angle between the rod and CO being ¢. Then 2=Ilcos ¢. 
Then for a given position of C, the chance of a cut 


and the chance that C lies between x and «+dza on a line of 
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length a is dz/a, and when C falls between a=1 and z=a, 
there is no chance of a cut. Hence the whole chance required is 


2 ty d 21 double the length of the rod 
si, ae rei $810 $6 = are ofa ercle of radingae 


Fig. 560. 


This is a particular case of a remarkable general result to 
be seen later. It is another landmark in the history of the 
subject. It was given by the naturalist Buffon in his Hssaz 
@ Arithmétique Morale, 1777. Also see Laplace, Théorie de 
Prob., p. 359 (Todhunter, History). 


1705. Rectangular Rulings. 

Suppose a second system of parallel lines drawn at right 
angles to the former set, whose distances apart =2b (> 21), 
thus mapping out the infinite plane into a net-work of equal 
parallelograms. Consider that rectangle formed by a con- 
secutive pair of each family of rulings which finds itself the 
recipient of the centre of the rod. Suppose the rod to have 
come to rest, making an angle ¢ with the side of length 2a. 
If we join the centres of the extreme positions of the rod 
at this inclination, an inner rectangle is formed of sides 
2a—2l cos ¢, 2b—2I sin ¢, and no rod at this inclination, whose 
centre falls within this rectangle, can cut a side of the mesh, 
whilst those whose centres fall without it do so. ‘Taking axes 
coincident with two sides of the rectangle, the angular position 
of the rod may range from being parallel to the a-axis to 
being perpendicular to it. The chance that the inclination 
lies between ¢ and ¢+d¢ is proportional to dg, and we are 
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to evaluate the ratio of {2 % dg for the favourable cases 


to the same integral for the whole number of cases. The inte- 
gration for x and for y has been effected geometrically above. 
The chance required is therefore 


[ J, (2. 20—@a—21 eos 4) (2—2sin g)} dg | [Vi san dp 


a ae ; 
al (asin ¢+bcos ¢—Isin ¢ cos ¢) dp =— 7p (2a + 26—I). 


Buffon’s result 21/za follows at once by making 6 infinite. 
Putting a=, the result is (4a—1)/za® for square meshes. 


Fig. 561. Fig. 562. 


1706. Suppose a square of diagonal 2I to be thrown upon the above 
rectangular mesh-work, J being less than either a or 6, and let the 
inclination of a diagonal to the side of length 20 be ¢. 

To avoid a cut, the centre of the square must lie within an inner 
rectangle of area 4(a—lcos p)(b—lcos¢). The range for ¢ is from 0 
to - and the result =o {4(a+b)N2— (w+2)1}. 


If b=, this becomes ee (See Art. 1707.) 


circum. of circle of rad. a’ 
If a circular lamina of radius r (<a or b) be thrown at hazard in the 
same way, the chance of a cut is obviously 
: Qa. 2b —(2a—2r)(2b—2r)_r(a+b—-r) 
2a. 2b eae 


: circumf. of circle of rad. r 
And when b becomes this becomes — - 
. circumf. of circle of rad. @ 
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This class of problem leads us to enquire as to the chance of a hazard 
throw of a lamina of any shape cutting one of a system of equidistant 
parallels drawn upon a plane. This we proceed to consider. 


1707. Random LINEs. 

Let an infinite plane be ruled by parallel lines at distances 
apart =2a. Let n equal short lines of lengths és, whether in 
rigid connection or not is immaterial, be thrown down at 
hazard upon the plane so ruled. Then each one has an equal 
chance of finding itself crossing one of the rulings. If p be 
that chance, the chance that some one of them crosses a ruling 
=p, 

Suppose that the m elementary lines ds are the infinitesimal 
elements of the perimeter of some oval of perimeter s. Then 
n 6s=s, n being infinitely great. The chance of the perimeter 


of the curve cutting one of the rulings is therefore - s, that is 


As, where ) is the limit of p/és when ds is infinitesimally 
small. Next consider the case of a circle of radius a. If 
this be thrown at hazard upon the plane, it is a certainty 
that it must cut one of the rulings, and only one, Hence 
A27a=1. This determines X. 

Thus the chance of a curve of perimeter s, whose greatest 
breadth does not exceed 2a, cutting a ruling is s/2za. Curves 
therefore of the same perimeter, and whose greatest breadths 
do not exceed 2a, have equal chances of cutting a ruling. 


1708. Examples. 

1. If a circle of radius 6 (<a) be thrown down at hazard upon the 
plane, the chance of crossing a ruling =27b/2ra=b/a. 

2. If the contour be a square of side 6 (< a2), the chance is 2b/ra. 


3. If the “curve” thrown down be a straight line of length 21 (< 2a), 
it may be considered as an éllipse of minor axis zero and perimeter 4l, 
and the chance is 2l/a (Art. 1704). 


4, For a semicircle of radius b (< a), the chance is (r +2) b/27a. 


1709. Let O be a point fixed to the contour thrown down, 
and OA a fixed axis on it. 

Let O fall at a distance p from one of the rulings, RS, and 
let OA make an angle y with the perpendicular p. Let this 
contour be thrown down at random upon the ruled plane a 
very large number of times, and let the trace of the rulings 


RANDOM LINES. 829 


be marked at each throw upon the plane of the contour. 
Now it is immaterial whether we regard the contour as 
thrown down at hazard upon the 
ruled plane, or the ruled plane 
thrown at hazard upon the plane 
containing the contour. Take the 
latter case. Let a doubly infinite 
number of lines be drawn upon the 
plane of the contour according to 
the following plan: 

(a) Let the lines be drawn parallel 
to a standard line 


p=xcosy+ysiny, 
which we may call the line (p, yy), 
at equal distances apart, such that 
n of them are contained between the lines (p, y) and 
(p+dp, Wy). 

(b) Let us suppose drawn for each value of p, p+ dp, etc., 
the infinite family of lines ¥, ~+dy, Y+2dy, etc, there 
being m lines with the same value of p between (p, y-) and 
(p, w+ éy,), viz. those for which p makes with OA angles 


WHR bh, WH dh yoy 


We shall define any line chosen at random from this 
double set for equal gradations of p and of y as a “random 
line.” 
The actual number of lines from (p, yy) to (p+ép, +6) 
is mn, and we obtain in this way the same system of lines as 
those obtained by the tracings of the rulings upon the plane 
of the contour after the contour plane is thrown down at 
hazard upon the ruled plane. 

Taking the case of a circle of radius a and centre O, the 
number of such lines crossing it is 


a pr 
mn | | dp dyy=mn . 27a=X, say. 
oJ0 


Fig. 563. 


Hence the number from (p, vy) to p+ dp, Wty, viz. mn dp dy, 
Soe 
18 deal oy. 
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Now, if O be a point within any closed convex contour, 
{| dp ay-=| p d\y=perimeter. 
Hence the number of lines crossing such a closed convex 


A . 3 
contour =5— x perimeter, 1.¢. 


27a 
No. of lines crossing any closed convex contour _ perim. of curve 
No. of lines crossing a circle of radius a perim. of circle 


The length of the perimeter therefore measures the number 
of lines crossing the contour. 

This is the same result as that of Art. 1707, from a different 
point of view. 


1710. If there be any re-entrant portion of the contour, 
the perimeter must be regarded as the length of a stretched 
elastic band which encircles it; that is, the re-entrant portions 
must be excluded by double tangents. Otherwise some of 
the random chords will be counted more than once by the 
above rule. 

1711. Examples. 

1. If a closed convex contour, of perimeter 2 completely encloses a 
second closed convex contour of perimeter S, the number of chords of 
the outer which cut the inner is AS/27a. And the total number of chords 
of the outer is AD/2ra. Therefore the chance of a chord of the outer 
cutting the inner also is 8/2. 

If the outer be a circle of radius R, and the inner a square of side 8, 
the chance is 26/7R. 

2. If the inner degenerates into a straight line of length 27, and the 
outer be a circle of radius R, the chance is 4J/27R=21/rR. 

3. The chance that a random chord of a circle cuts a given diameter 
is 2/7. 


1712. We may then speak of S or \fa dy as “the number 


of lines” which cross any convex contour throughout which 
the integration is conducted, whenever a comparison is to be 
instituted between the number of lines which cut one convex 
contour with the number which cut another. 


1713. Various Cases. 

In the case of a straight line of length c, which is the limit 
of an ellipse of zero minor axis and perimeter 2c, the number 
of random lines cutting it is then measured by 2c. 
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1714, In the case of an are of length s bounded by a chord 
of length ¢, there being no re-entrant portion, the number of 
random chords crossing the contour is measured by s+. 
But the number which cross ¢ is 2c. 


Hence the number which cross s twice and do not cut cis 
s—e. 


5 = : ~ 
é c 
Fig. 564. Fig. 565. 


1715. In the case of the contour bounded by an are s and a 
pair of tangents of lengths z and y, let c be the length of the 
chord; then, if s be concave at each point to the foot of the 
perpendicular upon the chord, 

the number of random lines which cut z and y, but not 
c, is zt+y—c; 
the number which cut s, but not ¢, is s—e. 

Therefore the number which cut « and y, but not s, is 

z+y—s. 


1716. In the case of two arcs s,, s, and a chord ¢, each are 
being convex at every point to the foot of the perpendicular 
upon the chord, as in Fig. 566; let ¢,, ¢, 
be the chords of the arcs s,, s, respec- 
tively. 

Then the number of chords cutting 
¢,, ¢, but not ¢, =¢,+¢,—¢ These 
necessarily all cuts, and s,, each once 


Fig. 566. 


only. 
Whe number of those which cut s, twice, but not ¢,, =s,—¢,. 
These also cut s, once and ¢ once. 
The number of those which cut s, twice, but not ¢,, =s,—¢,. 
These also cut s, once and ¢ once. 
Hence the number which cut both s, and s, 


=(¢,+¢,—¢)+(8,—G)+ (82— C2) = 8, 82-6 
1717. In the case where the region considered is bounded 


by three arcs s,, 5, 3, lying within the chordal triangle 


¢,, Cg, Cs, and each concave at all points to the foot of the 
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ordinate from the point to the chord of the are (Fig. 567), 
the number of chords cutting s,, but not c,, =s,—¢,. These 
necessarily cut s, and s,, c, and ¢;. 

The number of chords cutting one or other of the three ares 
twice, and therefore cutting all three arcs, 

=(s,—¢,)+(s.—¢,) +(83—¢3). 
The number. which cut s, and s,=s,+8,—¢,. 
Therefore the number which cut s, and s,, but not s,, 
=(s,+s,—¢,)—(8;—¢,)=8_, +8,—8). 

Therefore the number which cut any two of the ares, but 

not the third, is 


(8.-+53—8,) +(S3+$,— 82) +(8, +8; —83) =$, + 5,483. 


Fig. 567. Fig. 568. 


1718. Consider the case of a region bounded by such a com- 
bination of arcs and lines as exhibited in Fig. 568, where ¢ is 
a chord or a double tangent; s,, s, amy arcs convex at each 
point throughout their lengths to the foot of the ordinate to ¢; 
l,, 1, straight lines tangential to s, and s,, and o an are concave 
at each point to the foot of the ordinate drawn upon its own 
chord, which lies within the region considered, and either 
touching I, and 1, or méeting them and lying between 1, and I, 
produced. 

The number of lines crossing this contour, but which do not 
cut t, with the exception of such as meet s,+1, or s,+1, twice 
and incidentally meet t, is 


{e, +1, +o+1,+2%,—(t—y—Yo)} — (@+ 91-81) — (Het Yo— 82); 
where the meanings of the various letters are indicated in the 
figure. For the first bracket includes those which cut #,-+1,, 
y,, but not s,+4,; or #+l,, y,, and not s,+I,, the number of 
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which cases is subtracted in the second and third brackets. 
The expression reduces to s,-+s,+l,+1,.-+o0—t. 


1719. In the case of two non-intersecting non-re-entrant 
ovals A and B, of perimeters P,, P,, external to each other, 
let the lengths of the several ares and tangents be as indicated 
in Fig. 569. Let 8, and 8, be the stretched lengths of the 
crossed and uncrossed elastic belts surrounding the ovals. 
Random chords crossing both ovals must either 

(i) cross the region s,%,2,0,7,, and except for those which 
cross s,+2, or o,+, twice, not cross 7',; or 

(ii) cross the region s,¥,7,0,7,, and except for those which 
cross s,+-y, or o,+Yy, twice, not cross T). 


Fig. 569. 


Their number is therefore 
(s; +a, +agto.—Ty)+ (83+ 4i+42t+es—T2)=Be— Bu, 
ie. the difference of the crossed and uncrossed belts. Hence 
the probabilities that a random chord of A crosses B, or that 
a random chord of B crosses A, are respectively (8.—8.)/P4 
and (8,—8,)/Ps- 
1720. If the ovals touch externally 8.=P4+Pz. 


1721. If the ovals intersect, indicate the several arcs and 
tangents as in Fig. 570. 

The chords which cut both may be classified as 

(i) those crossing s, and o,, but which, with the exception 
of those cutting s, twice or o, twice, do not cut Ty; 

(ii) those crossing s, and o,, but which, with the exception 
of those cutting s, twice or «, twice, do not cut T,; 

(iii) those which cut the region bounded by s, and os. 
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Their number is therefore 
(8,+0,—Ty)+(83+03)+(8.+0,—T,)=P4+Pr—Bu, 
a.e. the sum of the perimeters less by the belt. 


Fig. 570. Fig. 571. 


1722. If one oval B lie entirely within the other one 4, 
every random chord of B is a chord of. A. The number of 
chords which cut both is therefore P,. 


1723. If a third non-re-entrant oval X lie partly between A 
and B and be cut by the uncrossed belt, but not by the crossed 
belt, as shown in Fig. 572, we shall consider how many random 
lines can be drawn cutting all three contours, it being under- 
stood that the ovals are so situated that for all chords cutting 
all three the X-segment is intermediate between the other two. 


Fig. 572. 


Indicating the lengths of the several ares and tangents as in 
Fig. 572, all such random lines as are chords of all these regions 
must be chords of the region (s,, t,, €, t,, ¢,, T'), but must not 
cross T’, with the exception of those which cross s,+t, twice or 
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o, +t, twice, with an incidental crossing of 7. By Art. 1718 
their number is s,+¢,+e+t,+o,—T; 2. the amount by which 
the uncrossed belt has been lengthened by X having been 
pushed into position from outside the belt. 


1724. If in the last case the oval X has been pushed com- 
pletely within the region bounded by the uncrossed belt, but 
still not so as to cut the crossed one, denote the various lengths 
of ares and lines as in Fig. 573. 


Fig. 573. 


Then the number of random lines which cut all three ovals 
is a—8—y-+6, where 

(i) a is the number which cut the contour (s,tget,o,c), but 
do not cut ¢, with the exception of those which cut s,+¢, or 
o, +t, twice, =s, +, +e+&+0,—¢; 

(ii) 8 is the number which cut (¢,—y, £,—%, c), but do not 


cut c, =t,—y+t,—#—¢; 
(iii) y is the number ie “On 
which cut (2, y, ¢,), but not 
Co, =2+y—C3; Fig. 574. 
(iv) 6 is the number which cut e, twice, but not c,, =eg—Ce- 
The total, after rearranging, is 
(s, +t, te tegtetetatyto—htetatath) 
- which is the difference of the increases of length of the un- 


crossed belt caused by its being made to pass round the contour 
of X in opposite directions (Fig. 574). 
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1725. In a similar manner it is easy to examine other 
special cases. The last two results are due to Sylvester [ Educ. 
Times], who refers for simpler cases to Czuber’s Geometrische 
Wahrscheinlichkerten. 


1726. Ex. Three pennies of diameters d are soldered together in mutual 
contact at their edges. 

This figure is thrown upon a table ruled with parallel lines at equal 
distances (2a) apart (a >d). What is the chance of 2, 4 or 6 intersections ? 


[BrppLE’s PROBLEM. ] 
Let the discs be labelled A, B, C. 


Let the number of chords which cut 
(i) A alone, (ii) A and B, but not C, and (iii) all three 
be respectively x, y, 3z. Then 
32 +3y+3z=length of surrounding belt=(7+3)d, 


3z=3 x lengthening of an uncrossed belt round A and B 
by pushing C into position 


=3(2 $-a)=(n-a)d, 
y=(crossed belt round A, B—uncrossed belt) —3z 
=(m7 —2)d—(r—3)d=d. 
Hence v=y=d, z=(r—3)d/3. 
Therefore the chances required are respectively 
3d/27ra, 3d/2ra, (r—3)d/2ra. 


LOX 


BAS 


Fig. 575. , Fig. 576. 


1727. Crofton’s Theorem. 

In any centric convex contour of area A,let AB be a diameter 
and G the centroid of the area of either semi-oval. Let P be 
the perimeter of the path of Gas AB rotates; then the mean 
radial distance of any point within the contour from the 
centre O is 4P. 

If x, y be the coordinates of G referred to OB as z-axis, 
W the weight of the half oval, A4B=2r, and if we place two 
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small weights w and —w at distances 30B and 204A from 0, 
the new coordinates of @ will be 
os = 2 2 a 4& 
é+de=|Wa+w. srt (—w)(—Jr)} | W=a+5 wri 
ytdy=(Wy+0)/W=y. 
4 w 


Hence d= 5 W” dy=0. 


The centroid has therefore been moved parallel to 4B. The 
effect upon @ is the same as the above, if 4B rotate through 
a small infinitesimal angle dy, to a contiguous position A’OB’, 
and then w is the weight of the sector =4r? dw, and 


w= [ar dyp=3A, 

0 

and dz is an element of the arc of the G- ste =ds. Hence the 
intrinsic equation of the G-path is de=5 Tay, and its radius 


_ 1 (Chord AB) i a 
of +o pated: ae pe and P= al (Chord)? dy. 


oe Fl freay arash nal, (Chord)* dy=4 P. 


Prof. Crofton’s proof of this result [Proc. Lond.Math. Soc., viii.] 
runs on different lines, but he indicates the above as a method 
of procedure. 


Again M(r)= 


1728. Useful Results for a Convex Contour of Area A and 
Perimeter L. 

Let C be the length of a chord, coordinates (p, y), with 
regard to an origin 0 within the oval, G the centroid of the 
oval, OG (=c) the initial line from which y is measured, O£ 
a line parallel to the chord, p the perpendicular from G@ upon 
O€; p, and p, the perpendiculars upon the tangents parallel to 
the chord. Then we have, taking limits from —p, to po, 


(i) [ow=4; (ii) [eo dp Ap ; (iii) |p? C dp—Ap*+ Ale, 


where Ak? is the moment of inertia about a parallel through G. 
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Hence integrating (i) and (ii) with regard to yy from 0 to 7, 
which takes in all random chords, 


(i) [loa ay—[A diy=7A ; whence 

{Je dip dry Area of contour | 

{ ~ "Perimeter 
dp dy 


(ii) [ve dp dy-=| Ap dyp—Aef sin ydyy=2Ac, and in this 
integration it is to be noted that p changes 
sign as ( passes through the origin. 


_M (Chord)= 


Fig. 577. Fig. 578. 


If the oval be centric and the origin be taken at the centre, 
we shall integrate for p from 0 tu p,, the perpendicular upon 
the tangent parallel to C, and for y from 0 to 27. Then 


(i) {fe dp dyp=4A .27=Ar, as before ; 
(ii) |[ee dp dy-=34 5 dy, where p is the perpendicular from 


the centroid of the half area upon a line through O 
parallel to the chord (p, y-)=4A4. Perim. of G-path. 


{| bpUdp dy Perim. of G-path 
|leoay ~ £""" Perim. of oval * 


Thus M(AOAB)= 


1729. Mean nth Power of the Distance between two Random 
Points within an Oval. 

This mean may be expressed as an integral in terms of a 
chord. Let X, Y be the random points, and W the inclination 
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of XY to a given direction. Let C be the length of the 
chord AB through X, Y; ON (=p) the perpendicular from 
an origin 0 within the oval to AB; YA=r, XB=—1’, XYY= p- 
Keep X fixed at first. Then the sum of all the values of p” 
which are contained between 4B and a chord A’XB’, making 
an angle dy with the former, each multiplied by an element 
of area, is 


r r n+2 /n+2 
“(pdyd [ee dy dp) te dy; 
[ preabdp)+[ pr(edy- d=" dy 
and integrating this for all positions of 
X lying between the parallel chords 
(p, y’) and (p+dp, y), we have 
pte | 9’nt2 
aces ee dy, dp dr, 
dp dr being the element of area in which 
X lies. And, varies from zero to C and 
rv =C—r. We therefore obtain 
[rn+s]o— [ Usha 7 - 20n+8 _ 
Glande) eo. ney 
The final stage of the integration is to sum this expression 
for all elements dpdy within the contour and then to divide 
by the number of cases, which is measured by A?. 


n 2 1 n+3 : - 
Hence M(p )=(a+2)(n +3) ral dp dy; (n >—2). 
1730. In the ease, where n=—1, we have 


MC )=- [Jorap oe 


This may be interpreted as an expression for the mean value 
of the mutual potential of a pair of unit particles at random 
points within the contour. 


The case n=0 gives A= 3|[C'dp dp. 
; 1 
The case n=1 gives M(p)=gp |\Ctdp dy. 


F 1 
The case n=2 gives M(p?)= 10d? |losap dy. 
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But since M(p?)=2k?, where k is the radius of gyration 
about the centroid, 


1 
Aie= {fe dp dw. 


We obtain thus the mean values of various powers of C for 
cases in which the mean values of the corresponding powers 
of p have been otherwise found. 

Thus, for instance, 


ail | Saray 3A” _ (Area)? 


L ~~ Perimeter’ 


a GEPaG _ 20. Area. (Moment of In. about centroid) 
| dp-dyl Perimeter 


1731. Other Results due to Crofton. 

Let p be the distance between any two random points X, Y 
within a given convex contour of area A and perimeter L. 
Then the probability that any random line drawn across the 
contour also crosses a particular position XY of the line 
joining the random points is 2p/L. 

If n be the number of cases of a random line XY, the chance 
that any particular one is selected is 1/n. Therefore the 
vhance that a particular one is selected and cut by the random 
chord is 2o/nL; and the chance that a random chord cuts a 
random line XY is the sum of the values of 2p/nL for all the 
cases of a pair of random points (Fig. 580), 


2" 
=} 52=5 M(p)= saz | |Ctdp ay 


Again, suppose the random chord to divide A into two 
parts 2 and 2’. The chance that X lies in ¥ and Y in >’, or 
X in 2 and Y in 2=22%'/A? for any particular position of 
the chord. If m be the number of random chords, the chance 
of selection of any particular one is 1/m, and the chance that 
a particular chord should be selected for which X and Y lie 


M(C*)= 
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i hes va? 
on opposite sides is ri - ; and the chance that a random 


chord should cut a random XY, 
3 [Jz=¢p dy, 9 
fv 


2 : 
=F: M(2z) 


Hence, by equating the two values of the chance, we have 


fle: a af [zz settee, 


Moreover we have two expressions for M(p), viz. 


Li 1 ; 
an (Cap dy, and qa [22 dp dy 


(Crofton, Proc. Lond. Math. Soc., viii.). This furnishes an 
interesting illustration of a difficult geometrical result arrived 
at by a consideration of mean values and chances. 


Fig. 580. Fig. 581. 


1732. A and L being respectively the area and perimeter of a 
given convex contour which encloses a second contour of area B, i 
is required to find the chance that a pair of random chords PQ, 
P’Q of the former should intersect within the latter. (Fig. 581.) 

Take an origin O within the smaller contour, and let the 
random chords be denoted by the p-y system. Let a par- 
ticular position of PQ intersect B, and suppose C the length 
of the chord intercepted upon it by B. The number of 
random lines cutting C is measured by 2C. The number of 
random chords of A is measured by L. Therefore the chance 
that one of these cuts C is 20/L. 
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The chance that the particular chord C is one of the lines 
whose p and yy lie between p and W, p+dp and \+dy is 


dp dy / dp dy=dp dy/L, the integration being taken for 


the A-contour. 

Therefore the chance that whilst the chord PQ lies between 
these limits it is met by a second random chord at a 
point within B is 20dpdy//L*, and the total chance of the 
intersection of two random chords of A lying within B is 


2 
Pall dpdyy for all values of p, y which can give chords 
intersecting B. Therefore 


the required chance=27B/L?=27 . Area of B/(Perim. of A)?. 


1733. The above result is independent of the area of A or 
the perimeter of B, and except that it involves B and L it is 
independent of the shape and relative position of the ovals. 

When the inner curve coincides with the outer, B=A, and 
the result becomes 27. Area/(Perimeter)?. 


1734. Next take a very small convex contour of area de 
external to A. Let a random chord of A cut the perimeter of 
this small contour at P and Q, and let PQ=), which is a 
small quantity of, say, the first order. The chance that 
the p and y of this chord should lie between (p, w) and 


(p+dp, +d) is dpdyy | [len dy, the integration being for 


the contour A, 2.e. dp dyy/L. 

Let 6, and 6, be the angles which the tangents from P to 
the oval make with any specific position of PQ (Fig. 582). 
Then regarding the chord PQ as itself a narrow oval whose 
greatest breadth is an infinitesimal of the second order, the 
chance that a random chord of A cuts this line PQ is, by 
Art. 1719, (Crossed Belt—Uncrossed Belt)/Z, 2.e. in the limit 
(2A —A cos 6,—) cos 6,)/L. Hence the chance that the chord of 
A should be selected to lie between (p, y-) and(p+dp, y+dy), 
and then cut by a second random chord of A within the small 


contour, is dp dy r 
aE 


(vers 0, + vers 6,). 
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Now X being an infinitesimal of the first order, 6, and 0, 
may be regarded as constant throughout do for a given 


direction of PQ, and the integration fr dp gives the area do 


when taken for the small area. This integration therefore 
gives do dy/(vers 0,+ vers 0,)/L*. We next integrate with 
regard to yy, and vers 6, + vers 0,=2—cos (w— @,)—cos 6,, where 
w is the angle subtended by A at the elementary area dc. 


fies Ne A EY = 
o) 7 


Fig. 582. Fig. 583. 


The possible directions of the chord cutting PQ will vary 
between the directions of the common non-crossing tangents 
to A and de, and one of these tangents may be taken as the 
fixed direction from which y is measured. We therefore 
have dy-=d6,, and we have to integrate from y=0 to p=wo. 
This gives 

do f° 2d Y 

ah [2—cos (w— yr)—cos y]dy= Fe (o—sin w). 

We may. now integrate this through any finite convex oval 

of area B external to A. Thus the chance that two random 


chords of A intersect within B is 2 Jlo—sin w)do. 


1735. If B be taken as the whole of space external to a 
the chance of the random chords intersecting outside A must 


be 1—the chance of intersecting within A, we. pas 


Hence we obtain the remarkable theorem that 


2\(o—sin w)do=L? 22.4, 
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where the integration is taken over the whole plane external 
to A. This theorem is also due to Crofton. It is quoted by 
Bertrand, Calc. Int., p. 491. It is another curious example 
(see Art. 1731) of a geometrical fact brought to light by 
consideration of chances. 


1736. D’Alembert’s Mortality Curve. (See Todhunter, History, 
p. 268.) 

Definitions. Mean Duration of Life. For a person of age x 
years, the mean duration of life beyond «# years is the sum 
of the lengths of the lives lived by a large number of persons 
beyond that age, divided by the number of persons. 

Probable Duration of Life. For a person of age g years, the 
probable duration of life beyond x years is such a period 
that it is an even chance whether the life of the individual 
exceeds or falls short of it. 


1737. Let v(x) denote the number of persons still living 
x years after their births. Then the graph of y=v(z) is 
known as the curve of mortality. 

Let c years be the supreme limit of life, 2.e. the greatest age 
to which any person can attain, Then y(c)=0. 

By the definition, 
Mean duration for a person aged a years = VW (x) dz/v-(a), 

a 

Probable duration for a person aged a years=b years, 


where y(b)=4 (a). 


A MP Cas 
Fig. 584. 


In Fig. 584, OC =c is the limit of longevity, OA=a years. 
The ordinate AR represents the number of persons alive at 
age a years, AP the probable duration of life beyond the 
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age a for persons now of age a, the ordinate at P being 
half that at 4. AM measures the mean duration for persons 
of age a years, and is such that 4R. AM=area RAPCQR. 


1738. A Different View. 

The usual method of estimating the mean and probable 
duration of life for a person aged a years is somewhat 
different from that explained above, but will be shown to be 
in agreement with it. 

Let ¢(x)dz be the number of persons who die between the 
ages of zandz+dz. Then, since y/(x)=the number of persons 
living at age 2, y-(x+dz) is the number living at age x+dz. 
Hence to the first order, ¢ (x) de=v(x)— (2+ da) =— Wy (x) dx 
and ¢(x)=—y(a). Suppose a person to die at the age of x 
years, where z>a. The length of life for this person beyond 
@ years =x—a, and the average value of this is 


E (x—a) (2) de | {" (2) dx. 


This then is the mean duration for persons of age a years. 
The probable duration is b years where 


f p(x) da=|' p(a)dx, 1.€. i. (a) de=3( f(a) da. 


1739. Agreement. 
The agreement of these estimates with those of D’Alembert 
will be clear. 


For (i) [ @)ae=—f /@) dev ()—¥-() =) 
ae [, @—a) p@)de=—" (ea) y/@) de 
=-[-a va] +] yoae=[ veac; 
2 [ @—a) 9 (a) de /f* p¢eyde=J" ye) aa/y(o 
(ii) Again, sinee {, (a) dn—1)" $(«) dx, we have 


[ ¥@ d= vod: 
 ¥O-VO@=HVO-V(@}=-HH@); ¥O)=HV (0). 
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1740. Chance of Survival. 
For a person of present age a, the chance of death between 


the ages p and q (p <q) is ae ae ay Hee vee 


and the chance of survival to at least the age of q is 
vy (q)//(Q). 

The probability of death between the ages of x and «+dz 
for a person of age a is 


V@)—Wetde)_— @) 
v (a) v (a) 
The probability of death for a person of age x years, 
between the ages of x and x+dz, ve. of almost immediate 
death, is —W'(x) da/W (x) = —d log Wy (2). 


1741. Expectation of Life. 


Defining the “‘ Expéctation of Life” at a definite age of a 
years as the average or mean duration of life after that age, the 
following results were calculated by Neison (Vital Statistics, 
p- 8) from the tables of the Registrar General. (See Boole, 
Fimte Differences, p. 45.) 


Age | 10 20 | 30 40 50 60 70 | 80 90 


27°4760 | 20°8463 | 14°5854 2°8930 


Expectation | 47°7564 | 40°6910 | 34°0990 9°2176 | 52160 


A (Expectation) —7:0654 —6°5920 —6°6230 —6°6297 —6°2609 —5°3678 —4-0016 —2-3230, 
A? (Expectation) 4734 —-0310 —°0067 °3688 "8931 1°3662 1°6786, 
ete. 


The expectations for intervening ages may be very closely 
obtained by the ordinary interpolation methods, e.g. 


n(2—1)(n—2) 


= mtr D At Es ee Meu_+.. ‘ 


We1n= =Uyg ate NAW, of 


But probably no purely algebraical law expressed as a 
series in powers of the age, on which supposition interpolation 
formulae are based, would be adequate to express the true law 
of expectation for all ages; particularly near the extremities 
of the table, for ages of very young children or for persons of 


very advanced years. The graph of this expectation is shown 
in Fig. 585. 
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In the decades of the first differences from 20 to 60, it will be 
noted that there is but small change. Hence in the graph of 
the expectation the fall in the value of the expectation 
between these ages is roughly uniform, and this portion of 


oo) 
° 


xpectation of life 


i) 
oO 


Axis of é 


60 70 80 90 100 


50 
Axis of age 
Fig. 585. 


the graph is very approximately straight. From the age of 
60 onwards the curvature shows a definite bending away from 
the axis of age, the curve becoming more definitely convex 
at each point to the foot of the ordinate. This is the curve 


y=| VO aly (a), that is y=[ €-no€ ae / | gag. 


1742. Remarks on the Mortality Curve. 

It has been remarked by Todhunter (Hist. of Prob., p. 269) 
that the “mean duration” beyond a represents the abscissa 
of the “centre of gravity of a certain area,” namely of that 
area which is bounded by the curve y=¢(«), the x-axis and 
its ordinate for age a, the abscissa in question being measured 
from z=a. The “ probable duration” beyond a is represented 
by the abscissa, also measured from x=a, of the ordinate 
which bisects that area. It would appear from tables that the 
“mortality curve” y=y(x) is not either always concave or 
always convex to the foot of the ordinate upon the a-axis, and 
also that the probable duration is not always greater than the 
mean duration. (See Todhunter’s remarks on Buffon’s tables 
and on d’Alembert’s views, History of Prob., p. 285.) 
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1743, Let us take a supposititious law that the probability of a person 
of present age » years dying before he is aged x+da is Ax"dx, where A 
and n are certain constants. 

Let W(x) denote the number of persons alive w years after their birth, 
(x) dx the number who die between x and x+dxz. Then $(x)= —y(~). 

And Ss is the probability that a person aged x will die between 

: ght 
vz and #2+da. Hence p'(x)/p(x)= —Ax”, Le. y(a)=Ae Fi, 


where A is a constant and ¥(0)=A. 
n+1 


a ee ee 
Hence the mean duration of life from birth is f e May dx. 


When « is large, the integrand becomes extremely small, and its value 
is insensible. Hence we may, without sensible error, take c, the superior 
limit of age, to be o. Put 

1 1 

Aan 1 (4 ie ni 

=2; .«. dx=—— 

n+1 n+1 


1 1 nH ta 
SFA aol 


pi he | x 
*, Mean duration at birth 


n 1 n 
=x( : ia ; mH tde=t( : joa: 
~A\n+1 [ Z ~A\n+1 ae 


Abnt 
The Probable duration of life at birth is b years, where e *+1 =}, 


1 
1.0. pn : log.2, te b= {"¥ : log,2}" 


For a person of age a years, the probability of death within the next 
r years 


Aattt ——_A(atr)ttt 4 
e “ntl —e n+1 maa [Q+2)""—1] 
md har olden age z f 
e ntl ~ 


If r be small in comparison with a, this becomes approximately 


Ks — t, where ia ars 
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PROBLEMS. 


1. A cardioide is drawn upon a plane and a point P is taken at 
random within the contour ; show that the chance that it is nearer to 
the vertex than to the cusp is 

1/. vb 
= (« + “cos? «), where cosa=2sin at 

2. Given that p and g are any two positive quantities, of which q 
cannot exceed 9 and p cannot exceed 6, show that it is a 2:1 chance 
that the roots of the quadratic x? — pa +q=0 are imaginary. 


3. Three positive quantities are chosen at random, except. that 
their sum is known. Show that the chance that the sum of any 
two is greater than 1/n" of the third is 1 — 3/(n+1)?, provided n<¢1. 


4. There are n letters and n directed envelopes. The letters are 
placed at random, one in each envelope. Show that the chance that 
r specified Jetters go wrong and s specified letters go right is 


[(n-s)!-—r(n-—s—1)!+ ie te m—s—2)!—...4+(-1)"(n-s-r)!]/n!, 
where n<¢r+s. 

5. A circle of radius r lies entirely within an ellipse of semi-axes 
a and 6; m+n random points are taken within the ellipse. What is 
the chance that m of them lie within the circle and the rest do not? 


6. Let two points P and Q be taken at hazard in a line 4B in 
either order, and let three other points be now taken at hazard upon 
the line. What is the chance that (i) all three should lie between 
P and Q, (ii) one should lie between ? and @ and the others not so, 
(iii) two specified ones should fall between P and @ and the other 
not so? 

7. A point P is chosen at random upon a line 4B, and then a 
random point @ is taken upon 4P. Show that the chance that 4Q 
is less than 1/n™ of AB is log Ven, (n>1). 

8. Four random points are taken upon a straight line. Show that, 
the chance that the sum of the squares of the five parts should not 
exceed the square on half the line is 37?/100V5. 


9. A rod is divided into five pieces at random. Show that the 
chance that none of them is less than 1/10 of the whole is 1/16. 


10. A rod AB is broken into three pieces 4P, PQ, QB at random. 
Show that the chance that the sum of Ls squares of 4P and QB 
= be less than the square of 5PQ is 73 $5 (35 — 6 log 3/,/2). 
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11. A random point X is taken upon a line 4B. Six other 
random points are then taken on AB. What is the chance that two 
of these will lie on 4X and four on XB? 


12. From an urn containing an infinite number of balls, all of 
which are krown to be either red or white, a group of seven is 
drawn out at random, and four are found to be red and three white. 
What is the chance that a second draw of seven shall also produce 
four red and three white? 


13. A square ticket of side a is thrown at hazard upon a large 
table ruled into squares of side 2a. Show that the chance that the 
ticket will cross a ruling is about 0°86. 


14. A circle of radius a is thrown at hazard upon a table ruled in 
squares of side 3a. Show that the chance of crossing a ruling is 5/9. 


15. A large table is ruled with parallel lines two inches apart. A 
one-inch equilateral triangle is thrown at hazard upon the table. 
Show that the chance it cuts a ruling is 3/27. 

16. A letter L, with thin arms 3 inches long and at right angles 
to each other, is thrown at hazard upon a large table ruled with 
parallels 4 inches apart. Show that the chance of crossing a ruling 
is 3(2 +4/2)/47r. 

17. A cardioide of axis 2a inches is thrown at hazard upon a large 
table ruled with parallel lines at a distance 4a inches apart. Show 
that the chance it cuts a ruling is 9\/3/87. 


18. Show that the mean value of the cubes of all random chords 
of a circle = 3 x area of circle x radius. 

19. Show that the mean value of the cubes of all random chords 
which meet an equilateral triangle of side a is 303/16. 

20. Show that the mean value of the lengths of all random lines 
terminated by the sides of a square of side a is 7a/4. 


21. A circle of radius b,lies entirely within a circle of radius a. 
Show that the chance that a pair of chords of the latter intersect 
within the former is 6?/2a?. 


22. Show that the chance that a pair of random chords of the 
director circle of an ellipse of semi-axes a and 6 should not intersect 
within the ellipse is 1 — ab/2(a? + 6°). 


23. Evaluate the integral oo sin w) do for all elements of area 


do which lie outside a given circle of radius a, » being the angle 
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between the tangents from the element do to the circle. Explain 
the connection of this integral with the theory of chances. 


24. Find the chance that if two points be taken at random within 
a circle of radius a the distance between them will be <c where c<2a. 
(St. JoHn’s, 1885. ] 


25. Two men, 4 and B, are walking at rates equally likely to be 
anything from 0 to a miles an hour and from 0 to } miles an hour 
respectively. They walk in the same direction along a straight road 
for a time ¢/(a — 6) hours, where c miles is the initial distance between 
them. What is the probability that 4, who starts behind B, will 
overtake him ? [Trrniry, 1889.] 


26. Suppose there are n sugar sticks each of length 2a, each broken 
at random into two pieces. A child is promised the biggest of the 
2n pieces. What is the value of his expectation ? 

[W. A. Wuitwortn, Z.7’., 13736.] 

Show that the expectation of the piece of r™ largest size is 
{(r+1)n+1}/2r(n+1) of a whole stick. 


27. If there be an infinite number of balls in an urn, each ball 
being known to be of one of n different colours, and if p, +p, +... +n 
balls have been drawn and found to be p, of one colour, p, of 
another colour, etc., what is the chance that a further drawing of 
+44 %3+ ++» +n Will yield g, of the first colour, g, of the second, 
etc. 4 [Zurr, E.7., 11924.] 


28. Two points are taken at random within a circle of radius r, and 
a chord is drawn at random. Find the chance that the chord passes 
between the points. [CoLLEGEs B, 1888. ] 


29. An equilateral triangle lies entirely within a regular hexagon 
whose sides are equal to those of the triangle. A random chord is 
drawn to cut the hexagon. Show that it is an even chance that it 
also cuts the triangle. 


30. Inacircle of radius a the mean of the inverse distance between 
two random points within the circle is 16/37a. 
[Crorron, Lond. M.S. Proc., viii., p. 309.] 
31. If the probability of a person of age « years dying before he 
is aged +dz be Axdz, show that the average length of life from 
birth is /7/2A. (See a problem by Stanham, #.7., 13021.) Also 
show that the probable duration of life is ./(2log2)/A, which is 
rather less than the average duration, 
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oe . roe NE 
32. Prove that i (6 — sin @ cos ) sin 6 cos 6d@ = sia 3 
v 
Two points are taken at random within a circle. Find the chance 
that their distance apart is less than the radius of the circle. 
[Ox. I. P., 1916.] 


33. Show that the mean of the cubes of all lines PQ, which are 
random chords drawn across the contour, are (i) for a square of side 
a, 3a8/4; (ii) for a circle of radius a, 3ra%/2; (iii) for a semicircle of 
radius a, 372a3/4 (3 + 2). 


34. Show that the mean of the fifth powers of all lines PQ, which 
are random chords drawn across the contour, are (i) for a square of 
side a, 5a5/6; (ii) for an equilateral triangle of side a and area A, 
5aA?/9 ; (iii) for a circle of radius a, 57a®. 


35. If two pennies of diameter d be soldered together by their 
edges so as to be in firm contact in a plane, and be thrown upon a 
plane ruled with equidistant parallel lines whose distance apart is 
@ (a> 2d), show that the chance of both pennies being cut by a ruling 
is (w — 2)d/ra. 

36. If a straight line be divided at random into four parts, prove 
that the chance that one of the parts shall be greater than half the 
line is 1/2. Show also that the chance that three times the sum of the 
squares on the parts is less than the square on the whole line is 


1/3/18. 


37. If a straight line be divided at random into five parts, show 
that the chance that four times the sum of the squares of the parts 
is less than the square on the whole line is 372/5/500. 

[WotstEnHonmE, #.7., 2753.] 


38. If random values between +a? be assigned to H and between 
+ (205 + 6?) to G in the cubic 22+ 3Hzx+G@=0, show that the chance 
3 


7A 
of three real roots = 5 2at pe 
39. Obtain the mean value of z?+y?+ 2? subject to the condition 
z+y+z=0, and that x, y, z each lie between —c and +e. 


[LapLace; Topuunter, Hist., p. 411.] 
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ERRORS OR UNCERTAINTIES OF OBSERVATIONS. 


1744. Suppose a large number of observations to be made 
to ascertain the measurement of some physical element. To 
fix the ideas take one of the simplest kind, the distance 
between two marked points A and B on a straight rod. 
Suppose the distance AB to be roughly known to be 10 feet 
long, but that its true value 7 is unknown to the observers, 
of whom there are many, but known to some other person. 
And suppose that as great accuracy as possible is required. 
Out of a large number of observations by careful observers, 
it is clear that there will be none of them which differ very 
much from the true value 7. The more care is taken, and 
the more accurate the means of measurement at disposal, 
the closer will the estimates be together. And it is a matter 
of experience that slight over estimates are as likely as 
under estimates, and occur with equal frequency. Absolute 
“mistakes” of counting feet or inches, or of registration of 
units, or of the use of the instruments we are not considering, 
In fact we eliminate from this explanation any errors which 
are of the class of careless “ blunders.” 

It will be found by the person who knows the true value 
T, that very few of the estimates differ from 7 by as much 
as 4 an inch either way; fewer still by ? of an inch, still 
fewer by a whole inch, whilst errors of 4 or 5 inches would 
not occur in the tabulated results of the observations at all. 
And: if the number of observations which give an error be- 
tween x and x+dz be represented graphically, it will be 


found that the graph takes the form of a curve symmetrical 
853 
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about the y-axis, having a maximum ordinate at the origin, 
falling rapidly to the z-axis, the ordinate speedily becoming 
insensibly small (see Fig. 586). 


is 


(@) x 
Fig. 586. 


1745. It follows, therefore, that for the existence of an 
error of magnitude lying between x and x+dz, there will be 
a far greater probability when @ is small than when z is 
large; z.e.a far greater number of errors of observation will 
fall between a and «+dz for small values of x than for larger 
ones. Let ¢(x)dx be that number. We wish to examine the 
nature of this function ¢(#). And about it we know that 

(i) it decreases very rapidly as x increases ; 

(ii) it must be such as to become insensibly small within a 
short range of values of x; 

(iii) it must be an even function of 2, as errors of excess or 
defect are equally numerous within corresponding 
limits ; 

(iv) it must contain some constant or constants depending 
upon the goodness of the observation, the training 
and competence of the observer, the accuracy of the 
instruments used, and the circumstances under which 
the observation is made; 


(v) the number of observations must be | (x)dz, and 


supposing N be this number, the chance that the 
error of any particular observation lies between 


x and x+da—¢(a)dx/N=\(a)dz, say. 


1746. Laplace’s Investigation. 
Starting with the hypothesis that an error in an observation 
is due to no one single cause, but is the aggregate of the 
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cumulative effects of a large number of causes, each pro- 
ducing its own separate effect, and that these effects are 
extremely small, and as likely to be positive as negative, 
Laplace has shown by a very laborious and difficult investi- 
gation that the chance that the error lies in magnitude 


between x and x+ da, viz. \y(a) da, is 7 = e-““da for some value 


of w which depends upon the goodness of the observation. 
The argument is of such length that we must refer the reader 
to Laplace’s original work (Théorie Analytique des Probabilités). 
We therefore assume the law as our fundamental hypothesis 
in what follows. A good idea of the principal steps in the 
process, which avoids the obscurity of the original work of 
Laplace, will be found in Airy’s Theory of Errors of Observation, 
pages 7 to 15. Todhunter’s History of Probability, Arts. 1001 
onwards, may be consulted, also a paper by Leslie Ellis (Trans. 
Camb. Phil. Soc., viii.), and a paper by Merriman (Trans. Conn. 
Acad., iv.). 


1747. The Frequency Law. 


The law ve=2 e-*"* is termed the law of “ Facility ” or 


“Frequency” of Errors. It will be noticed at once that this 
is a probable law, for it answers all the requirements laid 
down in Art. 1745. It has a maximum at 7=0, it is an even 
function of x, it contains an arbitrary constant w, it diminishes 
with great rapidity as x increases, and speedily becomes of 
insensible magnitude, and 


[ e@ar=nf [fe-mde=N. 


1748. Weight and Modulus. 
The constant w is called the weight of the observation. It 


is sometimes replaced by i Then ¢ or = is called the 
@ 

modulus. The weight » measures the care, skill and precision 

of the observer, the goodness of his instruments and the 

excellence of the conditions under which the observation is 


made. 
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1749. The ordinary method of estimating the value of a 
physical element of which a number of presumably equally good 
measurements have been made is to take the arithmetical 
mean of the result. As a matter of experience this gives good 
results, and therefore this mean is frequently adopted as giving 
the best estimate available, and regarded as the most likely 
value. If we might assume this, the above law of Facility of 
Errors easily follows. 

Let T be the true value of the measured quantity, T being 
unknown. Let 2,, 25, ... Z, be m independent results of obser- 
vation; $(x) the law of Facility. 

Then 2,—T, 2,—T,...2,—T are the actual errors, some 
positive, some negative, and the @ priori probability of the 
coexistence of these errors is proportional to the product 

P=$¢(2,—T)$(2—T) «.. 6(@.—T). 
Then, by the principles of inverse probability, the probability 


that the true value lies between 7 and 7+dT is PdT / |P aT, 


the limits being such that the integration is conducted over 
all values of Z which it is capable of assuming. That is, 
after the observations were made, the probability that T is 
the true value is also proportional to the product P, and 
therefore this expression is to be made a maximum by 
variation of T. Taking logarithms and differentiating, we 


have S$ $'(2,—1)/$(2,—T)=0. 
1 

Now, if we take for T the arithmetic mean of the observa- 

tions, this equation is to hold when nT=S) z,. To find the 
1 
form of ¢ which will satisfy these requirements, take the case 
Zg=2,=...=%np—=2,—Nr. when 
nT =2,+(n—1) 2=2%,+(n—1) (z,—n7)=nz,—n(n—1)7, 

we. %—T=(n—1)7, 2—T=(2,—2)+(4—T)=—7, 


2,—T'=—r, ete. ; 
i Gla= Di oat Ga) 
stitial 
g(m—l)r gf (= 7) 


or 


(n—l)ro(n—])r (=7) o(=—7)- 
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which is independent of n; and this is to be true for all 
positive integral values of n. 


This will be satisfied if ¢ be such that | a RO eet 


2 ee 
whence log ¢(u)=C x and (u)= de® Ls 


And since ¢(u) is to decrease as uw increases, C must be 
ae 
negative. Let G=—5. Then ¢(u)=Ae “. Again, if N be 
the total number of observations, 


il. (u) du={ 


Ae “du=AeJ/x; «. A=N/ev7z, 
é N 
1.€. =>——} Le 
a= —* 
which establishes the law of facility under the hypothesis 


specified as to the Arithmetic mean. 

This remark is made by Dr. Glaisher in the solutions of 
the Senate H. Problems for 1878, pages 167, 168, where there 
will also be found a concise account of the allied subject of the 
principie of “ Least Squares.” [See also Todhunter, Hist., 
Art. 1014] 


1750. Mean of the Errors, Mean of the Squares, Error of Mean 
Square, Probable Errors. 
The following facts will now appear : 


(1) The mean of all the positive errors 


Vere rear 
\, Se Ade Vr rw 
0 evar 
(2) The mean of all the negative errors with their signs 
i! 
changed is also eee. 
7 Tv TW 


. (3) The mean of all the errors taken positively is aaa be 
lor TW 
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(4) The mean of the squares of all the errors 


~o 1 _s 
abbas Ss cd. 
[2 a me | 
a a 1) 
| nee # dx ct 
—© n/a 
(5) The “ Error of Mean Square,” i.e. the square root of the 
mean of the squares of the errors, =F = This is the 


abscissa of the point of inflexion on the Probability Curve 
yee. 

(6) The “ Probable Error,” which is such that the number 
of positive errors which are greater than itself is equal to the 
number which are less, is given by the value of p, where 


a YT inl Yolen 1 
= Gg Ot =5| ——e “dr—-. 
I ee eave e/a 4 


Dp 
Let z=cz. Then =e) ee dz=0°25. 
Vado 


Tables have been calculated for the values of this integral 
for various values of the upper limit [Kramp’s Refractions ; 
Encyc. Metropol., ‘Theory of Probabilities”], and interpola- 


tion from them gives £ ='476948.... Hence the ‘“ Probable 
Error ” =:476948... ¢ or °476948.../s/w. 


1751. Kramp’s Table is given by Airy (Th. of Errors, p. 22), 
also by De Morgan (Diff. Calc., p. 657). We reproduce Airy’s 
abstract of this table for convenience for other purposes. 


Integral tabulated, J= at iL edz. 
Vado 


x I 7 I x I x I 
0:0 0:000000 1:0 0°421350 2:0 0497661 3:0 0°499988 
O11 0°056232 11. 0°440103 2°1 0°498510 
02) O1LS61 12) 20:455107 2°2 0°499068 
03 0164313 13 0°467004 273 0°499428 
04 0:214196 14 0°476143 2°4 0°499655 
0° 0°260250 15 0°483053 2°5 0°499796 
06 0°301928 16 0°488174 2°6 0°499881 
0'7 0°338901 177 0°491895 2°7 0°499932 
0'8 0371051 18 0°494545 28 0°499962 
09 0°398454 19 0°496395 2°9 0:499979 co 0°500000 
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1752. Relative Magnitude of Probable Error, Mean Error, 
Error of Mean Square, Modulus. 

To sum up, we have 

Probable Error =476948..././w ; 

Mean Error=1/V7w='564189.../Jo; 

Error of Mean Square=1/./2@=°707107.../Jw; 

Modulus=1//; 
in each case varying inversely as the square root of the 
weight, t.¢. directly as the modulus; and obviously, when any 
one of these is found the rest may be deduced. They are 
arranged in ascending order of magnitude. 

Taking the z-axis as the axis of magnitude of errors and 
the y-axis as the axis of frequency, Fig. 587 will exhibit to 
the eye the relative magnitude of these errors and the fall in 
frequency. The figure is that given by Airy (loc. cit. sup.). 
The abscissa is the ratio of the magnitude of an error to the 
modulus. The points P, M in the figure indicate respectively 
the abscissae for Probable and Mean Error. 

y 


ro 
os 
o-s 


oO PM M.Sq. Mod. 
Axis of magnitude of error st 


The Probability Cure y=e © 
Fig. 587. 

1753. Several Observations. Resultant Weight. 

Suppose there to be a result b dependent wpon two observations 
a, and a, of weights w,, w, respectively, say b=¢d(a,, a,). To 
find the weight of the result. 

Let 2,, 2, be the actual errors and z the consequent error 
in b; all being small quantities of the first order, then to that 


} 6) 
order z= a L,+ a Lo= pa,X,+ ha,%, SAY. 
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The chance of the co-existence of errors in a, and a, 
respectively between a, and z,+da, for the one and 2, and 
x,+dax, for the other is 


@, — 2 w, =. 2 
tte Ba de, |e eg 
T Tv 


Therefore writing “= iu -. += $i. and as fa, the 
2 


@, 4 
chance of an error in b lying between z and z+dz 1s 


Lap ag| se om) 


“1c (2—Az)® 


dz {” = 
that is, wit 6 “20. e Fa dz 


=12%2 Bee Tope, srl e-°2 dz 
®1Wo Tv 


The law of te ae the compound result ¢(a,, a,) is 
therefore of precisely the same form as that for each of the 
original observations, but the weight of the combined result 
is w, given by ana (5e) taal5e) And exactly in the 
same way if b depends upon several observations @,, dy, ... Un 
of weights w,, ws,--- wn respectively, we have a resultant 


weight w for the cumulative measure given by = So abet: 
@ Wr 


“7 wr \0a,. 


It follows that, writing P.E. for Probable Error, 


[P.E. in (a, ap, ...)P=(P.E. in ayer ey (PE. in ¢ ase) +. 


and the same law of combination holds for Mean Error (M.E.) 
or Error of Mean Square,(E.M.S.). 


1754, For example, if we require the weight of the Arith- 
metic Mean of n observations of equal weights w,, 


_< he ee ee ed 
b= >1a/n and Ge a, 2 age 1.€. W=N®,. 
That is the weight of the combination is n times the weight 
of any of the original observations, and 


the Probable Error in b=(P.E. in any of the a’s)/,/n, ete. 
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Similarly the weight of a resultant pa,+qa,+ra,+... is 
given b 2 
y 1 Pp" ee. inf otters 
W W, Wy Ws 
and if w,=«,=w,=..., Let ob dh niake 
@ @®) 

1755. If observations be taken upon a single physical 
element, and the weights and probable errors of the several 
observations (a,, a,, dy, ...) be respectively (w,, w., ws, -.-) and 
(€,, & €,---), Whilst w and ¢ are those of a resultant formed 
according to the law >p,a,/Dp,, which is the usual form 
adopted, where (p,, p,, ps, ...) are certain constant multipliers, 
called “combination weights,” to be so determined as to give 
a minimum probable error in that resultant, we have 


SY ats crt 
dai) +ei( $e) fae 
and differentiating with regard to Pi De Des; 
f Pyey"= Pree" = Peg =... = Lp Pe,?/Epr, 
hi P, [= P| 0, =P,/o,=... , 
we. the combination weights are to be proportional to the 
theoretical weights. Moreover, it follows that 
2a Fete «OF w=a,+a,+034+ -.- , 
EC y gh es faiEs 
and the theoretical weight of the result is equal to the sum of 
the theoretical weiglits of the several collateral measures (see 
Airy, Th. Err., p. 56). 
1756. To estimate the actual value of the weight of a 
series of observations upon a single physical element, we have 


seen that = =mean of squares of the errors. 


If then the actual errors of each observation were known, 
we should have a rule todeterminew. But the exact measure- 
ment of the quantity upon which the observations are made 
is rarely known. Let T be its true value, A,, A,,...A, the 
observed values. Then A,—T, A,—T, etc., are the actual errors, 


1 1 P , 
and Ba 2a (Ae—TY But 7 being unknown, we have to 
approximate. Let us adopt the arithmetical mean of the 


observations as the value of 7, and write T=1>) A,, which 
i 
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is known as the “apparent value,” but is not necessarily the 
true one. This gives as an approximation 

Boat AP Ant 20(4, + Ayton) nT = >) AP nT 
F Wee ee Pon - 

i.e. a8 an approximation we have i ea 3(>> A,) 

1 1 
= ee of pgneres) (Eas of Geiths 

~ \ of observations of observations/ 

1757. Determination of the ‘‘ Error of Mean Square,” ‘“‘ Probable 
Error,” etc., of a Measurement of an Element from the Apparent 
Errors. 

Since the true value of the measured element is rarely or 
never known, we have to devise a method of obtaining the Error 
of Mean Square, etc., by some way other than as being 1// 2, 
which would require a knowledge of w. Let A,, A,, As,... 
be the actual results of nm independent observations on the 
single physical element in question, a,, a), a3,... the actual 
errors, 7’ the true value; then 4,=T+<a,, A4,=T+ ay, etc. 

Let M and m be the arithmetic means of the A’s and of 
the a’s. Then 


a,—m=A,—T—* 3.(4,—1)=4,—* E4,=A,— M. 
1 


The difference a,—m, viz. the difference between the actual 
error and the mean of the actual errors, is called the “ Apparent 
Error.” And the sum of the squares of the Apparent Errors 


* 1 
a= feats 2 2 2a 
= > (a-—m)?=Za?— 2m. nm+ nm?= a, nna) 


Theréfore ff => (Aaah ohare eee = (Sa,). 
Now let ¢ be the error of mean square of each measure. 
Then (Art. 1750, 5) O32 Sat 2.8. Sa; =Ne*, 

1 1 


Again, the square of Ya,=sq. of error in DA, 
=(Error of mean square in 2A,)? 


=) (Error of mean square in A,)? 
1 
=ne (Art. 1753); 


.. sum of squares of Apparent Errors=ne?—"ne?=(n— 1)é, 


APPARENT ERROR, 863 


Hence onal Pig and @ being known, this determines e. 


Since the Error of mean square=1/./2@, we have 


w=(n—1)/2Q. 
Also Mean Error=—t_-= | 2. 
Jw Va n—l 
Probable Error= 79/5048 _o-476048...4/ 22. 
Jw n—1 


1758. Again, since the Error of mean square of the mean 
of n independent measures of a physical quantity 


1 
sy = x Error of mean square of any one measure (Art. 1754) 


ame Ci ae 
dn Yn(n—1)’ 
Mean ath a 


of the mean Va n(n—1)’ 


Probable Error — 0476948... | 2Q 
n(n—1) 


of the mean 


we also have 


1759. Case of a System of Physical Elements. 

Suppose next that it is required to discover the values of 
a certain set of physical elements €, y, ¢,..., and that observa- 
tions upon certain connected groups of them have been taken 
giving results of the form 

P(E 1G )=N, $2(E 7 & ---)=No, ete., 
the forms of ¢,, ¢,, ete., being known, and all the constants 
involved being known from theoretical or other considerations, 
whilst V,, N,,... are the results of observation, and therefore 
subject to smal] errors. 

Theoretically, if the number (m) of observations be the 
same as the number (x) of elements to be found, there will be a 
definite number of sets of solutions of these equations depend- 
ing upon the degrees of the several functions. If, however, 
the number of observations exceed the number of elements, 
it will not in general be possible to satisfy all the equations 
by the same values of €, », §, ete., and it becomes important to 
examine a method of finding their most probable values under 
the circumstances. 
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1760. Reduction of the Equations to Linear Form. 

The observed quantities N,, N,, etc., will not differ largely 
from those which would give true values to €, », ¢, etc., and if we 
solve » of these equations we shall obtain close approximations 
to the values of €, », € etc., or in some cases such close approxi- 
mations may be otherwise available. Let these approximate 
values be a, B, y, etc. and a, y, 2, etc., the small residuals of 
the true values of &, 7, & etc., so that €=a+a, n7=8+/y, ete., 
and these residuals being small their second and higher powers 
and products may be rejected, and each equation of form 
Pil, n, ¢ ...)=N; may be regarded as reduced after expansion 
of ¢(a+a, B+y, ...) by Taylor’s theorem to the type 

ag+by+ez+...=N, 
such equations being m in number. Now n;, being itself the 
result of the subtraction of ¢(a, 8, y, ...) and various second 
and higher order small quantities from N; depends upon the 
observations, and is a small quantity subject to error, whilst 


a;, b;, ¢;,... are supposed known from theoretical or other 
considerations. 


1761. The Equations of Condition. 

We therefore have m linear equations connecting « un- 
knowns 2, y, 2, ete, ~ being <m. Let a typical equation 
be aw+by+cez+...—n,=0, where 7=1, 2, 3,...m. We need 
not for the moment consider , y, z, ... to be small. 

These m equations are not in general capable of being satisfied 
by the same values of 2, y, z,..., but we have to obtain the 
most probable values of a, y, z,... from them; that is, as good 
an approximation as we can under the circumstances. 

These equations are called the ‘‘ Equations of Condition.” 


1762. Standardisation of the Equations. 

As to the several results of observation, n,, ”,, 13, ..., let 
us suppose that they are each the result of several separate 
and independent observations; e.g. taking the typical case n,, 
suppose it to have been formed as the arithmetic mean of 
w; observations upon the value of aa+by-+..., and suppose 
all these w;, observations to be equally good observations. 
Then the weight of this observation is proportional to «;. 
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Therefore, unless the number of observations in forming 
Mr; M2, M3, ... has been the same and the individual observa- 
tions equally good, some of the Equations of Condition will 
have greater importance than others. 

If n; be found by @; observations, each with the same pro- 
bable error ¢, the probable error in n; is e/Vw,, and the probable 
error in ”;./@; iS e. 

Hence, if we multiply the Equations of Condition by 
Jo, Vos, Jos, ete., we get another group in which the pro- 
bable errors of the right-hand sides are each e. 

We shall suppose our m Equations of Condition to have 
been already subjected to this preparation, and therefore 
suppose that the quantities ,, m2, m3, ... which occur are sub- 
ject to the same probable error e. 


1763. PRINCIPLE oF LEAST SQUARES. 
If 2, Yo, %,--- be the most probable values of «, y, 2,... 
respectively, then, by the nature of the case, 


Ay tbiygteezot...—N 


is a small quantity of the nature of an error. Call it », 
Then the probability of the occurrence of the error v, being 


<h ote dey, the probability of the co-existence of errors 


m 


Oy ine ®, os 0, 18 IT * o-*"* dy, and as these errors have 
1 
occurred through taking 2», Yo, 2, --. , etc., as the true values 
of x, y, 2, ..., ete., the probability that x, Yo, etc., are the true 
values is fia Mi o" dy, | | | e.| tty Pie" dy. in 
pet —2 Tv 


—o —o 1 
which the denominator is a definite constant; and, supposing 
the Conditional Equations to have been prepared as described 
in the preceding article, the w’s occurring are all equal. 
But in any case we have to determine 2%, Yo, etc., so that 
this probability shall be as great as possible; and this will be 


™ 
achieved by making >)? a minimum; or, if the w’s are 
‘ 1 


equal, 5v?=aminimum. The method of procedure is therefore 
called the method of “ Least Squares.” 
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1764. The “Normal” Equations. 
The primary condition for a minimum is 


dow; (a, dary + 6; dyy+ ...)=0, 
1 


and therefore, on equating to zero the coefficients of dxg, dyo, -.-; 
we have m linear equations to determine 29, Yo, 2, «+» » V1Z 
Lw,4%,=0, Lwbv,=0, Loev,=0, etc.; 
or in the case when the equations have been prepared before- 
hand, so that the weights are equal, 
La,0,==0; Db ~,=0,* Det; 0) * ste, Ze: 
La?. 2% +Dab.yo+Dac.z%+...=Lan, 
Yba . Ly+ Ub". yy + Dbe. z+... = Lhn, 
LCA. y+ Leb. yy + Uc? z+... = Den, 
etc., 


which are known 
as the ‘‘ Normal ” 
Equations. 


The very compact notation [ab], [aa], etc., is often used for 
Zab, Ya’, ete., but we adopt the sigma notation as a little 
easier to write. 

These equations determine the values of 2, ¥, etc., so as to 
give the most probable values of 2, y, etc., to satisfy the 
original group of Conditional Equations in which the n’s are 
subject to small errors. 


1765. Before proceeding further, let us examine the m 
prepared equations of type a,7+by+ez+...=n, from another 
point of view. 

Multiply the several equations by »,, pz, ..-, Pm and add; 
then by 4, qe, ... dm and add; then by 74, 79, ... % and add; 
and so on; viz. by u groups of multipliers, m in each group. 
We obtain « equations, 


rLA: P+ Y db, p,+2DC,p;,+ ... =IN pj, 


crag, +yrbgqi+2dcq; +... =D (1) 
xray, +y2br;+2rqr, +...=Dnyr,, | 
ete. 


Again multiply these by ),, Ag, -.-, A, and add, and choose 
the )’s so as to remove the terms Re 
AyZbp;+ A 22 big; +A ,2n07,+ ooo — 0, 
Ai2e,p;+ Agdey i +A3,2er;+ eee ==0, 
ete. 
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Then  #= AWzN, Pit AglNQitAslnr;+.. ao =n,k;, 
AA P+ Aa git+rAsLarjt+... Dak,’ 


where k=), p;+Ao4it+Agrit-..; whilst 5b,4,=0, Dek,=0, etc., 
and the new constant multipliers k,, k,, ks, ... replace the 
p's, 7s, 7's, ete., and }’s. 

Let w be the weight of each of the observations 7,, 9, ... Mm, 
by supposition prepared to be of equal weight, and let wz, wy, 
wz, ... be the weights of the deduced values of 2, y, 2, ... 


1_ Ske 
—(Saky o’ 


Then 


Myt PRCBriticca: cxtt:.. th at (2) 


And if ¢ be the error of mean square, or the probable error 
in each of the n’s, and e,, ey, ez, ... the resulting error of mean 
square, or the probable error in the deduced values of 2, y, 2, ..., 


we therefore have ¢,2=——; F¥ e’, and we have to make this 


rk? 
(Sak, 
error of mean square, or this probable error, as small as 
possible with the conditions 2b,4,=0, Xe,k,=0, ete. 


1766. To do this we have the k’s at our disposal. Their 
number is m and their connecting equations number p»—1, 
which is < m. It will be observed that the expression e, 
contains only the ratios of the k’s, and when their ratios to any 
particular standard k have been fixed e, becomes determinate. 
We shall therefore in no way alter the value of e, by the 
addition of some one additional linear equation amongst 
the k’s. For convenience we take that relation as Da,k;=1, 
which will givew= nk, We then have to make e°=2h?.ea 
minimum with the » conditions La,k,=1, Db,k;=0, Xe,k,=0, ete. 
We obtain at once Dk,dk,=0, Da,dk,=0, Db,dk,—09, etc., and by 
Lagrange’s method of undetermined multipliers 


k,=Aa,+Bb,+..., kg=Adg+ Bby+..., +--km=Adm+ Boy +s, 


whence Yh? =ALDak,=A. 
Also Ada?+BrYab+CLac+ ...=Lak;=1, 
Axba+BxXb? +CXbe+...=2bk,=0,{ (3) 


Adca+B>eb + Cre? +...= ek, =0, 
ete., 
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whence A=| Xb?, Zhe, ... Ya*, Dab, Lac ... | and is known, 
Deb, 2s. dba, ZU, Zbe ... 


ay cepted PLE, SED pee a 


and A=>k?. Therefore e2—=Ae? and e,==e/A; and A is 
essentially positive, being the sum of a number of squares of 
real quantities. The weight of the deduced value for a is 
o- SERe= 5, 

1767. The symmetry of the work shows that the same 
process will give us a minimum error of mean square, or a 
minimum probable error also for y or for 2, etc., and that the 
weight of y so deduced may be found by solving equations of 
the same form as those in group (3), but with the 1 now 
replaced by 0 in the first equation and the 0 by 1 in the 
second ; and so on for the weights of z, ete. 


.w, and if we take w as unity, = 4 


1768. Again it will be noticed that if we choose our 
preliminary multipliers, viz. the p’s, q's, 7’s, ete, as the 
coefficients of the original prepared eonditional equations, viz. 
p=, G=b, r=c,, ete, we have k,=A,a,+Agb;+A3¢;4+..., 
and for this choice 

DhPF=DZ(Aya; +A; +... )hp=ADzak, + A-L,k; +... =AyV=A. 

That is, substituting for the p’s, q’s, 7’s, ... in equations of 
group (1), the equations which will give a value of a with 
the least error of mean square, or least probable error for x 
are the “normal” equations arrived at in Art. 1764.otherwise, 
and the symmetry shows that the values of y, z, ete., will 
also be determined by the same equations with the least error. 
But as these equations are the same as those arrived at by 
making Y(ae+by+...—n)? a minimum by variation of 
&, y, 2, ..., thisisa convenient way of reproducing the equations 
for these unknowns. And the result is the same as that 
arrived at in Art. 1764, the weights of the several observations 
having been made equal by preparation of the conditional 
equations. 

1769. If the conditional equations are left unprepared, we 
arrive at the proper equations for the values of «, y, z, etc., by 
making Lw,(a0+by+...—n,)? a minimum. 
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1770. Reality of VA. 
The determinants occurring in Art. 1766 are essentially 
positive. For such a determinant as 


Ya*, Lab, Lac, ...| occurs in squaring | a, pg, ... Qin 
Xba, =Xb*, be, ...| the rectangular array |}, by, ... Bin 
Zea, Zeb, Zer ... a eee 


SOOO eee ee eee eee eee ween eee 


in which the number of rows (x) is less than the number of 
columns (m), and is therefore expressible as the sum of the 
squares of all possible determinants which can be formed from 
the array by taking « columns (Burnside & Panton, Th. of Eq., 
p. 260). Such a determinant is therefore essentially positive. 


1771. To complete the theory we must examine how the 
quantity ¢ is to be found from the details before us; that is, 
we are to do for the case of measurements upon a system of 
physical elements what was done in Art. 1757 for the measure- 
ment of a single element. We have used e indifferently in 
Art. 1765, etc., for either the error of mean square, the probable 
error or the mean error. We shall now define the letter as 
standing definitely for the ‘error of mean square” in the 
measure of an observation. Let v; be the residual error in 
az+by+...—n,, when the values 2%, Yo, 2%, .-. obtained from 
the “normal” equations have been substituted for a, y, z,.... 


2 
Then we shall show that the equation = Pies replaces 


that of Art. 1757. 
Let the true values of 2, y, z,... be +62, Yo tdy, % +62, 
ete., and let 
a;(%)+ dx) +b; (yot+ dy) +...—m =; G=1 to t=). 
Multiply by a; and add the system. Then 
La?.zy +Dab.y¥9+Lac.z+...— Zan 


+2a?. du + Zab. dy+ Zac. dz+... = Das 

Ya?. da + Lab. dy+dac.dz+... = Da. 

Similarly ba. d+ 2b?. dy + Zbe.dz+... =bu, 
Yea. du + Zeb. dy +Xc*.dz+... =eu, ete., 


which, as in Arts. 1765, 1766, give dv=Dku. 
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1772. Equations of type aja +biyo+ --- —mM=V;(i=1 toi=m), 
multiplied by v, and added, give Dv? = — Zn, since 
Lav=0, Dov=0, Zev=0, ete 
And equations of type a;(z)+ 6x) +b;(yy+6y)+--.—m = give 
in the same way Luy,= — ZN. 


Hence DoZ=Luy;,= — Dj. 


1773. Equations a)+by,+¢z,+.-.—m%=v;, multiplied by 
u; and added, give 


Lau; V+ @lbu;. Yo +... —InUY=LDoyju,= Zr. 

Equations a,(x)-+6x)+;(y.+ dy) +...—m=u,, multiplied by 

u, and added, give 
Dau; ° Lo +2bu; . Yo + eee Int; 
+2a,u; 62+ Zbyu; . oy + eee oe 

Hence Yu7Z=Lv7+ Lau,.dx+ Lbyu;. dy+Zeu,.dz+.... 

And, since Su, is the sum of the squares of the true errors of 
the observations, Du,2—me?. 

Now, in the terms Lau;.dv+2b,u;.dy+..., we must neces- 
sarily approximate. 

Take for thera their mean values. Then 

LAU; . OL= (AU + AgUa+Aggt ...) (Kyu, + hylg+hgtig+...) , 

whose mean value is that of a,kyu,?+-aakqu,?+ agkgus?+ ...; for, 
remembering that the errors w,, Us, Us, ... may have either 
sign, all products involving errors with unequal suffixes will 
disappear in taking the mean. And the mean values of 
Uz", Up”, Us’, ... are each e?. 

Hence Ya,u,;. dx will be replaced by La,k;. 2, that is &. 

Similarly Ybju,;.dy, Xew;.dz, ... will be replaced by &2. 

Therefore m?= v?+ pe’, u being the number of unknowns 
BA hs aan: 


Yv?2 
Hence Ga. 


a em 
1774. If there be but one unknown, 7.e. when the observa- 


tions are made upon a single physical element, we have 


2 
ge ee 


m—l 
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1775. Effect of Exact Co-existent Relations, 
If, in addition to the m conditional equations of type 
axe+by+...—n,=0, 
there be p (<x) exact equations of type 
az+By+...—y4=0, 
these latter equations may be regarded as determining p of the 
unknowns in terms of the other .—p. Upon substitution of 
these in the conditional equations, we have a system of m 
conditional equations amongst ~.—p unknowns. Hence the 
error of mean square e¢ will in this case be given by 
ee} oe where v; is, as before, a7)+by.+...—m, and 
the summation is from i=1 to i=m. 

If « be large, or if there be several exact equations, a 
different process is usually employed to reduce the labour of the 
elimination. (For this see Chauvenet, Astron., p. 552, Vol. IT.) 

1776. Finally, if ¢,, ey, e,,-.. be the errors of mean square 
iN Zq, Yo, 2%, ---, and if X, Y, Z,... be the respective weights 


€ 


MAE *Sy, Yq; 2g. <-> Shen. Te v= TF 
X, Y, Z,... are to be determined as follows (Art. 1766): 


, ete., and the values of 


1 1 1 
For X: a?- X +2ab- 5+ Zac: Fy, Sea be 
ee 2, 1 See a 
dba X +6 yt Zoe 7 ++ =9, 
1 1 1 
Yea: ¢ +%eb- yrte: yt =9 
ete. ; 
For Y: Xa?- Lee De ee Loe al ey 
ms xy iy hE ’ 
1 Pa! 1 x 
dba yr tt y tree as ==), 


! ibe nit ® 
Lea. 7+ Zeb y t%e git =0, 


etc., 


the accented unknowns of each group not being required ; 
and such equations may obviously be written down from the 


normal equations. 
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Hence we obtain X, 7.e. the value of 2 (Art. 1766), ete. 

Moreover, in cases where the values of 2, Yo, %,-++ are 
expressed in terms of letters and not numerically, their 
weights may be obtained more readily, as in Art. 1753, by 
differentiation. 

This completes the details of the process to obtain the 
Mean Square error for each element, and the Probable and 
Mean errors may be at once deduced. 


1777. Order of Procedure. 

To sum up, the order of procedure is as follows: 

I. Given the m conditional equations amongst » unknowns 
(m> w) of type aw+by+ez+...—n,=0, let each have been 
prepared by multiplication by the square root of its weight, 
viz. /0,. 

II. From these prepared equations, or by differentiating 

2 (aae+by+...—m), 
deduce the normal equations and find a, y,, 2; -:-- 
IIL. Form 2v?=D(a~vo+ byo+--.—1,)”. 


IV. Find e¢, the error of Mean Square of an observation 


V. Then to find ez, ey, «,, etc., in the normal equations 
replace Yan, Ybn, Xen, ... by 1, 0, 0, etc., and solve for 2, say 
a= ¥ then replace Zan, Xbn, Len, ... by 0, 1, 0,..., ete. and 
solve for y, say v=) and so on; then X, Y, Z,... are the 


several weights of x, Yo, %,-.-, and the errors of Mean 
€ € 
Nhe ey igs eee 
These values may also be obtained by Art. 1753 without 
the trouble of solving the normal equations when the results 
of the observations are given in letters instead of numerical 
quantities. 


Square are e,= 


VI. Having found e, e,, ey, ¢,,..., we may then deduce the 
Probable Error or the Mean Error by Art. 1752. 
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1778. For further information, the reader may consult the appendix 
to Vol. II. of Chauvenet’s Sph. and Practical Astronomy. 

For those interested in the Bibliography of the subject, reference may 
be made to 

Legendre, Nouvelles Méthodes pour la détermination des orbites des Cométes, 
1806. 

Gauss, Theoria Motus Corporum Coelestium, 1809. 

Disquisitio de Klementis Ellipt. Palladis, 1811, etc. 

Bertrand, Méthode des moindres carrées, 1855. 

Encke, Ueber der Meth. d. Klein. Quad., Berlin (Astr. Year Book, 1834, etc.). 

Laplace, Théorie analytique des Probabilités. 

Poisson, Sur la probabilité des resultats moyens des observations (Con- 
naisance des Temps, 1827). 

Bessel, Astron. Nach. (357, 358, 399). 

Hansen, Do. (192, 292, etc.). 

Peirce, Astron. Journal (Camb. Mass., Vol. II.). 

Liagre, Calc. des Prob., Brussels, 1852. 
And other references have been made to the works of Airy, Glaisher and 
Merriman in the course of this chapter. 


1779. InLustRATIVE EXAMPLES. 


1. Suppose O a central station on a plain, and A, B, C, D four distant 
points. Let the angles AOB, BOC, COD, DOA be respectively estimated 
by p, q, 7, 8, equally good measurements to be a, B, y, 5; and suppose that 
after all due care has been taken a+B+y+6 falls a little short of 360°, 
say by k”. It is required to find the corrections to be applied to the several 
observations. 

Suppose the true values of the several angles to be a+w”, B+y”, 
yte", 8+w”. 

Then #+y+2+w=k is an exact equation. The equations of condition 
are «=0, y=0, z=0, w+y+z2—k=0, which cannot be satisfied simul- 
taneously. Making px?+qy?+rz2*+s(4+y+z—h)? a minimum, we have 
px=qy=rz= —s(e+y+z—k)=X, say. These are the Normal Equations. 


Thus pia, ste ae and A(s+t4t)=e-4; 1.€. howe: 
en rie ¢ 8 xh 

k 1 k 1 k 1 k 1 

whence =e | art y=5| at 2=7 [25> w=" / = 


which give the probable values of 2, y, z, w. 


2. Let p observations of the zenith distance of a circumpolar star be made 
at the wpper culmination, and q at the lower. It is required to find the co- 
latitude of the place. {Arry, p. 42, Hrrors of Observation. } 

Let a and b be the means of the two sets of observations. Then z,=a 
and z,=6 are the estimated zenith distances at the two culminations. 
And we are to find the probable error in 4(¢+5), which would be the 
true co-latitude if the means of the observations were accurate. 
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Let w be the weight of any of the original observations, all supposed 
of equal value ; w’ the weight of (a+). Then 
Irae oer 
w 4 po 4 qu “4a Pq 


Hence if « and ¢’ be the probable errors of an observation and of the 


deduced co-latitude, ’=5 NI ae with the same formula connecting 
the errors of mean square and the mean errors. 


3. Consider a rod, whose accurate weight is h grammes, to be broken into 
three random pieces of unknown weights x, y, z grammes ; y and z are weighed 
together | times ; z and x, m times; x and y, n times, and the means of the 
three sets of weighings are a,b and c grammes, and all the weighings are 
equally good observations so far as is known. It is required to find the most 
probable weights of the several parts and the probable error in each. 

[Matu. Trip., 1876.] 

Here #+y+2=h, (1); yt+e2=a, (2); 2+2=b, (3); e+y=6, (4). 

Equation (1) is exact. The others are subject to error. Let w be the 
“weight” of any one observation. The “weights” of the means are lw, 
mw, nw. The equations (2), (3), (4) may be written h-x—a=0, 
h—y—b=0, h—z—c=0, and we are to make 

l(h—x—a)?4+m(h—y—b)?+n(h—z—c)? 
=a minimum with condition +y+z=A. 
Thus, l(h—a—a)dz+ + =0, dx+ + =0, whence l(h-z—a)=...=...=A, 


4.e. 3h—(x+y+z)-a—b-—c= NG +— nt) 4.€. th-a-b-e=A(7+ +), 


1.e. x=h-—a-—(2h—a—b-c) y=etc., z=etc. 


mn+ —— lm’ 
If w, be the “ weight” of this expression for 2, 


EH ca PS EE We a ie 
w, wl\da] “ wm\0b onl Se = ete mntu+in 
Now h being known exactly, 2h-a—b-—c is a known error, and it is 
the only pel error, and if Q iy the “weight” of this expression 
5-4 : +— ! rare 1753), and 55 p= @h- a—b—c) (Art. 1750). The 


ol! am on 
latter equation is the a ae one for 2. Hence 


1 Almn ‘ 1 2lmn(m+n) 


fetes CT ge a A LG Oya is Nie 
o mnr+nl+lm Recess SC wz (mn+nl+ Feel pga 
The probable error for 2, viz. p, is such that 
tz Beas hs gee _ ‘4769... 
JSmiend nd pits 
F : N2lmn(m +n) 
1.€. p= eM Ee todemeperany ra Orel Gs al Rete) 


Suppose in the same example that A were not known, but that the 
several observations are (a,, dg, ... a1), (b,, be, ..- Om), (C15 C25 +++ Cn) 
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We then have / equations of type y+z—a,=0, m of type z+a—b,=0, 
n of type x+y—c,=0. 
Then , y, z are to be found from making 


U m n 
Lyte —a,P+ Let+e - 62+ D(e+y-c,)? a minimum ; 
1 
from which (m+n).a»+nyo+mzy= db,+ de,, 
1 1 


n t . 
1 ayy > | Xq, Yo, 2 being the values 
matet (ntl) yet lee ey py a, which give the minimum. 
u m 
May + lyg+(l+m)zZ= Ya,+db,, 
1 I 


We then have as an approximation 


t m n 
1 U(Yo+20~ Gp)? +E (Foto — by)? +X (0+ Yo~ Cr)? 
20 lim+n : 

4. A, B, C, D are four points in order on a straight line ; AB, BC, CD, 
AC, BD, AD are measured respectively a, B, y, 5, & € times with mean 
respective measurements a, b, c, d, e, f. Find the most probable value of AB ; 
and if a= B=y=5=e=¢, find its probable error. (Mars. Trre., 1878.] 

Let AB=x, BC=y, CD=z; then we are to find a minimum for 
a(x—ay+ B(y— bP +y(e—cP + 8(uty—dPtelytz—eP + Cetyte-f) 

The conditions are: 
a(x—a)+d(x+y—d)+((x+y+e—-f)=0 ; ote 
1 A EE ek ape pate aia kee preteen 
Yle-e)+elytz—e) + llety+2—f)=0, | ees 

In the case a= 8=etc., these beeome 

B2+2y+z=at+d+f, 2e+4y4+2z=b+dtetf, x+2y4+3z=c+etf; 
whence 
w=}(2a—b+d—e+f); y=}(—a+2b—c+d+e); z=}(—b42c—d+e+f), 
ae. “z—a=}(—-2a—b+d-e+f), vt+y—d=}(a+b—c-2d+f), 

y—b=4(-—a-—2b-—c+d+e), yt+z—e=}(-a+b+c-—2e+f), 
z—c=}(—b-2c—d+e+f), x+y+z2-f=t(atc+d+e-2f), 
and the sum of the squares of these six expressions is, say K. 
We also have. 


| a | 1 Le 1 
enier titi )s aie ee ee 
Jae (1444141 tye 
x 16 Fepl+ i+ a 


1.6. Wz=20, Wy=2w, w,=2w by (Art. 1753), or they may be derived 
as in Art. 1776. 
| MOL Ed K pre Oe PS eS eh 
Now VAs-v4 (Art. 1773) ; .. pa tad alts 
whence the Mean Errors, Mean Square Errors and Probable Errors of 


x, y; z may be at once written down. 
[See Sol. S.H. Prob., Glaisher, 1878, p. 165.] 
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PROBLEMS. 


1. In a plane triangle the angles A, B, C are respectively 
measured m, n and p times, and the means of these measurements 
are respectively a, 8 and y, and a+fP+y=a+e. The separate 
measurements are equally good. Show that if a+a, B+y, y+z be 
the true values of the angles, the probable values of a, y, z are 


— npe/d, —pme/d, —mne/d, where 6=np +pm+mn. 


2. In the plane triangle 4BC, the side b is to be determined in 
terms of a from the measured values of Band C. Find the actual 
error in the determination of 6 in terms of the actual errors of 
measurement of B and C, and the probable error of d in terms of the 
probable error of any measurement supposed to be the same for 
the measurement of any angle. Show that of all the directions 
in which the side 6 can be drawn, that gives the probable error 
of the determination of its length a minimum for which the 
angle C satisfies the equation 

ab (2a? + 3b?) (1 + cos? C) = (at + 7a7b? + 254) cos C. 
[Matu. Tripos. ] 

3. At Pine Mount, a station in the U. S. Coast Survey, the angles 
subtended by four surrounding stations 4, B, C, D were observed 
as follows : 

AB, weight 3, 65° 11’ 52500; CD, weight 3, 87° 2’ 24-708 ; 
BC, weight 3, 66° 24’15"°553; DA, weight 1, 141° 21’ 21-757. 

The five points are in one plane. It is required to estimate the 
corrected values of these angles. The result is that the several 
results in the seconds should be 53”:4145, 16”:4675, 25-6175, 
24’°5005, the degrees and minutes being unaltered. 

[CHauvenet, Astron., II., p. 551.) 

4, Taking the equations 

%—Y+2z—-3=0, 4n+y+4z-21=0, 
32+ 2y-—5z-5=30, -2%+3y+3z-14=0, 
show that (1) the probable values of 2, y, 2 are 2°470, 3°551, 1:916 
respectively ; 
(2) the weights of a, y, z are 24°597, 13°648, 53-927 ; 
(3) the error of mean square of an observation, i.e. of 
the numbers 3, 5, 21, 14, is 0284; 
(4) the errors of mean square of a, y, z are 0-057, 
0-077, 0:039 ; 
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(5) the probable errors of an observation and of a, y, 2 
are respectively 0°192, 0-038, 0-052, 0-026. 
(Gauss, 7h. Motus; Cuauvenerrt, II., p. 521.] 

5. In finding the latitude of a place by observation of two 
meridian altitudes of a circumpolar star, p observations are made 
at the upper transit, g at the lower. Taking the probable error of 
each observation at the upper transit as «,, and at the lower as «,, 
and all astronomical and instrumental corrections to have been 
applied, show that the probable error in the determination of the 
latitude is /pe,? + ge,?/s/2pq. 

6. If the altitudes of the upper and lower transits of several 
circumpolar stars be observed and H,, H,, H,, ... be the harmonic 
means of the numbers of observations at the upper and lower transits 
for the several stars, and all observations be equally trustworthy, 
with a common probable error «, supposing all astronomical and 
instrumental corrections to have been applied, show that the probable 


error in the determination of the latitude will be gt i. 


7. At three stations P, Q, R on the same meridian, the zenith 
distances of m, stars are observed at each of the stations P, Q, R; 
m, at P and Q; n, at Q and £; n, at R and P. It is required to 
determine the amplitude of the portion PQ of the meridian. Show 
that there are four independent modes of determining that arc ; and 
on the supposition that the probable error of each observation is 
the same and =«, show how to determine the combination weights 
of the four measures. If n,=n,=n,=n,=n, show that the square 

2 


of the probable error in the result = : -. 


8. State the criterion for the selection of the combination weights 
of n independent measures of a magnitude. Determine the probable 
error of the result in terms of the probable errors of the n measures. 

In the observation of the zenith distances of stars for the amplitude 
of a meridian divided into four sections by three stations intermediate 
between the extreme stations, a stars are observed at the first, 
second, third only; 5 at the second, third, fourth; ¢ at the third, 
fourth, fifth; and the probable error of every observation is «. 
Show that there are only three independent modes of measuring 
the whole arc, and obtain equations for determining the combination 
weights of the three measures. In the case where a=b=c, prove 


that the square of the probable error of the result is 10¢?/3a. 
[Matu. Trip. ] 
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9. If a, b,c, ... be the actual errors in m measures of a physical 
element, the apparent error of each measure is defined as the 
difference of each measure from the mean. 

Let Q be the sum of the squares of the apparent errors. Then 
prove that (i) the Probable error of a measure, (ii) the Mean error 
of a measure, (iii) the Probable error of the Mean and (iv) the Mean 
error of the Mean are respectively 


2. 0797885, /_¢_ 

0674506. /—— <p 

0674506 4/2, 0797885 ,./_—” 
n(n —1) V 


n(n—1) 


10. If we have any number of sets of n observations of the value 
of a physical element, all of which are 4 priori supposed to be equally 
good, and if the difference between any observation and the mean 
of the set of n observations to which it belongs be called the 
apparent error of that observation, then, assuming the usual law 
of frequency of errors, prove that the mean of the squares of the 


n—1 ; 
apparent errors =——— m*, where m? is the mean value of the square 
n 
of an actual error of observation. [SmitH’s Prizzs.] 


11. A rod of known length / is broken into four portions. The 
lengths 2, y, z, w of these portions are measured respectively p, q, 7, s 
times under the same circumstances and with the same care. The 
means of these several measurements are a, B, y, 6. Show that the 
probable length of z is a+ erp eee it a +2). 

a BAT 5 Penh 

12. The angles of a geodetic triangle of known spherical excess 
are measured, and the probable errors of the several measurements 
are €, €, €, respectively. It is found that the sum of the three 
measurements needs a correction of 6”. Show that if «”, B’, y’ be 
the corrections to be applied to the angles, 


a/e,? = B/e.? + y/«,? = 0/ («,? + €,? +€,?). 


CHAPTER. XXXIX. 


THEOREMS OF STOKES AND GREEN. 
INTRODUCTION TO HARMONIC ANALYSIS. 


1780. It is proposed to give in this chapter several theorems 
of the Integral Calculus which are of especial service in the 
higher branches of Physical Analysis. 


1781. StoKEs’ THEOREM. 

Let XY, Y, Z be the components referred to rectangular axes 
Ox, Oy, Oz of any vector quantity U. Then the line integral 
of this vector taken along a given path on any given surface 
from a fixed point A to another fixed point B is 


Lae|(2® + res ae ds=[(x deeVaretay 


Let us deform this path into an adjacent arbitrary path 
from A to B on the surface. 


ox >. 4 
Then tie Onl +; dX—~ dat +, and 


Lap=| ((6Xdo+ +)4+(Xdoe++} 
B B 'B 
= [exact H+ Lt e+ +1 [ax bet 4) 
A 


=|" «ex da AX day + 
A 


Bi/oZ OY OX of 
={{ Sy Ga OY dz— be dy)+ (S—) (ée da— dx dz) 


+(=—-— *\ (60 dy— sy day}. 
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But if P, Q be adjacent points (a, y, z), (a+dz, y+dy,2+dz) 
on the path APQB, and P’, Q’ the points to which they are 
deformed, having coordinates (x+dz, ete.), and to the first 
order (x4-+da-+ oz, etc.), these four points are to that order the 
corners of a parallelogram the area of whose projection upon 
the plane of y-z is dy dz—0dz dy. 


Fig. 588. 


Let dS be the area of the element PQQ’P’; l, m, n the 
direction cosines of the normal to the surface at x, y, z. Then 
to the second order 
dy dz—dzdy==ldS, dzdx—drdz=mdB8,. dady—séydxz=ndB8. 

Therefore the variation in the line integral along APQB by 
deformation into AP’Q’B is 

oZ one ox Of jae ox) 
ek —|[+( G aah m( oe ag)+™ 5) [a 
the integration being for all the yanks of i: which lie 
between the two paths. 

If we enlarge the strip by taking a new variation of the 
path AP’Q’B to an adjacent path AP”’Q’B, the extra increase 
is the same integral taken over the area between the second 
and third paths; and this process may be followed by 
other deformations to any extent so long as X, Y, Z and 
their differential coefficients remain single-valued, finite and 
continuous in the deformation (Fig. 589). 

If then A and B be any two points upon a contour ACBD 
drawn upon the surfacé within which contour X, Y, Z and 
their differential coefficients are at all points single-valued, 
finite and continuous, the difference of the line integral along 
ACB and that along ADB is measured by the surface integral 
{le (F-3E)+ + |as, taken over the whole surface bounded 
by the contour. Also the line integral from A to B along 
ADB=— the line integral along BDA (Fig. 590). 
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Hence the line integral round the whole contour is equal to 


the surface integral {@-%) + + |as, over the whole 
area bounded by the contour. 


Fig. 589. Fig. 590. 


Now let R be some vector quantity whose components 
2, 2n, 2¢ are such that 
oZ oY oX of oY aX 
= Sy 32? Be ae Be By 
then we have 
dx d dz 
Jere hz ( 
taken over the bounded surface. 

But 2(/é+-mn+n€) is the component of the vector R along 
the normal =R cose, say, where ¢ is the angle between the 
normal to the surface and the direction of #; and if ¢ be 
the angle between the vector U and the tangent to the contour 


dz dy, ,dz__ ; 
Katy at 4a tose. 


taken round 
the contour 


)=2| [le +mn-+-ngyas, 


Hence || & cos edS=|U cos ¢ ds, a result due to Stokes and 


of the highest importance in Higher Physics. [See Lamb, 
Hydrodyn., Art. 33.] 

It is remarkable that the surface integral is independent of 
the form of the surface, and depends only upon the line 
integral round the bounding edge, so that it is the same for all 
diaphragms with a given edge; provided that in the deforma- 
tion from any one diaphragm to any other no point in space is 
passed for which X, Y, Z or any of their first order differential 
coefficients cease to be single-valued, finite and continuous. 
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1782. Green’s THEOREM* Lorp KELvin’s EXTENSION. 

Let V, and V,, be any two functions of 2, Y, % the coordinates of 
a point P, and a any quantity, constant for Green’s Theorem, or 
any function of the variables for Lord Kelvin’s extension, and 
suppose all three functions and their differential coefficients to be 
single-valued, finite and continuous throughout a fimte and con- 
tinuous region bounded by a given surface S. Let volume integra- 
tion be conducted throughout the volume so bounded, and surface 
integration over tts surface. Let V?V be an abbreviation for 


APC LAWN! GALA tia ay 

ae tae Sr) +5(2 a 
Let dn be an element of the outward drawn normal at any point of 
the bounding surface S. The theorem to be established 1s 


OV, OV, , OV, OV, , OV, OV, 
[lo( cue ee 2) dar dy de 


cn 


=| [rac os as —|fv.vr, they det 
av 


oe dxdydz. Integration by 


=||r.¢ OV eas | Ags dex dy dz 


Consider the term (Je 
parts gives 


[|[ 72 oF dy de {|r 2 (at) de dy de 


Construct an elementary rectangular prism parallel to the 
x-axis on base dy dz in the y-z plane, and let it intercept upon 
the surface S elementary areas dS,, dS,, dS,,..., at which the 
direction cosines of the normals are (A,, M,, 4), (Ag: May Ye), «+> 
the suffix 1 relating to the element furthest from the y-z plane 
and the others being in order of approach to that plane. Then 


dy dz= +, dS, = —d,dS,= +), d8,=.... 


Now the limits in the first integral [ Vat a are those 


which correspond to the elements in which the elementary 
prism cuts the surface S, 7.e. from the end of any intercepted 


* Math. Papers of the late George Green. Edited by Dr. Ferrers, 
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portion of the prism nearest the y-z plane to the end furthest 
from that plane. Let the values of 7,0oh at the several 


points be denoted by the corresponding suffixes to the square 
brackets. 


Then {II V,a22 sae ale y dz taken for the whole prism 


=|f{[r.2e5] (+A,d8,)— ies a], (—r,dS,) 


+ Var oT] (+A,d8;)—- a 


that is simply, when we integrate for the whole surface, 
summing the results for all such prisms 


43 


Fig. 591 


Treating the fered terms in the same way, and noting 
that » Pane +y— we have upon addition the theorem 


oy a =a 
stated. 
Oe ae is 
Green’s Theorem, for which a=1 and V?= anit ya ae 8 


iil oY Oa 4 +) de dy ae= (7, Meas [[fvaver.de dy ae 


Or Ox 
=|[v.Zoas—|[ [rivers dy da 
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1783. Various Deductions. 
1. It follows that 


ite a V,5\d8= [ff V,V2V,— ViV2V,)dx dy de. 
2. If Vi and - both satisfy Laplace’s Equation V?V=0, we have 


If Vy OY as ff Vas ds, 


3. If V,=constant, ies as=|[[v* V,dadydz. This is known as 
the Divergence Theorem (see Webster, Elect. and Mag., p. 66). 


4, If V,=constant and Be be a function of 2, y, 2, viz. V, satisfying 


Laplace’s Equation, | [x OV ig 0. It follows that V does not under 


such circumstances admit of a true maximum or minimum value for all 
directions of displacement at any point of space for which it remains 
finite and continuous and satisfies Laplace’s Equation. For if at any 
point such a maximum or minimum could exist, V would be decreasing 


or increasing in all directions from that point, and therefore eM would 

maintain the same sign at all points of a small sphere with that point 
7 

for centre, and ‘| ji vas could not vanish for that surface. The same 


thing is obvious also from Laplace’s Equation directly ; for one condition 
for a maximum or a minimum is that V,,, V,,, V., must have the same 
sign, and therefore their sum could not be zero. 

5. If V, and V, be two homogeneous algebraic functions of 2, y, z of 
respective degrees p and q, each satisfying Laplace’s equation for the 
region between a pair of spherical surfaces of radii a and 6, whose centres 
are at the origin; then if V, and V, be written respectively as 7?Y, and 
rtY,,so that Y, and Y, are functions of angular coordinates only, then 


mw (ln 
z will [ [ Y,Y,sin 6d0d$=0, provided 
p#qand p+q# —1. 
For | Vos dS= i! V, ove dS, the integra- 


tion being conducted over the two surfaces. 

. Writing dS=a?dw or b*dw for the respec- 
tive elements of the outer and the inner 
surface, dw being an elementary solid angle, 
we get 


Jey, Y,—1Y,pr?"Y,)dS=0, 


Fig. 592. and (¢—p)(aPta"® — bP ra?) f Y,Y,dw=0, 


a (2e 
and therefore, provided p#¢ and p+q# —1, if if Y,Y,sin 0d@dp=0, 
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ie Qn 
or writing w=cos 6, | ¢ i Y,Y,dudd=0; that is i V,V,dS=0, where 
the integration is taken over the surface of any sphere with centre at the 
origin. 

The theorem is due to Laplace. The proof is Lord Kelvin’s [Thomson 
and Tait, Vat. Phil. 1879, p. 180}. 

Note that in the proof of this general result the taking of an inner 
surface r=6 avoids the continuation of the volume integration over the 
immediate region of the origin at which such a solution of Laplace’s 
Equation as V=r~ would become infinite, and Green’s Theorem on which 
this result is based would be inapplicable. 


6. Many other deductions will be found in works dealing with attrac- 
tions, electricity and magnetism, etc. 

The region bounded by the surface S is regarded as “singly connected,” 
or capable of being made so by suitable diaphragms ; so that any of the 
infinite number of paths from any point A to any second point B within 
the region are deformable into each other without crossing the boundaries 
of the surface.* 


1784. Unique Character of Solutions of Laplace’s Equation. 

Tf a solution of Laplace’s Equation has been found which 
is such as to assume a definite assigned value at each point 
of a given closed surface S bounding a given region, that 
solution is unique for all points within the region; and af 
it is such as to vanish at © it is also unique for all points 
outside the region. 

For, if two functions V, and V, could each satisfy the stated 
conditions at points within the surface, their difference W would 
vanish at all points of the surface. But Green’s Theorem gives 


iS) [ (Ge) ++ feed de=|[w as—|{| VW de dy de—o. 


Hence ue ae cid must vanish at every point of the 
region, and therefore W must be a constant throughout the 
region, vanishing at the surface, and therefore at all other 
internal points. Hence V, and V, must be identical. 

Similarly for points outside the surface with the condition 
as to vanishing at infinity. 

Hence solutions of Laplace’s Equation are unique and 
determinate for any finite region when their values are 


known over its surface supposed closed. 
* For the effect of Cyclosis, see Clerk Maxwell, #. and M., I., page 109. 
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We note also that if at were given at each point of the 


ow 


“a ae 


surface, we should equally have \w a dS=0, for 
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1785. Def. Any homogeneous function of z, y, z which 
satisfies the equation V?V =0 is called a Spherical Solid Harmonic. 

Denoting 2?+y?+2? by 7?, we have V*r"=m(m+1)r™* 
(D.C., p. 187). 

This vanishes when m=O, or —1, (except where r=0). 
Hence a constant is a spherical solid harmonic of degree zero, 
and r—! is a spherical solid harmonic of degree —1. 

Laplace’s equation is unaffected by writing r—2, y—Yp, 
z—2%q for x, y, z respectively. _ 

Hence {(x—a9)? + (y—Yo)? + (2—%)*} 2 is also a solution, 
except at (a, Yo, 2), where it becomes infinite. 

If V, be any homogeneous function of degree n satisfying 
V?V=0, then V,/r"+1 is also a solution (D.C., p. 137). Its 
degree is —n—1. Therefore to any spherical solid harmonic 
of degree n corresponds another, viz. V,,/72"+1 of degree —n—1. 


1786. Specimens of Spherical Solid Harmonics. 


Lord Kelvin (Thomson and Tait, Vat. Phil., pp. 172-176) gives a long 
list of particular solutions of V7V=0. We select a few typical cases, 
which may readily be verified. 


r+z Se) rx 

Degree zero, be tan its ary 
Degree — 1, ee nets. Dene Zs, 
TT; as r—z x+y 


Degrees 1 and —2, 


Di Vii 2G Pe aes 
eo a sO Gaya 


Degrees 2 and —3, 22?—-a?—y*, a%—-y%, Ayz+ Bex+OCxy, yz/r’. 


Axv+ By+Cz, ztan— 4 


1787. If V,, be a spherical solid harmonic of degree n, and 
we write V,=r"Y,, as in Art. 1783 (5), Y,, is a function of the 
direction of the point x, y, z as viewed from the origin, and if 
we take 7 as a constant, Y, is called a “Spherical Surface 
Harmonic” or a “Laplace’s Function.” 
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1788. Number of Arbitrary Constants in the General Spherical 
Harmonic of degree 7. 

The number of coefficients in the general rational integral 
algebraic expression of degree nm in three variables is the 
number of homogeneous products of degree n in @, Y, 2, Viz. 


(n+ 2)(n+1). 

When operated upon by V? we have a homogeneous function 
of degree n—2 containing 4n(n—1) coefficients, each of which 
is to vanish, which furnishes this number of relations amongst 
the original coefficients. Hence the number of independent 
arbitrary constants in V, or Y,, is 


pire (n+1)—4n Meee bs 


Such a series as = cao rk te =e VR or = Pe where a 


nt 1 


is given, will ers contain 1+3+5+...+(2n+1), we. 
(n+1)?, arbitrary constants, and in the case where Y,=0, 
as for the potential of a magnetic body, the number is less 
than this by unity, viz. n(n+-2). 


1789. Construction of New Harmonics, 
Since V?V=0 is a linear differential capegis et any 


solution V, has been found, it is obvious thats aia V; is 


Saaynee 
another solution. So that if V; be a spherical solid harmonic 
of degree 7, we have another of degree 1—a—b—e. 


Br 3B 2) nh 8 
Moreover (! sar ag aa V, will also be a solution; or 


further still, if (1, m,, ,), (la, M2 N,), --- be any number of sets 
of je gs te ares linear elements dh,, dh,, ... 


a Bl @ ae) 
so that — = Lotmstms, , ete., then Bh, Oh, Oly oa 


is also a solution of Laplace’s Equation, ane is a spherical 
solid harmonic of degree 1—). 


1790. Poles and Axes. Clerk Maxwell (Z. and M., p. 162) 

Consider a spherical surface of centre O and radius 7, 
referred to three rectangular axes Oz, Oy, Oz. Let Aj, A», Ag,... 
be fixed points on the surface, and P any other point upon 
the surface. Let the direction cosines of OA,, OA,,... be 
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(l,, m4, 14), (Ig) M_ M9), -...and a, y, % the coordinates of P. 


Let A,;=cos AOP, [y= COS AQA,. Let dh,, dh,,... be linear 
elements in the directions 0A,, OA,,.... Then the lines 
OA,, OA,, ... are called ie we As h ... are called “ poles” ; 


and the operation DA, ay ts on is called differ- 


6) 
a Lae 
entiation ‘with regard to the axis OA, 

Let p; be a perpendicular from O upon a plane through P 
perpendicular to OA;; then p,=le+my+nz=rr;, and we 
have 

ee l; Or Set ne em he +miZtni =Pod, 


j () 
Pa (ua + +)(te+ +) =Lis + mamy + nany= py= p= > 


ONG ie) Dp; ; B aj ae OG 
On; =aale )s; pat T'S 


1791. Consider the effect of the operations 
2? cy 2? ye 22 
Oh,’ Ohy Oh,’ Ohg Ohy Oh,’ 


performed successively upon the function = Let us write 


YA‘-*5u48 for the sum of all possible products consisting of 
4—2s d’s with different suffixes and s u’s with double suffixes, 
each suffix 1, 2, 3,...% occurring once and once only in each 
product. 


Also let us write V_;_, for (—1)'=- 


a = =, 4. Then V_,-1, U; are spherical solid 


On ) 


5 Sh, bare ~ and also 
—e 


Via= 


harmonics of respective degrees —(i+1)and%. We then have 


Uo_y _1 

r =a! r? 

Die oe oe oy 

pm 2" Oh r 7? Oh, 

U. {MSs gh ] ts 1.3 

= Vo=t— i) Oh, Oh, jo i MBs (Avg — 442), 


COO a! 1.3.5 
Vaal ae Bienes ete. = —G (A,AgA3— } Alp), ete. 
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1792. The General Form is 


U; 143...(%—T) 


1 
pti ele eanr {Ars eee N- 


%—1 
: i > f-4,2— } 
(2t—1)(22— 8) eT ae 


1—1 a ; oe 
to —— or 5 terms, according as 7 is odd or even, 


DAi-24 


+ 


, _ 1.8... (2¢—1)f 1 . 
v.e. Yay ae M—9 7 DAt-2u 
1 DAM ye } 
(20—1)(27—8) os 

1793. This form may be established by induction (Clerk 
Maxwell, #. and M.,1., p. 161). To do so it is desirable to 
substitute for each \ the corresponding p/r. For differentia- 
tion of r and the p’s is simpler than that of the 2’s in 


ck 


performing the operation — 


i) 
hiya 

1794. When all the axes coincide the }’s are all equal, and 
the w’s are each unity. 


If we write eerie when the axes are different, and 


= Ok 
a! ati when they are coincident, we have 
1.3...(2—1 Ul 1 
pe Uke M—- FR] (tee 


cocoa mas ta ey =e +See ay Nt of 
1795. In the latter case, when the 7 axes coincide, Z; is a 
function of one variable only, viz. the angle which the vector 
to 2, y, z makes with the fixed axis. When this angle is 
fixed, the value of Z, is fixed, and the equation Z,;=const. 
gives a family of circles on the surface of the sphere, the 
planes of these circles being at right angles to the axis of 
the harmonic. The harmonic is now called a “zonal harmonic.” 


1796. In the former case Y; is a function of the 2 cosines 


A,» Ag, ++» A; Which are variables, and of the et cosines 


Myo, Magy Mgg»--- Which are constants. As there are in this 
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case 4 arbitrary axes, and each requires three direction cosines 
l, m, n to fix it, between which there is an identical relation 
P+m?+n?=1, Y, will involve 2¢ arbitrary constants. Also 
since the expression for Y, may be multiplied by any arbitrary 
constant M, and the function V,=i!MY,r‘ still satisfies 
Laplace’s Equation, this value of V,; contains 21+1 arbitrary 
constants inclusive of M, and is the most general form of a 
spherical harmonic of degree 7 (see Art. 1788). 


1797. The Zonal Surface Harmonic Z, will contain three 
arbitrary constants, viz. two which fix the direction of its 
axis,and M. After the fixation of the axis, say to coincide 
with the z-axis, the only constant left is M, and if we choose 
M=1, Z, becomes a definite numerical quantity. 

If the axis OA of this zonal harmonic Z; be in the direction 
(05, bo); ue. given by its co-latitude and azimuthal angle, and 
if OP be drawn in the direction (0, ¢), then 

A=cos 4 cos 6+ sin 6 sin Oy cos (P— fo). 

If the axis be the z-axis, then 09.=0 and \=cos 0. 

In the former case there are two independent variables 
6, ¢, and the Zonal Spherical Surface Harmonic is known as 
a Laplace’s Coefficient. 

In the latter case there is but one independent variable, viz. 
6, and the pole of the harmonic is the pole of the sphere 
which is the positive extremity of the z-axis. 


1798. LeGENDRE’S COEFFICIENTS. 
If we expand the function (1—2ph-+h?) 3 in powers of h, 
taken as < 1, as 


(1—2ph+h2) *=P,+ Pht Pph?+... +P yh" .., 


irrespective of what p may stand for, then P, or P,(p) is 
called Legendre’s Coefficient of order n. 

If (7, 0, p), (79, 9, do) be the coordinates of points P, A 
and \ the cosine of the angle AOP, O being the origin, the 


inverse of the distance AP is (r?— Qrrr+162) 3, and may be 
: 1 rs \- 1 ees tS “4 ’ 
written as a: (a —2r F ol ra or = (a —2r ay “0') , according 


as r,is > or <r. Accordingly, we have 
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(1 r is 
1 Beh as +On on 4 +...) forr <1, 
AP 

*(Q+0, "+0, Hs +Q, 22 +.. : Vi BCA ae 
where the Q’s are Legendre’s Coefficients for the case when 
p is <1 and is a certain cosine. And for all values of r9/r one 
or other of these expansions holds good. 


Also is being an inverse distance is a Spherical Harmonic, 


and that series of the two above which is convergent is a 
spherical harmonic, and satisfies Laplace’s Equation; and as 
it does so for all consistent values of ry, each term will do so; 
so that one or other of the sets 
Qo, Or, Qur,...), (2, B, B, & ..) 

forms a series of spherical solid harmonics. Moreover, by 
Art. 1785, if one set be spherical harmonics, so also are the 
other set. Therefore they are all spherical harmonics; and 
Q, is a spherical surface harmonic of the zonal species. 

It follows therefore that a Legendre’s Coefficient for 
which p is a cosine is a Zonal Surface Harmonic. We shall 
see later that it satisfies Laplace’s Equation whatever p may be. 


1799, The function 
Ri={wtyt(z—ey} 
satisfies Laplace’s Equation. 
Let 2+ y?+22=r%, and write (22+y?+22)"3 as f(z). 
Then ; ie y 
Boe fee 


n! on San 


Again, writing z=)r, R-=(r?—2der +c?)-4 and taking r>c, 
1 c ce Co 

a1 (QQ +--+ Ont) 
Gaeolen* Of (—1)* 08 1. 


pnt m! dz “mn! O27 


Hence 


The harmonic Q,, is therefore identified with one of those 
obtained in Arts. 1791 to 1794. 
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1800. Preliminary Remarks on Legendre’s Coefficient P,,(p). 
The definition being 
(1—2ph+h?) =P, +P A+PJP+...+P A+... (h<)), 
it follows that, whatever p may be, 
P(p)=1, 
P,,(1)=coef, h* in (1—h)1*=1, 
P,,(—1)=coef. h* in (1+h)7=(—1)", 
P,,(0)=coef. h in (1-+42)-?=0 or PRT pe BD oS 
oD ea cart: wi 7.4.an 
according as 7 is odd or even. 
If the signs of both p and h be changed, (1—2ph+h2)-? is 
unaltered. Therefore 
Py (p)+P,(p)h+...+Pn(p)h"+...=P,(—p)—P,(—p)h+... 
+(—1)*P,,(—p)h"+.... 
Hence 
P(—p)=P(p); P\(—p)=—P(p), ete, P,(—p)=(—1)"P,(p). 


1801. Power Series for Legendre’s Coefficient P,,(7). 
To obtain an expression for P, as a power series in terms 
of p, we proceed directly by Expansion of (1—2ph+h2)-3, viz. 


eat panne mie tS gp ep 
+ eet 


Picking out the coefficient of h”, we have 


Pyar oOo n(nm—1) 


ils ND ne 
n(n—1)(n—2)(n— 8) on 
+2 4Qn—1)Qn—3) ? ash (2) 


which is in agreement with-the second series of Art. 1794. 

P,(p) is therefore a rational integral algebraic function 
of p of degree n. The highest index is n. P,, is an odd or 
an even function of p, according as n is odd or even; and 
P,,(—p)=(—1)"P,,(p), as already seen. 
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1802. Rodrigues’ Form. 
Applying alae Theorem ae p. 2 gist 


hid A i = A” 1 d® 
= 2)-4 


Hence 


P,,(p)= i ~(p? —1)", a form due to Rodrigues. ....(B) 


nr! we 
1803. Rodrigues’ form satisfies the differential equation 


d dP, 
spl O79" | +n + P.=0 


For writing z=(p?—1)", and denoting by suffixes of 2 
differentiations with regard to p, we have z,(p?—1)=2npz; 
and differentiating this n+-1 times by Leibnitz’ Theorem, 


Znsa(P?—1)+2pen=n(n+ 1)2n, 
ch Toh 
t.6, aL aes 1)ZnyJ=n(n +1)2n, 


eo dP. 
wel t{i-<e a * EG. 
ne Fale p’) dp |tm(n+)Pp 0 
1804. Expansion in Terms of Tangents of Half Angles. 
Using ee form and putting p+l=u, p—1l=z, 


n= == a gett )= 5 w+ "Crum ty +"CPu"v? +... +0}; ....(C) 


and putting p=cos 6, u=2 cos? 2 v= —2sin? - we have 
bf 6 6 0 } 
aa 2n Y n(t2 2= ni 2 jee Bf] Bion . 
P,,= cos 3) C,? tan gt CO? tan 3 0,7 tan gtr pe eden (D) 


1805. Expansion in a Series of Powers of tan 0. 
Regarding (p?—1)" as a function of p? and applying the rule of 
Diff. Calc., Art. 106, 


Pr=P" +5; LC, 109" *(n"— Wes 4 °O, Cap" Ap 1 4 sae Tees. (E) 
and writing p=cos 0, we have a form homogeneous in cos @ and sin 6, 


P,,=cos"@ — lvoe) sd cos"—? § sin? 0 


a ae ie?) cos"—4@ sint@—..., ..... (F) 


(CEI GS =cos"6[ 1— me) wineat=DiSB16-M ane ...(G) 
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1806. These forms may also be derived by writing 
(1=2ph+A2) = ((1— ph) +091 py} 4, 
expanding and picking out the coefficient of 4”. 
(Todhunter, 7. of Laplace, p. 12.] 
1807. Expansion in Powers of cos : 
Since (p?—1)"=(p+1—2)"(p+1)" 
=(—1)"[2"(p + 1)" —"C,2"-(p + 1)" 4."C,2"-(p + 1)? —..., 
we have by Rodrigues’ form, and putting p=cos 0, 


P,=(- iy —"t1(1,"C; cos? bmi, "Ci cost "430,70, cos® oe sail (H) 


1808. Expansion in Terms of Cosines of Multiples of 0. 
Taking 2p=t+ : =2cos 6, we have, writing 
(l—z)~? as Ay+A,z+ Agz*+..., 
V=(1—2ph +h?)~$=(1—At)~ (1 — ht) 7? 
=(Agt Ayhtt+... + Anht" +...)(Ag + Ayht 34+ ... + Anh" + ...), 
and the coefficient of h" is obviously 
Aj An(t? +0) + AyAn—a (7 27 +0-"**) +... 
=2[A)A,cosn6 + A, A, 008 (n—2)0+...+ Ana. Anyi cos @ or $4,*], 
2 Te 2 


as 2 is odd or even ; 


: le Biobe( Cs) 
“Pend 2.4...2n 


1 1.3...(2n-3) 
2 2.4...(2n—2) 


i. PEERED cos (n—4)+...} eee (I) 


1809. Limiting Values of the P's. 

The binomial coefficients in the above form of P, are all 
positive, and therefore P,, cannot exceed in numerical value 
that for which each of the cosines is replaced by unity. And 
in this case the expression for P,=2(494,+4,4n1+---) =coef, 
of p" in (1—p)-#(1—p)4, we. in (1—p)-, ie. 1, te. the value 
of each of the P’s cannot lie outside the limits +1 and —1. 

The convergency of the series 1+P,h+P,h?+... follows at 


once by comparison with LHR a 5 hcwele 


cos (2 —2)0 


1810. Expressions in Terms of Definite Integrals. [ Laplace, 
Méc. Cél., XI.] 
Supposing a positive and > b, both being real, we have 
. dx pel TT ; 
i. a+beosx Ja2—b6?’ 
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and writing a=1—hp, b=h,/p*—1, where p is positive and 
> 1, and A negative to ensure a being positive, and both 
a and 6 real, we have 
1—2ph+h?=a?—b?= +"; 
7 Fe dy A 
* J/1—2ph+h? . 1—-h(p—Vp?—1 cos x) | 
and expanding each side in powers of A and equating co- 


efficients, P,,(p)= -[ (p—Vp?—1 cos x)"dy. 


1811. Upon expansion of (p—/p?—1 cos x)" and integra- 
tion from 0 to 7, all terms arising from odd powers of cos x 
disappear, and we are left with a rational integral algebraic 
function of p of degree n, which is identical with P,,(p), (which 
is known to be a rational integral algebraic function of p of 
degree n), for all positive values of p greater than unity, 2.e. for 
more than n values. Therefore the identity with P,,(p) must 
hold for all values of p, though it was convenient in the last 
article to take p positive and >1. It will be seen that the 
expanded form is identical with the expansion (Z) of Art. 1805. 

Also, since the terms with odd powers of cos y contribute 
nothing, we have also 


17 a. 
P,(p)== 9 (p+~p?— 1 cos x)"dx. 


TT 
1812. Writing p=cosh a, we have 
P,,(cosh a) = (cosh a sinh a cos x)"dx, 
0 


and we may transform these further by putting 


cosh a cos w+sinh a 
cosh a+cos vu sinh a 


cos x= 
to the forms 
P,,(cosh a) = =[ (cosh a+sinh a cos u)-"-1du. 
0 


1813. Various Forms of Laplace’s Equation. 

Before proceeding further it is convenient to collect to- 
gether for reference the more useful forms which Laplace’s 
Equation V?V=0 takes when transformed to other systems 
of coordinates than the Cartesian, and the modifications it 
undergoes under various circumstances, 
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By direct transformation to spherical polars (r, 0, ¢) (D.C 


p. 469), 
V ~~ CV 
veya eS 


Oe Cad Lt eee 0 2V , cosec?@ V 
or "ro ' roe! r 20 Pog? 
If V,—rY,, Y, being a function of @ and ¢ only, we have 


=() becomes 


VV= =0. 


ed 5 "+06 9 2a" 30 OF n+ coset © pf T24-n(n-+1)¥q |=0, 


06 


and any solution of this is a Spherical Surface Harmonic or 
Laplace’s Function. See Art. 1787. 
Writing » for cos @, this oars becomes 


é 
ed) oe} +i 2 ae Leen Pat ge 


Laplace’s Re ee which are Zonal Harmonics and are 
cases of Laplace’s Functions, satisfy this equation. When ¢ is 
absent, V,, is a homogeneous function of the n‘" degree sym- 
metrical about the z-axis; Y,, is a function of @ alone, =—P,, 
and the equation becomes, when p is written for y, 


d dP, 


Legendre’s Coefficients satisfy this equation, and are the 
cases of Laplace’s Functions for which ¢ is absent, and 


p=pm= cos 0. 
Other forms of V2V =0 are 


2 (sino) +B (ono) +B (ty Bn 


oe C) OV Ley 
5, (Va {a- e + og? 

1814. Method of Obtaining these Equations from Hydrodynamical 
Considerations. 

The readiest way to reproduce any particular form of the differential 
equation is not by direct transformation, but by formation of the appro- 
priate hydrodynamic “ Equation of Continuity,” expressing the physical 
fact that in the case of any fluid motion, no creation of matter is going on 
in any element, any increase or decrease of mass in that element, being 
due to what enters the element from outside or which leaves it, 
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For a homogeneous fluid in motion with velocity potential V, this 
condition may be written in the notation of Art, 789 as 


CE AMCLA he 
Eats oad °, 


and by expressing this for Cartesians, for Cylindricals, for Spherical-polars, 
etc., the several forms cited are at once obtained. 


1815. Reverting to the power series, 
(1—2h cos y-+h2) §= Ry + RA+RJ+...+Rk"+... (h<), 
which defines a case of Legendre’s Coefficients in which 
cos y=cos 6 cos #,+sin 6 sin 0, cos(¢—,) (Art. 1797); 


it appears that R,, being a zonal harmonic, and a function of 6 
and ¢, is a solution of the <2 


™ 1 cose 


a 5% ae FeTM(n+1)R,=0, 


or, what is the same thing, if we write wu, u, for cos@ and 
cos @, so that cos y=mupy+/1— w2/1— My?cos (¢— gp), 
3 » oR he 1 OR, 
— — yp?) —* 1)B,=0. 
Ou {a pu?) Ou T— 2 Op?  +n(n+1) 
1816. The General Solution in the Case when ¢ is absent. 
If the z-axis be taken coincident with the axis of the 
harmonic, wy»=1, cosy=u=cos@=p, and the Laplacian 
equation reduces to 


{0-29 =e 

It will be noted that we usually use p instead of wu in this case. 

The zonal harmonic P,, is a solution of this equation. To 
obtain the ine solution put R,=P,u, and we obtain 


uf a—p) Ge apt —2p ” t+n(n+1)P, ] 


eye a tee 
+[a-pyP,T5—29P, Fe +21—P) Fe Gp [=O 
in which the first bracket disappears. We therefore get 
dusdu Ww 2dP, ., du B 


dp/ dp i-p* P, dp’ “° dp P,—p%)’ 


B being a constant. 


oe 


WEB oo (DSI = 
wa = {yn n(n—1) 
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The general solution of equation (1) is therefore of the form 


d 
R,=AP,, + BQ,, where Q,=P \paaepy 


Legendre’s Function “of the second kind.” 

If, then, we limit our solutions of equation (1) fo such 
functions of p as give R, a rationai integral algebraic form, 
we take the arbitrary constant B to be zero, and therefore the 
most general solution of (1) of this form is R,=AP,,. 


which is called a 


1817. Since P, is a particular form of the Spherical Surface 
Harmonic for which we have obtained the general result 


ar (2a 

lj Y,Y,dudf’=0 when taken over the surface of the 
oo 

sphere, we have 


a) Qa 1 
| | "P.Padp dp=0, and at PP. dn = 0, sane 
—1/9 -1 


1818. Particular Cases of P,, expressed in Terms of p, and 
Positive Integral Powers of p in Terms of P’s. 
The general result being 
8 OD) na en DOU 2) a 
T.2 22Qn—1)”" * 2 4@n—1Qn—3) P 
we have the particular cases 
Po=ls; Pr=pi Po=p'-3; Py= Sp gp; 


Se ee Were eh yee 
9 a Pe eae ce % 


IP 


Reversing these results, we have 
1=P); p=P,; p*=$3P,+3Po; p?=2P,+4P, ; 
p'=32P4+4P,+}P, ; ete. 

1819. The general character of these latter results will be 
obvious, viz. p” will consist of a series of Legendre’s cofficients 
beginning with P,,, falling in order two at a time, with certain 
numerical coefficients ; 7.e. its form is 

pia A, Pep Ane? Oe AP a tee 


and we shall consider in due course the law of formation of 
the successive A’s. 
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We note at once that, since each of the P’s becomes unity 
when p=1, we have 4,+4,.+A, +..-=1. 
Again, if m<n, 


1 1 
| mPa dp =| Pay es Se ee) 
= = 


1820. If f(p) be any rational integral algebraical function 
of p of lower dimensions than m, then, in the same way, 


1 
|. F)Padp=0. 
1821. The same result may be deduced from Rodrigues’ form of P,. 


a [se Pnde= zag | Sle) gen v*-a 


1 qn-1 ‘ a ; qn-2 * 
= gail LP) goa? cet eat J (P) qpaaa(P*— 1) Pace 


+(=1y1f"-"(p). (p*= 1)" | 


for after the differentiations are performed (p? — 1) is a factor of the whole. 


It follows that [sr dS =0 when the integration is taken over the 


1 
—( 
-1 


surface of the unit sphere. 


1 
1822. The theorem | p™P,, dp=0, (m <n), may be used to obtain the 
-1 
several functions P,, P,, P3,... without using the general formula. 


Ex. 1. To find P;, assume P;=Ap?+Bp. Then A+B=1. 


1 
Multiply by p and integrate; then = Ws = | ; pP,dp=0. 


ge a 


5p? — 
Hence —=—-=- and P;= js 


2 


Ex. 2. To find P,. Assume Py=Ap'+Bp?+C. Then A+B+ Gil. 
Multiply by 1 and by p? and integrate. 


B,C ines 
Ameri be tl _ 35pt-30p?+3 
ro ae 


Or we might use a determinant to eliminate A, B, 0. 

These processes, however, speedily grow laborious by virtue of the 
number of equations to be solved or the order of the determinants to be 
evaluated. It is therefore desirable to follow another method, as we now 
show. 
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1823. Lemma. 
If it be desired to solve a system of equations of form 
x Ue aes 0, y 


z 
ata’ b+a'cta a+Btb+B e+pBt 


IDET ll Joe SS =0. 
Thy heya oe 


one less in number than the number of unknowns, with 


ny 


ee ee ee Sigh 
G+h. OAcorA Te A? 
and further to calculate such an expression as pees eee 


for the values of x, y, 2,... found from the above equations without 
actually calculating 2, y, z,... themselves, we may proceed as follows. 
For convenience take the case of three letters 2, y, z. 
a y Z 
sae LO epee 
when §=A. Such requirements are obviously satisfied by 


a ee _1(a+A)(b+A)(c+A) (O-a)(A-B) 
newt 6+0'ct+O~ X (a+ O)(b+ A)(c+ 6) * (A-—a)(A- B)’ 


which is an obvious identity, for it is a quadratic relation in 6, and 
satisfied by three values of @. The value of «x can be found by 
multiplying by a+6, and putting 6= —a, viz. 

1(a+A)(b+ANc+A) (at+a)(a+f) 

AX (b-ale—a) "(X= a)\(X— By’ 

and similarly for y and z. When Xd is indefinitely large, the last of the 
given equations takes the form «+y+z=1, in which case 


ra let Yeotes caccte: 


is to vanish when 9=a or G and to become : 


“= 


and generally we have 
2 are (-a)(6- B)(0-y).. 
a+0*b40* 040 = (a4 O04 ONe+ Bd 8) 


there being one more factor in the denominator than in the numerator, 
no A occurring. 


1824. Ex. 1. Calculate P,. } Assume P,;= Ap>+ Bp? + Cp, 


A BACs A 8 C 
Then gt7ts= =0, 7 +5 +5=0, A+B+C= 1. 


Take a=4, B=2, a=5, b=3, c=1 in the Lemma. 


(a+a)(a+B)_ 9.7 7.5 bes 

The A= poy SE Beee 

a (6—a)(e—a) 9.4) B (20) ,9 geen. 
ete A OPEB REE nS 

age si pete ey fe ete 
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me 
Ex. 2. Calculate | prPsdp. 


, 2A 20 , 
The result is clearly 13 e+e , but without calculating A, B or C, 


we have, putting 0=8, 


(8—4)(8-2)_ 2.4.6 _ 16 


2°73.11.9 ~9.11.137 429° 


1 
1825. We have seen that J p™P, dp=0,if m<in. But if 
-1 


m<«n, we can readily calculate the value as in the above 
example. 

But first note that if m and m are one of them odd and the 
other even, the result is still zero. For writing 


pms Ae Pot APR, 


1 1 
[_prPndp=[_ (AnPnt+Am2Pnat---)Pndp=0, 

-1 -1 

as no two suffixes in any of the products of the P’s can be 


equal. 
But if m and mn be both even or both odd, and m ¢ n, the 
result does not vanish. In this case, writing 


P,,=Ap"+Bp**+Cp**+..., 


multiplying by p*, where k=n—2, n—4, n—6, ete., and 
integrating from —1 to 1, we have a set of equations of 
A B C 
Bt ben tl  ben—l ben 3 
number than the coefficients to be found. Also 


A+B+C+...=1, 


1 2A 2B 20 
and {_? Bal ee ee oo 


Hence the problem of evaluating this integral (m >) is 
that considered above. 


=0, one less in 


Here a=n—1, B=n—-3, y=n—5..., 
a=n, b=n—2, c=n—t..., 


and é=m-+1; 
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1 


ete (m+1—n—1)(m+1—n—8)... to “5 or 5 factors 


1 
J p"P, dp=2 
-1 


(m+1+n)(m+1+n—2) ... to Heat or us factors 


=D (m—n+2)(m—n-+A4) ... m—1 (or m) 
~~“ (m+n+l1)\(m+n—)) ... m+2 (or m+1) * 


1 
1826. If m=, we have | p™P, dp=2"4(m !?/(2m+1)!. 
~i 


1827. Again 


: ae dp 1, 1+ 
[_ PtP rt Pye+..Pdp=[) Pap log Ee, 


1 h2 ht 
Ao | (Po+ Ppt Py +...) dp=2(14e4% +...), 
=—] e Oo 


Hence 

J Prdp=2; |’ Prdp=s, ete [PP ep=a 5 

Leen ’ SE sd ee oF st ome 

Remembering that the area of an elementary belt on the 
unit sphere may be written as do=2z7 sin 0d6=—2rdp, 
we have for the whole sphere 


4cr 
P,2de=5—— . 
J Re ee 
1828. Professor J. C. Adams has shown that we may calculate the value 
1 eA 
Ofelia e vedp, where R=./1—2ph + h*, by means of Rodrigues’ expression 


1 
for Pn, and thence we may establish the integrals af P,,P,dp=0 or mo 
according asm #n or m=n. ie 


Integrating by parts, we have at once, writing X for (p?— 1)" for short, 


1 1 a” 
anit = | gala ' 


ig 
=(-1)"1.3.5...(2n— narf) XP (1). 1.3.5... (2n+1)A"U, say. 


aU ft nPp—h 
Then Ta! e-) Ranga P- 


Take a sphere of radius unity, OA the radius, OW=h < 1, 7 lying 
upon OA. Draw an elementary double cone with vertex H intercepting 
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superficial elements do, do’ at PandQ. Let AHP=y, AOP=0, QOA=0, 
HP=R, HQ=R'. Then do/h?=do'/R?; p=cos6=h+ Reosy; 

sin #/R=siny/l, dp=-—sin@dd, do=sin 0d6 dd, 
¢ being the azimuthal angle of the plane AOP; 
. sin 6 d@/R*=sin 6 d@'/R?, i.e. dp/R?=dp'/R® ; 
7 —sin?@)" R yi d 
=[" ( ck ) ie SD eA =(- rf sint cos Fs 


and for opposite elements at P and Q, sin®y and - have the same values, 


but cosy has an opposite sign; hence corresponding elements of the 
integrand cancel when the integration is effected for the whole sphere, 


1.€. a =0, and therefore U is independent of h. 


Hence to evaluate U we may take h=0, and therefore R=1. 
1 
Then (—1)"(2n+ nu= {a — ptyrdp= [ sin™ 6( —sin 6d6) 


=2[Fsin+9dg=2"1ni/1..3.5... (2 +1); 
0 
2 n 
wel a A dae : 
It followa that ie P,(Py+ Pyh+...+ Pah" +...)dp=z™" ; whence 
se P,,P,,dp=0, (m#n), and |’, Ps dp=5, : 1? #8 seen before. 


dR 
1829. If J,»= mee "dp, where R?=1-2ph+h’, ROE h—p and 


2h(p—h)=1 —h?— R, ae we have 
dl, ( mP, p P, 1-/?= 8} 1-/? om 


dp=m 


| Pe I leer eee 
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Qh fal 1 dl, 
Thus J,._..= ils mtn dh 


2h” 2h” 2h” : 
SSS eaer == ee Pasilntt  coyty () _ a : te. 
Prem eh I, Tae? 1h 31 — Aap?” +3) (2n—1)h*}; ete 

1830, Since (I—2ph + h®)~'= Py t+ Pht... + Pyahk +... + Pug t* + oy 
we have 


ap) a reduction formula for such integrals. 


But He 


tr OP, dk Pri pe Pnuse n 
1.3,..(2k-1)(1-2ph+h?) 2 apt dp h+.. wa pe hy FES 
_2k+1 
and writing (l—2ph+h?) * =Q)+Q,h+Q,h?+...+Q,A"+..., we have 
One 1 d Prin 
OT Pay) aye 
Therefore 
L Pd 
Inu |, P = =|" P,(Qy + Qyh + -.s + Omh™ +...) Ep ; 


(1—2Qph +h?) 2 
ee LP PQn dp=coef, of h™ in Io.41, 


: pares ores ; 
1.€. {Bee apF dp=1.3...(2k—1) x coef. of k™ in Ines1 3 


or writing k+m=1, 


a Pago dp = 1035 Aatai)x Soak GE an ee 


1831. We can now undertake the calculation of the 
coefficients of the series referred to in Art. 1819. It is 
convenient to consider the cases of odd and of even powers of 
p separately. 

(i) Take p?™+4 =A om41Pom41t+Aam—1P om—1 +++. +A. 

Multiply by Pam41, Pom—1 --- successively, and integrate from 
p=—l1top=1. We then obtain 


PoP ars ee eae YY IL) j 
2(2m+1)+1 ~(4m-+3)(4m+1)... (2m+3)’ 
eT eapens 4.6...2m 
2(2m—1)+1  “(4m+1)(4m—1)... (2+8)’ 
2A ams 6 Bixee Dan 


2(2m—3)+1 sae 1)(4m—8) ... (2m mela) 
Hence writing 2m+1=n, we have (n odd) 


bes | On +1) Pat @n— Ey 


i .3...(2n+1 
(2n +1)(2n—1) 
+(2n—7) wi Proto 
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(ii) Take p= A gmPam+Agm—pP om—2+ = +A,Py; 
then multiplying by Pn, Pom, ete., and proceeding as before, 
and writing 2m=n, we obtain the same result. 

Particular cases have already been given in Art. 1818. 

It will now appear that any rational integral algebraic 
function of p of degree n may be expressed as a series of 
Legendrian coefticients, of which the order of the highest is n. 


1832. Expansion of f(p) in Terms of Legendre’s Coefficients. 
Supposing the expansion possible, let f ee ee Then 

multiplying by P), Pj, ... and integrating from —1 to l, 
: al FT (p)Pn cs which determines A, ; 


In14 
‘. S(P) =5 D2n+ )Pa[ Pf) dp 


It is assumed that /(p) remains finite and continuous 
throughout the range of integration. 


1833. The Series obtained for f(p) is unique. 
For if a second series for SP) were peel we should have 


T(p)= Y4,P, and f(p)= Se whence >1( A,—B,)P,=0. 


Multiply by P,, and ae from —1 to ‘ Then 
2 

(4n—Br) a y=? and A,=B,. 

1834. Differential Coefficients of P, in Terms of Lower Order 


Legendre’s Coefficients. 
P,, being a rational integral algebraic function of p of 


degree n, oP is a similar function of p of degree n—1, and 
therefore expressible in terms of P,_, and lower Legendrian 
functions, and of form 
dP. 
pres +AnsPr-s Ag SP net 15s 3 
Multiply by P,_1, Pn_s, Pn_s, ... and integrate a —1tol. 


Then, since f, pe "dp —[P,,Pa}', -{, P, 0 aie oP, and 
m iting any of the values n—1, n—3, n—5, ..., m and nm are 


one of them even and the other odd, we have P,P,=1 or —1 
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according as p is +1 or —1, and therefore [P,,P,]_,=2; and 


ae ; ; : 
further, since ——™ cannot contain a Legendrian function of as 


dp 
high order as P,, the second integral vanishes. Hence in all 
t dP. 
heases |) P,,GPdp=2. i 
BUI CASES | Saeed lp = ence 
2A,,_,/(2n—1)=2A,_,/(2n—5) =24,,_,/(2n—9)=...=2, 
and we have 
dP. 
rrp umes a aa eam mt AES ape oS. (or P,) 


according as is even or odd. 
1835. Similarly we may write 
CP, 
dp? eI 3 Pr ar +BrsPr1s+BroPn—s +. ee Delors say, 
and multiplying by P, for r=n-—2, n—4, n—6,..., and integrating from 
p= —1 to p=1 and using accents for differentiations, 
2 se fa ee ‘ ” 
B= | Ps dpe 18 eas —P, hey ieee dp, 
and as r<_ the final integral vanishes. 
Also, since (1 —p?) P,,’—2pP,,’+n(n+1) P,=0, we have, when p= +1, 


a * , and therefore [P,P,’-1,’P,]|,= {Her)_ mee als Pr] 


and n and r being both odd or both even, Pals is an odd function of p, 


ia 


1 
and therefore [Fa] =2. Therefore B,= (n—1r)(n+r+1) and 
F =i 


2 
ae (2m —1)(2n — 3) Pyg-+.2(2n— 3)(9n — 7) Py_4+3(20—5)(2n—11) Pa_o-t ones 


and in the same way higher order differential coefficients may be expressed. 


1836. Obviously 
Gis ET we =| (Om) Ponte. 1) Pee ean 
i; dp dp ; male a= ) mal Sed iP ; 
and, if m+7 be odd, no suffixes can be the same in the two brackets, and 
the integral vanishes. But if m+n be even, suppose mn. Then the 
terms which do not vanish are 


(2m—1)4f P2_, dp-+(2m-5)? Ph sap te. 
= 2[(2m — 1) +(2m—5)+(2m—9)+...+1 (or 3)] as m is odd or even; 


‘ i : B fn eo 
and there being a or a terms in the two cases, their sum is in either 


WGP eee 
dp dp 
m being the eaalles of the two, m and n. 


case m(m+1), 1.e. = dp=0 or m(m+1) as m+n is odd or even, 
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1837. We might also proceed directly thus (m <n), 
1 dP,, dP. ; t me 
Sap ap PPP mTs~ J PnP dp 
and since n is greater than the degree of any power of p in Pm”, the 
terminal integral vanishes. 
Again, (1—p*) P,,”—2pP,,'+m(m+1)P,,=0, and therefore if p= +1 
P ,_m(m+1) Pp 
m~ D} p t 


Yo a: : ; : 
Now —"—* is an even or an odd function of p according as m+n is 


1 
odd or even, and therefore [ne] =0 or 2 as m+n is odd or even; 
-1 


1 

therefore = oad dp=0 or m(m+ 1) according as m+n is odd or even 
na ; 

andn<{™m, 


1838. Differential Equation satisfied by Legendre’s Functions. 
Starting again from the definition of Legendre’s Coefficients, 


viz. V=(1—2ph+hy *=S) Ph", it is easy to see that they 
0 


satisfy a form of Laplace’s equation, without reference to the 
fact that when p is a cosine these coefficients are Zonal 
Harmonics. 

For V?(1—2ph+h?)=1 and 2 log V+log(1—2ph+h?)=0, 


whence 


Shy, oh =(p—h) V3, and p Sp hog aT (1) 
Again, 
2 {ar 5} =—2pve-+sne(.—py 7%, 
& (ie oh) =(2hp—Bh4) V2+ Bh2(p— HEV, 
Bhd saaiue: 2{a—py 57} Gite ) 20, cee cen (2) 


by virtue of V?(1—2ph+?)=1. 
Substituting V=>P,h", and equating to zero the coefficient 
of ‘h*, 2 es 
Hep gy 8 1 yo ee Ge 3 
sp {(l-P) Geta (3) 
GP, dP 


or (lp) Gr — 2 Gp tM (W+1)Py=0 (Art. 1813). ....(4) 
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1839. Differentiating s times, we have 


ds*2P,, ap, 
1p) dp? 2(s-+l)p> dp 


UP, 
dps 


+{n(n+1)—s(s+-1)} 
which is known as Ivory’s Equation. 
If we then take as the expansion of P,, in powers of p, 


P,=4)+A4 BA Age toa 


1 i 
it follows that 
A,io= {8(s +1)—n(n+1)} A,x=—(n—s)(n+8+1)A4,, s#n. 


Moreover, 


Canby = ee ey 


"(2p—h)"+... 
shows that A,—1.3...(2n—1), also that A,,,, Anse, Anis, --- 
are all zero, for the coefficient of h" contains no power 
of p above p"; and this coefficient containing the powers 
p”, p*-*, p44, ..., it is clear that A,_,, Ans, 4,5, --- are also 
all zero. 

Also, as A,= —A,49/(n—s)(n+s+1), we have 


1.3... (2n—1 
A,=153... (28—)), Awe), 


10 n—)) 
2. 4(2n—1)(2n—3)’ 


and we have the series of Art. 1801 (A). 


Ae 


a°P: 
nie .. (2n—1), and that all 
higher differential coefficients of P,, vanish. 

If nm be even, =2m, the lowest order term of P, is an 


arithmetical constant, viz. what is got by Lihat: p=), we. 


: Pe are ee re .(2m—1) 
the coefficient. of ?” in (1+-h?) *, viz. (—1)™ ee ion 
If n be oS oe itind the lowest order term of P,, contains /p, 
ao .(2m+1) 
viz. (—1) ee ri 


LEGENDRE’S COEFFICIENTS. 909 
1841. Various Theorems. 


Since Cig = Cnt Pat Cn—B)Pygt n=) Pract, 
we have 


ie oo (2n+1)P,, and Prir—Pra=Qnt))[ Pp dp 


and since 7 {0- ne Fo) i n(n-+l)Pq=0, 
1 es 
we have I se dear) "or BA 1) ap ° 
: _ 2n+1 dP, 
th re = an) PY ap 
1842. Since 
e n=¥ 10V A 


we have (1—2ph+h?) D(n+1)P,,,h"=(p—h)=P,h"; 
whence (n+1)P,,,—2pnP,,+(n—1)Py4=pPn—Pr-a, 

1.€. (n+1)P,4,—(2n+1)pP,+nP,_.=0, 

which forms a difference equation connecting any three 
successive Legendrian Coefficients. 


1843; Again 
~ SAV, i.e. (1—2hp-+h?) Sh ame Ps 
_ Bat yy fla sp, 
and subtracting the result ar eet LP, 
we have p ae - a —t";. 


1844, Since Spa? an nd oY <(p—AyV8, we have 
(p®—1) SF —(1—ph) 5 = — Vp(1—2ph-+ 8) =— Vp 
. VV 
: Dap ak Pa” 


1.€. (p?— Lyrae Gans hr-1— prnP, ht 
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*, equating coefficients of h”-1, (p?— ype a ee 
. _p-l P., 
1.€. Pa PP = “dp ; 
‘ dP, 
or (Pp =i =(n+1)(Pati— pPn). 
p—ldP, _(2n+1)pP,—1P 4 
Hence welds "=P, 4— re ht — pP,,; 


. (72—1) Fam pPa— Pn) 


We therefore have the two results, 


P= Pea Es 
—l,, 
pP Pass oe 
1845. We now have P,,,—pP, —7— P, 


= [ Padp | since pF G2) tm+1)P,=0| 


=n(("— f) Prdp=n{" P,dp+0, 


0 
where C is a certain constant, viz. the value of P,,, when 


p=0. To find C, 


P ih il qtH (p?— 1) 1)7+1 yy 1 
ntl 9n41(n+ 1)! pS Qn (n +1)! 
Xa [pert?— ai Cy ks nO p2n-2— : — ( es Ly nC) ner te ¥ i 


If n be even, each term left after (n-+1) differentiations con- 
tains p, and therefore in this case C vanishes. If n be odd, 
there is a term not containing p after the differentiations, viz. 


when rat tt Hence when p=0, we have in this case 
ue n+l 
= 1 De n+1 male 1s (n+1)! 
C= Gen 1) Cott(n+ lim sae (my 
oe 
n+1 


A ond 0 of Lee 
os Paya pen [ Padp +e, where C=0 or ysl (m1, 
according as n is even or odd, a 2 ae 
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We also have by differentiation (and writing n—1 for n), 
P,.— pP,1=nP,-1. 
1846. Since (n+1)P,,,—(2n+1)pP,,+nP,,_,=0, we have 
(n+1)Phyi—(2n+1) pP),+nP)_1=(2n+-1)P,=Pryi—Pa-v 
MP4,—(2n+1) pP,+(n+1)P),1=0, 
a difference equation for the first differential coefficients of 
the P’s. 
1847. Differentiating again, 
nP% 4, —(2n-+1)pPZ + (n-+1)Px_.=(2n-+1) P= Pr — Pes; 
whence (n—1)Pi,,—(2n+1) pP" + (n+2)P,_,=0. 
Similarly (n—2)P%,,—(2n+1) pPY +(n+3)P,,=0, 
and so on, forming a series of difference equations for the 


higher differential coefficients 


1848. Since pP,— P,_1=mP,...(1), and P,—pPp1=nPya ... (2), (Arts. 
1843 and 1845), we have, by squaring and subtracting, 
€pt—1)(Po— PE min (PR— Pali). ca.ssesesecscceseoees (3) 
Writing id (p?- 1)P°= U,,, we have 
Un — Un-a={n? —(n—1)9} Pei = (20-1) Par 


ey | eee | =(2n—3)P?_s, ete. 
and U,=Pi-(p?-1)P? =1=P%, 
Hence n*J%—(p?—1) Pe = PE+3P{ + 5Pat...+(20—1) Pare veces (4) 


1849. Again differentiating (1) and (2) r times, and again squaring 
and subtracting, 


(p*—1) {(PK*Y)? — (PERS =(n —1)*(Prr? (mt r)(Pray’, 
or writing V,=(n—r)?( Pe)? — (p2—1)(PEM), 
V,,—Va-a={(n+r)? —(n—1-1)*} (PO)? =(2n-1)(2r+1 PE 
andif ~n=r, V,=0; if n=r4+1, Vesi=(2r+1)(PP); 
whence —_ (2n - 1)(P%.)? + (2n—3)(Pere)? +... + (r+ 1)(P?)*, 
or completing the series with zero terms and reversing the order, 
Va/(2r-+1) =(POP +. 3(PP)?-+5( PL)? +... + (2n—1)(Pra)? 


1850. Illustrative Example. 

To find a series S which will assume a constant value A at all points on 
the surface of the wnit sphere in the northern hemisphere, and a constant value 
B at all points of the surface in the southern hemisphere. 


Suppose the series to be S=Cy+O,P,+C,P,+O3P3+..-- 
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Then S=A from p=0 to p=1, S=B from p= -—1 to p=0. Therefore 
multiplying by P,,, 


l 0 1 
i C,Pxtdp= [ BP, dp + | AP, dp; and |” P, dp =(-1)"[ Riioe 
ee | = 0 


gee On= {4 +(-1)"B}[ Padp= - aay pp os dp 
--- La-p "|, 
=a (ae). =o ts De even (=2i 
rr = 0 ETD 3-5 CFU (_1y, if m be odd (=25+1); 
, Cu=0, GS-0); Catia Ay ea (A-B). 
Algo if n=0, Co=(4+B)[' dp=“*3 ; 


yet, C,=4(4-B)/ pdp=3(A-B). 


Hence the series required is 
s- < A-Bf3P,"3 TP, 3.5 NP, © ¥ 


Pot 9 Aq 9 79504 18.45..6 


1851. In case the distribution be symmetrical about some other axis 
than Oz, the zonal harmonics may be expressed in terms of harmonics 
with Oz for axis. 


1852. For instance, if we require an expression in terms of Harmonics 
with Oz for axis, where the value of 
the function is A over the whole hemi- 
sphere with OA for axis and nearer 
to A, and is B over the hemisphere 

a more remote from A, then we have 
just found an expression for such 
a function in terms of Zonal Har- 
monics with axis OA, viz. 2C,Pp. 

A If P be any point on the Bpher 


p cal surface, and we put 20A = a, 


20P= 0, POA=6’, AzP=¢q, we 
have, from the spherical triangle 
AzP, 

fe) cos 6’ = cos a. cos + sin asin 6 cos ¢, 


Fig. 594. and P,,(cos 6’) becomes a spherical 
Surface Harmonic Q, expressed in terms of 0, d, and the value of the 
function sought will be 


a ARB (3Q,_3 70, , 3. ei - ote}. 


12a Sees 
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1853. List or Workina ForMULAE FOR LEGENDRE’S COEFFICIENTS. 
(Differentiations with regard to p are denoted by accents.) 
I, is pl —p*)P,}+n(n+1)P,=0; (1—p?)P,” -—2pP,/+n(n+1)Pr=0 ; 
= vee’ 
yal ) 
“ae? <i oh a “+n(n+1)P,=0; p=p=cos 6. 


2. Rodrigues’ Formula ; Pa=gaq i th 1)". 


1.3.5... (2n—-1) n(n—1) 
n! ~ 2(2n — i 


n(n—1)(n—2)(n—-3) 1, 
2.4(2n—1)(2n—3) to}. 


4. Py=1, P,=p, P.,=3p'-4, P;=§p'- $2, 


3. P,= 


Pegg ot teem ae tg? 5 am ote 


— 


{(2n+1)P, + (20-3) 


von 2DED Poe.) 


6. 1=Py, p=P,, p?=hPot§Pz, p= RP +3Ps, 
pt=1P t+ 4P.tsePy, p’=3Pit §Pst+gsPs, ete. 


; aT a | n 2[" ax 
: P,==/, (p+Np?—1 cos x)" dx == (p= Vp? 1 cos x)" 


= Pes 
1.3.5... Qn41) : 


“I 


1 1 
ere a ' 
8. ue P,,P,dp=0 if m#n, ie dp eA | 


9. P,/ =(2n—1)Py_1 + (2n—5)Pp_s + (22-9) Pp_5t... to Po or 3P,. 


(2n +1) 


1, n(n+1) 


a1 P,_,=(2n+1)P,. 11. Pan —P,-a= 
12. (n+1)Ppyi—(2n+1)pP, + 2P,»1=0. 

13, nP,,,—(2n+1)pPy’ +(m+1)P,_,=0. 

14. pP,’—P. ,=nP,, P,-pP,_,="Pt- 


2], Pl, 
15. Py pPy1="— P15 pPy— Pra meget : 


ape 


16. Paai—pPa=n 1. P,,dp+C. C=0, if n be even, and 


5 if n be odd. 
\ 


17. 14+3P,+5P,+7P3+...=0 for all values of p except p=1, and then 
is oc. See Art. 1857. 
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1854, The Roots of P,,=0. 

Between any two real roots of a rational algebraic equation 
J («)=0, at least one real root of f/(«)=0 must lie; and if the 
roots of the equation f(«)=0 are all real, the roots of f’(~)=0 
are all real, and separated by the roots of f(x)=0, and lie 
between the extreme roots of f(a)=0. The roots of f’(#)=0 
are therefore all real and lie between the extreme roots of 
J’ (©)=0, and therefore between the extreme roots of f(z)=0; 
and similarly for all the derived functions. 


Hence the roots of P,=0, ie. of ae —1)"=0, lie 


between +1 and —1, for the roots of (p?—1)" are all real, and 
either +1 or —1. 
Also no two roots of P,=0 can be equal. For if they 


could, P,= ~~ would have a common root. But 


aPs 
(p?— Doo a Boer “=n(n+1)P,, 


and 


(p?— -1) Fe cs Potten ce ae ip +{s(s+1)— irs by a *—( 

for all positive integral values of s. So that if P,=0 and 
2 

Fn we have ope : “ie , ete, all zero. But this is 

Clade 

dp" 

Hence the roots of P,=0 are all different and lie between 
+1 and —1. 

It is obvious from the forms of P, shown in Art. 1818, that 
when 7 is odd one of the roots is zero. Also, that in any 
case as the powers of p are either all odd or all even, all the 
other roots occur in pairs, one positive and one negative, of 
each magnitude. 


contrary to the result r=1.3.5...(2n—1) (Art. 1840). 


1855. The Curves r=aP,, r=aP,, T=QP,, etc. are readily 
traced. 


(1) r=aPo=a isa circle, centre at the i and radius a (Fig. 595). 


(2) r=aP,=acos 6 is a circle of radius 2 ; touching the y-axis at the 
2 
origin (Fig. 596). 
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a 
has max. rad. vect. =a, r=>, where 6=0 or 


9 ’ 
Tv . 
mw, and 0=(2n+1) 2° and touches the lines @= +cos-1373 (Fig. 597). 


ee 
7 


Fig. 595. Fig. 596. 


(3) raaP,=a Oo} 


5 cos? 8 —3 cos 8 
2 


6=0and +cos—15~4, and touches @= +cos!,/3/5 and 0=5 (Fig. 598). 


Soe 


Fig. 597. Fig. 598. 


5 49 2 
(5) a ee cost? SO 998 ans has max. rad. vect. a, where 0=0 ; 


2@ | where 6=53 “ if g=costa)%, etc., and touches 6= cosH{ {eee ; 


and so on for those of higher orders (Fig. 599). 
x 


(4) r=aP3=a has max. rad. vect. a and a/V5, where 


‘Fig. 599. 
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1856. We may now note the effect of a small harmonic when super- 
posed upon the graph of a curve otherwise circular by tracing curves of 
the type r=a(1+eP,,), where € is a small positive fraction. We merely 
have to add with their proper signs the radii of the curves traced, multi- 
plied by «, to those of the circle. 


(1) s=a(1+eP,) means that the radius of the circle is slightly but 
uniformly increased (Fig. 600). 


<n ===> 


Fig. 600. Fig. 601. 


(2) r=a(1+eP,). Here the new locus shows the substitution of a 


Limagon locus for the circle. The Limagon lies partly inside and partly 
outside the circle (Fig. 601). 


(3) r=a(1+eP,). This change substitutes an oval for the circle, which 


is thereby extended at the poles, and contracted at the ends of the 
perpendicular axis (Fig. 602). 


Fig. 602. 


Fig. 603. 


(4) r=a(1+eP3). Here the circle is extended in three places, and 
contracted in three other places (Fig. 603). 
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(5) r=a(1+eP,). Here the circle is extended in four places and 
contracted in four others, and so 
on (Fig. 604). 

If we revolve these curves about 
the axis, the corresponding shapes 
of the solids of form r=a(1+eP,) 
can be readily imagined ; r=a re- 
presenting a sphere, and «€ small 
and positive. The shape is that of 
a sphere slightly swollen out at 
the pole, and surrounded by belts 
alternately lower than and higher \ 
than the normal level of the 
spherical surface, and when » is 
even the equatorial plane is a plane 
of symmetry. 

If the radius of the sphere be 
affected by other harmonics, e.g. ~asedar" 
r=a(1l+eP,+¢’P,), the locus can hi 
be similarly constructed by superposition, ze. the addition of the separate 
effects to the radius of the sphere. 


1857. A Remarkable Discontinuity. 

The expression 143P,4-5P.+-7Ps+---+(2a41)P, +... is 
discontinuous. It vanishes for all values of p except p=1, 
when it becomes infinite. 


For (1—2ph+ ny} => )P,h", and differentiating, 
0 


(p—h)(1—2ph-+h®y '=>) nP, bh". 
1 
Multiplying the second by 2h, and adding to the first, 


ao 


(1—h2)(1—2ph hy P=) (2n +) Pah”, 
; I 


and putting h=1, >) (2n+1)P,=0 
0 


for all values of p except when p=1, i.e. at the pole of the 
sphere, and there the expression becomes infinite, being the 
1+h 
(1—h)?” 
Similarly putting h=—1, 
1—3P,+5P,—7P +--+ Q0+1)(—1)"Pat+--=0 


limit when h> 1 of 
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except when p=—1, %.¢. at the opposite pole, and there it 
becomes infinite. 


Qn 
We also have | | (1+3P,h+5P,h?+...)dpdp 
0 


1 
—1 


—h2 —h2 
12h a eee 1 


w (20 
| sin 040 dg, —*—" _ 94° 
oJ 0 (1—2h cos 0+h?)? “ 


1—h? 1 iD 
an | at |?" ere 


1858. Physical Meaning. 

The potentials produced at points within or without a spherical surface 
of area S and radius 7) by a layer of matter on the surface of surface 
density (2n+1)P,/S are respectively 
Pye and Proje Eor both 
these expressions satisfy Laplace’s 
Equation ; the second vanishes at 
and Green’s surface condition is 
satisfied, viz. that the difference of 
attractions on two points on the 
same normal, one just outside and 
one just inside, is to be 47 x surface 
density. And such a solution is 
unique. 

Take a particle of mass unity 
situated at the pole C of the sphere 
with centre the origin O and radius 
ry). The potential produced at any 
point P distant r from 0 in colatitude cos— p is 


Fig. 605. 


(792 — 2pror + r2) t= u SP,(") or =2P.() as 7 < OF > 45-20) 
ro ro r r 
a 
Laie 
are produced by a distribution of surface density 


and an external 


and we have seen that an internal potential P,, 


n 
a) 
grt 


potential P,, 
which varies as (27+1)P,. 
Hence the potentials (I) are produced by a distribution S(2n4 I) Pe: 
0 


But the distribution producing a given potential inside and outside is 
unique, and we have seen that a concentration into a point at the pole C 


does produce it. Therefore the distribution S(2n+ 1)/,, must represent 
0 


a concentration of matter into a single point at the pole C, and must 
therefore vanish at all points of the sphere except at the pule, where it 
must become infinite. 


(1—2h cos 0 +23 


l 
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This theorem is of great service in obtaining expressions for the 
potential in the case of discontinuous distributions of matter. 


1859. Let P be a point at which there is no attracting 
matter, O the origin, Q the position of an attracting element 
of mass m; OP=r, OQ=r'’, PQ=R. Suppose the attracting 
body to be a homogeneous solid of revolution whose axis is 
taken as the z-axis. Then the potential at P is expressible 
in the form V=ERAE APO +EBae, where An, By are 

0 
constants; the first summation LA4,,P,r” referring to that for 
all those particles for which r <7’, and the second for those 
for which r > 7’, and this is a unique solution. Now supposing 
that the potential is known for these two parts in convergent 
series for each such portion at each point on the axis, where 
P,,=1, then the values of A, and B, are known for all values of 
m. Therefore, assuming that the potential at any point on the 


axis is expressible as 2 (Aan +32), its value at any point 


off the axis may be at once written as E(Ano™-+=2) Py. 


1860. Consider the expression 


2(2n +1) P(A) Pn(H)s 
where P,,(A), Pa() are Zonal Harmonics 
and A, p the cosines of the colatitudes of 
two points. 

Take the case of a circular wire of 
infinitesimal section. Take as origin 
the centre of a sphere of radius 7) of 
which the wire forms a small circle, 
and let the z-axis be the normal to the 
plane of the wire. Let M be the mass 
of the wire considered of uniform line- 
density. 

The potential of the wire at a point Z, (0, 0, z) on the z-axis is 
M (192 — 2Aryz +27) -+ where cos~?A is the angular radius of the small circle, 


1.e. 2 SPa(ay(Z)" or if 3 P,a)(%)" as z< or >7, and therefore 
1% 0 ro zo Z 

at a point @ in colatitude cost and distant r from 0, the potential is 
© n YU 2 - \a 

M SPX) Palw)(Z ) BRO alere aud E Pa(A) Pa(u(2) at Qe, 

To fi} To To r 


where 7 > 7. 


Fig. 606. 
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Now (22+1)P,,(A) is the law of distribution of surface density giving 
a potential « Py” within and « P,/r"+! without the sphere. Hence 
a surface density ¥(2n-+1)P,(A) Pa(p) will give the same potentials as 

0 . 

it has been seen that the distribution of a uniform line density 
along a circular wire gives, and is unique. Therefore the expression 
$(2n +1) Pp (A) Pa() must be zero at all points of the spherical surface 
0 
except for such points as lie along the small circle of angular radius cos A, 
where the surface density is infinite but the line density finite. That is, 
the expression is zero except where A=y, where it is infinite. 


The theorem is similar to one occurring in Poisson’s discussion of 
Fourier’s Theorem, Chapter XX XV. 


1861. Practical Method of Expression of a Rational Integral 
Algebraic Function of «x, y, z in Terms of Harmonics on Unit Sphere. 
Let H,=Ax"+a"(By+Cz)+a"-(Dy?+ Eyz+F2*)+... be 
the general homogeneous expression of degree n, which con- 
tains $(n+1)(n+2) coefficients. Subtract.and add 
(a+ y?+2°)H, 2, where H,_,=A’a**4 2" -*(By+C2)-+..., 
which contains 4(n—1)n coefficients A’, B’, OC’, ... to be found. 

Apply the operator V? to H,—(a?+y?+2)H,_», viz. 

(A—A’)u"+... 
We then obtain, after this operation, by equating to zero each 
resulting coefficient, 4(n—1)n equations to determine the 
3(n—1)n quantities A’, B’, C’, ete., and H,—(a?+y?+2)Hy_» 
becomes a spherical harmonic of degree n. Next apply the 
same mode of procedure to H,_,, and so on. We have then 
expressed H,, in the form 

reY,+ri(re*Y,, .)t+r8(re*Y,)+ 
or (Vit YnatYnot..-)3 
and if we take our sphere as r=1, we have 
Yat Ya-at Ynat. Ss) 

a series of surface harmonics. 

If the rational integral algebraic function considered consist 
of groups of terms of different degrees, the same rule will 
apply to the terms of each group. 

As a preliminary to such procedure, all terms which are 
obviously already solid harmonics should be laid aside, to be 


restored when the process is completed, amongst the other 
harmonies of their own degrees. 
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1862. Ex. Express 
p= ye + gy + gz + yr + Day? + bgz* + bayz + bgew + Dery + cxyz 
as a series in the form r°¥,+7r?Y,+r¥,+ Yo. 
We only need consider the terms },2* + b,y* + b32%, 


1.2, (6, —A)a* + (by — A) y* + (bs — A)2*+ A(v? + y? + 2%), 
and = ?[(b, — A) w* + (bg — A) y? + (b3 — A) 22] = 2 (0, + bg + 63 -—3A)=0 
if X=4(b,+06,+)s) ; 
2b, -—b,-—b 2b,—b, —b 2bs—b,—b 
+f 1 - 3 yt 2 = Ayt+ 3 = 252 


J. p=cuyz 


+ bayz t+ byzx + bevy] 


+ [ax + agy + agz] + oe 2 


which on the surface r=1 is of form Y,+ Y,+ Y,+ Yo. 


1863. If the function be not already expressed in Cartesians, 
it is usually best to express it so first. 


Ex. Express sin‘ @ sin? 2¢ in terms of Surface Harmonics. 
sin! @ sin? 2p = 4(sin @ cos $)?(sin @ sin $)?=42%y? (r=1), 
and proceeding as before, 
= 4 {22y2 — 12 ga? + sy? — sye®)} + sr’ (Ga? + Gy? — Pe?) + ate Het 
and putting x=sin Ocos¢, y=sin @sin¢d, z=cos 6, and r=1, we have a 
result of the required form Y,+ Y,+ Yo. 


1864, Change of Axis of a Legendre’s Coefficient. 


If P,, be Legendre’s coefficient of order n, we have the series 
of solid harmonics 
38p?—1 32297? 222 a? y? 
—ys pa ees = ear 
Pywr=2; P= = i 
5p'§— 3p , 52—8zr* 228 32a 32y? | 
— p= 5 = 5 ; ete. 
Writing 1IX+mY+nZ for z, where P4+m?+n?=1 and 
o+tyt2—X?+ Y?+Z?—R’, these solid harmonics become, 
when referred to new axes OX, OY, OZ, IX+-mY-+nZ; 


Py= 


3(IX-+mY+nZP—(X2+V2+Z*), 5IX++P-3R(X++). a 
2 2 Dy) d or) 
and the axis of this set of harmonics is 4X2 viz. OA 


(Fig. 607). 
If we transform to polars so that this line is given by 
l=sin 6’cos ¢’, m=sin 6'sin ¢’, n=cos 6’, and X =K sin 6 cos ¢, 
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Y=Rsin Osin ¢, Z=—Rcos6, the axis OA of the new set of 
harmonies is inclined to the new Z-axis at an angle 6’ and 
the azimuthal angle is ¢’, and the expression 
LX +mY+nZ 
R 
and is still a cosine, viz. the cosine of the angle between the 
original axis OA and the direction OP of the point X, Yor: 

If then we take r= R=1, and if, instead of p, we write 

cos @ cos 6’+ sin 6 sin 0’ cos (¢—¢), 
we get a more general form of Harmonic than the Legendre’s 
Coefficients. There are now two independent variables 6 and ¢, 
@’ and ¢’ being regarded as known. 

The Harmonics in their new form are known as Laplace’s 
Coefficients and denoted by Y,, Y., Y,..... Thus for Legendre’s 
Coefficients the z-axis OA is taken as the axis of the system, and 
AOP=0. In Laplace’s Coefficients the axis of the system is 
the line 6’, ¢’, and the direction of P is 6, ¢. 


is cos 0 cos 6’+sin @ sin 0 cos (¢—¢’), 


Z 


Y . 
Fig. 607. 

The curves for which AOP is constant are a set of parallels 
about the axis of the coefficient in either case, viz. cos @=const. 
for a Legendre’s Coefficient, and 
cos 6 cos 6’ + sin @ sin 6’ cos ¢— ¢’=const. for a Laplace’s Coeff. 
Both sets are Zonal Surface Harmonics. When multiplied by 
yn, v.€. OP", they are Zonal Solid Harmonies. If we further 
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transform coordinates so that Z becomes the distance from 
any other fixed plane through O, the Solid Zonal Harmonic 
remains a Solid Zonal Harmonic and the Surface Zonal 
Harmonic remains a Surface Zonal Harmonic. 


1865. Tesseral and Sectorial Harmonics. 

Take the case of an unreal plane Z=2-+a(x-} y), l=a,m=at, 
n=1, so that /?+-m?+n?=1, 

Then, if F(z) is a Solid Spherical Harmonic, so also ig 
F{z+a(x+ry)h, ie. 


2 8 
Fe)t ety) F +5 @+yPF'e)+... +S (ety) Pe) +... 


also satisfies Laplace’s Equation V?V=0 for all values of a, 
and the equation being linear each term of this expansion will 
also do so, and will itself be a Solid Spherical Harmonic; and 
taking either sign for 1, we have new forms of Solid Spherical 
Harmonics (4+ .y)*F“(z). Also their sum and difference are 
also Solid Spherical Harmonics. Therefore transforming 
to polars with r=1, z=sin@cos¢, y=sin @sing, z=cos6, 
sin’ 9 cos s@ F“ (cos 8) and sin’ @sin sf F")(cos@), or, what is 


the same thing, (l— p)? COs sh 7 and (1— p)? sin sd a are 
new forms of Spherical Surface Harmonic functions of 6, ¢. 


1866. These new Harmonies are called Tesseral Harmonics 
of degree m and order s. When s=n, 
Leg Ae 
“dp dpn =1.3.5...(2n—1), a constant. 


Rejecting the constant, (1—p?)? cosn¢ and (1—p?)’ sin ng are 
called Sectorial Harmonics of degree n. 

It has been seen that in the case of a Zonal Harmonic its 
vanishing gives an equation of degree n in p with all its roots 
real, and the spherical surface is mapped out into a series of 
belts or zones by circular sections at right angles to the axis 
of the Harmonic, the angular radii of which sections are 
determined by the roots of this equation. 

In a Sectorial Harmonic the roots p?=1 give the poles in 
which the axis of the Harmonics cuts the sphere. But in 
addition we have, by the vanishing of such an Harmonic, 
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cos np=0 or sinnf=0, as the case may be, which indicate 
roots np= Dhar 5 or A7; we. a set of great circle sections 


through the axis of the system of Harmonics, which therefore 
map out the surface of the sphere by meridians. 
In the oc ve a Tesseral Harmonic the vanishing of 


(l—p sees Five no Pr would give in addition to (i) the poles, 


(ii) the iMieridtits (in number s), the solutions of iH 
This is an equation of degree n—s in p determining n—s 
small circles whose planes are at right angles to the axis of 
the system. 

The surface is now mapped out by these meridians and 
small circles into a set of tile-shaped elements or tesserae. 
Thus to any Zonal Harmonic correspond new Harmonics, 
Tesseral and Sectorial, which are all species of Laplace’s 
Functions. 


1867. The most general homogeneous function which is 
rational with respect to x=sin 0 cos g, y=sin 0 sin , z=cos 8, 
and of the n' degree, for which r is put =1, and which satisfies 
the equation 


Sy Pe eae 
21a Se} +p ht n(n 41) Q=0, 


as Q=a,P,+ Sim cos kp +b, sin k¢) sin* 6 eee 
T re 


where P,, is the Legendrian coefficient of the n order. 

For considering the expression A,cosk¢+B,sin k¢, 
A,,cos kop could not be a rational integral algebraic function of 
sin @sin ?, sin 8 cos ¢, cos Bs unless A, itself contains a factor 
sin* 0. 

Put Q=cosk¢ sin* 9. v=cosk¢.w, say. Then the differential 
equation becomes (1 — ee ‘ah 3 ares {n (n $1) p= a}u=0; 


and writing eae v, we have 


Ou Ov 
(1 a wt aes ne Maven tala 30S 
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which is Ivory’s Equation of Art. 1839, where 
_? dy) 
But as we require the integral function of « which will 
satisfy the general equation, we take B=0. Hence 
Q=A cos k¢ sin* 6 aca 

Ou" 
satisfies the equation. And in the same way, starting with 
Q=sin kg sin*@.v, we should have arrived at a solution 


: ee «5 
Q=Bsink¢ sin‘ 6 Bun? and these solutions hold for all posi- 
tive integral values of /. Hence the most general solution 
of the kind required, viz. homogeneous (with r=1) and a 
rational integral algebraic function of sin @ cos ¢, sin sin ¢, 


cos 6, is that stated above, viz. 


n P 
Q=a,P,+ > (ay, cos ko +6, sin kg) sin* @ EES ae 
T Om 


where u=cos 6, and contains 2n+1 arbitrary constants. It 
is clearly useless to continue the summation for values of 
k > n, for the last factor would vanish for such terms. 

It thus appears directly from this form of the Laplacian 
Equation how the Tesseral and Sectorial Harmonics arise. 


1868. To expand any Function of u and ¢, say F'(u, d), in a 
Series of Laplace’s Functions. 

We have seen when p is any quantity between +1, that 
with the definition (1—2ph+h?)4=1+P,h+P,h?+..., we 
have 14+3P,+5P,+...+(2n+1)P,+=0 except where p=1, 
when the sum becomes ©. Let p stand for the cosine of 
the angle between the direction u, ¢@ and a fixed direction 


pw’, ¢, so that p=up’+/1— v2/1— pcos (¢— ¢’), and consider 
the integral Ja +38P,+5P,+...)F(u, p) dud. 


If we integrate over any closed region S on the sphere, which 
is not cut by the direction p’, ¢’, this result is evidently zero. 
If the integration extends over the whole surface of the sphere, 
the direction u’, ¢’ must be included; but no part of the 
integration contributes anything to the result except that 
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included in a very small contour about the direction py’, ¢’, and 
in this direction F(u, p) becomes F(u’, ¢’). Hence the value 


of this double integral is F(u’, o)||A+3P,+5P, +...) du dd, 


taken over the infinitesimally small area within the small 


Fig. 608. 


contour just enclosing uw’, ¢. But as 14+3P,+5P,+... 
vanishes at all other points of the sphere, this is equal to 


F(x’, #)|[1-+3P,+5P,+...)dudg, 
taken over the whole sphere, =47F(w’, ¢’), by Art. 1857 ; 


“Fu, =E S (2-4-1) [fro $)P, du de. 


When the integrations are effected each term is a function 
of wu’, ¢’, which enter through the P functions alone, and each 
term will satisfy Laplace’s Equation and be a Laplace’s 
Function. 

This proof is due to O’Brien. 

When F(u, ¢) is itself a Laplace’s Function, say Y,, we have 


4r¥,/=S)(2r+1){ Y,P, du dd, 
0 


where Y,,. represents the value of Y, along the axis of the 
functions, 7.e. when n=’ and ¢=¢’; and every term vanishes 
except that for which r=n, whence 


1 po pee 
Y.P ae 
ie uP dp do In +1 
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1869. The Value of the above Integral may be readily deduced by 
Physical Considerations. 

Take a layer of matter of surface density c= Y, on the surface of the 
sphere (radius a). The potential at any internal point C at distance r from 
the centre and R from the element dS, 


dS _ odS qj r r2 
fics =| = [Yui (Pot PtP ...) dS, 
Chace ae ly agat 
ive. Vix [¥aPuaerd 


Similarly, at an external point, 


1 a 
2 aaah + ...) a8, 


ine. Ve = [YP a 


But, by Green’s Theorem, 


Co) Ge er 


at any point A of the surface. Fig. 609. 


. 


/ Y,P,dS=4rY,,’, and dS=a?dw, where dw is the elementary 
solid anol subtended by dS at the centre. 


Hines / Y,P, dy = S22 
Qn +1 


1870. Lemma. 
If u=p+l1, v=p-1 and Dez » we may show, by applying Leibnitz’ 
Theorem and comparing the r* non-vanishing terms on each side, that 
usysD"+syu%y" /(n+8)!=D"—%u%" /(n—s)!; i.e. that if z=(p*—1), 


2DM+6/(n-+8)!=z2-* D828 /(n — 8)! 


“ete. 
Hence | 28(D"+8z")2 dp 
I 


etree) ot ian b : 
~(anayhd1 Fae 2" dp, and integrating by parts, 
_(n+s)!,_ [ tice: 
Sean ae eee 

_ (n+s)! e(n+ts)!, | oe 

= acest ae as my Pot dp =m (-1)°(8". me 
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1871. Integral of Product of Two Harmonics over Unit Sphere. 
If Y,,, Z, be two Spherical Harmonics each of degree n, viz. 


AyKyt+ > (A, cossp#+B, sin sp) K, 
1 


and (ig Kg +- DD (a, cos sp +b, sin sp) K 
1 


where K,=(1— py? P® (Art. 1867), we have, upon integrating 
the product with regard to ¢ from 0 te 27, 


2r n 
[YiZndp= 2m AgtgK p+ 7S) (Ast,+ Bb) KS 
o i 
and integrating this with regard to p from —1 to 1, we have 
1 2a 
by the Lemma | F Y,Z,dpdp 
il 


(n+s)! 27 


aie (n—s)!° 2n+1 


+ Aat BOG, 


2a (n+s)! \. 
~On-+1 {advo 33" See a,+B, b s) 
In the case when the harmonics are of different orders, 


iz. dm, (1 (2 
viz. n and m j f Y,Zmndpdp=0, by Art. 1783. 
-1J0 


ont 1 = 


If the aes be a 1.e. Z,= Y,, we have 
— Ret 
ay ndpdp= 244+ Go yi (4 2+B; )f- 
=i! 


1872. If any function of u, ¢, say ae u, p), be expanded 
in a series of Laplace’s Functions as V= Y)+-Y,+Y,+Y3+-..., 
which is true upon the surface of the sphere r=a, then at 
points within the sphere we shall have 


r 7 
Vi=Yot+ Yio Yeates 
and at points without 


2 3 
Ve=Vol+ Vi Gta Gt... 

For each term is a spherical harmonic satisfying Laplace’s 
Equation and satisfying the conditions at the surface, and the 
latter vanishes at oo; and there is but one value of V which 
does so. 

Thus, when V is given all over the sphere, we can write 
down its value at any internal or any external point. 
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1873. Differentiation of the Zonal Harmonics 
P n—-1 
With cylindrical coordinates ( p> 9, 2), 


r=J/22+ p?, p=cos 0=2//2+ ps 


4,2P 7°, 2_= 


Zn aP,, 
z= {unP,+ — pe a \ tmp, =n -1, (Art. 1844), as 
OL _n dP, 
= =| unP,,_+(1—p?) — es bret —nr 4 Py=—nZ_ ys. 
Therefore, whether 7 be positive or negative, Ss iD, a 
z 
rule analogous to the differentiation of a power. It follows that 
eet 20, rf ae : 
= =1t(t—1)Z;_9, ... Bgr = i— 1)...@¢@—r+1)Z;_,. 
Again, by Arts, 1848, 1845, 
eZ 
nate aPanf)—Tprta 
2 io @B) 
ee i, So GET yee gay 
3p =—J/1— pr {np ee a a a Tea a re 


1874. Change of Origin of Zonal 
Harmonics to a New Origin O’ or the 
same Axis Oz. - 

Let n be a positive integer. 
Taking O as the origin and Oz as 
the axis of the Zonal Harmonics, 
Z, is a function of p and z alone, 
=f(p, 2). Then taking O’ at the 
point (0, 0, —q@), the new ordinate 2’ 
of any point P, whose coordinates 
are @, Yy, z with regard to axes with 
origin O, is when referred to parallel 


Fig. 610, 
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axes with origin 0’, z+a, and the corresponding Zonal Har- 
monic Z,’ is denoted by f(p, 2’), ve. f(p, +a); and this being 
of degree n in z, we have 


‘ of , vor a" Of 
ada: tae Tal Ben 


the accent denoting the Zonal Harmonic of degree n with 
reference to the new origin. That is, 


- ZL, , BZ, a" O"Z,, 
Lg = Ln TG 2 t3i Oz 7 ie n! oz 
Sa ewee “Dg WZ y2+...+na"Z,+a". 


Similarly, if the Zonal Harmonic be of negative order, 
Z_, and r>a, we have a series in ascending powers : but 


extending to oo. For, as before, Z_,.is of form F(p, 2), 


oF OF 
Z_,=F (p, z+a)= Pras hes aga be 
=Z_,—a wg a Ot 47 ae 


But in cases where r, being measured from the first origin, 
is <a, this expansion is inadmissible. We then have 


Z!1={a? + y?+ (z+a)? y t= (a2 +2ar cos 6+72) 4 
1 2 
=o(PaP PG) 
(0, 214% 4...) 


Differentiating with regard to z, i.e. with ae, to z+aon 
the left side, 


OZ! 1 2Z, ,3Z, 42, 
eg Ce gt ge att) 
: peels Lion L amines 
2.€. 1.21,=74(1.Z5—2 yt hs at a 


Differentiating again, 
1.22:,=5(1.22,-2.3 ats (Fie ..), ete, 


and thus, by continued differentiations, we arrive at 


ng nZ nm(n+1)Z, n(n+1)(n+2) Z 
seal=a 1 2inet eins at} 
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PROBLEMS. 


1. Show that da? + By + C28 — 3 (a? + y? + 2°)(de+ By + Cz) is a 
spherical harmonic, and that the corresponding surface harmonic on 
unit sphere is 


(A cos*¢ + Bsin® $)sin’ 6 + Ccos’ 6 — 3(4 cos¢ + Bsin ¢)sin 0 — 3 Cos 8. 


2. If OA, OB, OC be three perpendicular axes cutting a unit 
sphere with centre 0 at 4, B, C, and if P be any other point on the 
surface, show that cos PA cos PB cos PC is a surface harmonic. 


3. ABC is a fixed quadrantal triangle on unit sphere, and a 
point P moves on the surface, so that 


V =acos? PA +b cos? PB +c cos? PC + 2fcos PB cos PC 
+29 cos PC cos PA + 2heos PA cos PB 


is a surface harmonic. Show that the cone /=0 has three perpen- 
dicular generators. 


4, If P, be Legendre’s coefficient of order n, show that 


f- P,P, (SP, — 3)dp =0, 
-1 
unless n= 3, in which case the value is 6/7. 


5. Show that 


1 = Le 
| (PVT + PS + PB +... + Pr In + 1)? dp =2 (n+ 1). 
-1 
6. Show that \. p*P,dp=0, except in the cases 
—1 
3 : 8 , 4 16 
| p*Podp=§, | PED = 35 1 P,dp=s3ts- 

pea See = 


7. Show that f- p>’P,dp=0, except in the cases 
-1 
, , 8 5 16 
| pP, dp=t, | pPsdp= ss, | piPstp=s0s- 
et = = 
8. Show that the area of one of the larger loops of the curve 
1 


r=aP, is © (sV2+11 cos). | 
9. Show that if « be very small, the area of the nearly circular 
figure r=a(1+¢P,) is approximately 7a?(1 + $e). 
10. Show that if « be very small, the volume of the nearly 
spherical surface r= a(1 + «P,) is very approximately 47a8(1+ $e’) 
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11. Show that if #? =1-2ar+a%, R2=1-2Br+22, 


let FAT Ce 2 a 
|_zR-Jz tanh Jaf, 
and deduce the values of 
1 1 
| PmP,dp, m#n, and J P,? dp. 
=f == 


12. Show that 


sin36 1 8 sin4é 4 16 ; sin5@é 1 8 128 
gin 0 313223 See es Se sin ~5t7/2+ 35 Pe 


13. Give the rational integral function of the second degree of the 
three quantities, sin A, cos Asin 6, cos A cos 6, and put the terms of 
the second order under the form 

¢, sin? A + (c, sin? 4 + c, sin 8 cos 6 + ¢, cos? 0) cos? A 

+ (6, cos 6 +c, sin @) sin A cos A, 
and show that, with the addition of an arbitrary quantity c,, it 


becomes a Laplace’s function if 3c,= —(c,+¢,+c Ve 
p 0 Tat Coats Cx 
(Smirn’s Prize, 1876.] 


14. For points 2, y, z which lie on the sphere #?+72422=1, 
express @ as a series of surface harmonics, where 


Q=a+ 2y + 32+ 4a? + By? + 62? + Tyz + Sen + ay + 102° + 1layz. 


15, Express sin‘ 6 in a series of Legendre’s coefficients as 


; 8 16 8 
ft -— — 
sin O=75 Po ai Pet ag Ps. 
Why cannot sin?@ be expanded in a finite series of spherical 
harmonics ? [MatH. Trr., 1873.] 
1 d”(p2—1)n ‘ 
Ge 18 Pa= aa “eo prove that if [Pnde be taken to 


vanish when »=1, 


1 dP 
ike nm ee vt, Pra (20+1)[Py dt Ppa 


Show how by the help of these formulae the numerical values of 
Lge Ps, ... Py, and those of their differential coefficients, may be 
conveniently found for any given value of be 


[Pror. Apams, S8.P., 1873.] 
17. Prove that 


0 
log (1 + cose 5) =Pot dP +eP +EPat.... (Con, Ex,] 
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18. Obtain a solution of the differential equation 


§,(sin ef te a) +n(n+1)sinzP, =0 


in the form of a series of cosines of multiples of « 
([Matu. Trie. II., 1888.] 


k-1 ~ 
19. Show that if'(1—-2ar+0?) * =1+ $)Q,2", then will 
0 


(M+ 2) Qype — (2M +h+1)2 Quy + (n +k -1)Q,=9. 
[E. J. Rourn, Proc. L.M.S8., xxvi. 
20. Prove that if 
Va(1-2ax+ 02)? = 


(i) ae 3a2V5 ; 


1+ K,a+ Kyo? +...+ K,a" + 


eo. OV 
(ii) a ie eat =o 12a2/' ; 


4c K,' + n(n+3)K,=0; 
(2n + 3)eK,+(n+2)K,,=0; 
nit (2n—- 3)K,_,+(2n—7)K, 5+... 


(iii) (1 -— 2?) K,” - 
(iv) (n+1)Kqyy - 
(v) K,' =(2n+1)K, 
(vi) (2n+ (x, da= Ky, - 


3P,+7P,+...+(4n-1)Pon 4, 
+ (4n+1)Pop. 


n-1 + const. ; 


(vii) Kena= 
eae +9P,+.. 


(vili) eo K,,dz=0 or (n+1)(n+2), 
according as m+n is odd, or even and m ¢ 7; 


2n+1 
2 =142Q,", show that 


1 d\™ 
On=7 13... (2m—1) (jG) Pintn: 


21. If V=(1—2ap+a%) 


22. If V=(1-2ap+a%) 2 =1+2Q,a", prove that 

1 2m (2m +1)... (2m+ 2-1 

@ f undp = Om +8) OD; (i) | Ornde=0. 
=p ae 


23. Show that the roots of 
n(m—1) n(n 1) (n — 2)(n—- 3) eee ys 


n n(n—1) 
a" —T n(n 1)” + 1.2 In(2n—1)(2n— 2)An— 3) 
are all real and unequal, and lie between 1 and ~1 
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24. Prove that one solution of Legendre’s Equation 
(1 — 2%) yp — 2ary, + n(n + 1)y=0, 
where n is a positive integer, is a polynomial of the n™ degree, and 
determine it. 


25. Prove that a like statement is true of the equation 
(1 -—2*)y, + aay, +n(n-1-a)y=0 
unless 1+a- be one of a series of numbers n - 2, n—-4, n —6,... 
which terminate in 1 or 0, according as n is odd or even, and in that 


case a polynomial of degree 1 +a —n is a solution. 
(Maru. Trip. II., 1918.] 


26. P,(“) being the coefficient of 1” in (1— Qh + h2)-3 and m, n 
1 
unequal, show that { ?P,,(#) Pm (pv) du is zero unless m and n 
-1 


differ from one another by 2, and that when m=n+ 2, its value is 


2(n +1) (m+ 2)/(2n + 1)(2n + 3)(2n +5). [Maru. Trip. II., 1916.] 
If m=n, show that the value is 


2(4n3 + 6n? — 1)/(2n — 1)(2n + 1)2(2n + 3). 
27. Prove that 


1 
(i) j (1 - 2?) Pm (&) Pn’ (2) da =0 (n#m) ; 
—1 
1 
(ii) | (1 — 2?) { P,' (x) }2dax = 2n(n+1)/(2n+1). 
=-1 
(Maru. Trip. II., 1914.] 
28. Prove that Py — Pp .=(2n+ nf" P,dp = (2n+ vf’ P,,dp. 
29. Prove that 


(i) [/ Pa(cos 6) 40 =0 or eer ere 


as n is odd or : 
Re even 


—9))2 
(ii) if cos OP,,(cos 8)d0=0 or a (pa as m is even or odd. 
30. Show that 


(i) apy t-z{i+5())2, +9(54 ) Py +1355 - ue +. ae 
(ii) : =1-5(5) +9(5-4) -13(544 - 3) +. we 


ee aD Dm favt 1\' 3 1.3 
(iii) wigee =3(8-5% +75) <3 -2 Pot (sy ra) é a ah 
[Use formula of Art. 1813.] 


[Cretie, Jour, LVI. ; Topnuntsr, Functions, p. 115.] 
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P2-P,~ P2-P?2 2_p2 2_ p2 

31. Show that Pp? pe php pip Pirin are 

respectively equal to (p?~1)/1%, (p?—1)/2?, (p?-1)/32, (p? - 1)/4, 

+J/6-1 
5 


or 1. 


and that P,= P,, when p= —lorl; P,=P,, when p= 
32. Prove that 


P+ 3P2+5P,2 +... +(Qnt1)P,2=(n + 1)2P,2 — (p®— 1) Py’? 
[MarrH. Trrp., 1888. ] 
33. Prove that 


Po? + 3Py2+5Py2 +... + (2n+1) Py’ 2=3 {(n+2)*P,'2 - (p®— 1) Py” 2}. 


([Matu. Trip., 1888.] 
2t+1 


34. If (L-2Qar+a%) 2 =14+Z,04+Z,02+...4+Z,0"+.., | being 
a positive integer, show that, accents denoting differentiations with 
regard to 2, 


1 
(i) | Bede Otis bo: 
Ey 


(ii) (L—#2)Z,,” —2(1+1)2Z,' +n(n + 21+ 1)Z,=0; 
(iii) Z, = {2(n +1) — 1} Z,_, + {2(n+1) - 5} Z, 4+ {2(n +1) -9}Z, 5+... 


35. If (1 - 2ax+0%)-™= >) P,, na", show that 
n=0 


f d d 
(i) oP, = aoe As 


mond 


(ii) (1 ase = fom ¢1ya" =m ee + n(n + 2m) Pm n=O; 


(iii) \z (1—22)"-4P,, Pm pde=0, r#n; 


latte ICS 


(iv) A Mee id Ena OE re TT) II (2m — 1) 


36. Show that, if />0 and P, be the Legendrian coefficient of 
order A, 
1 
(i) 2 eee apes Trade =0; 
m and n being different 


Ttmetl ”q 
PHP dr= 2 i, gPP. dr: positive integers and p 
m) I mt p+nt+3 ek any positive quantity. 


(ii) i wPygdt = P—* j, aPP, de; 


+n+3 (Marx. Trip. II., 1889.] 


37. Prove that P,(sec #) = {" sec” #(1 + sin 6 cos x)"dx. 
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38. If P,,(4) denote Legendre’s coefficient of degree n, show that 


1 . . 
| pd poe ee dp is zero unless m~n be unity, and determine 
p dp 
its value in these cases. [Maru. Trip., 1896.] 


39. Prove that 


1 m—* (a? — 1)? qntm (72 _ 1 
(«+ cos pa? —1 lege ga 1)"+ PAL nam)! aa 


and deduce the formulae 


cos mp, 


: qn-m ay (24 _ Le qntm 
() Gimyl dam 1)" = Gy aanem 


zs ite 
(ii) P,(@)= = r (x+ cos pa? — 1)"d¢g, (Mars. Trrp., 1887.] 
40. Denoting by P,(#) the Legendrian coefficient of order n, 
prove that if m+n, 


1 dP pes rh _ (n= 1)n(n+1)(n + 2) 


if m+n be even, but zero if m+n be odd. (Maru. Trrp., 1897.] 


—1)"; 


n 
41. Prove that if n be a positive integer (sinnta ) cosech?"z; is 


equal to 


(- 1)"2"n! coth"« {i+" die sock EO ccchte +... 


92 
and that either expression satisfies the differential equation 
: d*y 
2 =—_= 
Sn ge AO Mac seercittae eieae 
42. Prove that 
: cos np ee ae 
7 9 cos nd sin z 
—=P,, (cos 6) = 6 qa 14, 
NIZA 0 Jeos @ — cos 6  — cos oF ® /cos 0 -cos ¢ 
except when n=0, when the right side =7/2P,(cos 6). 
[DiricaLer; Topnunter, Functions of Laplace, p. 35.] 
43. Show that if the usual polar variables 6, ¢ be replaced by 
0 6 
x, y defined by cots. eb=¢%, tan 3° e'# = —y, the surface harmonic of 


eV n(n+1) 
order n satisfies the equation = Buoy Gay)? 


If V be any solution of this equation, verify that 
VW WW Aw, 
et Oy? "ae tYay? Mae tPay 
are also solutions. (Maru. Trip. IT., 1889.] 


V=0. 
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44, X,’ is the solid Zonal Harmonic of positive order n, having 
the axis of z for its axis and the origin of coordinates for its 
origin ; X,, is the solid Zonal Harmonie of positive order m, having 
the same axis, and a point distant a from the origin for its origin ; 
prove that 
X,'=X,+naX, +20 2 


WX, ot... tna", +a". 


The corresponding Zonal Harmonic of negative order being 
denoted by Y,’, prove that for points included within any sphere 
whose radius is less than a, and whose centre is the new origin, 


1 (n+1)!X,  (m+2)!X, (n+-3)! YX, 
[1- aS i 


a” Qn! @ 3!n! a 
Obtain the expression for Y,' for points outside any sphere 


whose radius is greater than a, and whose centre is the new 
origin in the form 


te (n+ 2)! 2 


n+3)! 
Mayet aay 


3 
ini Cents t 


(Maru. Trip., 1885.] 


OS 


45. Prove that the series 


¥P, + )(- i+) ereecrete: 


is equal to —¥» for all values of » from —1 to 0, and to yp for all 
values of » from 0 to 1. Apply this formula to calculate the 
potential of a hemispherical shell whose surface density varies as 
the density from a diametral plane at an external or internal point. 
[Maru Trip., 1878. ] 

46. Show that the surface 


A melee La ALR aN ee 


FT. Tis 6 Tee 


consists of two equal spheres which touch each other at the origin. 
(Maru. Trip., 1884.] 


47, If e=snz+A,sn°2+4,sn5e+A,sn’a+..., show that 


(2n+ rN aes a a kn-2(] — ky? 


4 et ee -1) kn-2(1 — k)4 + ete. 


_2 2 /\ 2n4+1 
-=i, don ares (Maru. Trip. III., 1886.] 
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48, Prove that if p?=2?+y? and 1r?=p?+2?, then U; being the 
solid Zonal Harmonic of degree 4, and P; the corresponding Legendre’s 
coefficient, 3 


api Ug =1i[Pi-1 — (2 +441) Pi], 
oO Ui, 
Op? 721-3 
where accents denote differentiations with regard to the cosine 
of the co-latitude, giving 
(Uz o/r*) OF : 
i+] ET] Bae fe : 
rt 3p Oat ite = (24+ 1) Pj. 
49. If p=2?+y? and V; be the solid Zonal Harmonic of degree i, 
show that 1 Vise O-Venw 
72H Op? Sp? =i ae? 
where 72 =a? + y? + 22, (Maru. Trip., 1890.] 
50. Show that 
am nae 


and 


=1-1[Pi_ —i(t— 1) Pi), 


(n-—m+ ea =(2n +1) aT 52— (nm) ae [S.P., 1875.] 

51. Find the cans of independent solutions of the equations 
Ura + Uyy + Uzz = 0, Tug + YUy + ZU, = nu, and prove that if wu be a solution, 
u(x? + y? +22) ~#@"—) also will satisfy the first equation. 

Prove that if 
a+ Bot yo? =f(%+ yw +2") and 4+ Bw+ Cw?=¢(a+ Bo + yw?), 
where is one of the primitive cube roots of unity, then a- , 
B-y, y-«, 4-B, B-C, C-A will all be spherical harmonics. 

[Matu. Trip., 1876.] 

52. Prove that the function which has the value +1 on the 
Northern hemisphere and -1 on the Southern is given in Zonal 
Harmonics by the series iret where 

pomp eae URE 9 a A stash 
ch 2. e 2.4.6... (Qn+2) 

Hence find a function which i, the values 4+ B, 4-B on 
(i) the Northern and Southern, (ii) the Eastern and Western, (iii) 
any two corresponding hemispheres, respectively, the axis of the 
Earth being permanently the axis of the harmonics. 

[Matu. Triv., 1884.] 


53. The polar equation of a nearly spherical surface is r=a+bP,, 
where P,, is a zonal harmonic of the n™ degree, and 6 is a small 
quantity whose powers above the second may be neglected. Show 
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that the area of the surface exceeds the area of a sphere of radius a 
by 2b? (n? +n + 2)/(2n +1). (Maru. Trip., 1878.] 


54. In the nearly spherical surface r=a+bP,, where P, is a 
zonal harmonic and 0 is small, prove that at any point the excess of 
the measure of curvature above 1/a? is to a first approximation 


b 
ed 2 mae Aeh 
ae (n?+n—2)P,. (Maru. Tre. III., 1886.] 


55. Show that the Legendre’s function Q, of the second kind 
(Art. 1821) may be expressed in the form 


2n-1 2n-5 2n-9 
inom <i ys DO Bes eee 
ents teak? ‘eon mit 3iqaiy lest §(_ =a) Past |, 


and that the general solution of John Ivory’s Equation, 


a {Cl a) + {n(n+1)—s(s+1)}(1 ~py 5 =0, 


is given by" ian = AP“) + BQ“); and further that Q, may be expressed 
d \~{n+)) . 

as Q,=C GS) (1-p?)""+), a form corresponding to that of 

Rodrigues for P,, C being a constant. 


56. Find the integral of the square of a tesseral harmonic over 
the surface of the unit sphere. 
If the general expression for a tesseral harmonic be of the form 


m 
A (1 —p?)?3™ cos md, where the coefficient of the highest power of 
pin §™ is unity, prove that 


[Marts. TRIP. ] 


CHAPTER XL. 


SUPPLEMENTARY NOTES. 


Note A. DEFINITION OF INTEGRATION. RIEMANN. 


1875. The definition of the integral I. (x) dx, given in 


Art. 11, for the case where p(x) is single- valued, finite and 
continuous for the range a-+b, is an analytical expression of 
Newton’s Second Lemma. It is pointed out in Art. 13 that 
the several subintervals h,, h,,hg,... of the range a-b need 
not be taken as equal so long as it is understood that the greatest 
of them is ultimately taken as indefinitely small; and Cauchy 
adopted this modification as the basis of his investigations 
(see Art. 1266). But in dividing the range a-b into an 
infinite number of subdivisions, 
6) =%—G, 0,2 %,—2,,-..0g=0—2,_4; 

the definition has still kept to the idea that each of these 
intervals is to be multiplied by the value of ¢(x) at the 
beginning or at the end of the interval, that the sum of such 
products is to be formed, and then, if such sum has an 
existent limit and converges to a definite quantity, that limit 


is defined as j. ¢(x) dx. And it has been seen in Chapter V. 


how Cauchy proposed to exclude from the definition any 
element or elements in which ¢(#) becomes infinite or 
discontinuous. 

For the class of functions met with in elementary analysis 
and with which this treatise has been mainly concerned, this 
treatment will suffice, and has been adopted as offering an 
adequate scope for the beginner, with fewest difficulties in 


the initial conception of the processes to be followed. 
940 
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But it is evident that the multipliers of the several sub- 
divisions need not have been taken as the values of $(«) at 
either end of the interval, but might equally well have been 
taken as any of its values intermediate between the greatest 
and least values which ¢(2) is capable of assuming in each 
interval. 


1876. Starting with this idea, Riemann in a memoir (Ueber 
die Darstellbarkeit einer Function durch eine Trigonome- 
trische Reihe) has given a definition of integration which does 
not require that the function considered shall be continuous 
in the interval a+b. Let a and b be two finite quantities 
between which a real variable z ranges. Let (x) be a func- 
tion of « which remains finite, but not necessarily continuous 
in the interval. Take d a definite given small positive 
quantity, which is called the Norm, of any mode of division 
of the interval a-b into sub-elements or segments 6,, 69, .-- dn, 
V1Z. 65 =, — 4, dg. =Z_—2}, -.. dn =b—By_z, each of these elements 
being not greater than the norm d of that mode of division. 
Then evidently there is an infinite number of modes of division 
corresponding to any particular norm d, and each of these is 
also a possible mode of division for any greater norm. Let 
€1, €g)++-€, be positive proper fractions, and let S stand for 


S38: f(%,+1+e,6,). Then, if S converges to a definite limit 
1 


whatever mode of division be chosen and whatever the frac- 
tions e, €2,-..€, May be when the norm d is made to diminish 


2 
indefinitely, this limit is represented by | f(x) dz, and the 
a 


function is said to admit of integration for the range a—b. 
(See Prof. H. J. S. Smith, Proc. Lond. Math. Soc., vi., p. 140.) 


1877. A formal proof of the convergence of the series S 
under certain conditions is given by Riemann, and amended by 
Prof. Smith in one or two particulars in which Riemann’s 
demonstration is wanting in formal accuracy. The values of 
$(a), corresponding to the values of x for any segment, are 
called the “ordinates” of the segment. The difference between 
the greatest and least ordinates of a segment is termed the 
“ordinate difference” or the “oscillation” of #(a) for that 
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segment. Let D,, D,,... D, be the oscillations in the several 
segments. Then the greatest and least values of S for any 
particular mode of division are respectively attained by taking 
the greatest and least ordinates of the several segments, and 


the difference of these sums, viz. 0, is given by 0= > 0,Da 


But for any definite norm d the greatest and least values of S 
do not in general result from the same mode of subdivision. 
Therefore the difference © between the greatest and least 
values of S for all modes of division corresponding to a given 
norm d@ will in general be greater than 0, which is the 
difference for a particular mode of division. And to be sure 
of the convergency of S it will be necessary to show that © 
in any case diminishes without limit when d diminishes 
without limit. 


1878. Professor Smith enunciates Riemann’s Theorem as 
follows : 

Let o be any given quantity, however small. Then, if in every 
division of norm d the sum of the segments for which the oscilla- 
tions surpass « diminishes without limit when d diminishes without 
linut, the function admits of integration, and conversely. 

Let G(d) and L(d) be the greatest and least values of S 
corresponding to a given norm d, not necessarily arising from 
the same system of subdivisions for that norm. 

Then taking any two norms d, and d, (d,> dz), since every 
mode of division for norm d, is one for norm d,, we have 
G(d,) « G@(d,) and L(d,) > L(d,). Moreover, for every norm d, 
another norm d, can always be found which is less than d,, 
such that G(d,)> G(d,) and L(d,)< L(d,), unless the max. 
and min. ordinates of the several segments are the same 
throughout the interval, however small the segments may be 
taken, in which casé G(#) and L(d) are respectively h,(b—a) 
and h,(b—a), where h, and h, are the greatest and least 
ordinates common to all the segments. And therefore, except 
in this case, a series of norms d,, dz, dg, ... of decreasing 
magnitude can be found so that G(d,), G(d,), Gd), ... forms 
a decreasing series, and L(d,), L(d,), L(ds) ... an increasing one. 

And G(d,) > L(d,), except in the case where the function 
can be represented by a series of segments of lines parallel to 
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the z-axis, when we may have @(d,)=L(d,). For if the two 
systems of division which respectively furnish @(d,) and L(d,) 
be superimposed, then to find the value of G(d) for the new 
system of division, each resulting segment will have to be 
multiplied either by the same ordinate which multiplied it 
before or by a still greater one from a neighbouring segment ; 
and to find the value of L(d) for the new system, each segment 
must be multiplied either by the same ordinate which 
multiplied it before or by a still smaller ordinate from a 
neighbouring segment. So that the least value of S obtain- 
able by taking the greatest ordinate for each segment in any 
mode of division whatever is not less than the greatest value 
of S obtainable in any division whatever by taking the least 
ordinate of each segment. 

If then, for any given norm d, L’(d) be the least value of S 
for the mode of division which yields G(d), and G’(d) be the 
greatest value of S for the mode of division which yields L(d), 

G@>@@; @@>LM@ and La<LO@; 
“. &(d)—-L@)=[4()-L@)]+[4@—-L@]-[6¢@-L@] 
>[G(@)—L'@]+[@@—L(d)}- 

But if s, be the sum of the segments which in the division 
{G(d), L’(d)} have oscillations >, s, the sum of the segments 
which in the division {G@'(d), L(d)} have oscillations >o, and 
Q be the greatest oscillation for any division of norm d, which 
is by supposition finite; then 

G(d)—L'(d)=contribution from s, 
+contribution from (b—a—s,) 
$ 8,0 +o(b—a—s,) 
and G(d)—L(d) + 8,.Q+0(b—a—Ss) ; 
-, adding, G(d)—L(d) + (8,+82)(Q—o) +20 (b—a), 

and therefore, as o is a8 small as we please and d can be taken 
so small that s,+-s, is as small as we please, @(d)— L(d), that 
is @, diminishes without limit as d diminishes without limit 
and f(x) admits of integration for the range a to 6. 


1879. Conversely, if f(z) admits of integration in the in- 
terval a to b,S converges to a definite limit, and © diminishes 
indefinitely as d is made indefinitely small, and therefore also 
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each of the differences 9 must do the same. But if s be the 
sum of the segments in which the oscillations exceed o in any 
mode of division, we have os + 9. And however small ¢ may 
have been taken, we can, by taking d small enough, make 0/o 
less than any assignable quantity, however small. Hence if 
S converges to a definite limit, s must also diminish without 
limit as d is indefinitely decreased.* 


1880. Prof. Smith (loc. cit.) points out also that Riemann’s 
criterion of integrability is applicable in the case of any 
multiple integral extended over a finite region. 


1881. It is incidentally assumed that the interval a-b is 
one which extends from a given value of 2, viz. =a, to a 
greater one, c=b, and the interval a-b has been divided into 
subsections 4;— 4, 22—21, %3—@y, etc. If we reverse the order 
of the array of points a, 71, 2, ... Z,_1, b, the only difference 
in the argument will be that the sign of each of the partial 
products formed in constructing the maximum and-minimum 
values of S has been changed; the new sums formed for the 
reversed order do not differ in absolute value from the values 
before considered, but are of opposite sign. It therefore 


follows that | j f(x)da=— | : J (x) da. 


1882. Moreover, if we add to the array several other 
points of division x=c,, r=Cg, ... Z=Cy_,, the maximum and 
minimum values of S have not been respectively increased 
and decreased, for the norm of the mode of division with the 
additional points in the array cannot have been increased 
by their introduction. But the sums corresponding to the 
maximum and minimum values of S for the several intervals 
a to C1, C, to C2, ete., are respectively 

+ and >|" F(x)da, ie J (x)da, ete., 
a cy 
and modes of division of these intervals can be found for 
which their maxima and minima differ from these respective 
quantities by Jess than any assignable quantities, however 
small. Also the aggregate of any of these modes of division 


* Proc. Lond. Math. Soc., vi., p. 148. 
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of these partial intervals forms a mode of division of the 


whole interval a-b. Hence "f (z)dx must be equal to 
the sum of the integrals i J («)da, i" Tlajde, ...., | F(x)dax. 
a cy Cri 


1883. In the same way other general propositions such as 
those of Chapter IX. may be reconsidered for Riemann’s 
generalised definition. 


Note B. CONVERGENCE OF AN INTEGRAL. 


1884, An infinite integral is one in which either of the 
limits is +00 or —oo, or in which the integration extends from 
—o to+o. In what follows we shall assume that a is a 
positive quantity, 7.e. a>0, and that f(z) is a finite function 
of # for all values of 2 from a given value z=a to another 
value x=b which is greater than a, and that f(x) is integrable 
in this range. 


The integral \ f (2) dz is defined as the limit, supposing such 
a 
limit to exist, when x becomes infinitely large, of the integral 
I =|" f(2)dz. If such limit be finite the integral is said to 
a 


converge to that limit. If there be no finite limit to the 
increase in the value of J as x tends to +0, then, according as 
I tends to +o, the integral is said to diverge to +o. 
Integrals in which the integrand changes sign periodically in 
the march of x from a to 2, such as 


\ sinzdz or {. x? sin (bx-+c) da, 
a a 


are said to oscillate, and such oscillations may be either finite 
or infinite by virtue of the growth of the multiplier of the 
factor of the integrand which causes the changes of sign 
during the march of z. 


1885. If f(x) be a function which changes sign during the 
march of 2g, the integral | f(z) dz is said to be absolutely 
a 
convergent when | | /f(z)|dz is convergent. But such an 
é a 


integral may be convergent even when not absolutely 
convergent, 
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The integral jh f(2) dz is defined as the sum of the integrals 


f J(2)dz and [ (2) dz, where c is a finite constant, and is 
—00 c 


said to be convergent when each of these integrals is conver- 
gent. Moreover, this definition is independent of the particular 
value of c. For, let c and c’ be two values of x on the range 


of its values, c’>c. 


Then | Wien I. f@ de+f fi2)dz (x<e) 
and IL f(z) i St) de+[ f(z)dz (#>Cc’). 


Hence, as fi f(z) dz and [. f(z) dz are finite, I. f(z) dz and 
c c x 
[. f(z) dz are both convergent or both divergent as s+—o and 


[, J(z) dz and FE f(2)dz are both convergent or both divergent 
c c 


as T—->o. 


ic jee) 
Therefore, supposing | J (2) dz and {, (2) dz to be both 


convergent integrals, we have 


[_ferde+| ferde=[ seydet+|” fe) ae 
which establishes the independence of the definition with 


respect to the particular value of ¢ used. 


1886. If f(z), f(z) be two positive finite functions of 2, 
both integrable for the range a to b, b>a> 0, and such that 
Jo(z) > f,(x) for all values of 2 for that range, then, when } 


becomes infinitely large, Ie f2(z)dz is convergent if i Alz)dz 
be convergent. And if Aid fi(z) for all values of. x from 
a to 6, then, when b becomes infinitely large, [ f.(2) dz is 
divergent if i" i (2) dz be divergent. ° 


In many cases comparison with a known convergent or 
divergent integral will suffice to determine the convergency 
or divergency of an integral, 
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For example, if a>0, i . is convergent or divergent 
according as n is > or $1. ‘ 

Hence \Weoeesa= <[ de and is convergent, whilst 

a w/a +22 a « Poa 
f ade _ (?de 
b J/z*—at i) Jz 
and is divergent (b> a). 

1887. If then an index n can be assigned which is > 1, and 
for which z"f(z) is finite for all values of « from z=a to 
z=, where a > 0, it will follow that | x"f(x)| does not exceed 
some finite positive limit \, and therefore that 


#, ye A 1 
[. |f(z)| dz + af. ar Be Pe 
and is therefore convergent. Hence in such ease | S(2d is 
absolutely convergent. . 

But if an index n can be assigned which is +1, and for 
which z"f(x) is never less than some finite positive limit \ 
(excluding zero) for all values of x from a to ©, (a> 0), or if 
it becomes infinitely large when z increases indefinitely, it 
will follow that 


CO ? dx s iN val [ if 
[fede «rf gar he ¢ sale ‘ or ¢A| log a i 


and therefore in either case becomes positively infinite, and 
the integral diverges to +o. 

And if an index n can be assigned which is +1 for which 
x"f(x) is negative, and its numerical value is never less than 
some finite limit \ (excluding zero) for all values of x from 


aton, (a> 0), it will follow that | J (x)dx diverges to —o. 
a 


It appears therefore that under the conditions specified as 
to the integrability of f(z), and as to its remaining finite for 
the range of integration, a to ©, where a>1, if m can 
be assigned > 1, such that a finite limit of a"f(x) exists when 


x becomes infinitely great, then { f(2)dz is convergent; and 


if n can be assigned } 1, such that x"f(x) does not become zero 
when z is increased indefinitely, but whether it approaches 
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a finite limit or becomes either positively or negatively infinite, 
the integral | J(2)dz is divergent. 
a 


a “ 
For instance the integrals ial alti =| a ade are 


respectively convergent and divergent, for the indices 2 and 1 can be 
assigned for these respective cases for which 


ae Fad 
Dboys co > reer ie 1 and Ltzpod aa 1; 
and is finite in each case. 


1888, Again the integral i ae d@ is convergent, a being positive and 
>0. For by Art. 340, : 


> sin O WG Jel se 
i, 7 ap==f sin 940+; |, sin@d@, a<é<b, 


=" (cos a—cos £)+5 (cos &—cosb), 


2 2 
which for any values of a, €, 6 cannot be greater than cet and, when 6 


increases without limit, cannot be >=. Similarly [ gos Big is con- 


1+6 
vergent. 
Also these integrals taken from 0 to a@ are obviously both finite. 
Hence the integrals from 0 to o are finite. Their values have been 
found in Arts. 994, 1048. 


1889. For other tests for Convergency, the reader may 
refer to Prof. Carslaw’s Fourier’s Series, pages 98-121. 


Note C. STANDARD Forms. 
1890. In such standard integrals as those of Arts. 44, 71, 
—— (& ete., which it is usual to give simply 


J2+a?’ 


as sin, sinh**, etc., it is to be noted that the left-hand 


ete., viz. 


members are even functions of a, whilst the right-hand members 
are odd functions of a. To be strictly accurate, such results 
should be written as sin-! ray sinh ete., where |a| is the 
positive numerical value of J/ a2, and where the inverse function 
is understood to have its principal value. Similarly 


fy dz 2+Ve— a? 


———————— i (0! 
22a wishelylel 
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For in such cases the integral does not change its sign with a. 
And for exactness there must be a corresponding understand- 
ing as to all deduced results. In the same way in any other 
of the integrals discussed, and in which a constant is to be 
found with an even index in the integrand, and with an odd 
one in the result of integration a corresponding modification 


: ; : F * log (1 +-a2z?) 
is to be understood; eg. in the integral ‘ a 
Art. 1044, the result of which is usually written as 5 og Ree 


but which is itself manifestly unaltered by a change of sign 
of a or of 6, the value should strictly be written as 


Ri jop S416), 
MS ce LAL 


And similarly in any like case. 


Note D. RATIONAL FRAcTIONAL Forms, 
HERMITE’S PROCEsS. 


1891. In the integration of rational algebraic fractional 
forms, viz. f(z)/p(z) (Chap. V.), where f and ¢ are polynomials, 
rational as regards z, it has been assumed that the factorisation 
of #(z) could be effected. This depends upon the possibility 
of solving ¢(z)=0. 

It is a well-known fact, established by Abel and Wantzel, 
that it is impossible to solve algebraically the general equation 
of degree higher than the fourth. Hermite has given a 
solution of the quintic by aid of Elliptic Integrals (Burnside 
and Panton, 7h. Eq., p. 435). In consequence, the integration 
of such algebraic fractional forms as involve an unfactorisable 
denominator of the fifth or higher degree can only be 
completely performed for special forms of the numerator. 
But in any case, as we know that the equation ¢(z)=0 does 
possess as many roots as indicated by its degree, although 
there may be no means of discovering them, we are entitled 
to assert that the integral of f(x)/p(~) does in every case 
consist of two portions, the one a rational algebraic function, 
and the other the sum of a set of simple logarithms with 
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constant coefficients in which such pairs of terms as involve 
complementary imaginary roots may combine to form real 
terms by aid of the inverse symbols tan or tanh~’. 


1892. It has been shown by Hermite that the algebraic 
portion of such integrals can be always found, whether ¢(z) be 
factorisable or not, and in cases where no logarithmic portion is 
present, or if the residual numerator happens to be a constant 
multiple of ¢(x) the whole integration can be effected. But 
in the general case no means of discovery of the Logarithmic 
portion is available for the reason stated. 

An examination of the ordinary process for obtaining the 
H.c.F. of two polynomials in z, A and B, will disclose the fact 
that each of the successive “ remainders ” is of the form \A+B, 
where \ and uw are themselves polynomial expressions, and that 
when A and B are prime to each other the final remainder 
which is then merely numerical is also of the same form. 
It follows therefore that it is always possible in such case 
to find two polynomials } and « such that \d4+,y8B is 
independent of z, and therefore also to find two polynomials 
’ and yw’ such that \’A+,’B=C, where C is any given third 
polynomial in g Moreover, supposing the degrees of A and B 
in x to be respectively the p™ and gq", and that of C to be 
not more than p+q—1, we may note that it may be assumed 
that the degrees of \’ and y»’ do not exceed the (q—1)" and 
(p—1) respectively. For if we take their degrees to be 
greater than q—1 and p—l, we could by division write 
N= BAN, w= p"A+p’”, where X”, , uw”, w” are other 
polynomials such that the degrees of \””, nu” do not respectively 
exceed g—1 and p—1, and thus (A”+p")AB+)\”"A+p”B=C, 
and by equating coefficients of terms of higher degree than 
the highest in C, ae. of the (p+q)", (p+q+1)", ete., degrees, 
it will appear that \”+” must vanish identically. 


1893. In the discussion of the integration of f(x)/¢(z), 
where ¢(z) is unfactorisable, we may assume 

(1) That ¢(a) contains no repeated factor; otherwise the 
H.C.F, process upon (x) and ¢’(%) would disclose that factor. 

(2) That f(x) is of lower degree than ¢(z), by Art. 140, and 
that in this case the result is purely logarithmic. 
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(3) But if (x) be itself the square of an irreducible poly- 
nomial w, and f(#) of lower degree than u, we may find 
polynomials \ and u such that 


d 
f@=r5-+mu, 


Aad 
; F(a) =(3 A du r a 
ie, J so@@- lee” +|fdx— —*4. dx; 
and supposing u of degree p, ute is of degree p—1, so that 


dx 
A and mw are of respective degrees + p—1 and p—2, so that 


be wes is of lower degree than wu, and therefore the a aa 


portion is entirely logarithmic, but vanishing if pS =~ % vanishes, 
(4) If g(x) be the vr power of an irreducible aa u, 
we may find \ and uw such that fea)=rvSe+ put, and then 


dr 
0) an—(> M404 (Hde= 1 a 1 [ae F 
ls@"= ur qt (i wie rs | gad ale a 
in which the index of the u in the integrand has been lowered 
by unity; and by repetitions of this process we may obtain a 
result in which the only unintegrated part is of the form 


[Prae. 


(5) If g(x) be the product of positive integral powers of 
such irreducible factors, say $(r)=w,*U,'ug’ ..., the separate 
prime factors w,, uw, ... may be discovered by the usual process 
employed in finding the H.c.F. for ¢(x) and its differential 
coefficients, and thus, supposing a < 8 <y ..., if we determine 
A and uw so a eile .+uu=f(z), we can write f(x)/¢(z) 


in the form - —* as cea , and repetitions of the process will 


aa Ais 


separate out the fraction i ae : into the form ™ par) ata 


to each of which portions we can apply fh jiswagot a rules, 


Hence in all cases the algebraic portion of (Ze 2 \de can be 
discovered. 
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Q+u+ 504+ 2x5 + 52° 


Ex. To integrate 1=| (+0425) 


(l+a+a5)(—3+ 5x4) + 4r7+5 
(1+a +25)? 
(1+ 5x4) + p(1+a+2°)=5+4a, we may take X of degree 4, p of degree 3, 
and (dg + AyX + Ax? + ax? + agx*) (1 + 5a) 
+ (bo +b," + bax? + bgx*)(1+a+a°)=5+4+ 42, 
giving a= —1, b)=5 and the rest zero, whence 
—a(1+5x4)+5(1+ae+25)=5+ 4a, 

5 5 

he ii fiad [e +2%+2%°)(—3+524)-—2(1+524)+5(l+a¢+2' ) ade 


Here I = dz,and finding A, » such that 


(l+a+25)? 
- 5at+2 J pce 1+ 524 oe 
l+au+aé (l+a+25)? 
5at+2 x dx 


x 
is a = +log(1+2+ 4%). 
Iter” tT pete Jitere Teese? Oellt ) 


The same process will be helpful even in simple cases. 
Eg. (i) I= | cari. Writing (a+ a,x) 2” + bo(a?+1)=1, we have 


a=0, cay 4, os ; 


2 2 
r=! we +1) ee = i dx Ei al tae 


(2+ 1) 41°22) a+1 241)" 2 
(ii) I= ={ Goa Writing 
(a +. 4,%)(1 +0 +25) +(bo + b,0+ bx") (1+3a2)= — 14225, 
we have @,=bo=b,=0, a=-1, b=1; 
2 p= [Stereo a oo 
(f+x2+1) B+e+l 


Note E. Lecrenpre’s SuBstTituTION APPLIED TO 
Functions or Form 1/X./Y. 


Maz-+-N de, 
X/Y 

where X = ayz+2be+o,, Y=a,z"+2b,7-+¢, discussed in Art. 
291 onwards, in which we have adopted the substitution 


1894, With regard to integrals of the form J= = 


y=> it should be mentioned that Greenhill in his “Chapter 
on the Integral Calculus” generally prefers to put yay 


This of course alters the character of the substitution- -graphs, 
making them symmetrical about the a-axis. (See Ex. 56, p. 323. 
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Vol. I.) An alternative substitution is mentioned by Mr. 
Hardy as being followed by Stolz (@rundziige der Diff. und Int.- 
rechnung) and by Dr. I’A. Bromwich, viz. to use the same 
substitution as that of Legendre in the reduction of an 
Elliptic Integral to Standard form, viz. oN te, whereby 
X takes the form e+ 
{(a,AP +0)? +-2(aAu+B,r +u+e,) E+(a,u?+e,)}/(E+1) 
and Y takes a similar form with suffixes 2. Then, if A, u be 
so chosen that 
@Au+b,(A+m)+e,=0, adut+b,(A+n)-+e=0 (cf. Art. 1463) 
I is reduced to the form 
dg dg 
(a2+b) Jv P+ se (a2+bJvF+0 
where A, B, a, b, a’, b’ are certain constants. And now we 
may proceed either as in Art. 310, or use the substitutions 
u/a’é*+b’=1 in the first; v/a’€+b’=€ in the second, which 


This method 


" dv 
reduce siete integral to the form | pee 
fails if rica But we may then put a,7+6,=€ and proceed 
2 2 


as in Ast, 309, 


Note F. Contrnurry, Dousie Limits, DIFFERENTIATION 
OF AN INTEGRAL, ETC. 

1895. Continuity of a Function of two real Independent 
Variables. 

Let z=f(z, y) be a single-valued function of two independent 
real variables and y which may be regarded as fixing a 
definite point. Construct a small rectangle with centre at 
x; y and with corners z+, y+7. Then if 6,, 0, be positive 
proper fractions and finite values of £ 7 can be found for 
which the value of f(7+0,€ y+0.7)—f(a, y) taken positively 
is determinate and less than any arbitrarily chosen positive 
quantity e, however small, for all combinations of the quantities 
6,, @,, the function is said to be continuous at the point a, y 
and throughout any region of the #-y plane for each point of 
which the same test is satisfied. 
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1896. In the case of such a function as the above, viz. 
z=f(x, y), it may happen that in evaluating the value of z 
for a point for which =a, and y=Y, the mode of approach 
of x, y to the limiting position a, y) is not immaterial. That 
is Lt, 1, Lt,+,, f(z, y) may not be the same thing as 


Lty 5, Lr+ mf (2; Y)- 
Take for instance the case of Sir R. Ball’s Cylindroid, viz. 


the surface eae 5, At any point for which =a, y=y, 


other than those which lie on the z-axis, the value of z is 
2aL Yo 

ty +Yo" 
x, y approaches its limiting position. But for points on the 
z-axis putting y=mz so that the direction of approach is defined 


and is not dependent upon the direction in which 


ie and as m changes 
from 0 to 1, z changes from 0 to a, so that if the direction of 
approach to the point for which =0, y=0 be unassigned, the 
value of z cannot be assigned, and there is discontinuity in 
that its value is not independent of the relative mode of 
approach of x and y to their ultimately zero values. As a 
matter of fact, the z-axis is a nodal line upon the cylindroid. 


as being in a definite direction, z= 


1897. In partial differentiation of a function of two inde- 
pendent variables, z=/(x, y), which is itself single-valued, finite 
and continuous for all values of x and y which lie within 


specified limits, the value of the fraction HOVE IED 


will in general approach a definite limit when éy becomes 
indefinitely small for each value of z within the specified 


range. The limit is then denoted by = f(x, y). But it is 


possible that within this range of values of x there may be 
one or more values of x for which no such limit exists. In 
such case the operation of differentiation fails and is an 
illegitimate process. Take the case f(z, y)=asinay. Here 
f(z, yt+é6y)—f(a, y) _&sin «(y+ éy)—zsin zy 
oy oy 
and for all finite values of x and y this tends uniformly to 
the limit z?cos ay when dy is indefinitely diminished. 
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But if a be increased indefinitely, the limit when dy =0 of 


x sin 2(y+ a SIN ZY 200g ey 
y 
does not vanish, but may assume any value we please, however 
great. Therefore, for instance, the second differentiation 
suggested in Ex, 37, p. 381, Vol. I, would be an illegitimate 
operation. 


‘co 
But in the case u=| x’e-**dx, where r is a positive integer 
0 


e-vsa__ it 


dz, and whether 
—1 


bu eo 
and a is real and positive, — a ae 


. ae ae a . 
x be zero, finite or infinitely fe ot aes tends uni- 


formly to the limiting form —a’+e-**, vanishing whether 
x=0orz=0. Hence the differentiations employed in Ex. 3 
p. 369, Vol. L, are legitimate although the range of @ is 
infinite. Similar remarks apply to Arts. 1039, 1041, 1046, 
etc., as therein noted. 


1898. If discontinuity in such a function as z=f(x, y) 
sO 
Ox Oy dy Ou 
necessarily true for such points. This equation holds for any 
point x, y if a small rectangle whose centre is 2, y can be 
constructed in the plane of z-y within which each of the 
differentiations is a possible operation, 7.e. provided there be 
no discontinuity in the function or in either of its differential 

coefficients. 


is not 


exists for any values of 2, y, the equation 


The rule 2 \ pce, edn =|2 o(a,c)dz (Art. 354)......... (1) 
is virtually a consequence of 
ie Fe wt att connlonee ink (25 


For W-(a, c)=|e(@, c)dx is only another way of writing 
_ ow, ¢), op _ 
(a, c)= ah. whence ae ar And the assertion of 
rule (1) is that 
oe 
Oc 


<. (a, c)= iF ¢(«, c)dx, which is the same as — < ea 
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Hence the assertion (1) is equivalent to the assertion (2); 
and therefore, where the one rule fails, the other breaks down 
also. 


1899. In all multiple integral evaluations and theorems, 
such for instance as that of Art. 361, viz. 


[ [oe y)da ay-| $(@, y)dy da, 


it is assumed that the subject of integration remains finite 
and continuous for all points within and at the boundaries 
of the region over which the integration is conducted; and 
moreover that the differentials which we integrate do not 
become infinite or discontinuous at any point within the 
range of the integration at each step of the process. If this 
be not the case, anomalies and contradictions may arise such 
as that noted in Ex. 38, p. 381, Vol. I. 


Note G. UNiIrorm CONVERGENCE. 


1900. After the investigations of Stokes (Trans. Camb. Phil. 
Soc., viii. 1847) and Seidel (Abh. d. Bayerischen Akad., 1848), 
some time elapsed before writers on the General Theory of 
Functions realised fully the importance of careful distinction 
between the uniform and non-uniform convergence of infinite 
series. The question of uniformity of convergence is a funda- 
mental point in this General Theory, and it always arises when 
we have under consideration the limiting value of a function 
depending upon more than one independent variable. For a 
very useful discussion of the Convergence of Infinite Series 
and Products, we may refer to Chrystal’s Algebra, vol. ii., 
pages 113-185. Reference may also be made to Dr. Hobson’s 
Trigonometry, ch. xiv., or Harkness and Morley, Th. of F., 
ch. iii. : 

1901. Consider any series u,+u,+Ug+...+U,+...,in which 
each term is a single-valued finite and continuous function of 
a variable 2, which may be complex, and lying within a given 
region I’ in the Argand diagram, and of the integral number n 
which signifies its position in the series; then, if for every 
positive value of e, however small we can assign a positive 


integer y independent of z, such that for all values of n — 
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greater than y, the modulus of the residue of the series beyond 
the term u, is less than ¢, the series is said to be uniformly 
convergent for all points within that region (Chrystal, Alg,, ii., 
p- 144). If Su, converges uniformly within the aforesaid 
region to a definite value ¢(z), then ¢(2) is itself a continuous 
function of z for all points within the region. That is at 
each point z, within the region I, writing u,=f(z, 1), 


lth Thing »» flan= > Ltp+f(, )= > fl 7). 
(See references above.) 
1902. With the definition of an integral as in Art. 1266, 
viz. Mere >) —Fr-tOr- and supposing that each of the 


ws is a single-valued finite and continuous function of ¢ and 
a complex constant a, which both lie in a definite region T 
of the Argand diagram, say w,=f,(a, z), and that when 
a and z are made to approach indefinitely near definitely 
assigned points a, and z, lying within the region I’, the 
function f,(a, z) tends uniformly to the value f,(a,, 2) and is 
continuous, then we shall have 


‘ n n 
| ore Freee > (2,— Ze~s) Op 0 ao ee. (2, = #4) Lin rns @ 
1 1 


1.€. bikes el Io 2)de= [Le safle jde=| f(a 2) dz. 


This result, for the case when z and a are real, has been 
assumed in Art. 354. 


Note H. UnicursaL CURVES. 


1903. In any case of a rational integral function of x and y, 
say $(x, y), in which the real variables x, y are connected by 
a rational integral algebraic equation F(x, y)=0 whose graph 
is a curve of deficiency zero, and therefore unicursal, both 
x and y are expressible as rational algebraic functions of a 


third variable ¢, as also = and therefore in all such cases 
the integration |e (a, y)da can be effected with the limitation 


mentioned in Note D, and the result is partly rational and 
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partly a logarithmic transcendent of form YA log (x—a), 
where A and a are certain constants. 


1904, The principal elementary cases of unicursal curves are 
(a) the conic, (b) the nodal cubic, (c) the three-node quartic. 

(a) The equation of a conic may be written as uv,=y, 
where u,, 4, w, are linear functions of z and y. Putting 
U,=XW,, V;=)" and solving, we may express both w and y as 
rational algebraic functions of X. 

(6) The equation of a nodal cubic may be written uv,=w, 
where u,, v, are linear homogeneous functions of # and y, and 
ws is homogeneous and of degree 38. Putting y=)z, we can 
express both w and y as rational algebraic functions of ). 

(c) The general equation of a three-node quartic may be 
written in homogeneous coordinates (say areals) as 

an + by + cz? + 2fy-Ww44 Qgetg A 2ha-y13=0, 
and therefore, taking another point 2’, y’, z connected with 
a, y, 2 by the relations x/z/1=y/y'-1—z/2’—1, we have 
aa? + by’? cz’ dfy’2' +. 29z'x' + 2ha’y’=0, 
ve. the three-node quartic may be regarded as the “inverse” 
of a conic, using the term “inversion” in the sense in which it 
is employed by Dr. Salmon, H. Pl. Curves, p. 244. 

Now 2’, y’,z being the coordinates of a point on a conic, 
which is a unicursal curve, may be expressed in terms of a 
fourth new variable ¢ as rational functions of t, and therefore 
«, y, 2, the coordinates of a point on the inverse three-node 
quartic, can also be expressed in the same manner. For writing 


, / / 


oY eels 

Alt) fat) f(t) FO’ 
where F=/,+f.+-/, and o=5 tote, we have 
BY 3 


x y el 
Vf, Ufe fs 


So that if 2’ =f, ete., then bage, etc. Hence the “ inverse ” 
1 


of any unicursal curve is itself unicursal. 


In all such cases the integral foc y)dx will only require 
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for its expression, rational integral algebraic functions and 
simple logarithmic transcendents. 

The general cubic may be written wvw=z, where u, v, w, 2 
are linear functions of x and y. Any point upon it may be 


defined by the equations vw=)z, uy. If there be no node, 


the deficiency is unity. The curve is not then unicursal. But 
if these equations be solved for ¢ and y, we have Aw and Ay 
expressed in the form P+,./Q, where P and Q are rational 
polynomials in \ of degrees not higher than 2 and 4 respectively. 


Hence in this case, for the integration of [oc y)dx elliptic 


integrals will in general be required. Similarly, if the deficiency 
of the connecting relation be of higher degree, transcendents 
of a higher complexity than the elliptic integrals would in 
general be required. 


Note J. GENERAL REVIEW. 


1905. The functions of a single variable x, with which we 
have been more particularly concerned, may be classed as 
(1) Algebraic, (II) Transcendental. 

(I) An Algebraic function is one which may be theoretically 
expressed as a root of the equation 

So(a)y" +h ayy" 1+... + frx(@)=0, 
where n is a positive integer and fy, f,,...f, are polynomials, 
rational as regards x, but in which the coefficients may be 
either commensurable or incommensurable, real or imaginary, 
but independent of z. 

This will include as particular cases, 

‘a) The general rational integral polynomial. 

(b) The rational algebraic function, which is the ratio of 
two rational polynomials. 

(c) The general irrational species, in which commensurable 
fractional indices may occur as powers of rational polynomials. 

(II) Of Transcendental functions we have such as involve 
an exponentiation of the variable or the taking of a logarithm. 
And as the variable may be a complex quantity, this will 
include, besides the elementary cases of ¢” or log a, the trigono- 
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metrical or hyperbolic functions and their inverses. For a 
single exponentiation or the taking of a logarithm, the function 
is said to be a transcendent of the first order, but if these 
operations be repeated the function is said to be a trans- 
cendent of the second or higher order. Thus e, log log loga 
are said to be respectively of the second and third orders 
of transcendents, 

We may also have any arithmetical combination of the sum, 
difference, product or quotient of two or more of these groups. 

Such functions are said to be simple or elementary 
functions. 


1906. We have, besides such functions as described above, 
transcendents of a higher degree of complexity, such as 


Soldiheseiemctian li(x), which is le or rms the Cosine 


COs & 


and ‘Sine integrals, viz. Ci(x) = [= “dx; Si(a)= [= 


sin x da 
Fresnel’s Integrals; Kramp’s I sig Sages 8 eanesendene 
defined as L"(l+2)=+ + ae o sete, the Elliptic 
Integrals, or others which have been computed and tabulated 
for special purposes. 


1907. The problem of Integration with which we have been 
confronted is this: Supposing that we are given the differential 


equation oY _ f(a), where f(a) is one or other of the known 


classes of functions, or a combination of them, is it possible for 
us to solve this equation so that y can be recognised as itself 
one or other of these classes of functions or a combination of 
them? When no such solution exists y is a new transcendent. 


1908. The general discussion as to how completely this 
question can be answered would occupy much more space than 
we'have at disposal. The reader may be referred to Bertrand, 
Cale. Int., ch. v., and to Camb. Math. Tracts, No. 2 (2nd ed.), by 
Mr. G. H. Heed 

‘But we may remark that, in the first place, if f(x) be a 
rational function of 2, it appears from Chap. V. and the 


remarks in Note D that the integral y is in all cases partly — 


{ 
iy 
f 
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rational, partly logarithmic; that when the denominator is 
factorisable into linear or quadratic factors, the complete 
integral ean be found. But when the denominator is of the 
fifth or higher degree and unfactorisable, though the rational 
part can be found by Hermite’s process, the transcendental 
logarithmic portion can only be obtained in certain cases. 
But the only barrier to complete integration in all such 
general cases is that of the impossibility of solving the general 
quintic or higher degree equation. 

If f(x) be an irrational algebraic function of the form 


: te where A, B,C, D are rational polynomials and Q is a 


polynomial of not more than the fourth degree, it has been 
seen that its integration can always be effected, and when the 
degree of Q is not above the second, only simple functions will 
be required; but when Q is of the third or fourth degree, the 
integration will usually call for the assistance of the Elliptic 
Integrals. 

It has also been seen that in all cases in which ¢(q, y) is a 
rational integral algebraic function of @ and y, and y is 
connected with x by an equation whose graph is unicursal, 
the integration [ee y)dx can be effected in terms of the 
elementary rational algebraic and logarithmic functions. 

1909. In addition to these facts, a theorem due to Abel 


states that if y be an algebraic function of 2, defined as above 
in (1) by the equation f)(x)y"+fi(x)y"1+...+fn(x)=0, then 


[ya can always be expressed as By+By+...+B,y"", 


where B,, B,,...B,_, are polynomials in x. And further, that 
in the case when y"=a rational function of z, the integral 


fv dy=y Xa rational function of x The proof of the first of 


these theorems is somewhat difficult and long. Reference for 
them both may be made to the works already cited. Other 


forms for which fy dx is expressible by means of algebraic 


functions and logarithms will be found given by Bertrand. 
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1910. It may be noted that, since differentiation of a func- 
tion involving irrational algebraic quantities or exponentials 
cannot destroy them, such quantities cannot appear upon the 
integration of a function that does not already contain them. 
Logarithms may appear upon the integration of an algebraic 
function, but always multiplied by mere constants and by no 
functions of x. For the operation of differentiation upon the 
result could not eliminate logarithmic terms otherwise 
involved. 

If, therefore, the integral of an algebraic function be expres- 
sible by means of the simple functions at all, it cannot contain 
exponentials, and whatever logarithmic terms occur are such 
as to appear in the first degree as transcendents of the first 
order multiplied by constants. 


Many cases have been discussed of the integration | I (2) de, 


in which f(x) has involved exponential, logarithmic, trigono- 
metric or hyperbolic functions, but there is no general rule 
which would indicate the nature of the result to be expected 
as there is in the case of rational algebraic functions, and the 
theory is far less complete. Reference may be made to 
Liouville’s “Mémoire” (Jour. f. Math., 1835). 


PROBLEMS. 
1. as 
(a) -l (b) 1 — 728 — 829 ; x+ 6a> + 1226 + G11 
Ear (1 +28 + 09)?” ( (l+a+26)2 


1+ 2¢ + 625 + 1328 + 6711 


(1+2+ 28)? he 


2. Obtain the rational part of | 


3. Show that 
eat 3a? + 22 +1) Be, 


» at lat aa) 9 = 3 !°8 73 - i75- 


4. Show that if |e 
(a'x? + 2b'x + ¢')2 
and find the integral. (Harpy, No. 2, Camb. Math. Tracts, p. 18. 


dx be rational, ac + a'c = 200’, 
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wT 


by 
5. Discuss the convergency of the integrals (a) | log sin « da, 
0 


(0d) { grt emda. {¢) \j P82 as, (d) 13 Ease ~ dix, 
a ; 


6. Show that {, od dx, although convergent, is not absolutely 

0 
convergent. [Carstaw, Fourier’s Series, p. 103.) 
7. If the function (x) be positive in sign, but diminishing in 


co 

value as x varies from a to o, then the series >) o(a+2) is 
00 0 

convergent or divergent according as rie dx is finite or infinite, 


and the series lies between \. (x) dx “ee Le f(a) da. 
[Caucny, oe F. Diff., p. 126.) 
8. If a> 0, discuss the convergency of the series 


. = 1 : 
(i) Daan (ii il) > eats (a+n yym? 


(il) > : 
~/ (a +n) log(a+n) {log log(a+n)}”" [Booxs, 2.c.] 


9. In the curve 2*+4°+l3=3azy, show that we may express 
a and y in the form 2z-c¢+aA= +R, 2y-c+ad\= = R, where 


3Rh2=4)3 — 9a2d2 + 6ach—c2 and c=a3-)?, 
by putting r+ y+a=cA}. 


Hence show that [Fe Ja+ Bu + yx? + 6x3) dx can in all cases be 
reduced to an elliptic integral. [See Harpy, l.c. sup., p. 50.] 
10. Prove that 


\ f(2+2) loge =0; 


+ 1 3,0 = +) 
[, £(#+3) a an f(e+ ae [Liovv1x1e. ] 


11. If f(z) be an even function of «, prove that 


(i) { f(s 4) de = f(x? + 2) da; 


(ii) i fisin 26) sec 0 d0 = of f (cos? @) sec 6 dé. 


[GLAISHER. ] 
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12. If 6(x)=¢(2a—2), show that 
() ['$@)#G@) de 5 |" 6@(F@)+F(a-2)} ae; 
0 0 
(ii) Ih f(sin 26) sin? d0 = aN flsin 26) d0 ; 
0 0 
[GLAISHER. ] 


7 us 
(iii) fe f(sin 20) sec? do = 2 T(cos 6) sec? dd. 
0 0 


13. If I,=[ a” f(sin x) dx, show that if n be an odd integer, 
0 
n(n —1) 


(i) 21, — nly y+ eae at a <uiekne gl a0 
. ip 1)n(n-1 
(ii) (nt) 1, SAMs, 4 Ot U UD gop, 28 


[GLAISHER. ] 


14. Prove that if $(x)=¢(1-2), then will 


1 
(i) \ (2) log T (2) da= log «| be) da—5/ $ (x) log sin ra dz ; 
0 ) 0 
at Water loe I F ipod a l oe 3-1): 
(ii) [, sin xz og I'(a) ite og ™ ——(log 2 - ); 


1 
(iii) ib sin?rz log T(x) dz = (2 log 27 — 1), 


[GLAISHER. } 
15. By the transformation ra1it , show that 
1 ‘ i 2 
| tant 3+ 2) | . a = ae a 

s 1-27-22? l+a? 8 [GLAISHER. ] 


16. Show that the curve 6=¢ on unit sphere consists of two 
loops each of area r-2; 6 and ¢ being colatitude and azimuthal 
angle. ‘ 


17. Show that the solid angle of the cone 
2 (a2 + 92)? = at (02 + 92 + 22) 


is 7. 


18. Examine the nature of the curve on unit sphere defined by 
the equation 2sin }9cos4¢=1, and show that the solid angle of 
this cone is 2/3. 
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19, Prove that 


\| p~cos @cos 6’ dS dS’ = — || log p cos W ds ds’, 


where dS, dS’ are any elements of two unclosed surfaces over which 
the first integral is taken, and p the distance between them which 
makes angles @ and 6’ with the normals at its extremities ; also ds, 
ds’ are any two elements of their bounding ares over which the 
second integral is taken, the directions of these elements of arcs 
being inclined at an angle ¥. Give an optical interpretation of the 
result. (Maru. Trip., 1886.] 
[See Arts. 846, 1783, and Herman, Optics, Art. 157.] 


20. If a, y, z be each real, finite and determinate functions of 
cos a, sinacos 6 and sina sin f, the locus of the point 2, y, 2 will be 
a closed surface containing a volume 


Zar Yar %a 


l Qn Ox 
3\. a tp, Ye 2%, | 4 dB, where t= aq? etc. 
By Bh bed (Maru. Trip., 1870.] 


21. The volume enclosed by a closed oval (synclastic) surface is 


V; its area is S, and J denotes the integral {| (~ + ~) do extended 
1 Pe 
over the surface, p,, p, being the principal radii of curvature at the 


point where do is the element of area. A sphere of any diameter 
rolls on the outside of the surface; and for the envelope of the 
sphere the corresponding aie are constructed. Show that 


V- “at Peas 5i* 


is the same for the we as for the original surface. 


22. Show that the length of an arc of a curve on the sphere 
a? +4?2+22=7? may be expressed in terms of the coordinates w, v 
of a point on a plane curve by the transformation 

a z es i 
Gru 4Py (ua +02 — 472) + 0? + 47”? 
ne \ Vdu? + dv? 
~ J 1+ (w+ 0?)/47?" 
(G. B. MatHews, Nature, Feb. 1921. Art. on 
‘‘ Rinstein’s Theory of Relativity ”.] 


by the formula 
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VOLUME ILI. 
CHAPTER XXIII. 
Pace 44. 

2.3) § phd ,2uvdu dv 
2 Foto ahy SPS be Meee 
” — gq fos(menja , osin(m+n)a_sin(m—n)a sin (m+n)a 
: n(m+n) n(m+n)? = nX(m—n) * n?(m+n) ° 

V2E (a8) 
8. r= [ dé dn. 9, I= hie V dy de. 
oF ay 
Li(Vi-n_, dydg | oat mi d 
10. J== V' an dg 
ah iG nf? +4e" ‘alah 7 Jn? +482 
hk Vy 


1, I= at "V dy dx Sn iat me V dy de ; Ta -§ { (51. 
F(x, y)dy dau 


Bae 
13, eh ih he pavaes aes 
-—y? 


+" pate y)dy dx. 


14, J ={ Tae PAE TAB y)da dy+ ibs it See y)da dy. 
re 
15. -T= E * 


16. ai °C pa V5, Vp, Vg being the values of V at 


Pand Q, the intersections of 2?+7?=u, vy=v in the first quadrant. 
966 


2cos ae cos =e 


Fr 6)drd0+ re zt rep 6)drd6. 
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a “G0 3 
17. I=’ _ fave “dy[° dev. 
qu ae! iad 

Va— ay 

18: P= |" ds ondt td © age dr U. 
f uf Vaiaayt if [fa ope ware : 

+8 @ 

19. r= “ae |" an ( (= 
v)= ig anf" ag r). 20. One. 
1—te F(u, v)_ 2 

21. J= -[ p- om ree. = pe Fu, v)= (2, y). 22, Art. 832. 
2%, I=—e2 | A lkez caer 
28, [=~ cot a+sinh- cot a. 


29. 


21, 
33. 


2 
S=abe[ [sin 6)" +sint9 (St. ms) dO dd. 


CHAPTER XXIV. 
Page 144. 


al" )} /*(n) pr ag f= acco 


Art. 902, /r sech 7a. 


CHAPTER XXV. 


Pace 176. 
re pare EET a 2. hy patb?c?. 
z y 1 AyPtats — AgPta+s 
3. p+l qtl pt+qt+3 pw hpret? 
iy TY _7_ 4 85-38% 
oo) obo 86-0, 
OS ee ee ee ee 
GO) ria“ prgarys br Ope 
.-. — @ 3a?+b?+¢? 5° — 6,6 
sided “6 G++ 55 3,8 = 3 nis 
5. mpa%b3c3/1890. 6. Ma?//2, M(b?+c*)/4. 
7, M=pR§{r(a+b+e)+4(f+g+A)}/30. 


ik 


13. 


. M=rpabe(a?+b2+c%)/30, x=5a(2a?+b*+ c?)/16 (a? + 0? +c”). 


A= M[2b%c? + 2a? + a2b? + 3b4 + 3c4]/7 (a? + 0? + 0”). 
Far (Pt?\r(Peaess n/t )r (eters 1) 


Qn Qn 
1 FOI (m) 


ab Toe yi Napa: as, 2 {r(5)h /r ' =) 
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CHAPTER XXVI. 


PaGE 212. 
4, 7/2. 
5. A system of discontinuous lines and points, the origin being the 
centre of the system, 
(-o<a#<-1), w=-1, (-l<2<-}), w= -4, (-4<2<0), 
7 7 1 T ete. 
Saal i J- ain Y=53? Y= Te’ y=0, 
6. The part of the plane z=1 between y= +2 
which contains (1, 0, 1). 
The part of the plane z= —1 between y= +% 
which contains (—1, 0, —1). 
The parts of the plane z=0 between y= + 
which contain the y-axis. 
The portions of the lines 2/1 =y/1=(z—4)/0, 
x/1=y/(—1)=(z—4)/0, for which z is positive. 
The portions of the lines z/1=y/1=(z+4)/0, 
x/1=y/(—1)=(¢+4)/0, for which x is negative. 
9. A staircase of “treads and risers,” the former consisting of lines, the 
latter marked by points. 


Paae 237. 
— b*-4ac tad 
T Tn 1 a n—-1 = 
4 ae 6 2m ‘s sin"—*@d@=ete. 
Ir Brod | m 
20. (a) 0, (0) 2, (c) ©, (a) 4. 23. ae a (08 5 


© ~— log 1)’ = 
33, = | e-v{1-e ( Na } dy. 42. /r/2e. 


CHAPTER XXVII. 
Pace 289. 
27. (i) log *+* 3 (ii) (n+ 4) log (n+4)-—2(n+2) log (n+2)+nlogn; 
(iii) ${(n +6)*log(n +6)-3(n+4)*log(n+4)+3(n+2)*log(n+2)-n®log n}. 


CHAPTER XXVIII. 


Page 353. 
k" .k! 
* (k+n\(k+n-1)...n 
23. B-B’=y-y'; a’y’+ay’+a'B+By’=ay+a’'y +a’ +B’y ; 
a’y'(a+ B)=ay(a’ +f’). 
a+b 


T 1 1 T 
e 4, SSS | SS SS EF bei. ——. 
30. 7/ 33 - at je i= 57 7 Oh aa 


2 14. ma"/2n. 
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CHAPTER XXIX, 


Pace 415, 

1. (i) (a2+y), n tan; 

tan—ly/x Seth 
jog Naty at yh ; (ili) a%, yloga. 
(iv) #98 Vetyy—dtan— WZ, blogNxt+y2+a tan—ly/x. 
tanhy, 
tanz ’ 
(vi) Veosh? y—sin?.x, — tan} (tan w tanh y) ; 


... 2Vsinh? y+ cos?.x ms 
Sy, CAN (tara 
Gm) cos 2x+ cosh 2y ( ” 


(viii) 3 (tan4F,)'+(t a a 
a" yoo anh ty 


2Qy Dor } 
3771 ee ten! 1 
tan {tanh ira ep/ on Te ee 
4. (i) -las, 240N2; (ii) las, —220V2; 
(iii) —l4e, -240,/2; (iv) loc, 240N2. 
5. (i) One in each quadrant; (ii) ” in each quadrant ; 
(iii) One in each quadrant and one on negative part of x-axis ; 
(iv) and (v) m in each quad. and one on —" part of w-axis ; 
(vi) » in each quad. and one on each part of y-axis. 
6. (i) +t, £21, -—14e; (ii) +e, £20, 6. 
(i) Cassinian, (ii) Two st. lines, (iii) Rect. Hyp. 


(ii) V. (log /x?+9?)?+(tan-?y/x)*, tan-} 


(v) Vecosh? y—cos?.x, tan- 


8. (X?-a? costc)?/a? sin c cos‘ ¢. 9. p=a5/4r?. 11, A diameter. 
_Y¥m _¥m xX 
15. (ii) X;=ee * cos—™, s=ae % sin 4 


(v) (a) Concurrent lines, Meridians ; (b) Cone. circles, Parallels of lat. ; 
(c) Equi. spirals, Rhumb lines. 


16, (a,% —as")(b,” — b.”)/n?. 


CHAPTER XXX. 
Pace 479. 
1. (i) $(q-1)F +34, (ii) $¢-3(a—-1)?. 2. Qaesin a, 2micosa, —mesin a 
3. Qa, 4a, 24, 0. 12, 2/Va?—2. 


17: am (sin a-+sin $ cosh “Z9 —V3cos§ sinh 9), i Ot ae 


3a? 2 2 
18. Oifa>1, 2mlog(1—a)—2m* ifa< 1. 19. 1, 27, 27. 
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CHAPTER XXXI. 


Page 520. 
6. a= ck =r. 
bys (6H) i 1 in (Asn u) ; (ii) Z + V inh- (rae ae =) ; (ili) tnw—am vw. 


31. (i) amu; (ii) — # | tan- .( ctn w) ; (iii) —sech—!(4sn wv). 
62. {(a? +y")(1 — ay?) — 09(1 + 22y?)?}? = 4a2y?(1 — at) (1 —y/). 
63. Put y=(1+h)a/(1+he?). Multiplier 1/(1+4), Mod 2Vé/(1+4). 


CHAPTER XXXII. 
Page 561. 


11. g"+1(u)(n-+1); log e(u); &” ; a4—%(u) — Tew) —J. 
12, 49(u)+Aylu; phy 0" (u)— PolC(u)+vyIu; AP,+ BP, — Of(u)+ Du 


(Art. 1432) ; a [ tog gun eo wes +O], where (v)=0 ; 


Wow Mu 9)- Cut )- 2u9(0)- 90) [ 
ap wp L— Mt) -O(u+ ») -2up(0)-9'"() 2-39" [ Er | 
19. y=a(u, )+eP(u, —2). 

32. (i) ,o'u+{ @o}+ 5 lu+2p(o) (uw) +0; 
(ii) oe [ - &u-9) -Cutn) - 2up(v) -£3 {tog e2ug(v) 2 — 2 ] +0. 


o(ut+v) 
39. «= {0(2)-ew)}/{9($)-o}. 


CHAPTER XXXTII. 


Pace 598. 
1, [=1+4+38A?, J=\—d, H=—-144[A(at+y4) —(1-3A2) 2247), 
A=(9A?-1)*. 
8. z= (u, 39, 25), v=z/(z—-1). 10. z= -3+6/22. 
12. sin-!u, cos“!w, 1, tanu, for k=0; tanh-!w, sech!u, sechu, sinh w, 
fore — 1s 


1 a2 —e. 1 Neo —e 
-14/1 7%. —1r | 1 983, =2. 
14, eae are Paes tanh 3 (2-e,)~ 


ars 6 
15. u=¢9"(y, 0, 36), y=14+2; or wagon ae mod 7 


1 
JQ 


6 
4 a = 
16. —28u=@-1(z, 0, ps), t=1/42. (« 443). 
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22. (i) 2[¢(a)—¢(u)], where z=(u, 0,4) and @(a)= 


1 L 
(ii) ~ 7 log usted Tt ¥) where 2=¢(u, 0,4), u=@-1(2, 0, 4); 


+u) 
25 
(iii) 2u— Wi log e24s(@) ze es : (E(u —a) + (wt+a) — 4}, a=-"(2,0, 4) ; 
BV3 1, e2uciay Tau), 3 o(B—u) 
(iv) om 7 og e” $(a) Fara + Jglog aus ot (Bu)? 


where x=§+(u, 5%, —48F), @(a)=2, e(B)=1 


(v) wtlog ewerete— where ee and @(a)=2. 


a3, 1=S8— 8199) [ou ((u) +5 sey” 


€)€, + 2eg” 2 Q(u) —e3 
es)? a aug TO " 
“log ¢ (v+u) 
aoe v=fe, +(e, —e) a3, I, J} 


27. wW3=K-—amu, rV3=snuV3/dnw3 ; mod V2) ; 


or y=@(w,—u) where y=2+(P) and «=(12z—7)/(12z+11). 


wes ati, ee 
qu t 


eae Ee ont (fe 2 ay NE oy A) 
N (a4 — &2)(@ — 4s) @y— A, G—- Ay’ VN A3— Ay Mg— My 
(Art. 1339). 


CHAPTER XXXIV. Section I. 


Pace 650. 
1. The points are opp. extremities of a diam. of a circle, centre at origin 
diam.=a. 
2. y=sinh na/sinh na. 4, r™ sin mO=a™, where (n+1)m=n. 


i ii iii iv Vv vi 


Force/u?= | y/a? | a/2y? | ay/(a?+y*)? | aly® | y/a? | a/2y? 


rep. 


OO  _ 


vii viii 


Qaty3 abt 
Poree/at= | atl? | 1804s" | Care | OH e-FT 


rep. att. att. rep. 


Line y=a| y=a y=o y=0 
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i ie ean iv v vi vii viii 
Force « | const. ” gt 8 75 r* pnt r 
rep.2 >-1 
rep. | rep. | rep. | rep. | rep. | att. | 24) <—] | TP 
Cirel t=O i 
ircle | r=0} r=0 | r=0 | r=0 | r=0 |r=o0 / r=o af og 
ix x mI xil 
1 1,1 | a ee 
pe=Ar?+B pote ae =f Pp . 1 
Force « r ri(r2+a?)2 r](a* +b? — r?)? 1/(2a —7)? 
rep. A + 
re a rep. rep. rep. 
Circle r= oe r=0 r= 0 r=0 


9. The parabola 11(y—1)+3x(x+4)=0 satisfies the conditions. 
10. Two straight lines equally inclined in opp. directions to the x-axis. 


11. Rect. Hyp. 
12 and 18. Circularare. Discont. solutions as in Art, 1505 (1). 
14. A central conic. 16. y=asin 7” , where ais known. 


19, Ellipse. Centre on initial line. Action a min. Free path under 


att. radial force to focus. 
22. A circle. 25. A. catenary. 
28, A circle. Max. area for given length [p=4A+Bcos(~+a)]. 


31. Parabolic arc wrapped on a cone. Focus at vertex. Axis along a 


generator. 


CHAPTER XXXIV. Sgcrion II. 


PaGE 692. 
l. y=acoshn(#—b). Minimum. 
3, Taking ¢ +“ and 


% > — 4, (%, > Xy> —a, min.), (vt) > x, >a, max.), (2% > —a > 2, neither); 


X < =O, (x < 4%, Max.), (% <7, < —a,min.), («9 <—a<4,, neither). 


.Y 
CHAPTER XXXV. Szscrion I. 
Page 717. 


1. If a cosine curve y=cosx be drawn from «=0 to w=7 and a point 
placed at the origin, the total graph consists of this portion with 


repetitions from 7 to 27, 27 to 37, ete. 
10. ¢(x)=>d 4 nsin—, where 
1 3 


2 
nT 


a a a a 
An,=— (1 — cos nT “1) + e4( cos nm = — Cos nT (a) 4 ca( cos nm 2 — cos na 
3 


3 3 3 


yh 


Al, 


14, 
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p(c)=Aot+ SA n C08 2nTx/ag+ 2B, sin 2nmx/a,, where 
Ag = {014g + Calg — Ay) + C5(g — ae) } /atg, 
A,= aa {¢, sin 2n7a,/a,+ co (sin 2nmae/a,— sin 2Znma,/ag) 
— ¢38in 2nTag/a3}, 
By = (4(1 — cos 2nta,/'a3) + c(cos 2nma,/a, — cos 2rna./as) 
+c,(1—cos 2n7a,/az)}. 
Repetitions of the portion of y= .r(1? — x?)/12 which liesbetweenxv= + 7. 


CHAPTER XXXV. Sgrcrion II. 


Pace 737. 
8a 1 (2r+1)rx 
i. SoG apne tt 
ye a 43( ~ ee cosrz (—7t<a2<7). Aseries of equal parabolic arcs. 
es =a | ; (GQe-D)re kf “Ska 1 (2r+1)27x 
ieee AAS LS reg Ag SE ee 
fo a 
4, +> @r+ip sin (2r+1); 0 to 7 inclusive. 
Qnk = pra 
5. 3 nt - cos pr) sin = Pr sin 27 7 
6. y=- or (0 to 2c—a); y= -= ° 1*(2e— 2), (2c —a to 2c). 
2 | nee fy 4h 2 . nr 40 
iz ol Name 4,=(- ina tas) cos 5 + ag 80 — gs 
= nx 2 47 nr 213 nar 2 
Bot XB, COR =~ 9 B,=(5-- ron + Fag 8 >> Bo= 53° 
ae rT rTe 
10. iba am 7a 008 J cos 5 repetitions of the part between x=0 
and c=1. 
13. If f(x) changes to $(«) and f’ (x) to $x) at x=a, 
be [= _ Te . NTL 
4n5=|, J (z) sin er det [ $x) sin—— da, 
lm 2 nro, 
Bas= "7 Ant i[felem 52 — 400) ]+F[ #(0)(—1)"- $a) cos J. 
12 a™bh” rr bn 
16, w=" 3 55 agin ge sa)| i 1($) cos n($— 0) dd 
19. 432 <7 sin (2r-+1) =. 
To a 
bath (obs 5 tan em Cod) Are of a circle, centre at the origin, and radius 


fei tiene placed about the initial line, and subtending an 
angle m—2a at the origin ; together with the origin itself. 
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CHAPTER XXXVI. 
Pace 786. 
2. (F+=)(rad. 7. 3a%/2, 5a3/2, axis=2e. 8, Art. 1650 (12). 


10. Edges 2a, 2b; (i) (a?+*)/3; (ii) and (iii) r?+(a?+*)/3 for a point 
dist. » from centre. 


11. (i) a; (ii) 4a/3. 12. 10a/7, a (axis 2a). 
13. (i) sides a, b,c, (a*+6?+c?)/6; (ii) a?/3 (side=a) ; 

(iti) 6a2/5 (rad. =a) ; (iv) a?/2 (edge =a). 
14, 2/a, 3/2a, a=semi. maj. ax. 36. 17a?/16. 


39. 2(./b2+c2—c)/b2, where b=rad. of disc, c=dist. between centres. 


CHAPTER XXXVII. 


Paar 849. 
p2\m 2 n 
5. mc, (5) (1-5). 6. (a) whys (B) 55 (0) ae 
Tl ei 12. 280/1287. 
é a2 ce aC 
23. a2, 24. ato(1-5)sin nt 1 $a 25. b/2a. 
on (Xp)! (24)! (Pi +41)! (P2+Q2)! .--(Pnt+Qn)! 
" Pil Dal... Dy! qi! Ga! «+ In! (2p +24)! 
(2p+1)(2p+2)...(Sptn—-1) 
(Sp+qt+1)(Tp+q+2)...(Sp+q+n—-1) 
28. 128/457. 39. 52/6. 
CHAPTER XXXIX. 
Page 931. 
4. 5+(7x+2y +32) +(—a?+22+ Tyz+ 82x + 9xry) + {1023 — 6x (22+ y2422)} 


+ 1laxyz. 


15. If sin?@ could be expressed in a finite series of P's, it could be 
expressed in a finite series of cosines. 


19. Art. 1806. 
CHAPTER XL. 
‘ 


Pace 962. 
L. ipeae! pea Igee eel eee) 
of amelie bye 
Ll+at+a “a! aa? +20’ +c! 
5, (a) conv. (6) nt lconv.; O<n<1lconv.; n$0 div.s+0, 
(c) cony. (dl), OR tre 5 conan Oy cunt 


8. All conv. if m > 1, div. if m > 1. 
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by parts, 90. 

Sines, cosines, 114, etc. 
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Ivory, (ii) p. 47; Equation, 1867. 
i-y Equations, 688. 
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1704, (ii) p. 852, 1746, 1778. 

Laplace’s Equation: Various forms, 
1813; Hydrodyn., 1814. 

Least Action, 1533. 
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Newton, 4, 9, 10. 

Nome, 372. 

Norm, 1876. 

Normal Equations, 1764, 
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Oval, 440, 441, 445, 448. 
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(u) Expansion, 1416. 
function, 886, etc. 

Pappus, 752. 
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Parallel Rulings, 1704. 

Paranome, 372. 
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Pedal Curves, 422, 424, 561, 563, 564. 
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Periodicity, Elliptic function, 1297, 
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Pole, 1244. 
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Popoff, 366. 
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Preston, 560, 1169, 1174, 1175, 1176. 

Principal Values, 344. 

Product of Inertia, 526. 

vy function, 911, etc., 950, etc. 


Quadrature, 393, etc.; Line Integral 
398 ; Sectorial Areas, 407; Tan- 
gential-Polars, 418; Trilinears, 
460. 

Quasi-Inversion, 1255. 


INDEX. 


Raabe, 1083. 
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now brings this important work up to date. This 
represents an increase of more than forty percent 
in the number of pages. 

“One sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fundamental questions of anal- 
ysis and geometry are connected with it... a most 
excellent addition to our mathematical literature.” 

—Bulletin of A. M.S. 
Second edition. 1957. xvii + 274 pp. 5x8. [117] $4.95 


SINGH, “Non-Differentiable Functions,” see Hobson 
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DIOPHANTISCHE GLEICHUNGEN 
By T. SKOLEM 


“This comprehensive presentation . . . should be 
warmly welcomed, We recommend the book most 
heartily.”—Acta Szeged. 


—(Ergeb. der Math.) 1938. ix-+130 pp. 512x8'2. Cloth. 
Orig. publ. at $6.50. [75] $3.50 


ALGEBRAISCHE THEORIE DER KOERPER 
By E. STEINITZ 


“Epoch-making.”—A. Haar, Aca Szeged. 
—1J77 pp. including two appendices. 51/44x8V/. (77] $3.25 


INTERPOLATION 
By J. F. STEFFENSEN 


“A landmark in the history of the subject. 


“Starting from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
variables, in a clear, elegant and rigorous manner 
... The student ... will be rewarded by a compre- 
hensive view of the whole field... . A classic ac- 
count which no serious student can afford to 
neglect.” Mathematical Gazette. 


—1950. 2nd ed. 256 pp. 51%4x8V4. Orig. $8.00. [71] $4.95 


A HISTORY OF THE MATHEMATICAL 
THEORY OF PROBABILITY 
By |. TODHUNTER 


Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish. Hundreds of problems are 
solved in detail. 


—640 pp. 514x8. Previously publ. at $8.00. [57] $6.00 


SET TOPOLOGY 
By R. VAIDYANATHASWAMY 


In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme. 

Over 500 exercises for the reader enrich the text. 


CHAPTER HEADINGS: I. Algebra of Subsets of a 
Set. II. Rings and Fields of Sets. III. Algebra of 
Partial Order. IV. The Closure Function. V. Neigh- 
borhood Topology. VI. Open and Closed Sets. VII. 
Topological Maps. VIII. The Derived Set in 7, 
Space. IX. The Topological Product. X. Con- 
vergence in Metrical Space. XI. Convergence 
Topology. 


—2nd ed. 1960. vi + 305 pp. 6x9. [139] $6.00 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 


By G. VALIRON 
—1923. xii + 208 pp. 51/4x8. [56] $3.50 


GRUPPEN VON LINEAREN 
TRANSFORMATIONEN 

By B. L. VAN DER WAERDEN 

—(Ergeb. der Math.) 1935. 94 pp. 514x814. [45] $2.50 


LEHRBUCH DER ALGEBRA 
By H. WEBER 


The bible of classical algebra, still unsurpassed for 
its clarity and completeness. Much of the material 
on elliptic functions is not available elsewhere in 
connected form. 


PARTIAL CONTENTS: VOL. I. CuHap. I. Rational 
Functions. II. Determinants. III. Roots of Alge- 
braic Equations. V. Symmetric Functions. V. 
Linear Transformations. Invariants. VI. Tchirn- 
haus Transformation. VII. Reality of Roots. VIII. 
Sturm’s Theorem. X. Limits on Roots. X. Approxi- 
mate Computation of Roots. XI. Continued Frac- 
tions, XII. Roots of Unity. XIII. Galois Theory. 
XIV. Applications of Permutation Group’ to 
Equations. XV. Cyclic Equations. XVI. Kreistei- 
lung. XVII. Algebraic Solution of Equations. 
XVIII. Roots of Metacyclic Equations. 


VOL. II. Cuaps. I.-V. Group Theory. VI.-X. 
Theory of Linear Groups. XI.-XVI. Applications 
of Group Theory (General Equation of Fifth De- 
gree. The Group Gis and Equations of Seventh 
Degree .. .). XVII.-XXIV. Algebraic Numbers. 
XXV. Transcendental Numbers. 


VOL. III. Cuap. I. Elliptic Integral. II. Theta 
Functions. III. Transformation of Theta Functions. 
IV. Elliptic Functions. V. Modular Function. V. 
Multiplication of Elliptic Functions. Division, VII. 
Equations of Transformation. VIII. Groups of the 
Transformation Equations and the Equation of 
Fifth Degree... X1I.-X VI. Quadratic Fields. XVII. 
Elliptic Functions and Quadratic Forms. XVIII. 
Galois Group of Class Equation. XIX. Computa- 
tion of Class Invariant... XII. Cayley’s Develop- 
ment of Modular Function. XXIII. Class Fields. 
XXIV.-XXVI. Algebraic Functions. XX VII. Alge- 
braic and Abelian Differentials. 


—Ready, Fall, ‘61. 3rd ed. (C. repr. of 2nd ed.). 2,345 pp. 5x8. 
[144] Three vol. set. Probably $19.50 
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DAS KONTINUUM, 
und andere Monographien 


By H. WEYL, E. LANDAU, and B. RIEMANN 


FOUR VOLUMES IN ONE. 

Das KontTINUUM (Kritische Untersuchungen 
ueber die Grundlagen der Analysis), by H. Weyl. 
Reprint of 2nd edition. 

MATHEMATISCHE ANALYSE DES RAUMPROBLEMS, 
by H. Weyl. 

DARSTELLUNG UND BEGRUENDUNG EINIGER 
NEURER ERGEBNISSE DER FUNKTIONENTHEORIE, by 
E. Landau. Reprint of 2nd edition. 

UEBER DIE HYPOTHESEN, WELCHE DER GEOMETRIE 
ZU GRUNDE LIEGEN, by B. Riemann. Reprint of 3rd 
edition, edited and with comments by H. Weyl. 


—83 + 117 + 120+ 48 pp. 51%4x8. [134]. Four vols. in one. 
$6.00 


THE THEORY OF GROUPS 
By H. J. ZASSENHAUS 


In this considerably augmented second edition of 
his famous work, Prof. Zassenhaus puts the origi- 
nal text in a lattice-theoretical framework. This 
has been done by the addition of new material as 
appendixes, so that the book can also continue to 
be read as before, on a strictly group-theoretical 
level. fhe new edition has sixty percent more 
pages than the old. 

The number of exercises, also has been greatly 
increased. 


“A wealth of material in compact form.” 
—Bulletin of A. M.S. 
—Second edition. 1958. viii + 265 pp. 6x9. [53] $6.00 


Prices subject to change without notice 
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